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Abstract

In this work, a new tass ofvector F-implicit complementarity problems and vectBrimplicit variational
inequality problems are introduced artddied, and the equivalence between of them is presented under certain
assumptions in Banach spaces. We also derive somexistgnce theorems of solutions for the vedteimplicit
complementarity problems and the veckeimplicit variational inequality problems by using the FKKM theorem
under some suitable assumptions without monotonicity.
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1. Introduction

Vector variational inequality was first introduced and studied by Gianndks$n [the seting of
finite-dimensional Euclidean spaces. This is a generalization of a scalar variational inequality to the
vector case by virtue of multi-criteria consideration. Throughout the development over the last twenty
years, existence theorems of solutions of vector variational inequalities in various situations have beel
studied by many authors (see, for example5f1Q and the reérences therein). At the same time, the
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vecbr variational inequality has found many applicai$ in vector optimization, approximate vector
optimization, vector equilibria, vector traffic equilibria and other areas 589 [

Let X be a real Banach space with dual spA¢eand(t, x) denote the value of the linear continuous
functiont € X* atx. Let K be a closed convex cone & In 2001, Yin et al. LL.0] introduced a class of
F-conmplementarity problemsH-CP), whichconsists of findingk € K such that

(T, x)+ F(x) =0, (TX,y)+F(y) =0

forally € K, whereT : K — X*andF : K — (—o0, +00), and tley provel that (~-CP) is ejuivalent
to the following generalized varianal inequality problem (GVIP): find € K such that

(TX,y—x)+F(y)—FXx) >0, VyeKkK,

whenK isanonempty closed convex cone aRds apositively homogeneous and convex function. They
also proved the existence of solutions f6-CP) under some assumptions wihpseudomonotonicity.

Recently, by using the combination of demicontinuity and pseudomonotonicity, Fang and Byiang [
introducedand studied a new class of vectércomplementarity problems with demipseudomonotone
mappings in Banach spaces. They also presented the solvability of this class of \ector
complementarity problems with demipseudomonotone mappings and finite-dimensional continuous
mappings in reflexive Banach spaces.

Very recently, Huang and Lig] introduced and studied a new classFoimplicit complementarity
problems and--implicit variational inequality problems in Banach spaces. The equivalence between
the F-implicit complementarity problem ané&-implicit variational inequality problem was presented,
and some new existence theorems of solutiong-famplicit complementarity problems anid-implicit
variational inequality problems were also proved.

The main purpose of this work is to generalize some resultsépffdr the wvector case. We
introduce a new class of vect&rimplicit complementarity problems and vecterimplicit variational
inequality problems in Bnach spaces, and prove the equivaée between of them under certain
assumptions. Furthermore, we derive some new existence theorems of solutions for thE \iexticit
complementarity problems and the vedtsimplicit variational inequality problems by using the FKKM
theorem ] under some suitable assumptions without any monotonicity.

2. Preliminaries

LetY be areal Banach space. A nonempty subsetY is said to be a corex coneif: ()\P+P = P;
(i) AP € Pforall A > 0. P is called a paited cone ifP is a conve cone andP N {—P} = {0}. An
ordered Banach spac¥, P) is a real Banach spacé with an ordering defined by a closed convex cone
P C Y with an apex at the origin, in the form of

X>y & X—-yeP
and
X2y & X—-yé&P.
If the interior of P, say intP, isnonempty, then a weak ordering ¥is also déined by

y<x&Xx—yeintP, Vvx,yeY,
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and
y£X&Xx—yeintP, Vvx,yeY.

Let X be a real Banach spad¢,C X be a nonempty closed convex @, P) be an ordered Banach
space induced by a pointed closed convex cBn®enote byL (X, Y) the pace of all the continuous
linear mappngs fromX into Y.

We first recall some definitions and lemmas which are needed in the main results of this work.

Definition 2.1. Let K be a nonempty subset of topological vector spXceA point-to-set mapping
T : K — 2Xis called a KKM-mapping iffor every fite subsefxy, Xo, ..., Xn} of K,

n
convixa, Xz, ... Xn} C [ T (%),
=1

where conv denotes the convex hull.

Definition 2.2. A mappingF : K — Y is said to bepositively homogeneous F (aex) = o F (x) for all
x € K anda > 0.

Lemmaz2.1 ([2]). Let K be a nonempty subset of Hausdorff topological vector space X. Let G : K —
2X bea KKM-mapping, suchthat for any y € K, G(y) isclosed and G(y*) is compact for somey* € K.
Thenthereexists x* € K suchthat x* € G(y) for all y € K, i.e, Nyek G(y) # 9.

Lemma2.2. Let (Y, P) be an ordered Banach spaceinduced by a pointed closed convex cone P. Then,
Xx>0andy > Oimplythatx +y > 0,VX,y €Y.

Proof. SinceP isaconvaconex >0« x € Pandy > 0 & y € P,weknowthatx+y € P+P =P
and sox 4+ y > 0. This completes the proof. O

3. Vector F-implicit complementarity problemsand vector variational inequality problems

Throughout this section, leX be a real Banach spade¢, C X be a nonempty closed convex set, and
(Y, P) be an ordered Banach space induced by a pointed closed convelR cBeaote byL (X, Y) the
space of all the continuous linear mappings fridnmto Y, and(t, x) the value of the linear continuous
mappingt € L(X,Y) atx. Letf : K - L(X,Y),g: K - KandF : K — Y. In this ®ction, we
consider the following vectof -implicit complementarity probleniV F-ICP): find x* € K such that

(f(x*,9(x")) + F@Xx) =0 and (f(x"),y)+F() >0, VyeKkK.

Examples of (VF-ICP):
(1) If g is an identity mapping orK, then (VF-ICP) cdlapses to the vectoF-conmplementary
problem (for short \F-CP) offindingx* € K such that

(X", x4+ FXx* =0 and (f(x*),y)+F(y) >0, VyekK.

(2) If F = 0, then (\M-CP) collapses to thvector complementary problem (for short VCP) of finding
x* € K such that

(f(x*),x*=0 and (f(x*,y) >0, VyeKk,
which has been studied by Chen and Yatjgénd Yang P].
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) If L(X,Y) = X*andF : K — R, then(VF-ICP) collapses to thé--implicit complementary
problem (for shorF-ICP) offindingx* € K such that

(f(x*),9(x") + F(@x*) =0 and (f(x),y)+F(y)>=0, VyeK,

which is considered by Huang and 16]]
(4) If g is an identity mapping oK, then -ICP) cdlapses to the--conplementary problem (for
shortF-CP) offinding x* € K such that

(X, x4+ Fx*) =0 and (f(x*),y) +F(y) >0, VyekK,

which has been studied by Yin et al(].
(5) If F =0, then E-ICP) reduces to the imgit complementary problem (for short ICP) of finding
x* € K such that

(f(x*,9(x*)) =0 and (f(x"),y)>0, VyeK.

which has been studied by Isat§].
(6) If g is an identity mapping oK andF = 0, then E-ICP) reduces to the cgolementary problem
(for short CP)of finding x* € K such that

(f(x*),x*y=0 and (f(x*),y)>0, VyeK.

which has been studied by many authors, @elf X = X* = R", then (CP) ecomes the classical
complementarity problem.

Wealso introduce the following vectdt-implicit variational ingjuality problem (for short ¥-I1VIP):
find x* € K such that

(f(x*),y—g(x")) + F(y) — F(9(x*)) >0, VyeK.
We first estabish the guivalence betwee(V F-ICP) and(VF-IVIP).

Theorem 3.1. (i) If x* solves (VF-ICP), then x* solves (VF-IVIP); (ii) if F : K — Y is positively
homogeneous and x* solves (V F-IVIP), then x* solves (VF-ICP).

Proof. (i) Let x* be a solution of VF-ICP). Then, x* € K such that
(f(x),9(x")) + F@x") =0 and (f(x"),y)+F() >0, VyeKkK.
It follows that
(F(X"),y —g(x") + F(y) — F(g(x")
=[x, y) + FOWI = [(F(xF), g(x*)) + F(@(x*))]
= (f(x*),y)+ F(y)
>0

forall y € K. Thus,x* is a soution of (VF-IVIP).
(ii) Let x* be a solution of VF-IVIP). Then, x* € K such that

(f(x*),y —g(x*)+ F(y) — F(9(x*)) =0, VyeK. (3.1)

SinceF : K — Y is a positivdy homogeneous mapping, ardis a convex cone, letting = 2g(x*)
andy = 3g(x*) in (3.1), we have

(f(x®), g(x") + F(@(x")) = 0, and  (f(x"),g(x")) + F(g(x)) <0,
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that is,
(f(x*), g(x") + F(9(x) € PN {-P}.
SinceP is apointed cone,
(f(x*), g(x")) + F(g(x*)) = 0.
By using this equality and3(1), we obtain
(f(x™), y) + F(y)
= [(Ff(x%),y —g(x®) + F(y) = F(@X)] + [{ f(X*), g(x™)) + F(9(x")]
= (f(x"),y —g(x")) + F(y) — F(g(x"))
>0
for all y € K, which stows thatx* solves(V F-ICP). This mmpletes the proof. O
If g is an identity mapping oK, then we havehte following:

Corollary 3.1. (i) If x* solves ( VF-CP), then x* solves (VF-VIP); (ii) if F : K — Y is positively
homogeneous and x* solves (V F-VIP), then x* solves ( VF-CP).

Theorem 3.2. Assume that:

@ f:K—->L(XY)g:K—>KandF : K — Y arecontinuous;
(b) thereexistsamapping h : K x K — Y such that
() h(x,x) > 0,V¥x € K;

(i) (f(),y—9())+ F(y)—F(@X) —hx,y) >0,Vx,yeK;

(i) theset{y € K : h(x,y) # 0} isconvex, Vx € K;
(c) there exists a nonempty, compact, convex subset C of K, such that Vx € K\C, 3y € C such that

(), y —9(x) + F(y) — F(g(x)) # 0.

Then, (VF-IVIP) has a solution. Furthermore, the solution set of (VF-IVIP) is closed.

Proof. Define

Gy)={xeC|{f(X),y—9g(X)+F() —F(@Xx)=0}, VyeK.
From assumption (a), we have that for apye K, G(y) is cloed in C. Since evey element
X* € Nyek G(y) is asolition of (VF-IVIP), we have to Bow thatNyckx G(y) # . SinceC is comct,
itis sufficient to prove that the familyG(y)}yck has the finite intersection property. Ligh, v, ..., Yn}
be a finite subset oK and setB = conuC U {y1, ..., ¥n}). ThenB is a conpact and convex subset
of K.

We define twaoint-to-set mappingB1, Fo : B — 2B as fdlows:

Fi(y) ={xe B[ (f(X),y—g(X)+ F(y)—F(g(x)) >0}, VyeB
and

Fo(y) ={xe B|h(x,y) >0}, VyeB.
From assumptions (i) and (ii) of (b), we have

h(y,y) >0
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and

(f(y),y—9() + F(y) — F@y) —h(y,y) = 0.
Now Lemma 2.2mplies

(f(y),y—ay)) +F(y)—F@(y) =0

and soF1(y) is nonempty. Similarly, we can prove that for apye K, F1(y) is closed SinceF1(y) is
a closed gbset of a compact s&, we know thatF(y) is com@ct. Next, we prove thak; is a KKM-
mapping. Suppose that there exists a finite supsetus, ..., uy} of Bandi; > 0 = 1,2,..., n)
with 3" A; = 1 such hat

n n
u=> xru ¢ Fau).
i=1 j=1
Then
h(u,uj) #0, j=1,2,...,n
From assumptiofb)(iii), we have
h(u,u) # 0,

which contradicts assoption (b)(i). HenceF» is a KKM-mapphng. From assumption (b)(ii), we have
Fa(y) € F1(y), Vy € B. Infact,x € Fz(y) implies thath(x, y) > 0, and by assumptiofi)(ii), we have

(f(X¥),y—9(x) + F(y) — F(9(x)) — h(x,y) > 0.
It follows from Lemma 2.2hat

(), y —9(x) + F(y) — F(g(x)) = 0,

i.e.,x € F1(y). Thus,F is also a KKM-napping. FronLemma 2.1 thereexistsx* € B such tha* e
F1(y) for all y € B. Therdore, there existg* € B such that f (x*), y —g(x*)) + F(y) — F(g(x*)) > 0
for all y € B. By assumption (c), we get* € C and moreovex™ € G(yj),i = 1,2,...,n. Hence
{G(Y)}yek has the finite intersection property.

Sincef : K - X*,g: K — K andF : K — Y are continuous, it is easy to see that the solution set
of (VF-IVIP) is closed. This completes the proof ®heorem 3.2 O

Example3.1. LetX =Y = R, K = P = R2 = [0, 00) x [0, 0), C = [0, 1] x [0, 1]. Let

X2 X1
and(f(x), z) = f(2) = (z1 + 2, 0) for anyx, z € K, with X = (X1, X2) andz = (z1, z2). Then,

F(X) = (x1,0), f(x)=f

(F00,y — gx)) = <(y1+ y2) — X”2’X2, 0)

foranyx, y € K, with x = (X1, X2) andy = (y1, y2). If we set
X1
hox.y) = (@n+y2 = (5 +%) . 0)

for anyx,y € K, with x = (X1, X2) andy = (y1, ¥2), then all asumptons inTheorem 3.2hold. It is
easy to see tha0, 0) € K is a unique solution ofV F-IVIP).
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If gis anidentity mapping o, thenfrom Theorem 3.2weaobtain an existence theorem fét{VIP)
as fdlows.

Corollary 3.2. Assumethat

@ f:K—>L(XY)g:K—KandF : K — Y arecontinuous;
(b) thereexistsamapping h : K x K — Y such that
() h(x,x) = 0,Vx € K;

(i) (Fx),y—x)+F(@y)—FX —hx,y) >0,x,yeK;

(i) theset{y € K : h(x,y) # 0} isconvex, Vx € K;
(c) there exists a nonempty, compact, convex subset C of K, such that Vx € K\C, 3y € C such that

(f),y=x)+F(y)—F®x) #0.
Then, (V F-VIP) has a solution. Furthermore, the solution set of (VF-VIP) is closed.

Theorem 3.3. Assumethat f : K — L(X,Y)andg : K — K arecontinuous,and F : K — Y is
positively homogeneous and continuous. If assumptions (b) and (c) in Theorem 3.2hold, then (VF-ICP)
has a solution. Furthermore, the solution set of (V F-ICP) is closed.

Proof. It follows directly from Theorems 3.1and 3.2 that the conclusin holds. This completes the
proof. O

Example3.2. LetX =Y = R?,K = P = R2 = [0, 00) x [0, 00) andC = [0, 1] x [0, 1]. Let

g(x):(xl—i-x—zz,x—zz), F(x):(—xﬁz_xz,o), fx)=f

and({f (x), z) = f(2) = (z1 + 2, 0) for anyx, z € K, with x = (X1, X2) andz = (z1, z»). Then,
(F),y —g() = ((y1+Y2) — X1+ x2), 0)
foranyx, y € K, with x = (X1, X2) andy = (y1, y2). If we set

hix, y) = ((y1+ y2) — (X1+X2),O)

2

foranyx,y € K, with x = (X1, Xo) andy = (y1, y2), then all @sumptions inTheorem 3.3old. It is
easy to see thd0, 0) € K is aunique solution ofVF-ICP).
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