-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Springer - Publisher Connector

PUBLISHED FOR SISSA BY @ SPRINGER

I

RECEIVED: December 17, 2013
ACCEPTED: January 15, 2014
PUBLISHED: February 10, 2014

Mass deformed world-sheet action of semi local
vortices

Yunguo Jiang
School of Space Science and Physics, Shandong University at Weihai,
264209 Weihai, China

Shandong Provincial Key Laboratory of Optical Astronomy and Solar-Terrestrial Environment,
264209 Weihai, China

E-mail: jiangyg@sdu.edu.cn

ABSTRACT: The mass deformed effective world-sheet theory of semi local vortices was
constructed via the field theoretical method. By Euler-Lagrangian equations, the Ansatze
for both the gauge field and the adjoint scalar were solved, this ensures that zero modes of
vortices are minimal excitations of the system. Up to the 1/¢? order, all profiles are solved.
The mass deformed effective action was obtained by integrating out the transverse plane
of the vortex string. The effective theory interpolates between the local vortex and the
lump. Respecting certain normalization conditions, the effective theory shows a Seiberg-
like duality, which agrees with the result of the Kéhler quotient construction.

KEYWORDS: Supersymmetric gauge theory, Topological Field Theories, Sigma Models

ARX1v EPRINT: 1312.4158

OPEN AcCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP02(2014)039


https://core.ac.uk/display/81207839?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:jiangyg@sdu.edu.cn
http://arxiv.org/abs/1312.4158
http://dx.doi.org/10.1007/JHEP02(2014)039

Contents

1 Introduction 1
2 The model 2
2.1 The moduli space 4
2.2  The vortex solution 4
3 The Ansatze 8
3.1 The gauge field 9
3.2 The adjoint scalar 11
4 The mass deformed effective action 13
4.1 The fundamental case 16
4.2 The high winding case 19
5 Conclusion and discussion 20
A Calculation tips 22

1 Introduction

The non-Abelian vortices are considered as an important tool to understand the non-
Abelian confinement in N' = 2 supersymmetric QCD [1-3]. The low energy effective
theory of non-Abelian vortices plays an important role in understanding how monopoles
are confined on the vortex string and why spectra of the two and four dimensional theories
coincide. The construction of the effective action started as soon as the discovery of the
non-Abelian vortices, and has been extensively investigated [4-7, 10-12].

Hanany and Tong used the index theorem to obtain the dimension of the moduli space
of U(N) non-Abelian vortices, and studied the low energy dynamics of vortex strings for
both local and semi local cases [2, 4]. The spectrum of the vortex string coincides with that
of the four dimensional parent supersymmetric gauge theory, which is a proof of Dorey’s
2d-4d duality [13]. Shifman et al. derived the world-sheet theory of semi local non-Abelian
strings by a field theoretical method [5, 7]. For semi local vortices, the transverse size of the
magnetic flux is not fixed but becomes a modulus. By introducing an infrared regulator,
a so-called zn model was obtained for the single semi local vortex with or without twisted
mass [7]. Using the moduli matrix method, Eto et al. studied the moduli space of high
winding semi local vortices, and found that dynamical variables in the effective action,
including orientational zero modes and size moduli, depend on the point of the moduli
space [10]. Recently, the field theoretical method was generalized to construct the world-
sheet action of fundamental SO and USp vortices, and applied to some high winding



vortices in U(N) and SO(2N) theories [11]. Further, Eto et al. derived the mass deformed
sigma models, and showed that confined monopoles are kinks on the vortex string for SO
and USp theories [12].

The aim of this paper is to derive the mass deformed effective action of semi local U(N)
vortices. There are two alternative ways to construct the effective action of vortices. One
is the moduli matrix formalism [9, 10, 12, 14, 15], and another one is the field theoretical
method [5-7, 11]. Besides that, the D-brane construction is also a powerful technique to
obtain the effective potential on the vortex moduli space [4]. In the moduli matrix formula,
all zero modes are encoded in components of the matrix representation of fields, and moduli
matrices are holomorphic with respect to a complex variable. The moduli space and the
effective action have been analyzed and obtained by this method [9, 10, 15]. In the field-
theoretical method, the Ansatz of the field is composed of radial profiles and reducing
matrices. The two dimensional effective action composed of reducing matrices can be
obtained by integrating out profile functions from the bulk four dimensional theory [6, 11].
So, we need to know the representation of the reducing matrix for the corresponding vortex
configuration. However, the known reducing matrices are quite limited [16, 17|, this hinders
the application of the field theoretical method. There are by-products of this method, i.e.,
the analytical solutions for the profiles of the gauge fields and the adjoint scalars. For
instance, the profile for the gauge fields in the time and string directions has been solved
for the k = 2 SO(2N) vortex [11]. In the mass deformed case, the profile for the adjoint
scalar was also obtained in the same way [12]. In this paper, we choose the field theoretical
method to work out the mass deformed effective theory for semi local non-Abelian vortices.
For U(N) vortices, the Ansatz was invented by minimizing the massive excitations [5, 6].
The systematic method to obtain the right Ansatze is to solve the Euler-Lagrangian (EL)
equation, and the system reserves with the low energy excitations in such a way [14]. When
constructing the effective action of semi local vortices, the Anzatz for the adjoint scalar
was not studied [7]. Until very recently, Bolokhov et al. investigated the Anzatz of the
adjoint scalar for the local vortices [8]. We will solve EL equations to obtain the Ansatze
for both the gauge field components and the adjoint scalar.

This paper is organized as follows. In section 2, we describe the model, and give the
semi local vortex solutions. In section 3, we use EL equations to obtain Ansatze for the
gauge field and the adjoint scalar field, respectively. On the basis of these Ansatze, we
constructed the mass deformed effective action of semi local vortices. We also discussed
the effective theory of high winding vortices in section 4. Discussions and conclusions are
given in the last section.

2 The model

The bulk theory is the N' = 2 supersymmetric QCD with U(N,) gauge and SU(Ny) flavor
group transforming in the fundamental representation. The N. = Ny case will describe the
local non-Abelian vortex solutions [1-3], but we restrict to the Uy > N, case, which will
describe the non-Abelian semi local vortices [5, 10]. Besides fermions, the theory contains
a U(N,) vector multiplet A,, an adjoint scalar ®, and two chiral multiplet ¢ and ¢. The



theory also has a Fayet-Illiopoulos parameter £ > 0, which forces the theory onto the Higgs
branch. We also set that the anti-fundamental multiplet ¢ is zero, otherwise, there are
no BPS vortex solutions. With these setups, the bosonic truncation of the Lagrangian is
written as follows [7]

1 1
£4d = TI'{ — TQQFHVFN’V + D;ﬂ]('D“q)T -+ g—Q(’D“@)ID'M@
92 2 2
- Otadt - €1 - o0+ a2 . (2.1)

The squark field g is written as an N. X Ny matrix, and the adjoint scalar ® is of an N, x N,
matrix. The expression of the mass matrix M is generic, namely, M = diag(my, ..., mn;),
which breaks the flavor group SU(N) down to U(1)N7=1/ if all masses are non-degenerate.
The gauge couplings of the Abelian and non-Abelian components are set to be equal for
simplicity. In convention, the covariant derivatives and the gauge field tensor are written
as follows

D,q = 0uq + iA,q,
Du® = 9@ +i[Ay, @],
Fly = 0,4, — 0,4, +i[A,, A,). (2.4)

Note that the gauge field A, contains both the Abelian and non-Abelian components,
ie., A, = A%Y + A%® The normalization is taken to be Tr(t??) = 1/26% and t° =
1n,/ Vv2N,. We choose to work in such a vacuum that the mass matrix takes the form M =
diag(ma,...,mn., MN.+1,- - - ,me) and the first NV, flavors of the squark ¢ are condensed,

(@) = —diag(m1,...,mn.),  (0) = VE(In,, 0g), (2.5)

where N = N #—Nc. The reduced Higgs branch of the vacua is the Grassmannian, Gry, N,
In the strong coupling limit, the moduli space of the semi local vortex V,C’( Ne,N) becomes
to the Moduli space of Grassmannian Ger N lump.

The mass parameters m; are tuned to a common value m; ~ m, satisfying the con-
straint m < /£. In the regime A < /€, a color-flavor locking symmetry SU(N¢)giag
remains, which develops vortex configurations. Therefore, the theory experiences a hierar-
chy symmetry breaking, i.e.,

U(N.) x SUNF) 5 S[U(Ne)aiag  UN) ] Horp x A, (2.6)
where H. ¢ is a subgroup of SU(N.)giag depending on the setting of m;, and H denotes
a remaining global flavor symmetry group. The generic m; will break the color-flavor
symmetry. However, we assume that such breaking is in a very weak manner. This will
produce a “shallow” potential for the world-sheet action of vortices. When N becomes
zero, the system reduces to the local non-Abelian vortex case, where a narrow size flux
tube confines monopoles as kinks on the string [5, 12]. When N # 0, we can shed some
light on how monopoles are confined by the semi local vortex.



2.1 The moduli space

According to the index theorem, the dimension of the moduli space Vk’( No,F) is 2k(N,. +
N) [2]. The moduli space of the vortex configuration can be constructed by the Kihler
quotient method. Following [10], we use the moduli matrix formalism to show it in detail.
The squark ¢(z), whose elements are polynomials in z and the corresponding coefficients
are coordinates on the moduli space, can be written as follows

q(2) = (D(2),Q(2)), (2.7)

where D(z) and Q(z) are N, x N, and N, x N matrices, respectively. For the winding
number k, ¢(z) has the degree of k. ¢(z) indicates the vortex configuration evidently. By
proper relations (see section 2 in [10]), all moduli coordinates can be collected in the set
of constant matrices (Z, v, \i’) modulo the GL(k,C). Z, ¥, and ¥ are constant k x k,
N, x k and k x N matrices, respectively. By counting dimensions, one can easily verify that
the triplet indeed represent moduli space coordinates, although the quotient space has the
non-Hausdorff properties. Given a vortex configuration ¢(z), one can obtain the expression
of the triplet uniquely after fixing the GL(k, C) action.

According to their physical characteristic, zero modes of semi local vortices can be
classified into tree types, namely the positional, the orientational and the size moduli. In
addition, the moduli can be further classified into the normalizable and non-normalizable
categories. The number of nonmalizable zero modes (NZMs) is subtle. Let us define that
r = rank(®W¥) and j = min(k, N, N). For the case of k < min(N,, N), the number of
NZMs is 2k2. For the case of k > min(N,, N), the number of NZMs is 2(kN; — N.N).
When r < j, it was called that the NZMs are enhanced [10].

In the construction of the effective action, these non NZMs must be fixed, since they are
not dynamical. While the rest moduli are allowed in the geodesic approximation. Here, we
present the moduli space in the moduli matrix formula, which indeed has the corresponding
reducing matrix formula [11, 15]. For constructing the mass deformed effective action
of semi local vortices, we choose to work in the reducing matrix formula, and use the
Ansatz given in ref. [7]. As stated above, the dynamics of vortices depends on the point
of the moduli space on which we work. For the high winding case, we choose a special
point, namely the co-axial vortices, to construct the effective action as a concrete example.
However, this is not a generic point in the moduli space. We will leave the construction of
the effective action on a generic point for the future work.

2.2 The vortex solution

Consider the static configurations of the model in eq. (2.1), and suppose that the vortex
string lies along the x3 direction. The Lagrangian which has vortex solutions is written
as follows

1 ) 2
ﬁgortex = TI‘{ - ?FHFH + DiQ(DZQ)T - gZ(qu - §1N)2}' (28)

Here ¢ = 1,2 denotes the directions in the transverse plane of vortices. Other terms
in eq. (2.1) are ignored at this moment, they are also important for the construction of



effective theory. After the Bogomol’'nyi completion, the system has a bound energy. The
Bogomol'nyi-Prasad-Sommerfield (BPS) equations are written as follows

(D1 +iDy)g = 0, (2.9)
2

Fip — %(QQT —€1y) = 0. (2.10)

For simplicity, we choose N =1at first, which means there is only one “additional flavor”.
Consider a high winding vortex which has the configuration as follow,

o1(r)e'? ¢3(r)
q= P2lr) . e (2.11)

(Z)Q(T) O

Notice that the winding term appears at the first diagonal component of the matrix, which
describes that k£ fundamental vortices have the same positional moduli, namely the co-axial
vortices. In this way, the moduli space of the vortex are highly reduced. In the additional
flavor, one has a profile ¢3(r), which contains the size moduli [7, 18, 19]. The orientational
moduli can be tuned on by the color-flavor rotation, which we will discuss in the following.
Requiring D;q|r—00 — 0, the gauge fields A; is given as follows

By going to the singular gauge, i.e., ¢ — Uq, A; — UA;Ut +i9;,UUT, the ¢ and A; can be
rewritten as follows

o1(r) $3(r)e k0 1
q= #alr) ) : . A= —eij%f(r) ’ B BNCAE)
pa(r) 0 0
Here U = diag(e=™? 1,--- ,1). The merit of the singular gauge is that BPS equations are

easily to be solved.
With these configurations, BPS equations for profiles are given by

)~ 1D =, (2.14)
5r)=¢  ¢h(r) =0, (2.15)
¢3(r) + k_rf(r)cbs(r) =0, (2.16)
2
L)~ L6k + 63— g = 0. (217)



Here the prime sign denotes the derivative with respect to r. At the infinity, boundary
conditions are given by

$1(00) =VE  da(0) =€ ¢3(0) =0,  f(o0)=0. (2.18)

When r goes to zero, boundary conditions are written as follows
$1(0) =0,  9¢2(0)=0,  f(0) = k. (2.19)

The solution for ¢ in eq. (2.15) can be solved directly,

b2(r) = V&, (2.20)

which means that flavors from 2 to N, have trivial profiles. We also notice that if
_ P
63(r) = Lo (r), (221)

then eq. (2.14) and eq. (2.16) coincide, where p is the size modulus of the semi local vortex.
|p| describes the size of the vortex, while there is still a U(1) phase rotation freedom for p.

It is natural to ask if there are other profiles for the additional N = 1 flavor. For
high winding semi local vortices, it is indeed the case [20]. For example, the profile of the
N flavor can be written as ¢ = Zﬁ;i gonei(k*”)e. There are more profile equations and
boundary conditions for ¢,,, which are difficult to solve. The difficulty here originates from
the disadvantage of the reducing matrix method for high winding vortices. However, we
find it solvable in the strong coupling limit if we stick to the formula in eq. (2.21).

With such setting, we have only one size modulus in the moduli space. The remaining
two independent equations are written as follows

¢ — %4251 =0, (2.22)

2 2
}f/ _ % |:¢% <1 4 ’rpzyk) _ §:| =0. (2.23)

r

In the large gauge coupling g — oo, these two equations can be solved algebraically in the
1/g? expansion. Keeping only terms of the order of 1/¢?, profile functions can be written
as follows

¢Fww+;wh f=h+;ﬁ. (2.24)

Substituting ¢o = /€ into egs. (2.22) and (2.15), the zeroth order equations are written
as follows

#? <1+’p’2>—§—0 (2.25)
1,0 ’I”Qk — Y .
10— %%,0 = 0. (2.26)



And equations with the order of 1/g? can be expressed as

56— (0100 + fodon) = 0, (2.27)

2
%f(l) — ¢1705¢)1 (1 + |7f)2|k> =0. (2.28)

After some algebra calculations, we obtain solutions as the following
k

b10 = \@w, (2.29)

fo= P (2.30)
rk +[p?”
2k 2,.3k—2
0p1 = _7’p|T757 (2.31)
VE (2 + |of?)2
4k 2..2k—2
5f = 210 T2k o2y % 4 2] (2.32)

¢ (r2h + |pf?)?
Since k is a positive integer, boundary conditions for r — oo are satisfied. When k=1, the
results agree with Shifman et al. [7].

Degenerate vortex solutions can indeed be generated by color-flavor rotations. For
N =1, there is a remaining global flavor group, i.e., H = U(1)s in eq. (2.6). However, this
U(1) rotation can be absorbed into the phase transition of size modulus p. The global color-
flavor group SU(IV.) is broken by the vortex configuration in eq. (2.11). The symmetry
breaking pattern produces the “Nambu-Goldstone” modes CPN ! = SU(N..)/SU(N.—1) x
U(1), which are represented by the reducing matrix U. Now, we turn on the color-flavor
transformations here, i.e., ¢ — UqU and A; — UA; UT, where U and U are written as

follows [11]
_1 it _1 ~ T
U—<X21 BY12>, U—(U ) (2.33)
BX72 Y2 1

Note that U is composed of Ut and 1 as the diagonal components. The elements X and Y
in the reducing matrix U are defined by

X=1+B'B, Y=1y_,+ BB', (2.34)

where B is an N — 1 component column vector. Its relation with the vector n in ref. [6, 7]

x-1/2

From now on, we use the vector n and n' to represent modulus parameters. The squark ¢

is expressed as

and the gauge fields A; are written as follows

q(r,zy) = (¢2]1NC + (41 — ¢2) nn' ‘ gb3e_ik9n) , (2.36)
Air,a) = —eiy g Fr) (2.37)



where x, = (x0,x3). Note that nnt is an N, x N, matrix. The zero modes are not genus
zero-modes of the system, they are massive modes in the vacuum, but massless along the
vortex string. Thus, they can propagate along the vortex string direction in the vicinity of
the axis. We promote the collective modes n and p to be dependent of z,, i.e.,

n — n(zy), p— p(zqa). (2.38)

The collective coordinates of the moduli space are considered to be the fluctuation fields
around the background solution. Also there is one positional mode which stands for the
mass center of the vortex, it’s dynamics is straightforward, we will not discuss them in
the following.

3 The Ansatze

Generically, the motion of solitons can be well approximated by the geodesic motion in the
moduli space [21]. In the BPS configuration, vortices are static. The x,-dependence of
the moduli parameters induces small deviations from the background BPS configuration.
The momentum of the motion of zero modes is considered to a small variable for the slow
moving case. A systematic method to construct the effective action and its high derivative
corrections of BPS solitons in supersymmetry gauge theories has been presented in the
moduli matrix formalism [14, 22-24]. Cipriani and Fujimori used this formalism to study
the effective action of vortex-monopole complex [9]. Here, we take the spirit of this method
and apply it to the field theoretical formalism. We also assume that the excitation energy
of zero modes is much less than the typical mass scale of massive modes, i.e., 9, < gv/€.

The Lagrangian can be expanded with respect to the derivative d,. The zeroth order
terms give the static vortex configuration, and becomes the bounded energy after the
Bogomolnyi completion. The lowest order terms take the form of two derivatives for zero
modes, i.e., the non linear sigma models with certain target space. The second order terms
belong to high derivative corrections O(92), which are not considered in this paper. The
Lagrangian in eq. (2.1) can be decomposed as

'C4d = ‘Cgortex + ‘Cgff + O(ai)’ (31)

1 , 1
L = Tr{ — g—2FmF“‘ + 9—2|DZ-<I>|2 + Doq(D%)t — |Bg + qM|2}, (3.2)

where £ .. has already been given in eq. (2.8). The adjoint scalar ® has the order of d,,
and contains fluctuations of collective modes.

In the field theoretical method, the effective theory is obtained by integrating out
the x; (i = 1,2) coordinates for the 4 dimensional bulk action. We still have to give the
unknown Ansatze of A, and ®, which are unknown. Shifman et al. have constructed the
Ansatz of A, for the U(NV;) local vortex in refs. [3, 5, 6] and for the semi local U(N,)
vortex in the ref. [7]. Gudnason et al. have given the Ansatz of A,, including the SO and
USp cases with the help of reducing matrices [11]. The idea there is to design this “input

parameter” to minimize the action. However, in the moduli matrix formalism, the Ansatze



of both A, and ® were solved by equations of motion [9, 12, 24]. Inspired by this, we will
use equations of motion for A, and ® to obtain their Ansatze. This will ensure that the
formula of them indeed minimizes the action.

3.1 The gauge field

The second order Lagrangian has been given in eq. (3.2). The equation of motion for A,
is calculated to be

1 '
0= 5D'Fio —ilr [t*(Dag)d’ — t°q(Dag)'] (3.3)

where a = 0,1,--- , N2 — 1 is the generator index of the SU(N,) group. With the vortex
configuration, ¢ and A; have already been given in egs. (2.36) and (2.37), respectively.
Substituting them into eq. (3.3), the equation of motion for A, is given by

2

0 zlﬁr(rﬁ,ﬂ)Aa + i%[(@an)nT — o’ 4 2(0an'n) nnl] ! [{Aq, nn'} — 2nn' Agnn']
r r

2
R
2
-Z <2¢%Aa + (61 + 65 — 93){Aa, nn} — i[Ba($3n)($3n)" = (637)0a(5n)"]
—i(¢1 — $2)*[Oann’ — ndan’ + 2(d4n'n) nnT)]> . (3.4)

Note that n is a normalized vector with N. components, which satisfies the condition
nfn=1.

In order to solve this equation, properties of A, should be discussed. First, A, is
Hermitian. Secondly, we require that A, can reduce to the formula for local vortices. We
use the separation of variables method to express A, as a product of the profile and the
matrix containing zero modes. Based on these arguments, we suppose that A, takes such
a formula

Ap = w(r)Wo +y(r)Wa, (3.5)
where w(r) and v(r) are two profiles with respect to only one variable r, while W, and W,
are two matrices describing orientational zero modes. Both W, and W, are Hermitian.
Substituting the formula of A, into the equations of motion, one obtains

2
0 zlar(rar)wWa + %i[(@an)nf — ndan’ +2(8anin) nnl]
r r

2 2
- w%[{Wa, nn'} — 2nnWonn'] — % <(¢% + |¢3]* — ¢3)w{Wa, nn'}

+ 202wWy — i|¢3)?[0ann — ndan® + 2(04nTn) nn']

—i(¢1 — ¢2)*[Dann’ — ndant + 2(9an'n) nnT)])

1 . 2 N 2 i
20,001 W — T30 mnf) — 20mtWWmn] — £ (<¢% 16 — R { W)

+ 203 Wo — inn'[(9at3) 95 — $30a05 — 2|d3|* (Dan' n>]>- (3.6)



The first four lines are composed of W, terms, while the last two lines contain W,
terms. This equation is composed of profiles, reducing matrices, and unknown matrices
W, and W,.

In order to solve it, we set N = 0 at first. All W, and ¢ terms disappear, since
we return to the local vortex case. Then, the very remaining term can be separated into
the profile part and orientational matrix part. In the spirit of the separation of variable
method, all the orientational matrix parts should have the same formula except a constant
factor. Therefore, one has

Weo = 1i[(0an)n’ — ndan’ + 2(dan™n) nn'] = co{ Wy, nn'}. (3.7)

One can check that TrW,, = 0, and W, is Hermitian. The self consistent solution is ¢y = 1
and ¢; is undetermined. The term nnfWynn! vanishes in the equation of motion, since
nnfWynn' = 0. In principle, one can always absorb the ¢; factor into the definition of w,
and the final solution for the profile is unaffected. Therefore, we set ¢; = 1 without loss of
generality, i.e.,

Wy = i[(0an)nt — ndant 4+ 2(04ntn)nnl]. (3.8)

Separating out the zero modes part, the equation of motion for w(r) is written as follows
1 9.(rd f? 9> 2 2 2 2 2
0=— (1O )w + 72(1 —w)— 5[W(¢1 + @5 + ¢3) — (1 — ¢2)” — 3] (3.9)
With the help of BPS equations for profiles, the solution of w(r) is given by

w=1-2L (3.10)

3

This result has already been known in ref. [3, 6, 7, 11]. This solution is the exact one,
which are independent of the coupling conditions.

Now let us consider the “additional flavor” part. Terms in the last two line of eq. (3.6)
manifest properties of semi local vortices. The recipe of the solution for W, is the same
with that of W,. However, there is a caveat that ¢3 contains the size modulus p, see
eq. (2.21). By substituting ¢3 = (p/7¥)¢; into the last term in eq. (3.6), one obtains

2
(Dats)Ps — $30005 — 2|d3]* (Dan'n) = %[%pp* — pOap” = 2|p[*(Bantn)].  (3.11)

Therefore, a natural solution for W, is
Wa =i |Bapp® — pdap® — 2|p|?(8anin)| nnl. (3.12)

Note that we have already assumed that the constant, namely ¢;, is set to be one, since it
can be adjusted by redefining the profile v. With this Ansatz, one easily finds that

{(Wo,nn'} = 2W,, nn'Wonn' = W,,. (3.13)

~10 -



The equation of motion for ~(r) is written as follows

2 2
0= 20n(r07 % (2002 + Py - ). (3.14)

~ has no exact analytical solution. In the strong coupling limit, the zeroth order solution
of ~ is written as follows

1

T (3.15)

’7:

For k = 1, this solution agrees with Shifman et al. [7]. Now we have obtained the Ansatz
for the gauge fields A,, which indeed satisfies the equation of motion.

3.2 The adjoint scalar

The Ansatz of the adjoint scalar has been less discussed than the gauge field A,. In the
moduli matrix formalism, this Ansatz has been given in ref. [12].} In the mass deformed the-
ory, the effective potential leads to kink solutions on the vortex string. Recently, Bolokhov
et al. proposed the Ansatz of the adjoint scalar for the local vortices [8]. We will go beyond
this, and give the Ansatz of the adjoint scalar for the semi local case.

The procedure to obtain the Ansatz is the same as that of the gauge field. First, we
give the equation of motion for the adjoint scalar, which is written as follows

2 %
gﬁpﬂa ® + {®,qq'} + 2¢Mqg' = 0. (3.16)

The bulk matrix M has been given in section 2, and can be written as follows

M = <M1 M2> : (3.17)

where My = (mq,---,my,) and My = (mn.41,- - ,mn;). In the vacuum, the adjoint
scalar ® takes the form in eq. (2.5). The Ansatz of ® describes that fluctuations of zero
modes excite in the background of vacuum. Thus, we assume that the Ansatz of & is
written as follows

®=—M; + (1—0b(r))®+ x(r)Q, (3.18)

where ® and 2 describe orientational modes and size modes, respectively. Note that we
take the form of (1 — b(r)) for convenience in calculation.

The Ansatz of the adjoint scalar in the field-theoretical method for the local non-Abelian vortices was
given in the Ph.D thesis of the author.

- 11 -



Substituting ® into the equation of motion in eq. (3.16), the equation of motion be-

comes
b . 2 2 A
0= [— (b” + ) —g(1- b>¢%]  + [—(1 — 045 = - b)(6F + 3 - ¢%>] {nnf, @}
+—f—2+g—2(¢2+¢2—¢2)—2 — M 4201 - bt et
ERIPRCRCRE g~ 2(P1 — ¢2)| {nn', My} + 2( )r2 nn'dnn
re2 2 ,
- {7 + %(¢1 - ¢2)2] 2nn Mynn' + (X" + X7 — 92¢%X> Q
g 72
+ X2~ EX(ff’% + ¢35 — Q%)] {nn®, Q} + QXﬁnnTanT — @?¢2mu,ann'. (3.19)

Since only one “additional flavor” was considered, the matrix My becomes my, 1.

In order to solve @, we set mp,+1 = 0 and 2 = 0 at first. In eq. (3.16), there are two
evident terms related to the orientational moduli, i.e., {nnT, M;} and nniMinnt. In the
spirit of the separation of variables, the formula of @ should be a combination of them.
Note that the coefficient of {nn', M;} and the coefficient of 2nnMnn' are similar except
a gggﬁg /2 coefficient. However, ¢3 contains the size modulus p, thus one can attribute it to
the equation of motion for y. In this way, a natural solution for d is written as follows

d = {nnf,M;} — 2nn" M nnt. (3.20)

This formula also agrees with that given by Bolokhov et al., which is b =
[nnt, [nnt, My]] [8]. One can easily chech that such relations hold

{nnf, &} = &, nnfénnt = 0. (3.21)

It is also remarkable that & and W, have the same relations with nn. With the help of
these relations, the equation of motion for the profile b(r) is written as follows

by v f2 92

0=—b"——+b5 =T [(L-b)(67+ 65+ ¢3) — (d1 — ¢2)” — 3] (3.22)

Compared with eq. (3.9), the solution of b(r) is

_

b= E

(3.23)

The relation of b and w is b+ w = 1.

Now, let us throw away the settings, which are my_ 41 = 0 and Q = 0. Remember
that a term g>¢snn'Minn' has been attributed to the rest of eq. (3.16). Therefore, the
equation of motion for €2 is written as follows

v X a9 29 e o t
0=1{x +7—9¢2X Q- XT2+5X(¢1+¢3_¢2) {nn', Q}
f2
+ 2X7nnTanT + 92¢§ (nn‘Ll\/IlnnT — mNCHnnT). (3.24)
r

Following the same routine, the solution of ) reads

Q =nn'Minn' —my o innl. (3.25)
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With this Ansatz, the relations of Q and nn' are
{nn',Q} =20, nn'Qnn' = Q. (3.26)

Note that relations between nn' and © are the same with relations between nn' and Wa.
Substituting them into eq. (3.24), one obtains the equation of motion for Y, i.e.,

0=x"+% — g [x(é} +63) - 03] . (3.27)

In the strong coupling limit, g — oo, we have the solution for y, i.e.,

N B
oi+03 2+l

(3.28)

Note that this solution respecting the exact relation of ¢3 and ¢1. Although there is no
size moduli in the solution of €2, x contains it. The solution of y is similar to v. Now the
complete Ansatze for A, and ® can be summarized as follow

_ N

A, = (1 1[(Ogn nt — n@anT +2 OanTn nn'
( \/E) [(Dan) ( )nn']
1

——————[Dapp® — pOap™ — 2|p*(Dan' f 3.29
+2(r2k+\p\2)[ pp* = pdap™ — 2|p|*(Dan'n)]nn (3.29)

®=-M;+(1- fb/lg)[{nnT, M} — 2nn™Mnn']
ﬂ[nnTMlnnJr — mpy,41nnt]. (3.30)

r? +|p|? ‘

The size modulus p couples with the orientational n. With these Ansatze, we are ready to
construct the effective theory in the next step.

4 The mass deformed effective action

The world-sheet action of the semi local non-Abelian vortices can be obtained by integrating
out the vortex transverse plane, i.e.,

Seft = / dte L2
1 1
:/d%a /dzxiTr{g?FmFia + Dag(DY)T — 97“)’@‘2 — |®q + qM]Q}. (4.1)

Note that we have changed the signs of relative terms according to the metric.? With the
vortex configuration (egs. (2.36) and (2.37)) and Ansatze (egs. (3.29) and (3.30)), one can
perform the integration over dx; straight forward. The four terms in eq. (4.1) above can
be classified according to properties of the effective action, which are the kinetic part and

2The Minkowski metric is taken to be (1, -1, -1, —1).

~13 -



the potential part. The kinetic effective action originates from the first and the second
terms in eq. (4.1), which are calculated to be

1
Liin = Tr ?FiaFia + DaQ(DQQ)T}
— 1 ao T ot i 2 fj 2
= 2[0n' 0%n + (Oun'n)(0%n'n)) e Wt (1-—w)

2
(=)0~ 6o + 5 (0 + 6+ o) — wlonl

1
(o) 0a(om) (o) ] — 277 2 5 =0+ 60
+ 8a(931) 10 (¢3n) + (ad1)(0%¢1) + 1 (3 )IO°f). (4.2)
In the second last line, we have used an identity
(0ap)p* — pOap™ — 2|p*(Danin) = (pn) 8a(pn) — Da(pn)’pn. (4.3)

We also use a square sign to replace the same formula with a superscript « in the bracket
for saving space. Some other tips are given in the appendix. The existence of the last two
terms seems to contradict the spirit of the separation of variable method, since we assume
them to be independent of moduli parameters in the beginning. In the BPS equations
(eq. (2.14) to (2.17)), they are profiles without coupling to p. The size modulus enters in
the exact relation in eq. (2.21), and p is considered to be only a complex number. However,
when the effective theory is constructed, p in profiles ¢;(r) and f(r) should be considered
as the size modulus. Thus, the derivative d, of ¢1, ¢3 and f are not zero.

The integration over the transverse plane of the vortex can be realized by using the
polar coordinates, i.e., [ d’x; — 27 fooo rdr. The integration of profiles in the first two lines
in eq. (4.2) are well known [3, 5, 7, 11]. Here, we repeat the exact result, which is written
as follows

F:27r/ooodrr[g2 [w + fz( w)2] + (1= w)(¢p1 — ¢2)?

w

2
+ S+ 0+ o) - wloal| = T (1.4

The remaining lines in eq. (4.2) is exact, but profiles ¢; and f are known up to the order
of 1/g%. Substituting all the solutions of profiles, i.e. eqs. (2.21), (2.29), (2.30) and (3.15),
into the last two lines of eq. (4.2), one obtains

[(pn)8a(pn) — &X(pn)Tpn]Z{ ! =7+ ¢1 — 7% (7 + ¢§)}

+ Oa(631)1 0% (d3m) + (Bad1) (8%1) + ii(aafxaaf)

4 Ak r2k=2(fp2k
= [Ban' 0%n + (8an'n)?] M [1 2§T (rg(k :_ ‘p“F)’P’ )]

57,2k |:1+ 4k(l€—1) r2k— 2’p’2 :|
G [T e G )

+ ‘6a(pn)’2
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The first term can be considered as a correction to the world-sheet action of the local
vortices. When the integration over r is performed, there is no divergence in the first term.
The second term, i.e. |9,(pn)|? , is the kinematic term for the size modulus coupling to
the orientational modes. This can be considered as a characteristic property of semi local
vortices. Except for £ = 1, the result of the integration for the second term is also finite.
Terms proportional to 1/¢g%¢ can be considered as the 1/¢? corrections. The expression in
eq. (4.5) seems to be different with Shifman et al. [7]. This is not the fact, since we take
the following decomposition, i.e.,

19a(pn) ol = 102100 (o) = [o|*[dan'dan + (nf0n)?] (4.6)

The integration of the transverse plane can be done analytically. We give some examples
for different values of k in the next section.
Similarly, the effective potential from the last two terms in eq. (4.1) is expressed as

1

ngf—pot - _gﬁTr<Di®)2 - TI'|(I)q + qM‘Q

1 2
= Ty [annf - MlnnTMlnnT] {2 (b@ n be2>
g r

2 —1
2

2] (1
—Tr [(nnTanTmNcﬂnnT) } {fx’2+xz(¢%+¢§)2x¢§+¢§}~ (4.7)

_|_

2
(6% + 63 + 63) + 20102(1 = b) + (61 — ¢2)° + ‘Z?’}

Except the last ¢§/2 term in the second line, the first two lines describe the effective
potential for the local vortex case. After the integration (excluding the last ¢2/2 term),
we have such a formula, i.e.,

Ak
—%Tr [M%nnT — Mnn'Mnn'| . (4.8)

In the formula of components, eq. (4.8) agrees with Shifman et al. [7], except a total
shift.> We attribute the ¢3/2 term to the contribution from the “additional flavor”. In the
same way, substituting the profiles into the remaining terms in eq. (4.7), one obtains the
following equation

—Tr _M%nnT — MlnnTMlnnq o3

2 1
—Tr (7”L7’L]L1\/IlnnT — mNcHnnT) ] {92)(/2 + Xz(qb% + §Z5;2>,) — 2X¢:2:, + ¢§}
(ks )
4 |pl? g2E (r?* + |pf?)?

2] _lpler? A(k* — k) _|pl*r*
—Tr (nnTM nn’ —m nnT> ST
1 e (r2F + [o[?)? g% (7 4 p?)?

=—Tr _M%nnT — MlnnTMlnnq

} . (4.9)

3The adjoint scalar is shifted in the Higgs branch.
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We can see that the coefficients in last lines of both eq. (4.5) and eq. (4.9) is exactly equal
except the ]p|2 term. However, the coefficients of first terms in these two equations are
not the same. Can we take use some identity, similar to that in eq. (4.6), and change the
formula in eq. (4.9)7 Yes, we can. The identity reads

Tr[(M; — mNCH]lNC)anT] =Tr [M%nnT - MlnnTMlnnT]
2
+ Tr [(nnTMlnnT - mNC+1nnT> } . (4.10)
Substitute it into eq. (4.9), one obtains the following
—Tr _M%nnT — anTMlnnq o3

- (1
—Tr (nnTanT - mNc+1"fmT> ] {glez + X3 (07 + ¢3) — 2x¢3 + ‘Z’%}

- 4 4k T2k_2(kr2k + |p|2)
=—Tr |M?nn' — MlnnTM nnq |P‘7€ [1 - — ]
T U@ P2 T %6 (% 4 )

g 2k 4 k‘2 —k 2,.2k—2
e e G e

We observe that the coefficients of two kinetic terms coincide with the coefficients of two

— Tr[(M; — my,4118)%(pn) (pn)T]

potential terms, respectively. This is an interesting result, since the same result also hap-
pens for local vortices, where the coefficient is 47k /g?. This also reduces a lot of calculation
in the following.

By collecting all these pieces of work, the effective action reads

Leg = [[(%nT %N + (Oan'n)(8%nn)] — Tr(l\/I%nnJr - MlnnTMlnn*)}
dkn Pl Ak ]2 (k% 4 [pl?)
' {g " 2”/ rr [(r% TIPE T @ (P )
+ [0a(on)10% (pn) = Te[(My = 1 1w)2(on) (o)

57,216 4(k2 _ k) ’p’27"4k_2
{on o [+ T R ) (12

This formula reduces to the effective theory of local non-Abelian vortices, if we simply set

p = 0. The remaining job is integrating out r for given k.

4.1 The fundamental case

First, we consider the k& = 1 case, which is fundamental. Since there is divergence, we
introduce an infrared cut-off L as the upper limit for integrating r to tame the divergence.
We also assume that L is much larger than the size of the semi local vortex, i.e., L > |p|.
The effective action is written as follows

chet= <272r + 7r§p]2) {[&mT %N + (Oan'n)(8°n'n)] — Tr {M%nnT - MlnnTMlnnT] }
g

+ e (2108 211 ) [ {outom) 0 on) <10 [(M1=mac 130 ) on)'] . (413)
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The kinetic term agrees exactly with the result of Shifman et al.,% see eq. (2.49) in [7].
There is no divergence in the first term. The effective kinetic part is exactly the formula of
the non-Abelian local vortex case. But, the coefficient 47 /g% was replaced by 2 /g% +m&|p|%.
Note that we also considered the contributions from d¢;. This is remarkable, since the
finite term of semi local vortices seems to contain corrections to the effective action of local
vortices. This kinetic term also shows that the size modulus couples to orientational zero
modes, this agrees with the prediction of the Kéhler potential [10].

The coeflicient of the second line is divergent. This means that we need infinite energy
to excite the motion of the size moduli. The finite energy requires that the size modulus p
is not dynamical, which must be fixed in principle. Then, one can extract the size modulus
from the derivative 0,. Thus, the effective theory contains powers of pd,. This agrees with
the spirit of the effective dynamics [10]. The effective potential in eq. (4.13) does not agree
exactly with Shifman et al., since they did not construct the Ansatz for the adjoint scalar.
However, ignoring the divergent coefficients, the two mass terms in our formula match with
the two mass terms in their reference.

The theory in eq. (4.13) is exact up to the order of 1/g%¢. We have four physical
parameters in the effective theory, which are L, |p|, 1/gv/¢€, and dm; = m; — my,4+1 (i =
1,..., N.), respectively. Their rations is important to construct the effective theory. First,
we consider the 1/gv/€ parameter to be a constant, since it is the size of the local non-
Abelian vortices. The power expansion in eq. (2.24) is valid, if the size of the semi local
vortices |p| is much larger than the size of the local vortices 1/gv/¢€, i.e., |p| > 1/gv€. The
derivation from eq. (4.12) to eq. (4.13) throws away some finite terms, which consider the
limit L > |p|. Remember that we also take the assumption that m < /€ in section 2.
The inverse of §m; may be comparable to L. For example, Shifman et al. took L to be
1/dm to rewrite the effective potential.

The lump limit can also be realized in the strong coupling limit ¢ — oo, or equally
by keeping 1/g+/€ finite, while taking |p| to be infinite. Respecting L > |p|, the effective
Lagrangian can be further reduced to the following,

N,

_ L c
Lig" = 2n¢|p[* log Ipl{(‘?anTaan - 5m§|m|2}. (4.14)

=1

By introducing a new parameter z = p(27€In |L/p|)'/2, the model in eq. (4.14) reduces to
the zn model of Shifman et al..

However, if we don’t consider the strong coupling limit, the theory in eq. (4.13) does
not coincide with eq. (4.8) in ref. [7]. The difference is only the finite integral, i.e., we
have the coefficient (7€|p|? + 27/g?) in the first line of eq. (4.13); while they used 47/g? in
their paper.

4One can compare the results by using the identity in eq. (4.6).
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The generalization to N > 1 case is done straight forward. The effective action reads

N
Ll = 4—7;+ <7T§|pj|2—272r> {[8anT8an+((9 )(8%nTn) Zm2ymy2
= g
Ne
—|Zmz\m\2|2 }+Zm:R{ )16 (pym) - Z<mi—mj>2\pjm|2}- (115)
=1

where R; = [2In|L/pj| — 1]'/? is a real number. One can also shift a total (or averaged)
mass to the mass matrix M; without changing the effective potential [7]. The semi local
model has similarities in both the non-Abelian Higgs model and the sigma model lump. It
may interpolate between them.

It is also interesting to construct the two dimensional N' = (2,2) gauge theory from
the effective action of vortices. First we study the local vortices case. The effective theory
of local vortices is simply expressed as follows

£l = gg{[aamaan+(aan )(8%n'n) ZWWIZW'%IZP} (4.16)

The component fields n; (i = 1,..., N.) are considered as chiral matter fields in the
two dieminonal supersymmetric U(1) gauge theory. The U(1) vector multiplet contains the
gauge fields A, and a complex scalar o. They can be constructed as follows

Ne
Ay = in'o,n, o= ZmzanP (4.17)
We also define the covariant derivative in the two dimensional theory to be D, = 0, +iA4.
Then, following Shifman et al., we rescale n; to get a D-term condition, which is written
as follows
e 4
0="> |n> - =. (4.18)
i=1 g
The effective theory of the local vortex in eq. (4.16) becomes the following
e e? 47
['local Z (‘Dani‘Q o — mz| ‘m‘ 5 <Z’ 1’2 ) (4.19)
=1

By adding kinetic terms for both A, and o, the theory in eq. (4.16) agrees with the Hanany-
Tong model for the local vortices [4]. The theory has kink solutions which are confined
monopoles on the vortex string [4, 7, 12].

Now we study the semi local vortex case. First, we observe that

a(pn)T0* (pn) = (Dap)*Dp, (4.20)

where the covariant derivative is Dy = 0o — iAqy; while A, is given in eq. (4.17). So p
can be considered as a chiral matter field with U(1) charge —1. In the effective theory in
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eq. (4.15), coefficients proportional to 1/¢? disappear in the strong coupling limit. In order
to match coefficients of remaining terms, we set log|L/p| = 1. This means the integral
radius is about ten times larger than the size of semi local vortices, allowed by the physical
condition. Besides, we define 7, = p;/|p| (j = 1,...,N), where |p|> = Z;VZI |p;|? is the
total size of the semi local string. With these set-up, the effective theory of semi local
vortices in eq. (4.15) becomes

N N
koo = [1Panil? = 200 — mif2nif?] + 3 [Pty — o = mPIisl?] . (4.21)
i=1 j=1

There is a remarkable Seiberg-like duality in the theory. One can also construct a dual
theory for the four dimensional U(N.) x SU(Ny) supersymmetric gauge theory, by replac-
ing n and 7 with each other in eq. (4.21) and defining o = Zfil mg|n;|?. In ref. [10], the
Seiberg-like duality was also manifested in the Kéhler quotient construction. In our deduc-
tion, we take that L ~ 10|p| and sizes of the semi local vortices are normalized. These two
conditions are very reasonable in the physical content. The theory in eq. (4.21) agrees with
the Hanany-Tong construction of the semi local vortices [4], where the anti chiral matter
fields 7; with mass m; are identified with the normalized size moduli.

4.2 The high winding case

For the k = 2 case, all terms become finite after the integration, if L > |p|. The effective
Lagrangian is written as follows

it = (35 + el ) {unt 07+ @untm)(@atn) Zm2|nz|2—|§jmz|m|2r2}
[aw o] {oun n—Zém%nzP} (4.22)

From the index theory, we know that the dimension of the k = 2 moduli is 4Ny. However,
the Anzatz of ¢ contains n as the orientational modes and p as the size modulus, which
is incomplete to denote all the moduli parameters. A more precise representation of the
moduli parameters is given in the moduli matrix method [10]. With the present formula,
we need to understand where we stand on, and what is missing.

The squark field for £ = 2 semi local vortices in the muduli matrix method is written
as follows [10]

22 —az—f sz+u
- | I T (4.23)
aN,—1% + bN.-1 1 _a‘Nc—IS
where s = (s1,...,55) is a raw vector, and u has the similar definition. By the Kéhler

quotient construction, the moduli parameters can be extracted from ¢(z) to a set of matrices
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(Z, v, \i’) The divergent part of the Kahler potential can be written as follows
K = 27€log LTr| @2, (4.24)
In the case of the configuration in eq. (4.23), the three matrices are expressed as

1 0

01 b @ - s
(ﬁ a) ’ : : ’ (as + u) ’ (4.25)

bN.—1 an.—1
respectively. It is not difficult to obtain that

Ne—1 N.—1

N
K = 2r¢log L{ SIsiPA+ el Y Jail? + ) (abja; + c.c.)
j =1 =1

Ne—1 N.—1

jzv Y
+(Z|uj|2)(z |ai|?) + [(Zujs;). Z (bfai—i—oz*]aiQ)—i-c.c.]}. (4.26)
j j

i=1 i=1

When we transform the vortex configuration in eq. (2.36) into the moduli matrix form, while
keeping the same moduli parameters, we find that « = 0, a; = 0, and s = 0 in eq. (4.23).
We can see that the divergent part of the Kéhler potential disappears completely. o = 0
means that the positions of two fundamental semi local vortices coincide. a; = 0 denotes
that N.— 1 orientational parameters are set to zero. From s = 0, we know that only half of
size moduli were considered. Therefore, the Lagrangian in eq. (4.22) describes a reduced
point of the muduli space.

Now a question arises, i.e., how to construct the effective theory for high winding semi
local vortices. Following our recipe, we find that it is a difficult task. We do not know how
to represent all the modulus parameters in q. For example, in the k£ = 2 case, the profile
in the additional flavor part should be written as ¢ze?? 4+ ¢4. One can find reduced BPS
equations, if ¢3 = 22¢; and py = Z3¢;. However, this will bring the crossing terms like
p§p4ei9 in the BPS equations. The following calculations will explode. We prefer to choose
the moduli matrix method to construct the high winding semi local vortices in a generic
point of the moduli space.

5 Conclusion and discussion

In this paper, we have constructed the mass deformed effective theory of the semi local
non-Abelian vortices. The Ansatze for the adjoint scalar and the gauge field were solved via
EL equations, this ensures the minimal energy excitation of zero modes. The separation of
variable method is powerful in the calculation of EL equations. We obtained all solutions
of profiles up to the 1/g? order. The Ansatze for the adjoint scalar and gauge fields
have the similar structure, respecting the vortex configuration. The effective theory of the
semi local vortices were constructed by integrating out the transverse plane of the vortex
string. It was found that the size modulus couples to orientational zero modes, and the
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kinetics of the size modulus is a divergent term. The effective theory interpolates between
the local vortices and the sigma model lump. The relation between our mass deformed
effective theory and the zn model was clarified. We also showed that the effective theory
has a Seiberg-like duality respecting certain normalization conditions. The mass deformed
theory of high winding semi local vortices was studied. There are no divergent terms in the
effective theory, because the vortex configuration denotes only a special point in the moduli
space. We leave the construction of the high winding semi local vortices as a future work.

The field theoretical method to construct the effective world sheet theory of non-
Abelian vortices offers a special proof of Dorey’s 2d-4d duality [13]. Our work extends the
verification of the 2d-4d duality to the Ny > N, case. Although we did not discuss the
classical spectrum of our effective action, it has no difference with Shifman et al. [7], and
agrees with that of the D-brane construction [4]. The 2d-4d duality sheds light on the
connection between supersymmetry gauge theories and quantum integrable systems [25,
26], which has been studied by Nekrasov and Shatashvili [27-29]. For example, the two
dimensional twisted superpotential is identified the Yang-Yang function of the integrable
system; while the supersymmetric vacua can be identified with Bethe states of quantum
integrable systems. As illustrated in the present paper, the twisted superpotential can be
derived from non-Abelian vortices. This gives us a hint that there is a dictionary between
non-Abelian vortices and integrable systems. Let us check the route from vortices to
integrable systems. First we give a vortex configuration and construct its mass deformed
effective theory. From the effective theory, one obtains the classical vacuum, i.e., a kink
solution corresponding a non-Abelian monopole. This can be considered as a Bethe state
of quantum integrable systems. However, the moduli space of non-Abelian vortices are
very rich [12]. For examples, CPY~! and Gr(k, N) represent orientational zero modes
of U(N) vortices. The representation of the moduli space of non-Abelian vortices with
winding number k looks like Bethe states of spin chains, see section 2 in ref. [12]. Following
this route, one can find more integrable systems from the vortex section. This is quite
non-trivial, since very limited integrable systems are known. The present work brings us
one more question, i.e., how the mass deformed potential of semi local vortices is connected
with integrable systems. All these questions are interesting future research topics.
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A Calculation tips

We have used many tips to reduce the calculation, especially the traces. We list them here
for the convenience of readers. The traces used in the calculation of the kinetic effective

action are written as follows

Tr(W,)? = 2%, Y = [(Bann)? + 04n'dan), (A1)
Te[WoWy] = 0, 0 = Tr[0a (nn') nnl], (A.2)
Te[W2nnt] = ¥, 2% = Tr[ (s (nnh))?], (A.3)

Tr[0, (nnYW,] = 0, 0 = Tr[nn'W,], (A.4)
Tr[0n (nnl)Wann'] = i% (A.5)

The traces used for the calculation of the effective potential are given in the following

Tr[®?] = 28, = = Tr[Minn' — Mynn Mnn] (A.6)

r[Q% = O, 0 = Tr[nn'Mynnt — my_41nn')?, (A.7)
Tr[QM;] = A, A= Tr[MlnnTMlnnJr — mNCHMlnnT] (A.8)
Tr[Qnn'] = A, A = Tr[Minn' —my 1], (A.9)
Tr[qﬂnnT ] =5, 28 = Tr[®M,], (A.10)
Tr[{nnf, M, }®] = 22, 0 = Tr[$Q, (A.11)
Tr[Q%nnl] = O, 2A = Tr[{nn', M;}9), (A.12)
Tr[M, ®] = 22, 0 = Tr[nn!d]. (A.13)
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