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INTRODUCTION

Let A be a self-adjoint (not necessarily bounded) operator in a Hilbert
space H with norm || - || . We shall consider, for ¢ > 0 and small ¢ > 0, the
differential equation

Lfu(t)] = i Cau7(1) + i @ (1) + Auft) =0, (1)
k=1

Jj=1

where the a,, are constants and m >> 1, n > 1, along with the initial conditions

WPO) =%, (k=0 Lu,m+n—1), @

where the x; are elements of a certain dense subset of A (namely, the domain
of e4®). We shall also consider the reduced or degenerate problem

n

LU@®)] = ) aUB(#) + AU(t) =0, 3)
UMO0) =5, (k=0,1,..,n—1l). (4)

We show, under simple assumptions on the coefficients a; , that these prob-
lems have unique solutions in H and that [[#() — U(#)]| >0 as «—0,
uniformly for ¢ € [0, 7] for any finite 7" > 0.

The case m = n =1, A nonnegative, was considered by Kisynski [1],
who used somewhat different methods than we shall use. Smoller ([2], [3])
extended these results to the equation

() + /() + Auft) =0,
113
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and showed that || u () — U(2#)|| — 0 is not true for initial data in any dense
subset of H for a perturbed equation of the form

a1y + u/(t) + Auft) =0,

for p = 3. Latil [4] extended the results of Smoller to the higher-order
equation

() + u0() + a0 + -+ a(0) + Ault) =0,

showing that || u(t) — U(t)}l — O on a dense subset of H if, and only if,
p =1 or p=2; he also showed that [ju ™(t) — U™)(t)| — O for certain n
and ¢ > 0 provided p =1 or 2.

Our results contain those of Smoller and Latil for p = 1, but for p > 2
the form of the equation considered here is different from that considered by
these authors. The basic outline of the proof presented here follows that of
Smoller and Latil, but we obtain the necessary estimates by representing the
solution as an integral in the complex plane, thus avoiding use of determinants.
Recently Friedman [7] has studied the degeneration of (1) with variable
coefficients a; for both the Cauchy and boundary-value problems. For the
constant-coefficient case our assumptions are weaker than his in that we do
not require the roots »; defined below to be distinct.

A SprciaL Case; PRELIMINARY ESTIMATES
We first consider the case H = R, the real line, obtaining estimates which
will be used later with the functional calculus for the operator 4 to extend

the results to a general Hilbert space. We thus consider the differential
operators

where a, = A, a real parameter. We assume, as we may without loss of gener-
ality, that a,,., = 1, a, % 0. We denote the characteristic polynomial of L, by

m n
P("” €, A) = Z Eia5+np'i+n + Z akV’k;
im1 k=0
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and set, for convenience,
o N m n
O(o, e, A) = €"P (? , € /\) = Z aj .00t 4+ Z kg, a%,
=1 k=0

We denote the zeros of the characteristic polynomial P(u, 0, A) of L, by
11 5-e, pin; these zeros are functions of A but not of e. Similarly, we denote the
nonzero roots of Q(a, 0, A) = 0 by vy ..., v; these roots depend on neither A
nor e. We allow any of these zeros to be multiple, and, in the case of the y;,
these zeros may be multiple for only certain values of A or identically in A,
One of the chief advantages of our approach lies in the fact that we do not
have to distinguish between single and multiple roots in the estimates to
follow.

We can now state our main assumption on the coefficients 4, ,..., @, ., :

FUNDAMENTAL ASSUMPTIONS

The roots v; satisfy
Re(»,) <0 (i =1,...,m).

Thus there exists 8 > 0 such that Re(»;) < — 8 (¢ = 1,..., m); henceforth
we assume this is satisfied, without explicit mention. Notice that the fun-
damental assumption concerns not the polynomial P(u, e, A), of degree
n -+ m, but rather the polynomial 6="((o, 0, ), of degree m.

The following lemma on the roots of P(u, €, A) is basic to our approach:

LemMa 1. The zeros of the polynomial P(u, €, ) can be labeled
i (i = 1,...,n) and ;. (j = 1,..., m) in such a way that

o= 0O (= L) 9)

uniformly in A and
v =v; + 0 + 0 (j=1,.,m). ©)
The proof of this lemma differs from the proof of the corresponding result
of Visik and Lyusternik ([5], p. 252, 262-3) only in the attention paid to the

parameter A, and will, therefore, be omitted. We henceforth assume the roots
of P(u, ¢, A) indexed as in the lemma.

Lemma 2. All zeros of O(o, €, A) lie in the disk

|0|<1+N+5n|)‘|7
where
N = max(] Apym—1 ’ 3oy ’ @G I))
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Jor 0 < ¢ < 1. The roots p, lie in the disk
lwl <l 1M+
pibaim it

where

M =

o] max(! a,_; | ,..., | a; ]).

This lemma follows at once from Theorem 27, 2 of Marden ([6], p. 96).
We define functions s,(t, €, A) by

Qa(/"’: €) elule)t d# (cc = 0,..., m-+n— 1), (7)

stx(t, €, /\) = St Q([l., c /\)

where the positively oriented path of integration includes in its interior all
zeros of Q(u, €, A) and where

n—a
0, = pn-e Z phla, . + Z gy, (=0, 1,7 — 1),
®)
m4n—o
O,= Y uwly;, (x=mn.,m+n—1).
k=1

O,(1, €) has degree n + m — o — | and consists of the product of =1 and
the leading m + n — « terms of Q(u, ¢, A).

Lemma 3. Fore > 0and for eacha =0, 1,....m +n — 1,L[s,] =0 and

(%)j 5,(0, &, A) = 8, ©)

the solution of the initial-value problem LJu] =0, u*(0)==x,.€R
(=0, 1,..,m+n—1) is given by

m+n-1

.= Yy S(hed)x,.

a=0

Proof. That L[s,] = 0 follows from the computation

L] — 2m QQ(:f.“, f)) L e dy = ;: §Qa(ﬂ, €) ewet dy = 0
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The third statement follows from the first two and the linearity of L; it thus
remains to establish the validity of (9). To this end we note the identity

oa—n

Z A Z eHraut (o =mn..,m+n—1)
ptO, — 0 = (10)

Y eyt (a =0,..,m — 1);

k=0

i.e, p2Q, = O + p(u, €, A), where p, is a polynomial in u of deg «. Thus

d WO, €)
(—) (0,4 = 27rz Ou, e, 2) dp

6“ ! Y Gt 2 A B
a—1 J
é“] d + 2mi é O(u, €, A) dp = 8,

where we see that the final integral is zero by expanding the contour of inte-
gration to infinity, observing that the numerator of the integrand is a poly-
nomial in u of degreej — 1 <Cm 4 n — 2, hence, at least two lower than the
degree of the denominator.

For the degenerate problem we define, in a similar fashion,

_ Py(p) e+t _
w(t, A) = 21n Ba 0.7 % dp  (@=0,1,.,n—1),

where

n

Pw) = Y apit,

=a+1

and the contour of integration encircles all zeros of P(u, 0, A). In the manner
of Lemma 3 we have

LEMMA 4.
dy :
Ly[w,] =0, (th‘) w,(0,0) =8, (& =0, — 1);

the solution of the initial-value problem Li[U] =0, U® = x, (k =0,..,n— 1)
15 given by

n—1

U= w(t,)x,.
a=0
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Turorem 1. Let u(t, ) and U(t, A) be defined as in Lemmas 3, 4. Then for
each fixed A and any finite T > 0,

sup |u(t,A) — U@, Q)| -0
te{0,7]
as e 0.

For the case of distinct roots v, , p, , this is a known result [5]. We give a
proof which is valid regardless of the multiplicities of these roots. In view
of Lemmas 3 and 4, the theorem follows at once from the following lemma.

Lemma 5. For a =m,...,m + n — | and fixed ),

sup | 5.2, €, A)] —0

te[0,T1

as € > 0. For A fixed and « = 0,...,n — 1,

Sup | Su(t €, )‘) a(t’ A)l -0
[ '

as e— 0.

Proof. First we consider s, for o 2> n. Observing Lemma 2 and the defini-
tion of O(y, ¢, A), we take for contour of integration the union of the circles

Cole): IM—k@+M+||M0
C;: lg —w| =7 (i=1,.,m),

where we choose 7 < 38/4 small enough that these latter circles are either
coincident (if any v; are multiple) or disjoint. We stipulate that ¢ be small
enough that

B—ml <1, 5—w| <% [¢f. (5), (6],

@+M+UHW i

Then on Cy(e) we have

lQ(ﬂ,f,)\)I=ﬁ|u-ﬁ¢l'ﬂln—€ﬁkl

je=1 k=1

>(2)" eﬂ(2+M+l ||M)
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since p lies outside C; ,
; r
lp—wl>r  and  a=i] ==l =il >

and since |p —efiy| 2 [p| —e€| @] is

25( ) ( ; ) ( lal,,||’\|)’

by Lemma 2. The above requirements on ¢ imply that € | z; | < B/8, whence
forpon C;,|p—eiy| = |pl| —e|pn]l =P8, and |p — ;| >7/2; thus

on C;
10 & 01> (5) ().

Denote the union of Cy(1) and its interior by Cy(1), and let M, denote a
bound for [Q,| on Cy(l)u Cy U -~ U C,,. Then

Oulps €)
Oy, € A)

E!l
MMW<§§

Cole)

eRellu/e)i] I d’l’ i

217 eRe[(u/s)t] I df" I

C,;

m —
rexM e—Bt10)

2¢M exp (2{2 + M + —— | A]
[( 2 g e
;aMO = (3) (3)

= e*t1-" - exp [2 (2 + M + [ A ]) ] const - €* - const.

(—;—) en-1 (2 + M -+

Since a 2> n, the first part of the lemma follows.
To finish the proof, we show that for 0 < o <7

« ____Q.,(O', E) o/e)t — a(.“') ut —
© ‘ﬁco(s, O en " do fﬁm-xP(y, Het—>0 ()

as € > 0, where for convenience we set K =2(2 +~ M +[|A]/] a, |], and
we show that

& QQ(:;("E €) eoltdeo -0  (i=1,..,m) (12
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as € — 0. To prove (11), we set o = e in the first integral, observing that

3 n—a
E‘H'lQQ(G}I., €) — e [Z e]\-‘uyi+k4a—1an+k + Z I""_o'_kan+1—k:|

k=1 k=1
= €"Z,(u, €),

where clearly Z,(u, €) > P () as € — 0, uniformly in g for | u| bounded.
Since also O(ep, €, A) = €"P(p, ¢, A), the left side of (11) is bounded by

9§ Zo(pe) P

lul=K P(:“'s € A) P(f“' )‘)

which converges to zero as ¢ — 0 since the integrand does so uniformly.
To prove (12) we observe from (8) and the definition of Q that

lest|]dui,

O, ) e) 1
0(0' €, )\) e

uniformly in o for o on C;, so

Qa(a9 5) {c/e)t — e(O/E)t —
§C,- O, &0 e do é ———do =0,

since the integrand of the last integral has no poles inside C; . This finishes
the proof of the Lemma and of Theorem 1.

We now establish two lemmas which will be needed in the abstract Hilbert-
space problem.

LemMa 6. For each o =0, 1,....m +n — 1
| sty € N2 S Sol2, €) €7,

where f, is bounded on [0, T] X (0, €] for some ¢, > 0 and each T > 0.

Proof. Let ¢ <<1 be a number small enough that the term denoted
0(¢) + O(e™X) in (6) is less than B/2 in magnitude for e <{ g, " [A] < ¢. Then
we have

Re(i) < — % <0 (=1,.,m)
Moreover, by reducing ¢ if necessary, we have from Lemmas 1 and 2 that

| < e (24 M+~ MQ
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Thus all the zeros of Q(g, ¢, A) are located in the half-plane

Re(u) < (2+M+| Im)

provided 0 < e < ¢q, |e®A| < ¢

We first estimate s, for n <o <m+n— 1,0 <e <<g¢, | " | <gq. For
the contour of integration in the definition of s, we take the boundary of the
intersection of the circle |p | <2 -+ N + ¢ and the half-plane

)

Re() < 2¢ (

Let
M, = sup [Q,(u,e€);

lu}<2+N+q

M, is independent of A and e since Q, is. We have, on the contour of integra-
tion,

1QGs & M| = (min [1,3-8])" e

[) == €" » const.
Using these bounds on | 1/Q | and | Q, | and the bound
1
(u/e)t —_
| e ]<exp[2(2+M—}—lan||M)t]

in the definition of s, , it is easy to derive the estimate

[sa(t, , /\)] < const ea—ne2(2+M)te[(2/|a,,|)[)«lt]’

whence
2,2
I's (t e, )2 < const €2u—2ne4(2+M)te(2t/|a,,l) o
_ (13)
=fi(t, ) ¢,

using €2 < e®*1%*, f (¢, ¢) is bounded on [0, T] x (0, g] since « > .

We now estimate s, for 0 <a<n, 0 <e<gq, |e"A| <g; the chief
difficulty here stems from the fact that €\ is not necessarily small unless
n = 1. We introduce a new contour of integration composed of the positively
oriented boundary of the union of the following regions of the complex
u plane:

1. m<2e(2+M+l ,1/\|)

2. lu—vi| <r(i=l,.,m),
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where r < 38/4 is independent of € and A and is chosen small enough that
these m circles are either disjoint or coincident (if any of the v, are multiple).
From (6) of Lemma I we have #; — v; = O(¢) +- 0(¢"A) = 0(g), so we may
reduce g further if necessary to insure that

. r
lvi—vi|§7. (14)
The contour just defined is the disjoint union of circles with centers at
certain of the v; and a “circle with bumps” centered at the origin. Denote
this last component of the contour by C,, the other components by C;,

t=1,..,s<<m;sas well as C, depends on ¢ and A. Set

1
=2e(2—{—M+m[/\{)

for convenience, and consider u on C, . C, is the boundary of the union of
the disk 1 above and those disks 2 whose centers v, satisfy r +- &k > | v, | .
Since | v; | == B = 4r/3, we have r < 3k for these disks. Thus if o is any point
on Cy, we have [o| < 2 +k < Tk = 14¢(2 + M + [| A |/l @, []).

For p on C; we have, using (14) and geometric arguments in the complex
¢ plane,

PR A P
0
21> (3" (g)
Thus
where ? ’

Mi.a= sup |Qai

lu—vyl=r
0<eq
and ¢; , is a constant depending only on 7 and «. Noting that the contour is
composed of disjoint circles if both € and A are sufficiently small, we see that
the constants ¢, , are defined fori = 1,..., m
For p on C, we have, using (14) again,

01> (5) @+ M+ = 1a)) e
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Thus, using (10),

€ e(u/c)tQm
2mi fﬁc., o '

[+ 4
elu/ert Z e"“"akp."

€ elu/ert P =0
S 2 fﬁco potl s l - 2 §Cn pe 0 K&
r 2(2+m)t 2 ' — 5_2__.. ;
<[a!+conste ]exp [anll)\lts f(t)exp“a”IMlt.
Finally,
L elulotQ & ew/Q
5| < £ Yay ' < P) }
"lenfﬁcig "+2ﬂ‘3§CoQ "
<e ¥ eI ep (2 111),
-1 | a, |
from which we easily conclude that
|5 12 <glt, €) € (15)

or 0<{a<n O<eyg O0<Le"|A| g where g is bounded on
[0, T X (O, ¢] for any T > 0.

We now turn to estimating s, for 0 << e < ¢, €" | A} > ¢. For this we use
as contour of integration the «circle |u| = Ke® |A|, where
K=¢' 2+ N +¢q) so that Ke®"|A| >2 + N+ " |A|. On this circle
|O| > 1 (see Lemma 2). Hence,

[ 5u(t, € M| < €K M (Ken | A [ymin=e,
where M, depends only on Q, , i.e., only on «. Thus
| 54 |2 << 2(Ken)2tmin—o) Mazezxzezﬂ-m | A [2mtn—o) gA%/2

(16)

<3t €) e,

where g is bounded on [0, T'] x (0, ¢] for any T > 0. Here we have used
the fact that | A |? e=**/2 is bounded for any constant b > 0.
Together, the estimates (13), (15), (16) imply the validity of the lemma.

Lemma 7. For each o« =0,1,....,m+n—1 and j=1,2,., and for
each €« >0, T > 0, there exists a constant [; (T, €) such that

| () s on [ <pum g et

holds for t €[0, T].
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The function f, , of the lemma is not necessarily well behaved as ¢ — 0.
This estimate is easily made in the manner of the proof of Lemma 6, since
each t derivative of s, results simply in a factor p/e in the integrand of the
integral defining s, .

By methods similar to those employed above, we have the following result
for the degenerate operator.

Levma 8. For each o =0, 1,...,n — 1 and j =0, 1,2, we have the
estimate

< g e,

() e

where, for each T >> 0, g; , is bounded on [0, T').

THE PrOBLEM IN HILBERT SPACE

Since A is self-adjoint, there is a resolution of the identity {E,} such that 4
has the spectral representation

A= adg,.

v -

For any € > Q and ¢ > 0, define S, (¢, €) by

Su(t, €) = f (&N dE, (=0, 1, m-+n—1)

—®

Letting D be the dense domain of the operator exp(42), we see that D is
contained in the domain of S,(t, €) because, for x € D,

ISt wlE= [ sl e D] Bl

<[ At d| Exlt < .

Also, if x, € D (2 = 0,..., m +n — 1) and

m4n—1

u(t) = 3, Sut €)%,

a=0
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then #,(z) is in the domain of 4, as is shown by the calculation

@0 @ m+n—1 .o
[ wd)Eup= [ By [ stewdBal
—a0 —x a=0 3G
m4n—1 o0 A .
< Y | e feetd)
a=0 - =00
m+n—1

= Y [ A oxetd) Ea,lp
a=0 —x

m+n—

1
< Y A9 | el Bt < o
a=0

LeEMMA 9. u, is the unique solution of the Cauchy problem
Llu] =0, u®0)=x  («=0,,m+n—1)
Jor x, € D.

Lemma 10. U is the unique solution of the Cauchy problem
L,[U] =0, UY0)=x, (a=0,.,m—1)

Jor x, € D, where

U(t) = "il Wa(t) Ko s Wm(t) = fw wa(t’ ’\) dE/\ .
j=0

-0

125

Proof. We prove Lemma 9; the proof of Lemma 10 is similar. In view

of Lemma 3, we need only verify that for x € D,

(4 st9x =] - (2) sadBe  @=0,1mtn—1).

We check this for j = 1; the result then follows by a simple induction. In

view of the definition of .S, , we have

% (2, &, N) dE,x

S(t+he)x — St e)x - J“”
h -
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for some ' between A and ¢ + 4. Since
~ OO d , 30 d L2
H J_w Gt e Nk — | gslbeNdEx

00

:J‘m

the result will follow, on letting 2 — 0, by the Lebesgue dominated conver~
gence theorem if we show that |dfdt[s(t',e, X) — djdts(t, ¢ A)] |2 is
dominated by a function integrable with respect to d| E,x| . For this
choose T > 0 and k small enough that ¢ and ¢ + % are both less than T.
From Lemma 7 we now have

5
d|| Ex13,

d d
Tl e ) — 2t e d)

2 2
| 2 (te ) | <fdToe | 4 ot e N) | <fdT, e,
dt dt :
whence the result follows since e** is integrable.
Lemma 11. If B is a bounded operator on a Hilbert space and
(d/dt) x(t) = Bx(z), t > 0, with 2(0) = 0, then x(t) = 0.

This is well known; see Smoller [2].

LemMA 12.  The solutions u, and U are unique.

Proof. We will deal with u,; the proof for U is similar. In the usual
fashion we write (1) as a system

d
- X(1) = BX(1), )

where X(t) e H™", Let A, be the bounded self-adjoint operator
Ay = _[fk/\ dE, and let B, be the matrix obtained from B by replacing 4
with A,; then B, is a bounded operator on H™+", Suppose that #, is a solution
for x, =0 (« =0, 1,...,m + n — 1), and let v,(t) = (E, — E_;) u(t). Let
V() be the vector [w(t), vy (£),..., o™ V(t)], so V, solves V,' = BV,
V(0) = 0. By Lemma 11, V,(¢) = 0, whence v,(t) = 0. Hence,

u(®) = lim v(1) = 0.

THEOREM 2. For the unique solutions u, and U of (1)-(4) with x, €D
(a =0, 1,...om+n—1),

lim | u(t) — Ul =0,

where the convergence is uniform in t for t € [0, T'], any T > 0.
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Proof. It will suffice to show that
lim [~ 150t & 0) — w(t, D] By =0,

where x € D. This follows by the Lebesgue Dominated Convergence Theo-
rem, Lemmas 5 and 6, and

15t €, A) — Wo(t, NIF < 2] salt, € M+ | (2, A)I?)
L 2(f(t. €) + g.(8)) &* < const. e’

for € < ¢, (where ¢, depends on T). Since ¢ is integrable with respect to
d|| E,x |?, we are done.

RemaRk. Estimates similar to those in the proofs of Lemmas 5, 6, and 7
can be used to prove that, for any 6 > 0 and T > 6,

lim
-0

w0t vol=0 G=12.

uniformly in ¢ for t € [3, T].
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