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1. INTRODUCTION

In this article we introduce a new method for the study of the initial value
problem

u; -+ f(w), =0, (%, t) e (— o0, 0) X [0, ), (L.1)
u(x, 0) = uy(x), xe(— oo, ), (1.2)

where f(u) is locally Lipschitz continuous and #,(x) is bounded and of locally
bounded variation on (— o0, c0).

In general no classical solution of (1.1) and (1.2) exists even if f and #, are
smooth. It has been demonstrated that it is possible to establish the existence
of weak solutions by the methods of vanishing viscosity [1] finite dif-
ferences [2] and smoothing [3].

The weak solution is not necessarily unique. To attain uniqueness one
usually imposes additional restrictions which are motivated by stability
arguments or by physical considerations (whenever (1.1) is studied in con-
nection with a physical model).

Here we establish the existence of a solution which satisfies the condition
proposed by Hopf [5].? Such a solution is constructed first in the special case
where #y(x) is a step function and f(u) is piecewise linear. For wy(x)
a step function, a local solution can be constructed as a superposition of
solutions of the Riemann problem. In general, the solution of the Riemann
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1 For recent more general results see [7, 8].

2 The same condition is satisfied by the solution constructed using the method of
vanishing viscosity.
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problem for (1.1) consists of constant states separated by shocks andfor
simple centered waves. If, however, f(u) is piecewise linear, then the con-
stant states of the solution of the Riemann problem are separated exclusively
by shocks (some of which may be contact discontinuities). This observation
provided the motivation for developing the method which is presented in the
present paper. Since simple waves are eliminated, the only possible inter-
actions involve shock waves and lead to new Riemann problems. We show that
by a solution of Riemann problems, the local solution of (1.1) and sucessive
(1.2) for uy(x) a step function and piecewise linear f(u) can be extended
onto a global solution,

In the general case, we approximate f(#) by a sequence of piecewise linear
functions and u,(x) by a sequence of step functions. We then establish
existence through a compactness argument suggested by Oleinik [2].

It is conceivable that a similar approach may be proved fruitful in the
study of the initial value problem for systems of conservation laws. Certain
results in this direction for the second-order wave equation

Uy = o(Uy), (1.3)
have been obtained by L. Leibovich (Ph.D. thesis, Cornell University, 1971).

2. ADMISSIBLE SOLUTIONS
Following Hopf [5], we state the following:

DerFintTION 2.1, A locally bounded and measurable function #(x, ) on
(— o, ©) X [0, ©) is called an admissible weak solution of (1.1) and (1.2),
if for any nondecreasing function A(xz) and any smooth nonnegative function
¢(x, t) with compact support in (— o0, ) X [0, o),

J:fd_o )b+ F@)dd dvde + [ Tag)ds, 0)dr =0,  (21)

where

0= [ W, Fa = | Ko df? @2)
Remark. An application of (2.1) for A(u) =1 and Au) = — 1 yields
[ bt rogdaea+ | um@omod=0, @3

3If u(x,t) is defined on (—o0, ) x {0, T) and (2.1) is satisfied for every non-
negative ¢(x,t) with compact support in (—c0, ) X [0, T), then u(x,t) is called
a local admissible weak solution of (1.1), (1.2) on (— w0, ®) x [0, T).
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which is the standard condition satisfied by any weak solution of (1.1) and
(L.2).

In the case of piecewise constant solutions with smooth shocks, {2.1) can be
reduced to a local form:

ProposiTiON 2.1. A piecewise constant function u(x, t) with smooth line
discontinusties which satisfies (1.2) is an admissible weak solution of (1.1) and
(1.2) if and only if the following condition is satisfied : Suppose that x = %(t),
t € (a, b), is any line of discontinuity of u(x, t) and let

e P
w=_ llDEI(l'tl)_ u(x, t), ut= x_l)lxr(l'tlﬁ u(x, t).

Then,

(i) the curve %(t) is a straight line with slope

‘_lf— f(u+) _f(u—); (24)

dt ut —u—

(i) for any u between u— and ut,

f) =) f) —fw)

ut—u ut —u

(2.5)

The argument of Hopf [5] shows that, in the case considered here, weak
solutions satisfy (i) and (ii); the proof of the converse is not difficult and is
omitted.

Remark. Equation (2.4) is the classical Rankine-Hugoniot jump condition
while (2.5) is the E-condition proposed by Oleinik [6]. If (1.1) is genuinely
nonlinear, (2.5) reduces to u* << u~ if f is strictly convex, u~ <<ut if f is
strictly concave (compare with Lax [4]).

3. EXISTENCE OF ADMISSIBLE SOLUTIONS
The main result of this work is contained in the following:

PrOPOSITION 3.1. Assume that uy(") is continuous on the left, of locally
bounded variation on (— oo, o0) and

m < ug(x) < M, x € (— oo, o). 3.1
Furthermore, let f(u) be locally Lipschitz continuous and

[f@)—f@) <Kl|lu—u'|, foraluu em M. (3.2)
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Then there exists an admissible weak solution u(x, t) of (1.1) and (1.2) which has
the following properties : For every fixed t € [0, o), the function u(-, t) is continu-
ous on the left, bounded from above by M, from below by m, and is of locally
bounded wvariation on (— oo, ). Moreover, the restriction of u(-,t) on any
interval [x; , x,] is solely determined by the restriction of uy(-) on the interval
(%, — K2, x, -+ Kt] (finite domain of dependence) and

u()- (3-3)

Var u(-, 1) <
[xy,%,] [y «Kt X, +Kt]

The proof will be given first in two special cases:

Lemma 3.1 (The Riemann problem for the polygonal approximation).
Assume that f is piecewise linear, satisfies (3.2), and

Up(®) =u,,  for — oo < x <0,
o) = (3.4)
=u,, for 0 <x << o0,

where u, and u, are constants in [m, M]. Then there exists an admissible weak
solution of (1.1) and (1.2) which consists of a finite number of constant sitates
separated by shocks centered at the origin.

Proof. Suppose first that #; << u, . The boundary of the convex hull of the
set {(u, v) | u; < u < u,,v > f(u)}is a polygonal line with vertices at points

(ul ’f(ul))) (ul’ f(ul))a“" (uk:f(uk))’ (ur ’f(ur))a w < ul << u* < Uy s
where (1Y, f(1V)),..., (u*, f(1¥)) are also vertices of the graph of f. Note that

kS —f) f@) S ) /)

ut — u, w? — ol & — g1
(3.5)

S) — 1)

u, — uk <

We set
u(x,t) =u,, for — oo <X Jig”_;z_:_j_;(_”_l)
U=y u—u
: (3.6)
’ u* — uk u, —uk  ’

(S £ B

u, — uk t
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It is clear that u(x, t) satisfies (2.4) and (2.5) and hence it is an admissible
solution of (1.1) and (1.2).

In the case > U, let (ur ,f(ur))’ (uk’f(uk))r! (ul’f(ul))’ (ul rf(ul))’
u, <uk << -+ <u' <uy, be the vertices of the boundary of the convex hull
of the set {(, v) | 4, < u < u;, v < f(#)}. Then it is easy to verify that the
function u(x, t) given by (3.6) is again an admissible weak solution of (1.1)
and (1.2). Q.E.D.

LemMa 3.2, The assertion of Proposition 3.1 is true if f (u) is piecewise linear,
satisfies (3.2), and

uy(x) =vy, for —oo<x<<x,

<
=Yy, Jor  x <x<x,

G.7)

Un y forxn—l <x <<,

fl

where vy ,..., v, are constants in [m, M].

Proof. Let {(u, f(uY)),..., (% f (%))} be the set of all vertices of the graph
of f with ordinates in [m, M]. We set

J={d,..., w3} U {vy ..., v}

We will say that a function u(x, £) on (— o0, ) X [0, T) is of class Dy if
the following conditions are satisfied:

(i) u(x,t) is an admissible local weak solution of (1.1) and (1.2) on
(— o0, ) X [0, T').

(i) For any fixed £€[0, T), u(-, t} is a step function with values in J,
continuous on the left and of bounded variation on (— o0, c©). Moreover,

(Xaol; , u(t) < (_Yoago ) (). (3.8)
(i) Foranyt, t' [0, T),

fw | (o, t) — u(x, t') de < K|t — 1| (Xoa:go)uo('). (3.9)

-0

We will prove that there exists a function u(x, #) of class D,, . To this end
it is sufficient to show that first for some = > 0 there is a function in D, and
second that if u(x, t) is of class Dy for some T > 0, then there exists 7/ > T
and an extension of u(x, t) on (— o0, c©) X [0, T’) which is of class D;- .



38 DAFERMOS

Since uy(x) is a step function, by superimposing solutions of the
Riemann problem (Lemma 3.1) one obtains an admissible local solution
#(x, t) of (1.1) and (1.2) on (— o0, o0) X [0, 7) provided that 7 is small
enough so that no interactions occur. It is clear that (3.8) holds as an equality
for any t € [0, 7). Also (3.9) is satisfied since K is a bound of the slope of
every shock of u(x, t). Therefore, u(x, #) is of class D, .

Suppose now that u(x, t) is of class Dy . On account of (3.9) there exists a
function in L], (— o0, o) which will be denoted by u(x, 7') such that

1
Lyge(—o0,%)

u(x, t) —————— u(x, T), t— T, (3.10)
and

jw Lulx, T) — e, ) dx < K| T — 1] (_Yoago) #o(*), for any £ € [0, T].
- ' (3.11)

Furthermore, in virtue of (3.8) and by Helly’s selection principle, u(x, T')
can be identified with a function of bounded variation, continuous on the left,
in which case

(_Yoa;)u(y T) < (_Yoafo) wo(*), (3.12)
w(x, t) — u{x, T'), t — T, essentially on (— o0, o). (3.13)

In particular, (3.12) and (3.13) imply that w(x, T') is piecewise constant with
values in | and has a finite number of discontinuities. Hence, by super-
imposing solutions of the Riemann problem, it is possible to construct an
admissible local solution u(x,t) of (1.1) on (— o0, o) X [T, T") which
admits initial conditions u(x, T'). As before, (3.9) will be satisfied for any
t, t' [T, T'). Moreover,

<_\07oar ) u(x, t) == (Xoago)u(x, T), forallze([T, T"). (3.14)

Recalling (3.11) and (3.12), we conclude that the extended u is of class Dy .
The existence of some solution of (1.1) and (1.2) in D, has thus been
established. Note that the method of construction guarantees that the solution
has the finite domain of dependence property so that (3.3) follows from (3.8).
QED.

Remark. The proof of Lemma 3.2 suggests the following numerical
method of construction of a solution of (1.1) and (1.2) for piecewise linear
f () and wuy(x) a step function: By superimposing solutions of the Riemann
problem we construct a local solution on (— oo, ) X [0, Ty), T, being the
time where the first shock interaction will occur. We then repeat the process
using u(x, T,) as new initial conditions (which is again a step function)
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thus extending the solution onto (— o, ) X [0, T}), where T, is the time
the first new shock interaction will occur and so on. Unfortunately there is
no guarantee that one can reach by this procedure every point t& [0, c0) in a
finite number of steps. Suppose however that f(u) is convex or concave. In
this case, it is seen easily that the interaction of two (or more) shocks always
produces a single shock so that the global solution can be constructed in a
finite number of steps.

Proof of Proposition 3.1. Assume first that #y(x) is of bounded variation
on (— 0, 00). Then there exists a sequence {u{"(x)} of step functions of
the form (3.7) such that

w(@) > ufx),  m—>o,  inLie(— o0, ), (3.15)
Var u(”)(x) ar uo(x) n=1,2,... (3.16)

Consider also a sequence { f,()} of piecewise linear functions with vertices
at the pomts (@, f(u%),..., (", f(u™), where u®=m + (M — m)/n,
i = 0,..., n. Note that on account of (3.2),

[fo) — @) < K|u—w'|, forallu,u’ e[m M], =n=1,2,..,

(3.17)

jﬂ@—ﬁ@ﬂgKﬁg;m, for all u € [m, M), n=1,2..
(3.18)
Let u,(x, ) be the admissible weak solution of the initial value problem
4y + ful)e = 0, (%, 1) € (— 0, 0} X [0, ),  (3.19)
u(x, 0) = u(x), xe(— o, ), (3.20)

whose existence has been established by Lemma 3.2. For any fixed ¢ € [0, o0)
and in virtue of (3.8) and (3.16), the sequence {#,(-, )} is uniformly bounded
and of uniformly bounded variation on (— oo, o). Therefore, by Helly’s
selection principle and Cantor’s diagonalization process, there exists a
subsequence {w, (x, t)} of {u,(x, 1)} such that for every rational ¢’ in [0, co),
{u,,(, t')} is convergent pointwise as well as in Lj,(— oo, c0). For any
t € [0, o), any rational ¢’ € [0, o0) and any — o0 < 4, < %, < 00, we have

L2

ff%@g—%@ma

< f | (%, 2) — (%, ') dx + f [ tn (%, ') — uy (%, 1) dx

+L|%@n—%@ma. (3.21)
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From (3.21), (3.9), and (3.16) we deduce that {u, (-, )} is convergent in
L}, (— o0, o0) uniformly in ¢ for ¢ in compact sets. In particular, {un (%, )}
is convergent in L] ((— o0, ) X [0, 00)) and let

Lioo((—0,0)X[0,0))

thn, (%, 1) u(w, £), k- oo. (3.22)

For any fixed ¢ € [0, 00) and on account of Helly’s selection principle, «(:, £)
{modified if necessary on a set of measure zero) is bounded from above by
M, from below by m, is continuous on the left and of bounded variation on
(— o0, ®0). Moreover,

Jar u(, 1) < Var u(),  te[0, o) (3.23)

We claim that u(x, ¢) is the desired weak admissible solution of (1.1) and
(1.2). Indeed, fix an increasing function /4(u) and a nonnegative function
é(x, ) with compact support in (— co, c©) X [0, c0). From (2.1),

J : f °—° (L(un,) b A F (tn,) be] dx dt + J: I dlx, 0) dx =0,  (3.24)

where
Fo = | W& dhl®) (3:29)
Thus,
| : | : (1) 6o+ F@) gl dwdt + | L) (3, 0)
> [T U — L)1+ F@) — B @l 4. (3:26)
(B0 = F i) b e di -+ | [lu) — T)) s, 0) .

We set

H= [Irr"l‘z}l)dill k(&) = max{] k(m)] , | (M)}
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Using (2.2),* (3.25), (3.17), and (3.18) one obtains easily the estimates

1) ~ Tl = | [ W) de | < 1, 1, (3.27)
| Tug) — Iug?)| < H [uy — w™ |, (3.28)
|F, () — F, ()] = f #e) dfnk(£)|< KH |uy —u, (3.29)

Fw) —Fo ) = | [ M@ d(f — 1) @)

= | M) [F@) = fu] = [ (O = Fu(8) dh()

M-—m

< K{H + h(M) — h(m)] (3.30)

Recalling (3.22) and (3.15) we conclude that the right side of (3.26) tends
to zero as k— o0 so that (2.1) is satisfied. Hence u(x, ¢) is an admissible
weak solution of (1.1) and (1.2).

For k=1,2,..., u,( t) has the finite domain of dependence property
and this endows u(x, £) with the same property. Therefore, we can relax
the assumption that #y(x) is of bounded variation on (— oo, 00) and replace
it by the condition that %(x) is of locally bounded variation. Furthermore,
(3.3) follows from (3.23).5 Q.E.D.
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