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1. Introduction

Many physical and engineering models involve uncertain data or uncertain parameters; i.e., many realistic models are
stochastic partial differential equations (SPDEs). In fact, deterministic elliptic partial differential equations (PDEs) have been
reformulated into stochastic elliptic PDEs based on the Karhunen-Loéve (K-L) expansion and there has been progress in both
the analysis and the finite element approximations for stochastic elliptic PDEs in the last decade; see e.g., [9,2,3,24,4,5,11].
Also, it is well known that this elliptic SPDE is used to model fluid flows in porous media that is used in many areas of
applied science and engineering (e.g., transport of pollutants in groundwater and oil recovery processes).

In this paper we consider the stochastic optimal control problems constrained by stochastic elliptic PDEs based on the
Wiener-Ité (W-I) chaos expansion. In stochastic optimal control problems, we derive the optimality system of equations
and solve that system to find the optimal solution for minimization problems. Usually, the optimality system of equations
arising from an optimal control problem are coupled, which is the main difficulty in solving the optimization problems.
Here, in order to solve stochastic optimal control problems, we apply the theory of Brezzi-Rappaz-Raviart (B-R-R), which
plays an important role in uncoupling the optimality system of equations. For an abstract framework by using B-R-R theory
in deterministic optimal control problems, we refer the reader to [17] and for applications [15,16,19].

The plan of the paper is as follows. In Section 2, we shall first mention the existence and uniqueness of stochastic elliptic
PDEs and then show that there is an optimal solution for a stochastic optimal control problem constrained by stochastic
elliptic PDEs. In Section 3, we are going to show the existence of a Lagrange multiplier to derive the optimality system of
equations. In Section 4, we shall talk about the W-I chaos expansions and K-L expansions for our input data and compare
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them. Then in Section 5, we shall estimate the error for the finite element solution of stochastic elliptic PDEs with a
stochastic input data and a deterministic input data under slightly weaker regularity requirements in the spatial domain
compared to similar results in the literature. In Section 6, we use the B-R-R theory to derive discrete error estimates for the
finite element approximations of the optimality system of equations.

2. Optimization of functionals involving stochastic functions
2.1. The model problem and stochastic functional

Let (2, F, P) be a complete probability space, where 2 is a set of outcomes, F is a o-algebra of events, and P:F —
[0, 1] is a probability measure.

We consider the following stochastic elliptic PDE with the Dirichlet boundary condition: find a stochastic function u: D x
£2 — R such that the following equation holds for almost every w € £2:

—div[a(x, ®)Vu(x, )] = f(x) inD,
ux,w)=0 onaD, (2.1)

where D c RY is a convex bounded polygonal domain, a: D x £2 — R is a stochastic function with a continuous and bounded
covariance function, and f e L?(D) that will be used as a distributed deterministic control. Note that in the paper, V means
differentiation with respect to x € D only. For the existence and uniqueness of the solution of our SPDE, we assume that
there are positive m and M such that

m<ax,w)<M ae (x,w)eD x £2. (2.2)

We now introduce a functional that involves stochastic functions. For a target solution U:D x §£2 — R, we consider

j,g(u,f):E<%[|u—U|2dx+g/lflzdx>
D D

:%//w—U|2dde+§//|f|2dde, (2.3)
2 D

2 D

where 8 is a positive constant.

As you might see, we are using the cost functional whose notation is the same as that in [20] or in most papers of
optimal control problems. However, we point out that the functional in the paper has the expectation.

We are going to minimize the stochastic functional (2.3) with suitable deterministic function f subject to the stochastic
PDE (2.1) by solving the optimality system of stochastic equations.

2.2. Function spaces and notation

Throughout this paper, we use standard notations (e.g., see [1]) for the Sobolev spaces H"(D) for all real numbers r with
norms || - ||r(p). We use Hy(D) as the subspace of H"(D) whose function value is zero on the boundary of D with the
norm ||u||f{1(D) = fD |Vu|?dx as usual. For a Hilbert space H", (-,-)yr denotes the H™ inner product.

0

We define stochastic Sobolev spaces:

L?($2; H'(D)) ={v:D x 2 > R | IVl ;2(: 4Dy < o},

where

2 2 2
VI 2170y =/ 1vIlrpy P = EllVIizr p)-
2

Note that the stochastic Sobolev space L2(£2; H' (D)) is a Hilbert space. For simplicity, we put H' (D) = L%(£2; H" (D))
and £?(D) = L?(£2; L*(D)).
We also introduce notation:
b[u,v]:E/aVu-Vvdx and [u,v]:E/uvdx.
D D
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2.3. The existence of an optimal solution

We have a weak formulation of (2.1) as follows: seek u e HE,(D) such that
blu,vl=1[f,v] VveHiD). (2.4)

From assumption (2.2) and the Lax-Milgram lemma (cf. [6]), we have the unique existence of the solution for (2.4).
We now examine the existence of an optimal solution that minimizes Jz(,-). Let

Uad = {(u, ) € Hy x L? such that (2.4) satisfied and Jp(u, f) < oo} (2.5)

be the admissibility set.
We say that (i, f) € Uyq is an optimal solution of Jg(u, f) if for all (u, f) € Uyq satisfying that |lu — ﬁ||H(1](D) +If -

f\le(D) < € for some € > 0,

Tp(l, f) < Tp(u, f). (2.6)

We then prove the existence of an optimal solution.
Theorem 1. There is an optimal solution (i1, f) € Uag of T(u, f).

Proof. Note that U, is not empty. Let {(u™, f™)} be a minimizing sequence in Uy, that is,

lim J5u®™, f™)= inf Jp(u, f). (2.7)

n—00 (U, f)elaq

Then, we have that || f™ |2, < C for some C > 0. That is, the sequence {f™} is uniformly bounded in L*(D). Note that
for some C > 0, we have ||”(n)”7-(3)<o) < ClIf ™Il 2(py. Thus, {u™} is a uniformly bounded sequence in H} (D). As a result,

there is a convergent subsequence {(u®™), f@))} such that
u™ i weaklyin H)(D) and f™ — f weaklyin L?(D) (2.8)

for some (il, f) € H(D) x L2(D).
Note that || f™]| z2(p, < C. Hence, we also see that

F™ ~ F weakly in £2(D). (2.9)
This implies that
[f™),v] = [f,v] VvecL*D). (2.10)

Because [|[Vu™ | z2(py < ||u(”)||H[1)(D) < C, we have
vu™ —~ vii weakly in £2(D).
This yields
[Vu™, w]— [Vii,w] Vw e £*(D).
The fact that Vv € £2(D) for v € H}(D) lead us to
[Vu®™, V] — [Vil, Vv] Vv eHy(D).
Thus, we obtain
b[u®™, v] — blfi,v] Vv eHL(D) (2.11)

because aVv € £2(D) for v € H} (D).
With the help of (2.10) and (2.11), we can show that

blii, v] =n]£nwb[u(”i), v]= n@w[ﬂ”ﬂ, v]=[f,v] VveH} (D). (2.12)

That is, (i, f) satisfies (2.4) and hence (i1, f) € Uyg. Using the weak convergence (2.8) and the weak lower continuity of the
functional Jg(-,-) we arrive at

A7A < lim inf M) fD) = jnf ). 213
Jp(t, f) niglioolnjg(u f0) (u’}?euadj,s(u H (2.13)

Therefore, (i, f) is an optimal solution. 0O
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3. The optimality system of stochastic equations
We will derive an optimality system of stochastic equations by using the Lagrange multiplier rule for the constrained
minimization problem:

min  Jg(u, f) subjectto(2.4). (3.1)
(u, f)elaq

For the deterministic case, we know that there exists a Lagrange multiplier; see e.g., [10]. Thus, without proving the
existence of a Lagrange multiplier, we could derive an optimality system of the minimization problem in the deterministic
problem; e.g., [20]. In the stochastic case, however, we first need to show that there is a Lagrange multiplier before using
the Lagrange multiplier rule to derive an optimality system of stochastic equations. To show the existence of a Lagrange
multiplier, we follow the method given in [17].

3.1. The abstract minimization problem

We begin with the definition of the abstract class of minimization problems. Let G, X, and Y be reflexive Banach spaces
whose norms are denoted by | - |l¢, || - llx, and || - |ly and whose dual spaces are denoted by G*, X*, and Y*, respectively.
Let ® be the control set that is a closed convex subset of G.

We assume that the functional to be minimized takes the form

JW,2)=AF(v)+ArE(z) Y(v,2)e X x 0O, (3.2)

where F is a functional on X, £ is a functional on @, and A is a given parameter that is assumed to belong to a compact
interval A C R5..
We define the function M : X x ® — X for the constraint equation M(v, z) =0 as follows:

Mv,z)=v+ATN(v) + ATK(z) V(v,2)e X x O, (3.3)

where N:X — Y is a differentiable map, K:® — Y is a bounded linear operator, T:Y — X is a bounded linear operator,
and 1 € A.
With these definitions, we now consider the following constrained minimization problem:

min J(v,z) subjectto M(v,z)=0. (3.4)
(v,2)eXxO

3.2. Hypotheses concerning the abstract minimization problem

The set of hypotheses needed to justify the use of the Lagrange multiplier rule and to derive an optimality system can
be determined is given by

(HE1) for each ze ®, vi—> J(v,z) and v~ M(v, z) are Fréchet differentiable;
(HE2) z+— £(2) is convex;
(HE3) for v € X, N’(v) maps from X into Z <><> Y, where N’ denotes the Fréchet derivative of N.

3.3. Results concerning the existence of Lagrange multipliers

In this section we give the following useful theorems (proofs can be found in [17]) about the abstract Lagrange multiplier
rule.

Theorem 2. Let A € A be given. Assume that there exists an optimal solution (u, f) of (3.4) in X x ©® and that (HE1)-(HE3) hold.
Then there exists a k € R and a . € X™* that are not both equal to zero such that

KTuu, ), w)— (i, Mu(u, f)-w)=0 YweX and

min £(u, z, w, k) = L, f, u, k).

ze®
Theorem 3. Let A € A be given. Assume that there exists an optimal solution (u, f) of (3.4) in X x G, that (HE1)-(HE3) hold, and
that the mapping z + £(z) is Fréchet differentiable on G. Then there exists ak € R and a i € X*, not both equal to zero, such that

K Tuu, f),w)—(n, (I+ATN'(w))-w)=0 VweX and

k(E'(f),z)— (., TKz) =0 VzeG.

Remark 1. For two Theorems 2 and 3, if 1/A is not in o (—TN’(u)), we may choose k =1; see [17].
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3.4. The existence of Lagrange multipliers and the optimality system of stochastic equations

We are now ready to prove the existence of a Lagrange multiplier for our minimization problem (3.1). The Lagrange
multiplier rule may be used to convert the constrained minimization problem into an unconstrained one. Then we find the
optimality system of stochastic equations.

Note that since our stochastic elliptic PDE has a unique solution regardless of the choice of A, a parameter in the abstract
setting, we take A =1.

Recall the stochastic optimal control problem:

min J(u, f) subject to M(u, f) =0 Vv € HY(D), (3.5)

where M(u, f) =blu,v]—[f, v].

We define X = H(l)(D). Y = H (D), G =L%(D), and Z = {0}. Then clearly we have Z <><> Y. For the time being, we
assume that the admissible set ® for the control f is a closed, convex subset of G. We define the continuous linear operator
T € L(Y; X) as follows. For ge Y, Tg =u € X is the unique solution of

blu,v]=[g,v] VvelX. (3.6)
We define the (differentiable) mapping N: X — Y by

(Nw),v)=0 VveX (3.7)

and define K:G — Y by

(Kf,my=—(f.m VneX. (3.8)
Then the constraint equation (2.4) can be expressed by u + TKf = 0. We note that

F(u) :E(%/lu - U|2dx> and &(f)= E<§/|f|2dx). (3.9)

D D

Next, we verify the hypotheses for the existence of Lagrange multipliers. First, notice that (HE1) is obvious. Second,
(HE2) holds because f+— £(f) = §||f||2L2 is convex. Third, because for Vu € X, N'(u) -v=0¢€ Z << Y for Vv € X,

(HE3) holds.
The Lagrangian is given by
ﬁ(u’ f’$3k) :kj(u7 f) _b[uss]+ [f?%‘]

for V(u, f,€,k) e X x G x X x R.
By Theorem 2, there exists & = T*u € X such that

(D)

£ —kT*F'(u)=0, (3.10)

L, f,&,k)<L(u,z,E,k) VzeoO. (3.11)
With k =1, (3.10) becomes

blg,¢l=[u—-U,¢] VieX (3.12)

and (3.11) implies that

Learia-tu ntuazo veoca (313)
For each € € (0,1) and each t € ©, set z=¢€t + (1 — €) f € ©®. Then from (3.13), we have

'Bz—e[t—f,t—f]—l—ﬁ[t—f,f]+[t—f,é]20 vVt e ©. (3.14)

By letting € — 0+ in the above inequality, we have

t—f.Bf+&E]120 VieoO. (3.15)

We now consider the case ® = G. Note that the mapping z+> £(z) is Fréchet differentiable on G. Hence, by Theorem 3,
(3.15) becomes an equality and by letting z=t — f we obtain

[Bf +£,21=0 VzeG. (3.16)

The system formed by Egs. (2.4), (3.12), and (3.16), which are necessary conditions for an optimum, is called an optimality
system. We now conclude this section with the following theorem.

Theorem 4. Let (u, f) € H}(D) x L?(D) be an optimal solution of (3.1). Then there exists & € H} (D) such that (3.12) and (3.16)
hold.
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4. Representation of stochastic functions

In this section, we represent stochastic functions by a countable set of deterministic functions and random variables.
We first construct the Wiener-1tdé (W-I) chaos expansions of stochastic functions. We then define the Karhunen-Loéve (K-L)
expansion of stochastic functions. Finally, we compare these two expansions.

4.1. Wiener-It6 chaos expansions

We first discuss the classical W-I chaos expansions of elements of the space of square-integrable functions defined on
the space of tempered distributions in terms of stochastic Hermite polynomials; see [18]. Then we represent stochastic
functions by a countably infinite sum of the products of a deterministic function and a random variable.

Let d be a fixed positive number. Consider a space of rapidly decreasing smooth real valued functions on RY, which
we denote by S(RY). We consider the dual space S$*(R?), which is called the space of tempered distributions. We let
2 :=5*(RY) and denote the Borel ¢ -algebra over 2 by F. Then there is a unique probability measure P over F such that

. ; 1
Eel@) . / el9) dP (@) = exp(—5||¢||§zw)) Vo € S(R), (41)

where (@, ¢) = w(¢) is the action of w € 2 on ¢ € S(RY). Here, P is called the white noise measure or the Gaussian
measure on S(RY).
Recall that the Hermite polynomials h,(x) are defined by

dn
ha(x) = (=12 (e7/2); n=0,1,2,... (4.2)
dx"
and note that an hy(x) is a polynomial of degree n.
Define the Hermite functions &,(x) as follows:
g0 =n""4 (-1 Py 0; n=1,2,3,.... (4.3)

Observe that the Hermite functions are orthogonal with the weight e=*/2 and in S(R) for all n. Note that {&,};2,
constitutes an orthonormal basis for L2(R).
Let 8/ = (&7, 5%, e 85), where 8{ €N, and define the tensor products &;; := 58,- ®§51~ ®--- ®e§5;, where
1 2 d

i<j = S48+ +oi<sl o445 (4.4)

It follows that the family of tensor products {&; j}f"ﬂ forms an orthonormal basis for L2(RY).
Let us define

I ={a=(o1,02,...) | aj e NU{0} and there are only finitely many ; # 0}. (4.5)

Note that the index set Z is countable.
We define stochastic Hermite polynomials {Hy}qe7 by

o0
Ho(@) =] [he (@, &1): 0 ef. (4.6)
i=1
It follows that {Hg}qe7 forms an orthogonal basis for L2(£2).

The norm |[Hyllj2(g) satisfies ||Ha||%2(9) =a!=oqlay!---. Now we redefine H, by J%Ha. Then {Hy}qe7z forms an

orthonormal basis for L2(£2). Hence every f(w) € L?(£2) has a unique expansion

f@)=Y_ caHo(®),

ael

where

o = E(f(@)Hq (@) :/f(a))Ha(a))dP(w). (4.7)
Q

We call this expansion the W-I chaos expansion of a function f € L?(£2) in terms of stochastic Hermite polynomials.
From the above argument, for a stochastic function f(x, w), we have

fxw)=>"ca®Ha (), (4.8)

ael
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where

ca(®) = E(f (x, )Ho (w)).

This expansion is called the W-I chaos expansion of a stochastic function f(x, w).
Note that if f(x, w) is known, then we know exactly what cy(x)’s are. Because our index set Z is countable, for n € N,
we may rewrite f(x, w) as

Fx @)=Y ca(®)Hn(), (49)
n>1
where
cn(®) = E(f (x, @) Hn(@)).

4.2. Karhunen-Loéve expansions

In this section, we introduce the K-L expansions, which is well known as a theoretical tool for approximating stochastic
functions; see [13,9,2-5,11,23]. If a(x, w) is a stochastic function that has a continuous and bounded covariance function, it
can be represented by

a(x, @) =a() + Y v/ A () Xn (), (4.10)
n=0

where a(x) = Ea(x, w), EXy(w) =0, E(Xp(w)Xm(w)) = 8ym, and (An, ¢n(x)) are solutions to the eigenvalue problem:

/C(X1,Xz)¢n()<1)dxl = An¢n(x2), (411)

D

where C(x1, x2) = E(a(x1, w)a(x2, w)) — Ea(x1, w)Ea(xa, w). We call this expansion the K-L expansion of a(x, w).
4.3. Wiener-It6 chaos expansion versus Karhunen-Loéve expansions

From the orthogonality relations for Hermite polynomials with respect to the Gaussian measure, for H,'s, we see that
E(HyHg) =dap

for any multi-indices o and B; see [18].
1
Also, by using the property of an even function e~2% with respect to the Gaussian measure, we have

EHy =0

for any multi-index «.
Thus, the variance of Hy equals 1 and the covariance between Hy and Hyg is equal to zero; i.e, for any o # 8, we obtain

E(HyHp) = EHuEHp.

If we choose the orthonormal eigenfunctions in the K-L expansion as a basis for L>(D) and assume that c,(x) € L%(D)
in (4.9), then ¢, (x) can be represented by the infinite sum of orthonormal basis functions for L2(D). Thus, from the definition
of the K-L expansion, we can think of the W-I chaos expansion of a stochastic function as a special case of the K-L expansion
of it in terms of their random variables.

In the paper, we focus on our problems with the W-I chaos expansion consisting of known random variables and stochas-
tic Hermite polynomials. Note that although we only study our stochastic control problem with SPDE constraint equations
based on the W-I chaos expansion, problems with the K-L expansions can be treated similarly and analysis of that can be
obtained directly from our results.

5. The high-dimensional elliptic PDEs

In this chapter we make some assumptions on our stochastic problem and then we change our SPDE into deterministic
high-dimensional PDE so that we can use traditional finite element method to solve stochastic PDEs and stochastic control
problems eventually.
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5.1. Finite dimensional information and notation
In this section, we talk about (2.1) and also talk about the following problem

—div[a(x, 0)Vu(x,w)] = g(x,w) inD,
ux,w)=0 onaD, (5.1)

where g:D x £ — R is a stochastic function. Note that we have a unique weak solution for (5.1) by the Lax-Milgram
theorem and that the error estimates for the solutions for (2.1) and (5.1) will be similar and both will be used later for
error estimates of the solution of the stochastic optimal control problem.

In realistic models, the source of randomness can be expressed by a finite number of random variables that are mutually
independent. For that reason, in the paper, we assume that

N
a(x, ) =Y ca(X)Hy() (5.2)
n=1
and
g(x,w) = g(x, H1(®), Hy(®), ..., Hy(w)). (5.3)

To have the existence of the solution for stochastic elliptic PDEs with finite dimensional information, it is necessary that
Z,’:’Zl cn(X)Hyp(w) satisfy a similar condition to (2.2); i.e., there exist m, M > 0 such that

N
m< Y ca®Hn(@) <M ae. (x,0) €D x 2. (5.4)

n=1

Remark 2. Some comments are in order concerning the finite dimensional assumption (5.2) and the ellipticity assump-
tion (5.4). As was discussed in [4], assumption (5.2) may be valid in its own right in practical applications; also, similar to
the convergence analysis of [4] for the truncated problem, we may prove the convergence of the truncated control prob-
lem based on Mercer’s theorem. We refer the readers to [12] for a discussion of the ellipticity condition for a(x, w), where
loga(x, w) is a Gaussian field.

We also assume that each Hp(£2) = I}, C R is a bounded interval for n =1,2,..., N and that each H, has a den-
sity function p,: I, — RT. We use the joint density p(y) for any y e I' = ]‘[,’;’:] Iy € RN of (Hy, Hy, ..., Hy). Under
these assumptions, the solution of (2.4) can be expressed by the finite number of random variables; ie., u(x,w) =
u(x, Hi(w), Hy(w), ..., Hy(w)); see e.g., [9,2,4].

Remark 3. Notice that H := (Hq, Hy, ..., Hy) is a I"-valued random variable. Thus, for u € Hé(D), we have

E/udx://u(x,a))dde(w):/p(y)/u(x, y)dxdy.
D 2D r D

Under the above assumptions, we also have the following high-dimensional deterministic equivalent variational formu-
lation of (2.4) with the finite dimensional information:

/p(y)/a(x, »Vu(x,y) - Vv(x, y)dxdyzfp(y)/f(X)V(x, y)dxdy. (5.5)
r D r D

The strong formulation of this is
—div[a(x, y)Vux, )| = f(x) V(x,y)eD x T,
u(x,y)=0 V(,y)eoD xT. (5.6)
Remark 4. First, from (2.2), we know that a is bounded and hence, we have well-posedness of (5.6). Second, the solution of

a SPDE can be found by solving a deterministic PDE. Third, the finite element method can be used for stochastic problems.
Finally, with g(x, w) and g(x, y) instead of f(x), we obtain the same result.

For the high-dimensional elliptic PDE, we recall Sobolev spaces as follows:

L*(I'; H'(D)) = {v:D x I' = R | |Vl 2(r.pr(py) < o0},
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where

2 2 2
VI e o)) :/p”""Hf(D) dy = EllvIlip)-
r

We now give the Banach spaces that will be used as solution spaces for the solution of the optimality system of stochastic
equations.
For r=—1,0, 1, define

SPT(D)=CP(I'; H'(D)),
with the norm |[u|spr(p) = [[ullsorp) + Z] Dy ||8§§ju||50.r<D), where
lullsorpy = supuc, y) .
S91(D) yg” HH’(D)

Also define
SP1 (D) = CP(I'; HY(D)).

Let us recall some notation:
b[u,v]:/,o[aVu-Vvdxdy and [u,v]:/p/uvdxdy.
r D r D

5.2. Finite element spaces

Let us first consider finite element spaces on D c RY. Let X" and G" be families of finite element approximation
subspaces of H(l)(D) and L%(D) that consist of piecewise linear continuous functions defined over a family of regular trian-

gulations of D with a maximum grid size parameter h > 0. We assume that X" and G" satisfy the following approximation
properties:

(i) for all ¢ € H**1(D) N H{(D), there exists C > 0 and an integer I such that

inf 6~ 4"

o
hoxh ) S Ch¥ldllga+1(p), O<a<l, (5.7)

where [ > 1 is usually determined by the order of the piecewise polynomials used to define X";
(ii) for all ¢ € Hg)(D), there exists C > 0 such that

o o~ 9" 120y < ChIS 1l 43 - (5.8)

Next, we consider finite element spaces on I" C RN. We partition I" into a finite number of disjoint RN boxes BN that
is, for a finite index set I, we have

r=JB'= U]_[ (al, b)),

iel iel j=1

where BY N BN =¢ for k#1€1 and (al, I)CFJ
A max1mum grid size parameter 0 < é < 1 is denoted by

8 =max{[b] —a/[/2: 1<j<Nandiel}.

Let Y% C L*(I") be the finite element approximation Space of piecewise polynomials with degree at most p; on each

direction y;. Thus if % € Y?, then y*° Ign € span(l_[j 1yj : njeN and nj < pj). Letting p = (p1, p2, ..., pn), we have (cf.
see [6]) the following property: for all y € C)*'(I),

N p]+1w||co(1_‘)
inf , 5.9
yhe y(us I/f ”co(r) Zl (pj+ D! (59)
where y =minij<n{pj+1}.
We now think of finite element spaces on D x I', say V. Here, if v € V1 vhd ¢ span(gphyd: ¢M(x) € X" and

ve(y) e Y?).
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We denote by R" the H'(D)-projection from H}(D) onto X" and P? the L?(I")-projection from L?(I") onto Y®. Namely
for each ¢ € H}(D),
hy 4h h h _ yh.
(R"p.¢ )H(IJ(D) =(¢.¢ )Hg(D) Vé© e Xt
for each v € L2(I),
PV 2y = (0 V) 2y VWO €Y°
) LZ(F) ’ LZ(I_') .
It follows from (5.7) that for all ¢ € H}(D) N H**! and for some C > 0, we have
[# ~ R" 15 < Ch¥l$llpas1 (). O <@ <I (5.10)

and from (5.9), for all ¥ € Cﬁ“(l‘), we obtain

s N pj+]‘(//||co(1“)
”¢ Pw”CO(F) Z (p +1)! : (511)

=1

By using the last two inequalities, we have the following property; see [4]: for all u € CP*1(I"; H*t1(D) N Hé(D)),
0 < o <, there exists C > 0, which is independent of h, §, N, and p, such that

1957 w01 p)
uhsln‘i;hsuu—u HSOI(D) h ||u||50(1+1(D)+5 Z]W . (512)
J

Note that from the definition of the space SP-"(D) and its norm in Section 5.1, we may assume that 0 < ||8k llop <1 for
all 1< j<Nand 1<k < pj+ 1. Also we know that for the solution u of (5.6), each 8" u is continuous on the bounded
domain I’; and, hence, 8§§ju is bounded. We now assume further that for each a§j there is a constant ¢ > 0 such that
0< IIHI;j llop < € < 1. With the help of (5.12), we state the approximation property for the solution:

||8p1+1

inf [Ju—ul®| piin he ||l g0.a+1py + 87 Zw . (5.13)
i) S ) (pj+ 1!

uhs cyhs

Remark 5. Because a(x,y) = Z?’ﬂ ci®yj € CPHI(D x IN), it is well known that the solution u of (5.6) satisfies u €
CPHI(I'; HX(D) N HA(D)); see e.g., Lemma 4.1 in [21] and Remark 5.1 in [5]. Also if we assume that g(x, y) € SP*1:9(D)
to carry out the analysis of the finite element method, then the solution u of the following problem also satisfies
ue CPTI(Ir; H3(D) N HA(D)):

—div[a(x, y)Vux, )| =g, y) Y(x,y)eDxT,

ux,y)=0 V(X,y)eoD xTI. (5.14)

Hence, under our assumptions, (5.13) makes sense for some «.
5.3. Error estimates for high-dimensional elliptic PDEs

Recall that our goal is to solve (5.6). The stochastic weak formulation of (5.6) is as follows: seek u € Sg“’] (D) such that
for all v e SgH’](D),

blu,vl=I[f,v]. (5.15)

hé e Vh5 hé e Vhav

Then we have the finite element weak formulation: find u such that for all v

b[uh‘s, vh‘s] =[f. vh‘s]. (5.16)

We want error estimate of solutions for (5.15) and (5.16) in Sp+1 1(D). Also we do the same thing with a finite data

g(x,y) instead of f(x). For these, using Remark 5, we have the followmg lemmas.

Lemma5.Let0< s <1and f(x) e H'*¢(D). Then forany y € I', u(-, y) € H'*¢(D) and there exists C > 0 such that
||u('z y)HH1+€(D) < C||f||H_1+5(D)~
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Proof. This follows from the interpolation theorem (see [22]). O
Remark 6. For problems with g(-, y) € H~17¢(D), we have
” u(-, Y) H H1+£(D) < C ”g(, }/) H H—1+S(D)'

Lemma6.let0<e <1, f(x) e H1t¢(D),ue Sg+l’l(D), and cj(x) € L°°(D). Then forall j=1,2,...,Nand forany y € I', there
exists C > 0 such that

pjt1
“8),; U(-,_V)”HE)(D) <C||C-||pj+] Il
(pj+ 1! = JHLee(D) H=1+(D):

Proof. This can be proved using the mathematical induction. O

Remark 7. For problems with g(x, y) € CPt1(I"; H-1*¢(D)), we have

pj+1
||8yj u(-,y)lng)(D)

(pj+D!

pitl
. Pj+]7k k
<C Z E”CJ“LOO(D) |3ng(-,y)HH,1+s(D).

As a consequence of (5.13), Lemma 5, and Lemma 6, we have the following theorem.

Theorem 7. Let 0 < € < 1, f(x) € H-11€(D), u be the solution of (5.15), and u"?® be the finite element solution of (5.16). Then there
exists C > 0 such that

N
u —uh ”sg“*‘(n) <C(hf +67) > max({1, ”Cj”fé:’;;))}”f”H—lJrS(D).
j=1

Similarly, (5.13), Remark 6, and Remark 7 give the following remark.

Remark 8. For problems with g(x, y) € SPT1.-17¢(D), we have

N

pj+1

1 i+1—k

Ju—u HSSHJ(D) <C(h* +67) 0<kSpy+1 {1’ E”Cj”fg(m <} ( 2 Ha'y‘ngso.m(D))-
=1 S¢S : k=0

6. Discrete approximation of the optimality system

In this chapter, we solve stochastic optimal control problems using results from previous chapter and the Brezzi-Rappaz-
Raviart theory. For this, we first introduce the theory.

6.1. Description of the Brezzi-Rappaz-Raviart theory

The B-R-R theory implies that the error of approximation of solutions of certain nonlinear problems under certain hy-
potheses is basically the same as the error of approximation of solutions of related linear problems; see [7,8,14]. Here for
the sake of completeness, we will state the relevant results, specialized to our needs.

Consider the following type of nonlinear problems: seek ¢ € X' such that

¥ +TG() =0, (6.1)

where T € £(); X), G is a C?> mapping from X into ), and X and ) are Banach spaces. We say that v is a regular
solution of (6.1) if (6.1) holds and v + 7 Gy (1) is an isomorphism from X into X". Here Gy denotes the Fréchet derivative
of G with respect to . We assume that there exists another Banach space Z, contained in ), with continuous imbedding,
such that

Gy(W) e L(X; 2) VyeX. (6.2)

Approximations are defined by introducing a subspace X" c X' and an approximating operator 7" € £(); X"). We seek
Y e xh such that
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Concerning the operator 7", we assume the approximation properties

. h _
}ggl})” (T"-T)w|, =0 Yoec) (6.4)
and
. h _
,!‘2},”7 =1 ”L(Z;X) =0. (6.5)

Note that whenever the imbedding Z C ) is compact, (6.5) follows from (6.4) and, moreover, (6.2) implies that the
operator 7 Gy () € L(X; X) is compact.

We now state the result of [7] that will be used in the sequel. In the statement of the theorem, DG represents any and
all second Fréchet derivatives of G.

Theorem 8. Let X and ) be Banach spaces. Assume that G is a C> mapping from X to ) and that DG is bounded on all bounded sets
of X. Assume that (6.2), (6.4), and (6.5) hold and that  is a regular solution of (6.1). Then there exists a neighborhood O of the origin
in X and, for h < hg small enough, a unique " € X" such that " is a regular solution of (6.3). Moreover, there exists a constant
C > 0, independent of h, such that

[v" = vl <CHT" = T)GW)| x- (66)
6.2. Recasting the optimality system and its discrete approximation into the B-R-R framework

We first fit our optimality system and its discrete approximation into the B-R-R framework to derive error estimates for
the discrete approximation of the optimality system. Then we obtain the desired error estimates by verifying assumptions
in the B-R-R theory.

We set X = SP*1(D) x L2(D) x SP*1(D) and Y = H=1(D) x SP*1-=1(D). We define the linear operator 7 € £(); X)
as follows:

@ f.&)=TGF ©)
if and only if

blit, vl =[F,v] ¥vesSiT" (D), (6.7)

bIE.c1=1[%.¢] V¢ esE (D), (6.8)
and

[Bf +&,21=0 Vzel*(D). (6.9)

We define G: X — Y by
g, f.&) = (-f,—i+U).
Then it is clear that the optimality system (2.4), (3.12), and (3.16) can be written as

(u, f.&)+ T (G, f.§)=0. (6.10)

Hence, the optimality system is recast into the form of (6.1).
We now set X = v x Gh x V18 where V" and G" are from Section 5.2.
We define the discrete operator 7" € £(Y; X"%) as follows:

(@, 180 =T . )
if and only if

b[ah®, v = [F, v"] wvh e vhe, (6.11)

b[gha, é.hS] =, ghs] vehd e yhs, (6.12)
and

[BF"+EM 2" =0 vZ'ech. (6.13)

Then it is clear that the discrete optimality system,
b[uh‘s, vh‘s] = [fh, vh‘s] yyhd e yhd, (6.14)
b[é_—hS’ ;h&] — [uh(S —u, Ch&] V{,hﬁ c VhS’ (615)
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and
[Bfr+&M =0 v"ech, (6.16)
can be written as
Hence, the discrete optimality system is recast into the form of (6.3).
6.3. Error estimates for the approximation of solutions of the optimality system
In this section, we proceed to verify all assumptions in Theorem 8. We define first a space Z = L%(D) x SP*1.0(D). Then
clearly this space is continuously embedded into ) = H=1(D) x SPt1.-1(D).

Denote the Fréchet derivative of G(u, f,&) with respect to (u, f,&) by DG(u, f,&) or Gu,fe(u, f,&). Then from
G(u, f, &), we obtain for (u, f,&) € X,

DG(u, f,&)- (@, f.&) = (—f,—) V@, f, & ex.
Proposition 1. DG(u, f, &) € L(X; 2) forall (u, f,&) € X.

Proof. The result is followed from

|G, f,&) - @, f, B)z= ”}”LZ(D) + llullgpr100py <00. O
Proposition 2. G is twice continuously differentiable and DG is bounded on all bounded sets of X

Proof. For any (u, f,§) € X,
D*G(u, f,&) - (@, f,£) =(0,0) Y, f,&) e X.

Thus, it is easy to show that DG is well defined, continuous, and bounded on all bounded sets of X. O
Before we show (6.4) and (6.5), we consider the following lemmas.
Lemma. Let f € [2(D) and £ € SPH’1 (D) in (6.9). Let f' € G and & € V" in (6.13). Then there exists C > 0 such that

”f fh“ﬁZ(D) (”5 5“5||g2<o>+||f g“cZ(D)) (6.17)

forall g € Gh.

Proof. From (6.9) and from (6.13), we see that

[Bf.7"]=—[5.2"] V" ech (6.18)
and
Subtracting (6.19) from (6.18) leads us to
B(f — "), "] =—[E &M ] v ech. (6.20)
[ ( h) h] [ hs h] h h

Thus, for any g" € G", we find
(F=FF==[F-f"F-&"+[F-F"¢"- "]
—[F - " F - g g E -8 (621)
The Holder inequality implies
17 = P %) < UF = 7' ooy 1 T = "1 2oy

1, = ~ ~ 1, = ~
+ EHS — & ”LZ(D) Hfh - fHEZ(D) + EHE —EM “LZ(D) ”f -g ”LZ(D)' (6.22)



100 LS. Hou et al. / J. Math. Anal. Appl. 384 (2011) 87-103

By Cauchy’s inequality with € > 0, for some C¢ that depends on €, we have

<~ =hi2 . - 2
”f_thLZ(D)<€Hf_thLZ(D)+C5Hf_thL2(D)

Cez  =hsi2 ~ -2
"‘Fe|5_5h8“52<0)+6||fh_f”ﬁ(D)

1~  ~hci2 1,~ 2
+ﬁ”£_SMHLZ(D)+§||f_gh“52(n)‘ (6.23)

Now choose € = }l. Then there exists C > 0 such that

= =hy2 : zhs|2 = 2
|7 = a0y < CUIE =8 P, + 1F = £ [s0) (6:24)

for any gh e Gh. O
Remark 9. || f — fl,2p) = IIf — f"ll z2(p) by the property of the density function p.

Lemma 10. Let ¥ € H~1(D), ii be the solution of
blit, vl =[F,v] ¥vesSit" (D), (6.25)
and " be the solution of
b[a, vio] = [F, v™] vvh e vhe, (6.26)
Then we have

Hﬁ—ﬂh‘sﬂsgm , =0 ash,5—0.

(D
Proof. Let € > 0 be given. Let ¥ € H~'(D). Then there is a sequence of C®°-functions {f}} C L?(D) such that 7y — F in
H~1(D); i.e., there exists ko such that

IF =Tkl g-1(p) <€ (6.27)

Now consider the following problems:

bliky, v = [, v Vv e SEF1(D) (6.28)
and

b[ﬂzg, V] = [F, vI0] WWHE € V2 (6.29)

Then from (6.25) and (6.28) and from (6.26) and (6.29), there exists C > 0 such that

I = i | gp 1.1y, < CIIF =T 14100 (6:30)
and

||flh‘S — ﬁﬁg ||Sg+1,1(D) <O =Ty l -1(Dy> (6.31)
respectively.

Hence, obviously,
~  ~h§ ~ = ~ ~hs ~hs _ ~hs
Hu —1u H S(‘)’H'l(D) < u— ukO”SSH‘l(D) + ”uko — Uy, HSSH’I(D) + Huko —u H S(‘)’H'l(D)
~ ~ ~ Nh(S ~ ~
< CIIF = Fagll -1y + | iiky — o Hsg+1.1(D) + CIIF = il -1(p)- (6.32)
On the other hand, because 7y, € L%(D), Theorem 7 yields

N
~ ~ pj+1 ~
ik, — g [ g1, < C(+87) D max{ 1, eI py HiFio 12 ) (6.33)
j=1
Thus, from the last inequality, by letting h, § — 0, we obtain

iy, — | §oH ) <€ (6.34)
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Combining (6.27), (6.32) and (6.34),
”ﬁ _qhs ”sg+1’1(D) < (2CH+1e. (6.35)

Because € is arbitrary, this complete the proof of Lemma 10. O

Remark 10. Likewise, £ in (6.8), £M in (6.12), and for ¥ € SP*1-~1(D), we have

”é - ghﬁ ”5€H‘1(D} —0 ash,§ — 0.

Lemma 11. Let f € L2(D), g" € G", and ¥ € SP+1-=1(D) in (6.8). Then there exists C > 0 such that

|7 = &"12p) < CHIT3-10)- (6.36)

Proof. From (6.9), we see that

/,szdx— [(Eg)zdx

The Holder inequality implies that

/ V2 dx = % /(Evé)zdx
D

1

,32 /E|vs|2ax_—5/|vg:| dx < oo. (6.37)

On the other hand, choose g" = P" f, where P" is an L?(D)-projection from L?(D) onto G". Because f € H}(D), by the
approximation property (5.8), there exists C > 0 such that

Hf g HLZ(D) Hf th”LZ(D) Ch”f”H 1oy (6.38)

Thus, (6.36) follows by combining the last two inequalities and (6.8) because T € SP*1-1(D) c H~1(D). O
Proposition 3. For any (7, ©) € Y, (T — T"), ©)||x — 0ash,8 — 0.

Proof. By Lemma 9, we see that for any g" € G", there exists C > 0 such that
|7 =T")E D) =[@—", F - F"E-E7)[
= ||ﬂ —a" ” sttt (py + ”f - ”LZ(D) + ”é — &M ”55*“(9) (6.39)
<= 8 g + C(IE = 8% gpons oy + 17 — 2] 20
Thus, by Lemma 10, Remark 10, and Lemma 11, we have

(T -T")F# D), >0 ash,§—>0. O

Proposition 4. |7 — 7| 2z x) — 0ash,5 — 0.
Proof. Let T € SP*1:9(D). From Remark 8 there exists C > 0 such that

~ ~ 2 ~
& =& [[5p11p) < C(0% + 82 )KITI3pe10(p): (6.40)
2(pj+1-k)
where K:max{l,ﬁnqnl_ﬁgm t1<j<N, 0<k<pj+1}L
Theorem 7, Lemma 9, Lemma 11, and (6.40) yield

(T = T") G 5[5 < (0 + 8% ) K (1122, + 1E 151101

C(h2 +82)K| G D)% (6.41)

for some C > 0.
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Hence, we see that

(T — T 7 ©)1%

2
HT -7 HL(Z,X) =

IF. )1 20 I, D%
< sup C(R*+8¥)K—0 ash,§—>0. O (6.42)
IF.5)ll z#0

Proposition 5. A solution of (6.10) is regular.
Proof. A proof follows from the linearity and well-posedness of (6.11), (6.12), and (6.13). O

Through Propositions 1-5 we have verified all of the assumptions of Theorem 8. Thus, by that theorem, we obtain the
following results.

Theorem 12. Assume that U € Sg+1’](D). Let (u, f,€) € Sg'H’l(D) x L2(D) x Sg+1’1(D) be the solution of the optimality sys-
tem (2.4), (3.12), and (3.16). Let (uf®, 1 £hd) ¢ vhd x Gh x Vh be the solution of the discrete optimality system (6.14), (6.15),
and (6.16). Then we have

Hu —uh? ”Sgﬂ'l(D) + ”f - fh “LZ(D) + ”E - fha ||Sg+]’1(D) —0 ash,§—0.

Moreover, there exists C > 0 such that

Ju— ul® ”ig*“(n) +f - f “iZ(D) + &~ g “ig*”(D) (6.43)
<SC(R?+ 82 )K(ILf 172 p,) + 1t = UllEpir00p)): (6.44)

where K = max({1, 74 llej /7 ™ 1< <N, 0<k<pj+1).
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