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Abstract

We study a two-dimensional family of probability measures on infinite Gelfand-Tsetlin schemes induced
by a distinguished family of extreme characters of the infinite-dimensional unitary group. These measures
are unitary group analogs of the well-known Plancherel measures for symmetric groups.

We show that any measure from our family defines a determinantal point process on Z4 X Z, and we
prove that in appropriate scaling limits, such processes converge to two different extensions of the discrete
sine process as well as to the extended Airy and Pearcey processes.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Let S(n) be the symmetric group of degree n. Denote by Y, the set of partitions of n or,
equivalently, the set of Young diagrams with n boxes. It is well known that complex irreducible
representations of S(n) are parameterized by elements of Y, ; we denote by dim A the dimension
of the irreducible representation corresponding to A. The probability distribution

dim? A

Prob{1} = ——,
n

on Y, is called the Plancherel measure for S(n). The Plancherel weight of A € Y,, is the relative
dimension of the isotypic component of the regular representation of S(n), which transforms
according to the irreducible representation corresponding to A. Hence, one has the following
equality of functions on S(n):

dim*x  x*
S S
n! dimA

reY,

where §, is the delta-function at the unity, and x* is the irreducible character corresponding to A.

Let S(o00) = Un>1 S(n) be the group of finite permutations of a countable set known as the
infinite symmetric group, see e.g. [21]. The group S(00) has a rich theory of characters (positive-
definite central functions on the group). For any character y of S(co) normalized by x(e) =1,
its restriction to the subgroup S(n) of permutations of first n symbols can be written as

X=Y_ Zn()x"/dim2.
reY,

The coefficients X, (1) form a probability measure on Y, ; they are a kind of Fourier transform
of x.

There exists only one character y of S(oo) for which the rows and columns of the Young
diagrams distributed according to x, grow sublinearly in n as n — oo. This character is the delta-
function at the unity of S(c0), the corresponding representation is the (bi)regular representation
of §(00) in £2(S(00)), and %, is the Plancherel measure on Y,, introduced above.

An analogous construction for the infinite-dimensional unitary group U (c0) = | J N1 UWN)
yields a two-dimensional family of characters of U (c0). Equip U (oo) with the direct limit topol-
ogy. Although the notion of regular representation for U (oo) is meaningless, by comparing the
lists of the extreme (i.e., indecomposable) characters of S(oco) and U (c0) one sees that the analog
of 8, on S(00) is the family of characters
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X W) =exp(Tr(y (U =D +y~ (U™ = 1)), UeU(oo),

where y* > 0 are the parameters of the family. We will provide details in Section 3, and for
now let us just say that on the level of Fourier transform, the set Y, is replaced by the set
of N-tuples of integers A; > --- > Ay which we call signatures or highest weights of length N
(they parameterize irreducible representations of the unitary group U (N)), and the corresponding
probability distributions have the form

+ym +ym AN
Py (Al,...,)»M:constdet[ffy 4 )(Aj —J)]l.,j=1 dimy vy (A),

topy !
(y*,y’) _ L eV % dZ .
K@= b e k=12

lz=1

where dimyy)(A) is the dimension of the irreducible representation of U(N) with highest

weight L. We call the measures PI’\/,+”’ the Plancherel measures for the infinite-dimensional
unitary group, and the present paper is devoted to the study of these measures.

One source of interest to the Plancherel measures for symmetric groups is the fact that the
distribution of the largest part of A € Y,, coincides with the distribution of the longest increasing
subsequence of uniformly distributed permutation in S(n). This fact can be restated in terms of
a random growth model in one space dimension called the polynuclear growth process (PNG).
Namely, the distribution of the height function for PNG with the so-called droplet initial con-
dition at any given point in space-time coincides with the distribution of the largest part of
A € U, >0 Yn distributed according to the Poissonized Plancherel measure

M dima) 2
o 6" dim A
Prob{1} = e (7IAI! . relJ Ve
n=0

where || is the number of boxes in the Young diagram A, and 6 > 0 is a parameter, see [30].
Note that || is Poisson distributed with mean 62.

Quite similarly, the largest coordinate of a signature distributed according to the Plancherel
measure for U (0o) describes the height function in another growth model in one space dimension
called PushASEP for the so-called step initial condition. This fact can be established by direct
comparison of Proposition 3.4 from [6] and Theorem 3.1 below.

The asymptotics of the Plancherel measure for S(n) as n — oo has been extensively studied.
In the seventies, Logan and Shepp [22] and, independently, Vershik and Kerov [32,34], discov-
ered that Plancherel distributed Young diagrams have a limit shape: In a suitable metric, the
measure on these Young diagrams scaled by +/n converges as n — 0o to the delta-measure sup-
ported on a certain shape. In the late nineties, more refined results were obtained. It was shown
that the random point process generated by the rows (or columns) of the Plancherel distributed
Young diagrams has two types of scaling limits, in the “bulk” and at the “edge” of the limit shape.
In the limit, the former case yields the discrete sine determinantal point process, while the latter
case yields the Airy determinantal point process, see [2,3,8,18,24].

The main goal of the present paper is to prove similar asymptotics results on scaling limits

o
of random point processes related to more complex measures PI’\; 7 with N — oo and y*
possibly dependent on N. Note that our results do not imply the existence of the limit shape in
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any of the cases we consider, although they strongly suggest that in some cases the limit shape
does exist, and they predict what it looks like. For a discussion of the relationship between “local”
results on point processes and “global” measure concentration properties see Remark 1.7 of [8],
§1of [11].

Let us describe our results in more detail.

It is convenient to represent a signature A = {A1 > --- > Ay} as a pair of partitions, one
partition AT consists of positive parts of A while the other one A~ consists of absolute values of
negative parts of A. When the parameters y* are independent of N, they describe (see Section 2)
the asymptotic behavior of [A%|, namely [A*| ~ y*N, as N — oo. This asymptotic relation
remains true in other situations as well, and it is helpful to keep it in mind when going through
the limit transitions below.

Our first result describes what happens when y* ~ N~! as N — oco. Then one expects that
|AF|, |~ | remain finite in the limit, and indeed the measures P]E,y+’y ) converge to the product of
two independent copies of the Poissonized Plancherel measures for the symmetric groups. One
copy is supported on the partitions AT consisting of positive parts, while the other measure is
supported on the partitions A~ consisting of negative parts.

The next possibility to consider is when y* are independent of N. The case when y~ =0
was considered by Kerov [20], who proved the existence of the limit shape and showed that
the limit shape coincides with that for the Plancherel measures for symmetric groups. We show
that when both parameters y* are fixed and nonzero, the random point processes describing
AT asymptotically behave as though A* represent two independent copies of the Poissonized
Plancherel measures for the symmetric group with Poissonization parameters y =N — oo.

The most interesting case is when y* grow at the same rate as N. Biane [4] proved that
when ¥~ = 0, the corresponding measure has a limit shape that depends on the limiting value
of the ratio Yy T/N. We consider the case when both parameters are nonzero and investigate the
asymptotic behavior of the random point process that describes our random signatures.

Even though we do not prove the existence of the limit shape, it is convenient to use the
hypothetical limit shape inferred from the limit of the density function to describe the results.
There are three possibilities: The limit shapes of A% scaled by N do not touch (that happens
when y* /N are small), when they barely meet, and when they have already met, see Fig. 4 in
the body of the paper. Accordingly, there are three types of local behavior one can expect: The
bulk, the edge, where the limit shape becomes tangent to one of the axes, and the point when
the edges of the limit shapes for A* meet. We compute the local scaling limits of the correlation
functions for the random point process describing our signatures, and obtain the correlation func-
tions of the discrete sine, Airy, and Pearcey determinantal processes in the three cases above, see
Theorems 4.6, 4.9, and 4.8.

As a matter of fact, we consider probability measures on a more general object than sig-
natures. Every character of U (co) naturally defines a probability measure on Gelfand-Tsetlin
schemes (a kind of infinite semistandard Young tableaux), see Section 2 and [9]. The correspond-
ing measures on signatures of length N are certain projections of the measure on Gelfand—Tsetlin
schemes. In particular, every character from our two-dimensional Plancherel family yields a
measure on Gelfand-Tsetlin schemes, and that is what we study asymptotically. We interpret
each scheme as a point configuration in Z x Z., and compute the scaling limits of correlation
functions of the arising two-dimensional random point processes. The results are appropriate
(determinantal) time-dependent extensions of the limiting processes mentioned above.

The proofs are based on the techniques of determinantal point processes.
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First, we show that for any extreme character of U(co), the corresponding random point
process on Z x Z4 is determinantal, and we compute the correlation kernel in the form of a
double contour integral of a fairly simple integrand. This result (Theorem 3.1) is similar in spirit
to the formula for the correlation kernel of the Schur process from [27], but it does not seem
to be in direct relationship with it. After that we perform the asymptotic analysis of the contour
integrals largely following the ideas of [25,27,28].

2. Description of the model

Let U(N) denote the group of all N x N unitary matrices. It is a classical result that the
irreducible representations of U (N) can be parametrized by nonincreasing sequences A = (A1 >
-+ 2 Ay) of N integers (see e.g. [36]). Such sequences are called signatures (or highest weights)
of length N. Thus there is a natural bijection A <> x* between signatures of length N and the
conventional irreducible characters of U (N).

For each N, U(N) is naturally embedded in U (N + 1) as the subgroup fixing the (N + 1)th
basis vector. Equivalently, each U € U(N) can be thought of as an (N + 1) x (N + 1) matrix
by setting U; y4+1 =Upny1,j =0for 1 <i, j <N and Uy, ny+1 = 1. The union U?vo=1 U(N) is
denoted U (00).

A character of U(o0) is a positive definite function y : U(co) — C which is constant on
conjugacy classes and normalized (x (e) = 1). We further assume that x is continuous on each
U(N) C U(00). The set of all characters of U (0c0) is convex, and the extreme points of this set
are called extreme characters.

The extreme characters of U(co) can be parametrized as follows: Let R> denote the product
of countably many copies of R. Let £2 be the set of all («™,a™, 8%, 87,8%,87) such that
(29, §1]

af=(af o >---20)eR®,  pE=(FF>p>---20)eR®,  s*eR,

Set

||Mg
:e
+
=

For any U € U (0c0) define Spectrum(U) as the finite set of eigenvalues (with multiplicities)
of U that not equal to 1. Each w € £2 defines a function x“ on U (co) by

W= ] fw,

ueSpectrum(U)

-1 1+ * _l 1+ _1_1
foluy = v =Dy I)Hl_i.JfE:—l;l—s EZl—li'

)

As o ranges over £2, the functions x turn out to be all the extreme characters of U (c0)
[26,33,35].
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Equipping R*® x R® x R® x R*® x R x R with the product topology induces a topology
on £2. For any fixed U € U(c0), x“(U) is a continuous function of w. For any character y of
U (00), there exists a unique Borel probability measure P on §2 such that

X(U)=/Xw(U)dP,

2

see [29, Theorem 9.1]. This measure is called the spectral measure of x.

The extreme characters of U (oo) can be approximated by x* with growing signatures A. To
state this precisely we need more notation.

Represent a signature A as a pair of Young diagrams (A*, A7), where AT consists of positive
A;’s and A~ consists of negative X;’s. Zeroes can go in either of the two:

A= AT, =g, —A]).

Let d(-) denote the number of diagonal boxes of a Young diagram and set d* = d(A™) and
d™ =d()7). Recall that the Frobenius coordinates p;, ¢; of a Young diagram X are defined by

pi=Ai —1, qi=W)i—i, 1<i<d®),
where 1/ is the transposed diagram, see e.g. [23].

The dimension of the irreducible representation of U(N) indexed by a signature A =
(A, ..., An) is given by Weyl’s formula:

Ao—i— At
dimyi=x*(l.....H= [] “——"1— il
11 j—i
1<i<j<N

Define the normalized irreducible characters by

- 1
)»= : X}\.
dimy A

Note that () = 1.

Given a sequence { fy} of functions on U (N), we say that fy’s approximate a function f on
U (o0) if for any fixed Ny, the restrictions of the functions fy (for N > Ny) to U (Np) uniformly
tend, as N — 00, to the restriction of f to U(Nyp). We have the following approximation theorem:

Theorem 2.1. Let x be the extreme character corresponding to (a*, =, y*) € 2. Let {1(n)}
be a sequence of signatures of length n with Frobenius coordinates pii (n), qii(n). Then the

functions ¥*™ approximate x iff

+ + +

~(n ~(n A

lim 2 )=al.i, lim 4 )=ﬂii, lim (GO _ s
n—o0 n n—oo n n—oo n

foralli.
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Proof. This theorem is due to Vershik and Kerov [33]. See [26] for a detailed proof. O

Let GTy be the set of all signatures of length N and set GT = |, GTx. Turn GT into a
graph by drawing an edge between signatures A € GTy and u € GTy 4 if A and p satisfy the
branching relation A < w, where A < u means that u; <A < <A <~ <Ay < uy+1. GT
is also known as the Gelfand-Tsetlin graph.

Each character of U (0c0) defines a probability measure Py on GT . If we restrict the extreme
character x“ to U(N), we can write

Xluny = D PvOIX. )
1eGTy

Definition 2.2. The measure Py corresponding to the extreme character with o™ = g+ =0 and
arbitrary y* > 0 will be called the Nth level Plancherel measure with parameters y . Denote it

by P;\;ﬂyi.

The choice of the term is explained by the analogy with the infinite symmetric group S(c0).
The extreme characters of S(oco) are parameterized by

[@ B8 eRT xRE xRy; Y @i +p)+y =1}

The measure on partitions of n obtained from the character with o; = §; =0, y = 1, similarly
to the measure Py above, assigns the weight (dim1)2/n! to a partition A and is commonly
called the Plancherel measure. Here dim A is the dimension of the irreducible representation of
S, corresponding to A.

Let x be a character of U (c0) and let P and Py be its corresponding decomposing measures
on £2 and GTy. For any N, embed GTy into §2 by sending A to (a*,a~,b*,b™, ¢, ¢c™) where

+ + +

- ; A
a.:t = —pl . b:t = —ql . C:t — | |
! N ! N N

Define a probability measure Py on £2 to be the pushforward of Py under this embedding.
Then Py weakly converges to P as N — oo [29, Theorem 10.2].

o=
This implies that as N — oo, the Plancherel measures P,’\; "7 converge to the delta measure
atw = (ozii = ,31.i =0, yT, y7), that is, the row and column lengths for A* distributed according

to P;f’f grow sublinearly in N.
The main goal of this paper is to study the asymptotic behavior of the signatures distributed

according to the Plancherel measures P}; ¥ as N — oo. We will also study a more general
object: the corresponding probability measures on objects called paths in GT.

A path in GT is an infinite sequence ¢t = (f1, f3,...) such that t; € GT; and #; < t;41. Let 7
be the set of all paths.

We also have finite paths, which are sequences t = (71, 72, ..., Ty) such that 7; € GT; and
7] < T2 < --- < . The set of all paths of length N is denoted by 7y . For each finite path T € 7y,
let C; be the set

Co={teT: (t,0,....tn) =7}.
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Ne—9
Fig. 1. Black dots represent points in the configuration and white dots represent points not in the configuration.

A character x of U(oo) also defines a probability measure MX on 7 which can be specified
by setting

Py()
dimN A ’

MX(Cy) = 3)

where Py is as above and 7 is an arbitrary finite path ending at A, see [29, Section 10] for details.

In particular, any w € £2 defines a measure on 7 via the corresponding extreme character . If
w satisfies aii = ﬂii =0 with arbitrary y*, then let P77 denote this measure.

3. Plancherel measures as determinantal point processes

+ - -

In order to analyze P% Y and P?"" | itis convenient to represent signatures as finite point

configurations (subsets) in one-dimensional lattice. Assign to each signature A € GTn a point
configuration £(A) C Z by

A=y AN LO) ={A = 1,..., Ay — N}

The pushforward of P}f’y under this map is a measure on subsets of Z, that is, a ran-
dom point process on Z. See Appendix A for general information on point processes. De-
note this point process by 731)\/,+’V . The map A — L()\) can be seen visually. For example, if
A=(4,2,0,0,—1,-3), then L(1) ={3,0, -3, —4, —6, —9}. See Fig. 1.

Just as A — L(X) defines a map from GT,, to the set of subsets of Z, we have a map from the
set 7 of paths in the Gelfand—Tsetlin graph to subsets of Z4 x Z. Lett = (t; <t <---) be a
path in GT. Each #; is a signature of length i which will be written as @ = (1{?, {7, ... 2").
Then map ¢ to

Loy ={(i.2 = j): 1<i<oo, 1<j<i}CZy x L.
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The pushforward of PY"¥” under this map will be denoted by Pr"¥"_ This is a random
point process on Z X Z.
Let us now state the main theorem of this section.

. + - . . .
Theorem 3.1. The point process PY 7 is determinantal. Let K (n;, x;;n;, x;) denote its cor-
relation kernel. If n1 > ny, then

X . (1 2 er uHy Ty (e dy dw
(n1,x1:n2,x2) = i v oty T (1 u—w

If n1 < ny, then

1 le—xz—l
K(”lﬁxl;nz,xz):—% Wdz
1\? e”_”+7’+“_1 w1l —u)"  dudw
+ | — ff — T 4)
27i eV wHyTw” 1+x2(1 —w)"2 u— w

In these expressions, u is integrated over |u| =r < 1 and w is integrated over lw —1| =€ < 1 —r
and z is integrated over |z| =r < 1.

Let P£+’y_ be the image of PY"¥" under the particle-hole involution (see Appendix A for
definitions).

Lo
Corollary 3.2. The point process ’PZ 7 is determinantal. Let K 4 (ni, xi;nj, x;) denote its
correlation kernel. If n| > nj, then

1

1 \? eV Uty Ty (1 oy dudw
Ka(ny,x15n2,x) =—| =— .

2mi ev wryTwThy b (1 — )y u—w

If n1 < ny, then

1 le—xz—l
K 9 ; 9 = 7d
any, x13n2, x2) e jlg 1=y 4*

- -1
1 2 eV M+)/+u uxl(l _ I/t)nl dudw (5)
2mi e}”w+y+w’1wl+xz(l —w)y2 u—w )
In these expressions, u is integrated over |u| =r < 1 and w is integrated over |lw —1| =€ < 1 —r
and z is integrated over |z| =r < 1.

Proof. The corollary follows immediately from Proposition A and the fact that

x1 —x—1
8x1:x2 f (1 _ Z)"2 ny

\ZI r
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for n1 = ny. Note that in Theorem 3.1 the two cases for the kernel are n; > ny and ny| < no,
while in Corollary 3.2 the two cases are n1 > np and ny <np. 0O

Remark. Let If'(nl, x1:n2,x3) and K 4 (n1, x1; np, x2) denote the correlation kernels of pr vt

-t

and PZ 7" respectively (y* and y ~ switched places). These kernels are real-valued, and they
are non-symmetric. However, the substitutions u > u~ !, wi w! and further deformation of
the contours show that

(=DM ™K (ny, —x1 —ny — 102, —x2 —na — 1) = K (n1, x1; n2, x2),

(=DM ™K p(ny, —x1 —ny — 100, —x2 —na — 1) = Ka(ny, x1; n2, x2).

This can be understood independently. Switching ¥+ and y ~ corresponds to switching A and
A~ in a signature A. In terms of L£(}), this corresponds to replacing x; with —x; — n; — 1.
For example, consider A = (4,2,0,0, —1, —3) from Fig. 1. Switching AT and A~ gives A=
(3,1,0,0, —2, —4). Then L(}X) = {2, -1, -3, —4, -7, —10}, which can be obtained from L(A)
by replacing x; with —x; —6 — 1.

Remark. The arguments below actually prove a more general statement. If we define a point
process of Z4 x Z similarly to Pr YT but starting from an extreme character of U (0co) with
arbitrary parameters (al.i, ﬂii, y ), then this process is determinantal and its kernel has a similar
form. The only change is replacing E (z) below by fo(z) from Eq. (1).

In what follows we use the notation

+(7— —(z-1— oty oyt
E(z)=¢V @ DTy @ =D — o=y7 =y pyizty

Lemma 3.3. Suppose A = (A1, A2, ..., An) € GTx. Write xi, for Ay — k. Then

AR 1 . .
Py = v e @0 ligaen s 0]

where

1 .
fitoe) = 5— f E@u " Tdu, 1<j<N, (6)
Tl
lul=1
gj(xk)lef_l, 1<j<N. (7

Proof. Writing E(u) =Y o
for ¢ to get

() )ul and integrating E (u)uk over the unit circle, we can solve

1 —1-
c(l)y=— E(u)u du.
2mwi
lu|=1
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Set w = (ozii = ,BijE =0,y%,y7). For U € U(N) with spectrum u1, ..., uy, we can write
x?(U) = E(uy)...E(uy). Recall that P{’Vﬁ is defined by (2). Using [29, Lemma 6.5], we
can express x|y (v) as ZAGGTN C(}\.)X)L, where

c) =0, i) =detfcOu —k+ D] s ey

Set f;(xx) = c(xk + j). Since x* = x* - dimy A, with

dimyr= [ oA 1 [T (@i=ir=@y— ).

i TR (N=1D)
1<i<j<N J ( ) 1<i<j<N

we get the additional Vandermonde determinant det[(A; — k) 1= det[x,{ - 1. O

Remark. Observe that the argument above and (3) imply that

PY Y (Cy) = det[ f 0] < e
To state the next result we need slightly different notation. Let
P (™ 1<n <N, 1<k<n}) =P’ (Cp)
if there exists a path t = D < ... <A™y guch that
A = (xf") + l,xén) +2,...,x,§”) +n),

and P77~ ({x,ﬁ")}) =0 otherwise.

Proposition 3.4. Let {x,in): 1<n <N, 1<k < n} be arbitrary integers satisfying xlgn) > xlgr_li_)l

forall n, k. Then

PP (M 1<n <N 1<k <))

N-—1
1 D) )
TR (N=D! E} det[gn (5" " )] jnir et (05 ) ] i e

(n)

a1 are “virtual” variables," and ¢y, is defined by

where x

I ifx<y,
Gn(x,y): =11 x “virtual,”

0 otherwise.

1" One can think of “virtual” variables as being equal to negative infinity.
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Proof. By the remark after 3.3, it suffices to prove that [ ] det[¢,] acts as an indicator function.
It takes the value of 1 if A(D < 1@ < ... < A®) and 0 otherwise, where

AW = (1, 2™ ).

If 2D < 2@ < ... <A@ 5o that x(”H) g'l) > xé”H) > xé") > s x("ﬁl) for
n
each n, then

1 ifj<i

() _(n+1) J S
XX = .

o (x; J ) {0 ifi <j.

So det[¢, ] =1 for each n.
Conversely, suppose that [ [ det[¢,] = 1, so that det[¢,] # O for each n. Notice that the matrix

[dn (xi("), x;"H))] consists entirely of zeroes and ones. Also notice that the number of ones in

the kth column is greater than or equal to the number of ones in the jth column for k < j.
Additionally, if the (i, j) entry is zero then so is the (i — 1, j) entry. Since the determinant is
nonzero, this means that no two columns are equal, so each column must have a different number
of ones, so the (7, j) entry is 1 if j <i and 0 if i < j. This says exactly that AD 0@ <
1™ and each determinant in the product is equal to 1. O

We can now prove Theorem 3.1.

Proof of Theorem 3.1. For computational purposes, it is actually easier to consider

6,7 ifx< v,
Gn(x,y):=106," x “virtual,”

0 otherwise

with mutually distinct 6,,’s and then take 6, — 1. It is also convenient to denote 6y = 1. We will

assume that |6, | > |6,—1| > 1 for all n. Notice that det[ f; (x;N))] only depends on the linear span
of f1,..., fn (up to a constant), so redefine

1 —2—x -1
fj(x)=% E@W)u pj—1(u™")du, where

|u|=const
N—1
pj—1(x) = (0 —x)...(0; 1—x) ON-1—x)= H Ok — x).
k=0,k=j—1

The rest of the proof is a direct application of Lemma 3.4 of [7], where we use the notation
lIIN = f;. For readers’ convenience, this lemma is discussed in Appendix B. Although the
statement holds for signed measures, the measures considered below are actually positive as
long as all 6;’s are positive.

All series below converge exponentially fast as long as 6;’s are bounded away from the unit
disc.
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Taking the Fourier Transform of ¢,, we obtain

1
bn(x,y) = — f Fu(2)z" 7 dz,
27

lz|=1

1
pUx, y) = o f Fu (@) Fap1 (2277 dz (8)
lzl=1

where F,,(z) = (1 — Gn_lz)_l and n1 < ny. We also agree that ¢("1’"2) =0ifny > ny. In case x
is a “virtual” variable (which is denoted by virt), then

¢ (virt, y) = 3 i, (virt, m)g 1) m, )
meZ
o

o jﬁFmH(z)...Fnrl(z)

= en_lyFnlJrl (in) cee Fnzfl(enl)’

ni

where the contour integral is taken over |z| = r for some |0, | <7 < |6, +1].
This allows us to calculate the matrix M (cf. Lemma 3.4 of [7] or Appendix B):

Mij = (¢ ) (virt) =Y UV (virt, R ()

yeZ
_y 1 o _
=S ORGP G b Gy () du
YEZL Ju|=1
1 ) 1 u9,~_1
:—Fi(91—1)-~~FN—1(9i—1)%y§E(M)M pj—1(u )mdu

=Fi(6i-1)... FN—1 (9i—1)E(9f_11)Pj—1(9i—1)9i—1,

where the second contour integral is taken over an annulus of radii » and 1 for some r < |6;_1| ™.
Notice that M is diagonal because p;_1(6;—1) =0 unless i = j. We have one more prelimi-
nary calculation (cf. [7, formula (3.22)]):

e =Y ¢V el o

yeZ
2
:(ﬁ) f Fo(@)...Fy_1(2)z" ' dz f E(M)u_zp,/—l(u_l)Z(zu)_ydu
lzl=1 lu|=R>1 yzx
1) -1 —2—x -1 du
=<%> %Fn(z)---FNfl(Z)Z dz % E(u)u ijl(u )W

lz|=1 |lul=R>1



A. Borodin, J. Kuan / Advances in Mathematics 219 (2008) 894-931 907

1

=5 Fn(zfl)...FN_1(ufl)E(u)uQ*xpj_l(u*l)du.

|lul=1

We can now calculate K according to [7, formula (3.26)]. For n| < n»,

K (n1, x1; 12, x2) + ¢ (x1, x2)

ZZWIZI k(xl)z kl (¢1-1 %) (57" x2)
k=1

ny
= Z[Mﬁ] ]kk lp:]l_k(xl)ﬁb(kil’n” (virt, xp)

1

=3 Fnl(u_l)...FNfl(u_l)E(u)u_z_"'

lul=1

Xf: O Fr (@1 - Fay—1 G—1) Pt (™)
i1 FrOk—1) ... FN—1(Ok—1) E(6)_ 1)Pk 1(Ok—1)0k—1

1 _ _ 2
=5—= P Fulu Do Fyoi(@ Y E@u—*™

lul=1

ny

Ot pk—1(u™h) "
= FayOk-1) ... Fy 10— )EO; ') pr—1 (0k—1)0k 1

1

2711
lul=1

( 1 O, ~--9N—1E(u)1_[7;6,]1;ek_1(91 —uh P
X

M—Z—xl

2

_ — k—1
k=1 9712 cee 9N71E(9k_11) H?io}#k_] O — Ok—1)

ny np—1
Ony...ONE o —
S N1 E@T 6 —u™) Qk_lln>du
k=14n, Ok—1—u 1)0112 .- -eN—lE(ek—l)1_[[=()‘[;ék71(91 — k—1)

and for n; > n, the last sum is omitted.
We can write the expression in parentheses as a contour integral that goes around all the 6;,
so we get

( ) % f (90—14*]),..(9,11_1 —Mfl)E(u)u*2*xl Oy -+ Oy 1
dudz,
2mi Oo—2)...On,1 —2)EGE DT (w1 —2)

lu|l=r—1>1lz—1|=¢
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2\/vtVN
_— >
2y/7+VN
K
N
L] ]
I
2¢/v=vVN
| . E—
Tt v
Fig. 2. The double lines show the boundary. Fig. 3. A visual representation.

assuming that |6, — 1| < € for all n. Substituting u — u~! gives

( ! )2 % % (B0 —u)...(6n—1 — ) E @ u™ On Ot d
1 udz.
2mi o —2) ... On—1 —E@E "2 (u—2) )

lul=r<1|z—1|=¢

There is also the term —¢"1:"2) (x1, x2) from (8), which equals

< l )2 % lefxzfl d
—| — Z
2mi (1=6'2)...(1—6." 2

|z]=const<1

if n1 <ny and 0 if ny > ny. Finally, taking all the 6; to be 1 yields the result. O
4. Limits
4.1. Limit shape

Represent A € GTy as a pair of Young diagrams (AT, A7). Fig. 2 gives an example with
A=(4,2,0,0,—1,-3),AT =(4,2), A~ = (3, 1). We have the following conjecture:

Regard A € GTn as random objects on the probability space (GTy, P}f’y ). As N — oo,
the boundaries of the two Young diagrams, scaled by N ~1/2 tend to (nonrandom) limit curves.
Both limit curves coincide with the Vershik—Kerov—Logan—Shepp limit curve arising from the
Plancherel measure on symmetric groups (see [22,32,33]).

Our results strongly suggest that this statement holds, see Section 3.2.

The conditions ozl-jE = ,Bl.i =0 tell us that for fixed y* every row and column length grows
sublinearly in N (see the end of Section 1). Furthermore, since y* correspond to the area of the
Young diagrams A (see Section 1), this suggests a scaling of N ~!/2. See Fig. 3.
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Furthermore, we see from Fig. 1 that vertical segments of the boundary correspond to points in
the configuration, while horizontal segments correspond to points not in the configuration. This
implies that the first correlation function p1 (x) (also known as the density function) corresponds
to the density of vertical segments in the boundary. For example, in between the two curves in
Fig. 3, the vertical segments are densely packed, so pj(x) should converge to 1. Above the top
curve (the boundary of A*) and below the bottom curve (the boundary of A7), the horizontal
segments are densely packed, so p;(x) should converge to 0. We will see that this is indeed the
case.

Notice that near the edges of the Young diagrams (the boxes in Fig. 3), the probability of
finding a vertical segment tends to O or 1. This means that the vertical segments (or horizontal
segments) become so rare that they occur infinitely far away from each other. In other words, for
any fixed k, the differences k,f — )L,i_l and ()»i);C — ()\i);H_l both go to infinity as N — oo. In
fact, we find that )»,f - )L,i , and (Ai);{ - ()\i);{ 41 are of order N 176 The limiting distribution
of )\,f - )‘li—l or (Ai);{ - (ki);(H normalized by N'/6 is referred to as the edge scaling limit.
We will later prove that the well-known Airy determinantal point process appears in the edge
limits. On the other hand, if we zoom in at any other point on the limit curves, the behavior
there is different. At these points, the differences between consecutive rows and columns stay
finite. Their limiting distributions are described by the bulk limit. We prove that it coincides with
the discrete sine determinantal process. The limit density function in the bulk predicts the limit
shape.

We should also consider what happens to the more general object—the corresponding measure
on the set T of paths in GT (see Section 1). Consider two signatures on such a path at levels n|
and ny. If ny — ny stays bounded then the bulk and the edge limits of these two signatures are
indistinguishable (the local point configurations are essentially the same). However, as n, — n
grows, we may see nontrivial joint distributions. It turns out that the proper level scaling in the
bulk is 7] — ny ~ +/N while at the edge it is 7] —ny ~ N%/3. We will compute the corresponding
scaling limits of the correlation functions later.

It is also interesting to consider the case when the parameters y* depend on N. If y* depend
on N in such a way that y*N — a > 0, then the areas of the Young diagrams A™ stay finite.
More precisely, we obtain two independent copies of the Poissonized Plancherel measure for
symmetric groups.

Additionally, consider what happens when y* depend on N in such a way that y*/N —
a>0andy /N — b > 0as N — oco. The Young diagrams are now scaled by N~'. Computing
the asymptotics of the density function of the vertical segments of the boundary, we see that the
new hypothetical limit shape (which is just the integral of the density function) depends on the
values of a and b. See Fig. 4.

It turns out, see Theorem 4.6 below, that the edges of the limit curves (where the density
function reaches values O or 1) correspond to the real roots of a fourth degree polynomial

1 1\? 1\? n*
Qa,p(2) = po+ p1 Z+§ + p2 Z+§ + p3 Z+§ +16 Z+§ ,

po=1—12(a+b) +4(a* + b*) + 184ab — 256ab(a + b) + 64ab(a — b)?,
p1=8(b —a)(7—2a —2b + 16ab),
p2=8(2(a+b)* —10(a +b) — 1), p3=32(b —a).
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Fig. 4. The limit curves for various values of a and b. The top curve occurs when a = 21—5, b= 11—5, the middle curve

occurs whena =b = %, the bottom curve occurs when a = }T, b= % In the top picture, the middle segment of the curve
coincides with the vertical line. In the middle picture, the vertical line is tangent to the curve.

The expression Q5 (c) is the discriminant of a simpler polynomial

Rupo(z)=—bz>+(b—c— 1>+ (c+a)z—a.

For small a and b, O, has four real roots. As a and b increase, two of the real roots become
closer until they merge into a double root. For larger values of a and b, Q, ;(z) has two real
roOots.

We will be able to find what values of a and b lead to Q4 having exactly three distinct
real roots (the middle root is a double root). This corresponds to the situation when the two
limit curves just barely merge (see the middle image in Fig. 4). The correct scaling there is to
let (Ai)g — ()Li); a~N /4 and ny — ny ~ N2, which results in the Pearcey determinantal
process appearing in the limit. At the other edges, letting A; — 4,41 ~ N'/? or AF)] — (3)]
and n — ny ~ N?/3 results in the Airy process appearing. Away from the edges we still observe
the bulk limit.
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Fig. 5. Deformation of the contours.

We now proceed to computing the (scaling) limits of our determinantal point process priy”
corresponding to the limit regimes described above.

4.2. Limits with y* « 1/N

Introduce the kernel J on R4 x Z by

L tu—w 45w dudw
t, =
J(s X3 )’) (27'[1) f% wx+]u7y

where the w and u contours go counterclockwise around 0 in such a way that the w-contour
contains the u-contour if s > ¢, and the w-contour is contained in the u-contour if s < ¢. This
kernel for s = ¢ is equivalent to the discrete Bessel kernel Kpegse], Which appears when analyzing
Plancherel measures for symmetric groups (see e.g., [25, §2.4]). Additionally, J is a special case
of the kernel [10, (3.3)] corresponding to 6(¢) = e,

Theorem 4.1. Let x1, ..., xi be finite and constant. Let ny, . .., ny and yi depend on N in such
away thatnj/N — t; >0and y*N — a > 0. Then as N — oo,

det[K(nl,xl, n],x])]Kl g det[,,]](at,-,xi; atj’xi)]lgi,jgk'
Proof. We use the integral representation for the kernel in Theorem 3.1.

We first focus our attention on the double integral in # and w. Since the integrand is holo-
morphic everywhere except at u =0, w = 1, w = u and w = 0, we can deform the contours of
integration as shown in Fig. 5.

As N — oo, the integrand converges to O for |w| large enough because |1 — w| > |1 — ul.
Therefore we can ignore the outer half of the w contour. Then the contours of integration can be
deformed to |u| = a/N and |w| = 2a/N. Making the substitutions u’ = Nu/a and w’' = Nw/a,
the double integral is now

W Nja+y~—w'a/N wi(1— u/a/N)n,- du' dw' [ N\~ %
(2711)2 V+w’ 'N/jaty~w'a/N %t (1 —wa/NY w' —u’' a

lu'|=1w'|=2
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.xj—xi
a— s (N/a) .

| o —ati' —w' " arjw' O /NY gy dw
Qmi)? % %

lu!|=1 |w'|=2
When taking the determinant, the term (N /a)*/ ~* cancels. This gives the result.

Remark. Comparing this result to [8], we see that the distribution of A+ converges to the Pois-
sonized Plancherel measure for the symmetric groups. By the symmetry (A% <> AT, y* < y )
the same is true for A~. On the other hand, a similar contour integral argument to the above
shows that K (n;, x;;nj,—n; —x; — 1) — 0 as N — oo, which implies that At and A~ are
asymptotically independent. O

4.3. Bulk limits with y* fixed

To state the next result, we need a definition. Given a complex number z4 in the upper half
plane, define

4

1
S, (5 —tiixi —xi) = — [ uiTXiTlli—tu gy
z+(1 jsXi j) 27_”./

Fan

If t; > t;, then the integration contour crosses (0, oo) but does not cross (—o0, 0). If ; < ¢}, then
the integration contour crosses (—oo, 0) but not (0, co). This kernel is one of the extensions of
the discrete sine kernel constricted to [5]. A similar kernel appeared in [10]. It can be seen as a
degeneration of the incomplete beta kernel, see Section 4.4.

The main theorem of this section is the following:

Theorem 4.2. Let xi,...,x; and ny,...,ny all depend on N in such a way that x; — x; is
constant, (nj — N)/+/N — tr;eR and x; ]N'N — ¢ € R forall 1 < i, j < k. Write z4 for (c +

V2 —4yt)/2. Then

Nh—r>noo det[ K (n;, xi;nj, xj)]1<i,j<k

0, c=2yyt,
= 1, c < _2\/ )’+,
det[S., (i —tj; x; — xi)]lgi,jgk’ —2/ytT <c<2yt.
Remark. Theorem 4.2 only makes a statement about the behavior around the top limit curve in

Fig. 3. If we replace x; with —x; —n; — 1 and y* with y ~, then by symmetry the same statement
holds for the asymptotics around the lower Young diagram.

.o
Corollary 4.3. Let p1(N, x) be the density function of 771)\’, 7 Then limy— oo p1(N,aN +
BNY2) equals

e 0,ifa>00ra<—lora=0,822/y ora=—-1,8<-2/y",
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e lif—1<a<0ora=0,8<-2\/ytora=—-1,822/yT,

. %arccos(2 ﬁ+)ifoz=0,—2,/y+<,3<2 ytTora=—1,-2/yt <B <2yt
Y

Proof. The arguments are similar to those used for the analysis of Plancherel measures for the
symmetric groups in [25].

For reasons that will later become clear, it is more convenient to analyze N (i=xj)/2
(y &I =/2K (n;, x;3nj, x ;). When taking the determinant

det[ N2 () T (i xiimg ),

the term N =¥1)/2(y+)Xj=%)/2 cancels out.

We use the integral representation for the kernel in Theorem 3.1. The conditions n; > n; and
n; <nj translate to t; > t; and t; < t;, respectively.

Just as in Theorem 4.1, we can deform the contours of integration as shown in Fig. 5.

As N — oo, the integrand converges to O for |w| large enough because |1 — w| > |1 — u].
Therefore we can ignore the outer half of the w contour. Then the contours of integration can
be deformed to |u| = 1/+/N and |w| = 2/+/N. Making the substitutions u’ = +/Nu and w’ =
+/Nw, the double integral is now

tul4y~ i o In(1—
; eV U yTu i pniIn(l—u) dudwN(_xl-—x]')/2(y+)(xj—x,')/2
(2mi)? er Ty w g% Hlgnin(—w) 3y
lul=1/vN |w|=2/v/N

B 1 f % ey*u”l«/ﬁ—&-y’u’/\/ﬁ u/¥i i In(1—u'/~/N) du’ dw'
T Qni)?

ey twIWN+y~—w /VN writlen; In(1—w'/~/N) w’ —u’
lu'|=1|w'|=2

( +)(Xj—xi)/2

( +)(Xj—x,')/2-

1 % e«/ﬁ(y*u”l+clogu’—u’+0(l/ﬁ)) du' dw'
@iy’ 55

e«/ﬁ(y*w’*]+c10gw’—w’+0(l/\/ﬁ)) w'(w —u')
lu'|=1|w'|=2

In general |¢?| = ¢"¢, so consider the real part of the function in the exponent, A(z) =

/2
ytz7 1+ clogz —z. Note that A’(z) =0 at z, = 5+ CT‘W and z_ = 7.

The basic idea of the rest of the proof can be summarized as follows. The term ,/ y+xj o

creates a eV N(—clog VrH) term in both the numerator and denominator. So it is equivalent to
analyze M (A(z) — clog \/y_+) =N(A(z) — A(z4+)). We deform the u and w contours in such a
way that R(A(u) — A(z+)) <0 and R(A(w) — A(z4)) > 0, which will cause the integrand to
converge to 0 as N — oo. However, the deformation of the contours causes the integral to pick up
residues at u = w. These residues occur on a circular arc from z_ to z4. If ¢ = 2\/)/_+ ,then z4 =
z— > 0, so the arc consists of a single point. As ¢ decreases, z+ moves counterclockwise around
the circle |z| = \/)7' while z_ moves clockwise. This means that the arc becomes increasingly
large as ¢ decreases from 2\/y_+ to —2,/yT. When ¢ = —2,/y+, then z; = z_ < 0, so the arc
has becomes the whole circle around the origin.
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W

A

Fig. 6. On the leftis W(A(z) — clog+/y ), where the black regions indicate R < 0 and the white regions indicate R > 0.
The u-contour is contained in the black regions, while the w contour is contained in the white regions.

We then need to consider

1 Zx,-—xj—l
T A \% 7,__d2,
27i (1 — z)i—ni

|z|l=r<1

which occurs when n; < n;. The expression for the residue at ¥ = w has the same integrand.
With the minus sign, the integration contour for z goes clockwise along a circle around the
origin. Therefore it will cancel the circular arc from z_ to z. This explains why the integration
contour in §;, crosses (0, c0) when ; > t; and (—o0, 0) when t; < ¢;.

Case 1: =2/yT < ¢ <2/yT. Observe that R(A(z) — A(z4)) = 0 for all |z] = |z4| =
|\/y7+|. Also notice that A(z) — A(z4+) has a double zero at z and z_. See Fig. 6.

If the contours of integration are deformed as shown in Fig. 6, then

eﬁ(y*u”l+clogu’—u’+0(l/\/ﬁ))

0
e\/ﬁ(y+w’*1+clog w—w'+0(1/v/N)) -

as N — oo. The integral thus approaches zero, except for the residues at u = w. So
VN YKy, s nj,x;) converges to

24 /VN an

i—x; 1 du . . 1 X R
\/ﬁx Xj - — (1 _ u)l’ll—n] - — uxl—x]—le—(t,—t])u du.
2mi

2mi uXi i

7 /N =

If #; > t;, then the integration contour crosses (0, 00). If #; < t;, then the contour crosses
(=00, 0).

Case 2: ¢> — 4y > 0 and ¢ > 0. Deforming the contours of integration as shown in Fig. 7,
the integral becomes zero. The contours do not pass through each other, so no residues appear.
So /N K(nj,xi;nj,x;) — 0if ; > 1. This means that det[K (n;, x;; 1}, x;)] — 0.

Case 3: ¢* —4y™ > 0 and ¢ < 0. Deform the contours as shown in Fig. 8. Since the w and u
contours pass through each other during the deformation, the integral picks up residues at u = w.

Soif t; > t}, then \/in_x'/K(ni,xi; nj,xj) converges to
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Fig. 7. Again, the figure on the left shows (A (z) — A(z4)), with black regions indicating ) < O and white regions
indicating 9% > 0.

Fig. 8. On the left is M(A(z) — clog+/y 1), where the black regions indicate 9% < 0 and the white regions indicate % > 0.

VNI % % w5 5N — w)i T dw = ZL ff whi—xi—lUi—tw g,
mi i

)T

(xj —x;)!

If #; < t;, then there is the integral in z, which cancels with the residues at u = w,
SO «/in_ij(ni,xi; nj,x;) converges to 0. This means that the matrix [K (n;,x;;nj,x;)]
asymptotically has ones on the diagonal and zeroes below. So det[K (n;, x;; n}, x;)] converges
tol. O

Remark. It is natural to ask what happens when x; /+/N do not all converge to the same real
number. If x; /+/N and x il V'N converge to different real numbers, then x; — x ; diverges. In
that case, K(n;,xj;nj,x;) — 0. So the determinant det[K (n;, x;; n}, x;)] factors into blocks
corresponding to distinct values of lim x; /+/N. Probabilistically, this means that the probability
of finding a vertical edge becomes independent in different parts of the boundary.
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0.z L3 0.6 0.8 1

Fig. 9. This figure shows the equations in (9), with a plotted on the horizontal axis and b plotted on the vertical with
parameter z(.

4.4. Bulk limits with y* o N

We now let y* depend on N in such a way that y™/N - a>0and y~/N — b > 0 as
N — o0. Before we can state the result, some preliminary definitions and lemmas are needed.
Fora,b > 0 and ¢ € R, recall that

Rupc(m)=—b>+(b—c— D+ (c+a)z—a.
Lemma 4.4.

(1) The cubic polynomial R, p (z) has a multiple root iff c is a root of Q4 (z), where Q4 5(2)
is defined in Section 3.1.
(2) Let q1 < --- < gm be the real roots of Qup. If g1 <c < q2 or gm—1 < ¢ < qm then
Ry b.c(2) has a pair of complex conjugate roots.

Proof. (1) In general, a polynomial has a multiple root iff its discriminant is zero. The discrimi-
nant of R, . is exactly Qg p(c)/16.

(2) A cubic polynomial has nonreal roots iff its discriminant is negative. Since Q, ; diverges
to +oo in both directions, Q, (z) is negative for g1 <z <qr and gj—1 <z <qp. O

Lemma 4.5. The polynomial Q. » has a double root at cy iff a, b and cq satisfy the equations

zg 1 2(2) (zo—3)

=7, b:—i, = ——
T -1? -0 T T -1

)
for some zg € R.

Proof. Since Q, 5(cop) is the discriminant of R, p ¢,, Qu,»(2) has a double root at cq iff Ry p, ¢, (2)
has a triple root. For any zg, R has a triple root at zq iff R(z9) = R'(z9) = R”(z9) = 0. This gives
three linear equations in the three variables a, b, and ¢, which can be solved explicitly. O

Remark. We have a, b > 0 iff zg < 0. Then —1 < ¢p < 0. See Fig. 9.
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One more definition is needed before we can state the main result of this section. Let B be the
incomplete beta kernel defined by

Z
1
B(k,[;z2) = —./(1 —wu"""du,
2mi J
Z

where the path of integration crosses (0, 1) for k£ > 0 and (—o0, 0) for k < 0. The incomplete
beta kernel has been introduced in [27]. It is one of the extensions of the discrete sine kernel
of [5].

Theorem 4.6. Let yT/N — a and y~/N — b for positive real numbers a and b. Also let
X1,..., Xy and ny, ..., ng depend on N in such a way that n; — n;j and are x; — x; constant,
nj/N—landx;j/N — cforall 1 <i, j<k. Letq) <--- < qn denote the distinct real roots of
Qa.p(x) (m can be 2, 3, or 4). Additionally, assume Q4 p(c) # 0. Let zy be a root of Ry p,c(x)
such that 3(z4) 2 0 (¢f. Lemma 4.4). If m = 4, then

0, c<qi1,
det[B(n; —nj,xj —xi;z4)licij<ks g1 <€ <qa,

det[K(ni,xz‘:nj,x]')]l@-ﬁjgk—> L, ¢ <c<gs,
det[B(n; —nj,xj — x5 z0)1<i,j<ks 93 <€ < g4,
0, c2q4.

If m =2 or3, then

0, ¢ <41,
det[ K (n;, x;; nj,xj)]lgi’jgk — 1 det[B(n; —nj, xj —xis 29 hi<ij<k, 91 <€ < Gm,
0, C>qm.

Proof. The double integral in the correlation kernel of Theorem 3.1 asymptotically becomes
1 2 eN(au’1+bu+clog(u)+log(l7u)+0(1/N)) dudw
<E> jgyg eN(aw=T+bw-+clog(u)+log(1—=)+0(1/N)) w(u — w)
where the contours are over |u| =r and |w — 1| = € < 1 —r. So we can perform a similar analysis
as in Theorem 4.2, except with a more complicated A(z) = az”V + bz + clog(z) +log(l — z2).
For this proof, it is actually more convenient to write A(z; ¢) in place of A(z).

First we find which values of ¢ correspond to the edges of the hypothetical limit shape in
Fig. 4. These are the values of ¢ such that A(z; ¢) — A(zo; ¢) has a triple zero for some zg € C.
Requiring A(z; ¢) — A(zp; ¢) to have a triple zero at z = z( is equivalent to requiring A’(z; ¢)
to have a double zero at z = zg. Multiplying the equation A’(z; c) =0 by z>(1 — z) gives the
equation R, p,(z) =0 (note that R, p,(0) = —a and R, p (1) = —1, which are both nonzero).
By Lemma 4.4, R, » . has a double zero iff c =gq1, ..., qm.

Now we need to determine how to deform the contours appropriately. The analysis here

is almost identical to that of Theorem 4.2. We want to find nonreal values of zy such that
A(z;¢) — A(zo; ¢) has a double zero. This reduces to looking for nonreal roots of R, p (2)
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Fig. 10. The shaded regions show R(A(z;c¢) — A(z4;¢)) < 0, while the white regions show R > 0. The first row
corresponds to ¢ < g1, the second row corresponds to g1 < ¢ < g3, the third corresponds to g < ¢ < g3, the fourth
corresponds to g3 < ¢ < g4, and the fifth corresponds to ¢ > ¢4.

in the upper half-plane, which we have defined to be z. As can be seen from Fig. 4, there are
potentially five different regions of behavior for the bulk limits. The corresponding behavior of
N(A(z; ¢) — A(z4; ¢)) is shown in Fig. 10. (These are computer generated figures for specific
values of parameters, however, it is not hard to prove that similar figures arise for any values
of the parameters in the corresponding domains. An example of such an argument can be found
in the beginning of the proof of Theorem 4.9 below.) The arguments of Theorem 4.2 are again
applicable here, except with the new definitionof z. O

4.5. The Airy kernel as an edge limit

Before stating the main result, some definitions are needed.
Let Ai(x) denote the Airy function:

1 o0
Ai(x):Z / eis /3+ixs g

—00

This integral only converges conditionally. Shift the contour of integration as shown in Fig. 11.

. . + 3 . .
Along this contour, the function ¢/*"/3 is real and decreases superexponentially.
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Define the extended Airy kernel A to be

Jo~ e MM Ai(o) + MAi(or + A) dA ift; > 1,
A(t1,01; 12, 00) = 0 e 1 . , (10)
— [7 e T Ai(o) + MAi(or + M) d) if Ty < 1.
It was first obtained in [30] in the context of the polynuclear growth model.
There is a useful representation for .4 as a double integral.
Proposition 4.7. (See [19, §2.2].) Let vi, vy satisfy vi +v2 + 11 — 120 > 0. If 711 > 10, then
mlu+i02w+i(w3+u3)/3
A(ry, 01; 12, = dudw.
(T, 01572, 02) (2711) / / 7 — 11+ i(w+u) aw
S(u)=v; IJ(w)=v,
If 11 < 1y, then
A(ty, 015 12, 02)
mlu+i02w+i(w3+u3)/3
/ / - dudw
2mi T — 11 +i(w+u)
S(u)=v; J(w)=vy
1 ( ke VA S VA S >3>
————exp| ————=(n —1)(o1 + 0 —(np—1 .
Vamm ) P\ Am—m) 20 TT R
The double integral from Proposition 4.7 can be rewritten as
//exp ‘Elo’l—‘L’zO'z—l‘Cl—i-l (al—rl)u+(2—t22)w
27 3 372
1 dud
—rlu2+r2w2+—(u3—w3)> uaw. (11)
3 u—w

Indeed, just as we deformed the contours of integration for Ai(x), we can deform the contours
of integration in Proposition 4.7. The u-contour can be taken over i vy 4+ c0e /¢ to jv; to ivy +
€™/% while the w-contour can be taken from ivy + c0e ™/ to vy to ivy + €71/, Integrating
along these contours also allows for the possibility of v + vy 4+ 71 — 75 = 0. If we further make
the substitutions w = —iw’ + voi and u = iu’ + vy, then the double integral becomes

1\? 1 1
<%> // exp(—vlal — V0o + gvf + g\)g — (01 — vlz)u + (02 — v%)w

dudw
-+ +vi+v+u—w

+v1u + vow +;(u —wz))

where u is integrated from coe /3 to 0 to oce™/3 and w is integrated from oce*™/3 to 0 to
ooemi/3, Taking vi = —11 and vy = 15 turns the double integral into (11). Writing the double
integral in this form is useful when proving the following result.

In the next statement, let Q, , be the same polynomial as in Section 3.1, see also Section 3.4.
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Theorem 4.8. Let y+ /N — a,y~ /N — b for positive real numbers a and b. Let c| be a root of

Qu,p(z) and z1 be the double zero of Ry p.¢,(2). Let ny, ..., ng depend on N in such a way that
nj—N
W_)leR as N — oo.

Let fj =tjz1(1 — zl)_1 and let x1, ..., xx depend on N in such a way that

Xj —C[N—ij2/3
N1/3

—s5;€R as N — oo.
Ifc; >00rcy; <—1, set K= K. Otherwise, set K= K. Then as N — o0,

detffa1p3 [NV i, i, 2]y = et AT 035 77,0 ] < e

Here, p3 denotes the constant

1 3a C1l

(I—z1)? 2 3
and

Im 2 Sm
Om =T, —

C2(p3)* P - D22y apy?

T 1<m<k.

Remark. The statement may seem a bit cryptic. Let us explain it in words. There are (potentially)
four edge points (points where the curve becomes horizontal or vertical) as seen in the top curve
in Fig. 4. We consider K for the first point (when c¢; > 0) and the fourth point (when ¢; < —1),
which means that we look at the largest rows of AT and A~. For the second and third points we
consider K 4, which means that we look at the largest columns of A" and A~. For the second
and fourth points, det[z] pé/ 3 K] — det[.A], while for the first and third points det[—z pé/ 3IC] —
det[.A]. At the second and fourth points z; p;/ 3 s positive, while at the first and third points

71 p31/ 3is negative. This corresponds to the fact that in order to obtain the Airy process we need
to flip the sign of particles at the lower edges of A* and A~ (the second and fourth edge points,
respectively).

Proof. This proof is similar to the proof of Theorem 4.9, so some of the details will be omitted.
Once again, let A(z; ¢; d) denote az~! + bz + clogz + dlog(1 — z). Multiplying by the con-

jugating factor

e~ NAGEE/Nini/N) 25 () gy e—aNz p=bNz

_ x:/Nn; - —x; —n; -1 _—
o—NA@1:x;/Ninj/N) o0 (=2 gmaNz e bNz)

allows us to consider A(z; X, /N; ny/N) — A(21; X /N; nyy /N) instead of A(z; X, /N;np/N).
The Taylor expansion yields
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' fm Um tm . Im Um . Im
N(A(z,c1+ N1 + N2/3’1+ N1/3> —A(Z1,c1+ N1 + N2/3v1+ N1/3))

_l( oE. Im @) +
3 T 2B - Dz

m

S /
7(1)3)1/32] 7 +o(1)

where 7' = (p3)!/3N1/3(z — z1). The contours of integration for u and w are shown in Fig. 12.
Now let u’ = (p3)'3N'3@w — z1) and w’ = (p3)!>N'3(w — z;). Just like in the proof of
Theorem 4.9, the Taylor series gives rise to the exponential terms in 11. In addition, the term
% becomes N~1/3 p3_ 1/ 3, while the extra w in the denominator becomes zfl . We break down
the following analysis into cases.

Case 1: c¢; > 0. This corresponds to the fourth row in Fig. 12 and the top edge point of
Fig. 3. In this case, p3 is negative, so the contours for ' and w’ agree with the contours in
expression (11). Since 0 < z; < 1, this implies that fj — 1 > 0if tj —t; > 0. Since nj > n;
translates to f; > ¢;, this means that x; — x; can be assumed positive if n; > n;. Therefore the
integral in z from expression (4) can be written as

_<nj—n.,'—i—xj—x,'—l>:_<nj—n,~+xj—x,-> n;—n;
Xj—Xi Xj—Xj nj—ni+x;—xj
Using the Laplace-Demoivre Theorem shows that

Xj—X] 1
NG (”j_"i+xj_xi_ )

(I =z Xj—x;
1— 1—z1)% (sj — s1)?
—>—¢ap<—( <) (8 = 5i) ) (12)
27 |z1l (2 — i) 20z1l |t — 1l

Taking the last term in Proposition 4.7 and multiplying by exp(—tj01 + 1202 + %113 - %123 ) yields

-z 1—z1)2 (sj —si)?
l/3|21|1/2 | 1| Xp(—( 1) (] z) )

— (&
P3| 2t — 1) 20 1 —1;

‘We have seen that

Zx,-—xl
1/3)571/3 1 .
|le3 |N/WK(nivxi7nj7xj)
L S L NP
— exp —T1G1+r202+3r1 3% A(ti, 07, 1j,0)), (13)

which gives the result.
Case 2: c¢; < —1. This corresponds to the first row in Fig. 12. Here, z; > 1 and p3 > 0.
Making the deformations gives residues at u = w, which can be written as

1 Z)C,'—Xj—l
— R
2 % (1—z)ni— " Z

|z—1]=e<1
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Fig. 12. The left column shows N(A(z; co; 1) — A(zp; cg; 1)), with shaded regions showing it < 0 and white regions
showing 3 > 0. The right column shows the local behavior around z;. The first row occurs when c; is the smallest real
root of Q . the second row when ¢ is the second smallest real root, and so forth. If Q, j, has only two real roots, the
middle two rows do not occur.

If n; > nj, then these residues are zero. If n; < nj, then #; < ¢;, which implies x; > x;, so
the integral in z from expression (4) is zero. So when n; < n;, the extra term can be written
as
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(—1)yni i1 (xi X 1) = (= 1y ()Ci - Xj> mj M
nj—ni—l nj—ni xi—xj

Using Laplace-Demoivre, this binomial converges to the right-hand side of Eq. 12. So expression
(13) holds.

Case 3: —1 < c¢1 < 0.If a and b are small enough, then Q, ; has two roots between —1 and 0.
The second row in Fig. 12 corresponds to the smaller root, while the third row corresponds to the
larger root. In the second row pj3 is positive, while in the third row p3 is negative. In both rows
z1 <0.

Making the deformations gives residues at u = w, which can be written as

1 ZX,'—Xj—l
2ri (1 — z)ni—ni
lz|l=r<1

If n; < nj, then this expression cancels with the z-integral in expression (5). If n; > n, then the
extra term can be written as
—(=pym (M)
xj — Xi

Once again, this converges to expression (12). So expression (13) holds. 0O
4.6. The Pearcey kernel as an edge limit

We now find the edge limit at the point where the two limit curves in the middle figure in
Fig. 4 just barely merge. In this case, we analyze the limiting behavior of K 4 from Corollary 3.2
instead of K, which corresponds to the fact that we consider the limit of the point process formed
by columns of A* rather than by their rows, see Fig. 1.

Theorem 4.9. Fix zo < 0 and let a, b and cy satisfy Eqgs. (9). Let y* /N — a and y~ /N — b as
N — oco. Letny, ..., ng depend on N in such a way that (nj — N)/~/N — 2t; e R as N — oc.
Set £ = (zo — D)|zol~'/? < 0. Define

~ 20
1—2z0

Zj
and let x1, ..., x; depend on N in such a way that

¢(xj —coN —i;+/N)
N1/4

—>Sj€]R
as N — o0o. Then as N — oo,

—1ar1/4 . .
det[—g“ N1/ KA(ni’xi’nj’xj)]lgi,jgk_)det[P(ti’Si’tj’sj)]lgi,jék
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Fig. 13. The contour for u. Fig. 14. The contour for w.

where

P w —Uu +t,u —tj wz—H U—s;w du dw
(i, si5t5,85) =
27i U—w

_7@“}(_@) .
£ 1 £l
V2l — 1] 20t — 1)) !

// w*—ut+1;u? —t,w +siu—s; wM t; <t (14)
2mi u—w’

where u is integrated from —ioo to ioo and w is integrated on the rays from £ooe'™* 10 0 to
+o0e~"/* gs in Figs. 13 and 14.

The kernel P(z;,s;;t;,s;) is called the Pearcey kernel and it was previously obtained in [1,
13,14,28,31].

Proof. The argument is similar to the proofs of Theorems 4.2 and 4.6. It is convenient to let
A(z;¢;d) denote az~ ' + bz + ¢ logz + dlog(1 — z). Then the double integral in the correlation
kernel of Corollary 3.2 becomes asymptotically

1 \2 N @u™ +bu+(xi /N) logu+(ni/N) log(1=)+0(U/N) g dw
_<ﬁ> // oN@w=T+bw+(x;/N)logw+(n;/N)log(1—w)+0(1/N)) w(u — w) (as)
oNA@xi/Nini/NFOU/NY) g dw
- (27”) // N(Aw:x;/Ninj [N)FOU/N) y(u — w) (16)

Multiplying the integrand by the conjugating factor

o~ NAGo:xi /Nini /N) Zam (1—z0)" e—aNzg] PNz

— oy ey . - —x —_n —1 _ ’
e~ NAGoixj/Ninj/N) Zoxj (1 —2z0)™ ,—aNzy' e=bN2o

which cancels when taking the determinant for correlation functions, allows us to consider
A(z; X /N;nm/N) — A(20; Xm/N; npm /N) instead of A(z; Xp/N; np/N).

Deform the contours as shown in Fig. 15. Let us show that these contours exist. We know that
the level lines only intersect at z¢ (the only critical point of the function A(z; co; 1) — A(zo; co; 1),
since A’(z) = —b(z — z0)°z"2(1 — z)~!), and they are symmetric with respect to the real axis.
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"W

Fig. 15. The figure on the left shows R(A(z; cg; 1) — A(zg; cg; 1)), with black regions indicating it < 0 and white regions
indicating i > 0.

Restrict R(A(z; co; 1) — A(zo; co; 1)) to the real axis. For |x| = € small, the main contribution
to M(A(x: co; 1)) comes from the term ax~!. So M(A(x; co; 1)) is positive at x = € > 0 and
negative at x = € < 0, so the level lines cross the real axis at 0. For x = 1 — € with € small, the
main contribution to R (A) comes from the term log |1 — x|. This implies that R (A) is negative
x = 1 — ¢, so the level lines cross the real axis somewhere between 0 and 1. For large x, the main
contribution to J1(A) comes from bx, so N(A) is positive for large x. Therefore the level lines
cross the real axis at a third point. Since A’(z) = —b(z — z0)3z~2(1 —z) ! is positive for z < zg,
negative for z € (z9,0) U (0, 1), and positive for z > 1, the levels lines cannot intersect the real
axis at any other point.

For a fixed x < 0, the main contribution to % (A(x)) comes from bx, so R(A(x)) is negative.
However, as y increases, R(A(x + iy)) goes to +o00, since the main contributions come from
colog|x +iy|+log|l —x —iy|, and cop > —1. This means there must be level lines going off to
infinity. Restricting R(A(z; co; 1)) to acircle |z| = R >> 1 shows that these are the only level lines
that go to infinity. Indeed, note that R(A(z; co; 1)) > 0if z = R, and as z moves counterclockwise
around the circle, the main contribution to the changes in i(A(z)) comes from bz. Thus R(A(z))
decreases as z moves counterclockwise around the circle in the upper half-plane, so the circle
can intersect at most one level line in the upper half-plane.

In the upper half-plane, there are four level lines coming from the critical point zo. We know
that three of these lines cross the real axis, while one of them goes off to infinity. Since they
can only intersect at zq, the only possibility is a picture as shown in Fig. 15. This justifies the
existence of the contours.

These deformations cause the kernel to pick up residues at u = w. The expression for these
residues is

1 in—xj—l

—— 17
i J (1= ° 17

where the integral goes around a circle |z| < 1. If n; <nj, then expression (17) cancels with the
z-contour in expression (5). If n; > n;, then explicitly evaluating the integral yields

—(=nys (M)
xj—xi
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The binomial can be approximated by the Demoivre-Laplace Theorem. For large N,

—NAZTI (L — gy (=15 (”" o )
xj — X;

~ 1 < (Sj — S,’) )

N—————exp| —— |.
1/27‘[(l,‘—tj) 2(l‘i_tj)

So when 1; > t;, we obtain the extra exponential term in Eq. (14).

For large values of N, all the contributions to the double integral come from near the point zg.
Taking the Taylor expansion around zq yields

fm Um 2ty fm Um 2ty
N(A(z,00+ N1/2 + N3/4’1+ N1/2) —A(ZO,CO+ N1/ + N 1+ N1/2>>
=sn2 + 1) = @) +o(1)

where 7' =z, Ye=INY4(z — z0). This suggests the substitutions
u’=zalg“71N1/4(u—zo), w’=zgl§71N1/4(w—zo).

By making these substitutions, we are zooming in at the point zg in Fig. 15. Then u’ is integrated
as shown in Fig. 13 while w’ is integrated as shown in Fig. 14.

The exponential terms in expression (16) converge to the exponential terms in (14). The term
‘f[”_d;“ turns into zo N~ 1/4 %. For large N, the contributions to the correlation kernel become
focused around zp, so the extra w in the denominator becomes z,; ! The proof of Theorem 4.9 is
complete. O
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Appendix A. Generalities on random point processes

Let X be a locally compact separable topological space. A point configuration X in X is a
locally finite collection of points of the space X. For our purposes it suffices to assume that the
points of X are always pairwise distinct. Denote by Conf(X) the set of all point configurations
in X.

A relatively compact Borel subset A C X is called a window. For a window A and X €
Conf(X), set No(X) = |A N X| (number of points of X in the window). Thus, N4 is a function
on Conf(X). Conf(X) is equipped with the Borel structure generated by functions N4 for all
windows A.

A random point process on X is a probability measure on Conf(X). One often uses the term
particles for the elements of a random point configuration.
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Given a random point process on X, one can usually define a sequence {p,}> |, where p, is

a symmetric measure on X" called the nth correlation measure. Under mild conditions on the
point process, the correlation measures exist and determine the process uniquely.

The correlation measures are characterized by the following property: For any n > 1 and a
compactly supported bounded Borel function f on X" one has

e 2

xn Xigseens Xi, €X

f()c,'1 s e ,x,'n)>

XeConf(X)

where () denotes averaging with respect to our point process, and the sum on the right is taken
over all n-tuples of pairwise distinct points of the random point configuration X.

Often one has a natural measure © on X (called reference measure) such that the correlation
measures have densities with respect to w® n=1,2,.... Then the density of p, is called the
nth correlation function and it is usually denoted by the same symbol p,,.

The first correlation function p; is often called the density function as it measures the average
density of particles.

For point processes on a finite or countable discrete space X it is natural to choose the counting
measure as the reference measure w, and then there is a simpler way to define the correlation
functions: For any n = 1, 2, ... and any pairwise distinct xq, ..., x, € X,

pn(x1, ..., Xy) =Prob{X € Conf(X) | X D {x1,...,x4}}.

If X is discrete, a random point process on X is always uniquely determined by its correlation
functions.

The reader can find more information on random point processes in [15].

A point process on X is called determinantal if there exists a function K(x,y) on X x X
such that the correlation functions (with respect to some reference measure) are given by the
determinantal formula

Pn(X1, ..., Xp) = det[K(xi,xj)]ijl

foralln =1,2,.... The function K is called the correlation kernel.

Note that the correlation kernel is not defined uniquely: K (x, y) and ;8‘; K (x,y) define the
same correlation functions for an arbitrary nonzero function f on X.

Assume that X is discrete. Define a map A by

A:Conf(X) — Conf(X), X X\X.

Given a point process P on X, its pushforward under A is also a point process on X; denote it
by Pa. The map A is often referred to as particle-hole involution, because the particles of Py
are located exactly at those points of X where there are no particles of P. With this notation, we
have the following proposition.

Proposition A. If P is a determinantal point process with correlation kernel K (x, y), then Pa
is also a determinantal point process with correlation kernel

KA(x»y)Z(Sx,y —K(.X, )’)
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The proof is an application of the inclusion—exclusion principle, see Proposition A.8 of [8].
Appendix B. Determinantal structure of the correlation functions

Let Xy, ..., Xy be finite sets, and

On() Xy x X1 —>C, n=1,...,N—1,
¢p(virt, ) : X1 > C, n=0,...,N—1,
N Xy —>C, j=0,....N—1,

be arbitrary functions on the corresponding sets. Here the symbol virt stand for a “virtual” vari-
able, which is convenient to introduce for notational purposes. In applications virt can sometimes
be replaced by +00 or —oo.

Set X=X UuX;U---UXy, and to any point configuration X € Conf(X) (the definition of
Conf(X) can be found in Appendix A) assign its weight W (X)) as follows. The weight W (X) is
zero unless X has exactly n points in each X,,, n =1, ..., N. In the latter case, denote the points
of X in X, by x/, k=1, ..., n. Thus,

X:{x,i‘|k=l,...,n; n:l,...,N}.

Set

N—1
_ n _n+1\1ntl N N\1N
W(X) = 1_[ det[@n (¥, X )]i,j:l ~det[wy_; (x; )]i,j:l’
n=1
Where)c,’:+1 =virtforalln=1,...,N.
In what follows we assume that the partition function of our weights does not vanish:

Zy:= Yy  W(X)#£0.

XeConf(X)

Under this assumption, the normalized weights W(X)=W(X) /Z N define a (generally speaking,
complex valued) measure on Conf(X) of total mass 1. Using the terminology of Appendix A, one
can say that we have a (complex valued) random point process on X, and its correlation functions
are defined accordingly. We are interested in computing these correlation functions.

We need to introduce more notation. Define

(Pny * - xPuy—1)(x,y), ny<ny,
0, ny =no,

o (x, ) = {

where we use the notation (f * g)(x,y) = Zz f(x,2)f(z,y), and the sum is taken over all
possible values of z. Forn =1, ..., N, set

i) ="V« = D "NV e, j=0.....N-1
yeXy
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Finally, introduce an N x N matrix M by

Mij = (i1 % W) (virt) = Z ¢i—1(virt, ) (x), i, j=1,...,N.

xe%,-

The following statement is a part of Lemma 3.4 in [7].

Proposition B. The random point process on X defined by the weights W above is determinantal.
If we denote the value of the correlation kernel of the process at x1 € X, and x2 € X, by
K (n1,x1;n2, x2), then one choice of the correlation kernel is given by

N ny
K(ny, xi3n2, x0) = —¢ ™ 43wt () Y [MT] (i1 % ¢ (virt, x2).
k=1 =1

Remark. One shows that the assumption Zy # 0 that we imposed above, is equivalent to the
fact that the matrix M is invertible. In fact, up to a sign one has Zy = det M.

The proof of Proposition B given in [7] is based on the algebraic formalism of [12]. Another
proof can be found in Section 4.2 of [17]. A more general statement, where the determinantal
property holds for a wider class of measures, was proved as Theorem 4.2 in [6], and a different
proof is available in Section 4.4 of [16].

Although we stated Proposition B for the case when all sets X,, are finite, one easily extends
it to a more general setting. Indeed, the determinantal formula for the correlation functions is
an algebraic identity, and the limit transition to the case when X,, are allowed to be countably
infinite is immediate, under the assumption that all the sums needed to define the x-operations
above are absolutely convergent. Another easy extension (which we do not need in this paper) is
the case when the spaces X; become continuous, and the sums approximate the corresponding
integrals over these spaces.
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