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0. Introduction

In Boffi and Logar (2007) we have introduced the notion of Grébner bases of submodules of Z".
The motivation being the attempt to avoid using Buchberger algorithm in the computation of Grébner
bases of (saturated) pure binomial ideals. It has been known for a long time that the Buchberger algo-
rithm for toric ideals is a purely combinatorial process involving lattice vectors, (Thomas, 1995). And
in fact the combinatorics of Boffi and Logar (2007 ) partly overlaps with that of Sturmfels et al. (1995).
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But the shift from ideals to lattices (submodules of Z" in our language) has been seen by others as a
way to perform the Buchberger algorithm in a more efficient way, while we aim at computing Gréb-
ner bases of submodules of Z" in a way completely independent of polynomial ideals, and amenable
to new algorithmic strategies.

In this paper we extend to submodules of any rank the strategy sketched in Boffi and Logar (2007),
Section 5 for the computation of the Grébner bases of rank 2 submodules of Z". It turns out that a
variety of ingredients is required and that an interesting role is played by some finite abelian groups.

Afurtherinquiry is still necessary (and planned) in order to mix the ingredients in the most efficient
way, and then weigh the pros and cons of our approach. But we think it useful to make our approach
known, because it offers a different point of view, even though its practical importance has yet to be
ascertained.

An outline of this article goes as follows. Section 1 fixes the notation and recalls some facts,
including the relationship with saturated pure binomial ideals given in Boffi and Logar (2007).
Section 2 deals with cones in Q" and Z". Readers acquainted with discrete convex geometry may
go over this section in a rather fast way. Section 3 illustrates the general strategy for the computation
of the Grobner bases of submodules of Z". Section 4 works out in detail a significant example having
all the features discussed in Section 3. The section ends with some final remarks, opening some vistas
for future work.

We thank the referees for their suggestions.

The computer algebra system CoCoA (CoCoA Team, 0000) has been used for some examples related
to this article.

1. Preliminaries and recollections

Elements of Z" (or Q") will be considered as row vectors. Ifa = (ay, ...,a,) and b = (bq, ..., by)
are in Z" (or in Q"), we say that a <iex b if the first nonzero coordinate (from the left) of a — b is
negative. Let V be an n x n nonsingular matrix V of integers. Then we can define a linear order on Z"
by: a <y bifand only if aV <. bV.

If the matrix V is obtained from the n x n identity matrix after a permutation of the columns, then
we say that the corresponding order on Z" is of lexicographic type. Clearly, if V = I, then we get the
order Lex defined above.

Ifa € Z", then we have a = a™ — a—, where any component of a* and of a™ is positive or zero; a*
and a~ are uniquely determined by q, if we require that they have disjoint support. We associate two
subsets of Z" with the order <y. The first subset is Py (Z") (or, simply, P(Z")), defined by:

Pv(Zn) = {a e7Z" | a>y 0}
Clearly Py (Z") determines the order on Z", for given the set P, (Z"), we can define the order by: a <y b

iff b—a € Py (Z").1If <y isaterm order on N", then Py (Z") satisfies the further condition: Py (Z") D N".

The second subset of Z", which we associate with the order <y, is the half-space given by

Py ={aecZ"|aV, > 0},
where V; is the first column of the order matrix V. Clearly Py C Py and Py \ Py is contained in the
hyperplane of Z" of equation aV; = 0.

By a cone in Z" we mean the intersection of a cone of Q" with Z".

LetI C K[xq, ..., xy], K afield of characteristic different from 2, be a pure binomial ideal, i.e., an
ideal generated by polynomials of the form: x* = X —x (where a € Z" and x* denotes x‘i” R
for every o € N"). Let I be the ideal generated by the binomials x*1, ..., x% (where ay, ..., a; € Z");
then we can associate with I the submodule of Z" generated by the a;'s. Conversely, if M C Z" is a
submodule, we can consider the binomial ideal generated by the binomials x“, where a € M. In this
way (see Boffi and Logar, 2007, Theorem 4.13), we get a one to one correspondence between saturated
binomial ideals of K[x1, ..., x,] and submodules of Z" (I is said saturated if for any monomial m, if
mf € I, thenf € I). Moreover, if we start with a pure binomial ideal I, we consider the corresponding
submodule M of Z" and we construct from M the binomial ideal J as said above, then we get that J is
the saturation Sat(I) of I, where

Sat(I) = {f € K[xq, ..., Xy] | 3m, a monomial, s.t. mf € I}.
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The study of saturated pure binomial ideal is therefore equivalent to the study of submodules of
Z". In particular, as shown in Boffi and Logar (2007), we can define suitable Grébner bases for
submodules of Z" in order to study Grébner bases of saturated pure binomial ideals of K[x1, . . ., X,].
One should realize that the saturated binomial ideals I are exactly those such thatI = IL N R, where R
stands for the polynomial ring and L is the Laurent polynomial ring K [xli], e xnil]. See for instance
(Eisenbud and Sturmfels, 1996), where L is used a lot in order to study the primary decomposition of
the ideals I.

Let M C Z" be a submodule and let <y be a term order on Z" given by a matrix V as above.
Following the definition given in Boffi and Logar (2007), a finite set g¢,...,8 € M N P(Z") is a
Grébner basis for M (w.r.t. the given term order) if for any a € M N P(Z") there exists an i s.t. gf | at
(i.e., every coordinate of gi+ is not greater than the corresponding coordinate of a™).

If we define the following partial order on P(Z"):

a,beP(Z"), achb ifa#banda® |bT,

we can say thatgy, ..., g& € MNP(Z") is a Grobner basis for M if any element of MNP (Z") is preceded
(in the partial order =) by an element g;.

Ifgq, ..., g isaGrobner basis for M, we say that it is minimal if and only if the following condition
holds: ifgi+ | gf, theni = j(foralli,j € {1,...,k}).Ifgq, ..., g is a minimal Grobner basis, then
g1, ..., & are minimal elements in M N P(Z") w.r.t. C (see Boffi and Logar, 2007, Theorem 3.5).

Let m be the rank of M and let ay, ..., a, be a basis of M (as a Z-module). Assume further that
the matrix A = (a;) whose rows are the vectors aj, ..., an is in Hermite normal form (hence, in
particular, A is in row echelon form).

LetF : Z™ — Z" be the homomorphism givenby F(Aq, ..., Ap) = A1ay+- - - + Anan,. We define
on Z™ the order induced by <y, i. e.:

A1, Am) <v (@1, -, ) ifandonly if  F(Aq, ..., Am) <v F(i1, ..., fim).

Proposition 1. Let T be the matrix obtained by taking the first m linearly independent columns (over Q)
of AV. Then T is the matrix which gives the order on Z™.

Proof. Let Cy, ..., G, be the columns of AV and suppose that G, ..., G, (1 < i; < iy < -+ < ip)
are the first m linearly independent columns of AV.If A = (Aq,..., An) € Z™, then A >y 0 if and
only if A\C; = 0,...,AC_q = 0and AC; > 0.1f G is a column of AV which is linearly dependent on
Ci,...,G-qandj < s, then AC; = 0. From this the assertion follows. O

If the term order on Z" is the Lex term order, defined by the matrix V = I, then it is easy to see
(since A is in Hermite normal form) that the induced order on Z™ is again the Lex term order induced
by the matrix I,,. In general, however, the order induced on Z™ is not a term order, since N™ is not
contained in the set of positive elements. An easy computation shows that F (P, (Z™)) C Py(Z"): if
a € Py(Z™), then aT > 0 gives a(AV) >[ex 0; hence (aA)V > 0,50 F(a) = aA € Py (Z")).

Givenu,v € Z™ u # v, let

ucv ifFW'|F)™".
This is a partial order on Z™. Explicitly, it means:
(Ug,...,Uy) C (vq, ..., vy) if, whenever the i-th component (uia; + - - - + upay); of (uga; +--- +
UmQy) is positive, then (uqa; + - - - + UnGp)i < (V1a1 + - - - + VRap);.
An immediate consequence is:

Proposition 2. Let M, A, V be as above, and let hq, . . ., hy be a finite number of elements in P(Z™). Then
the following are equivalent:

(1) F(hy), ..., F(hy) is a Grobner basis for M;
(2) forany u € P(Z™), there existsi € {1, ..., k} such that h; C u.

Since the image of F is the module M, any Grobner basis of M is of the form F(hy), ..., F(hy), for
suitable hq, ..., hy € P(Z™).
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2. Subdivision of Q™ into cones

Hereinafter, it will be convenient to consider Z™ and Z" embedded in Q™ and Q", respectively.
The map F can be extended toamap F : Q" — Q" given again by F(u) = uA. Moreover, we shall
consider Q™ as an affine space, with coordinates uy, .. ., u,. From the matrix A = (a;) we getn linear
forms !y, ..., L, inQ[uy, ..., uy], by means of:

liur, ... um) = mitly + -+ - + Apillm. (1)
In other words, [;(u), ..., l,(u) are the components of F(u). The linear forms [y, ..., I, identify n
hyperplanes in Q™, all passing through the origin. Given [;, let li20 be the linear half-space of Q™ given
by the points u = (uq, ..., uy) such that lj(uy, ..., uy) > 0; lfo is defined similarly. Hence for any

pointu € ll-20 N Z™, it holds: F(u); > 0, where F(u); stands for the i-th coordinate of F (u).
The hyperplanes I, ..., I, subdivide Q™ into polyhedral cones (each of them with vertex in the
origin). One way to describe them is the following: let u € C, where

C=qQm U{lf =0},

then consider:

G= () E°n () % (2)

i, 17%u i, 17%u
Note that the same C, can be obtained by many other v € C.Indeed: v € C, N Cifand only if C, = C,.

Proposition 3. Foranyv € Cy, and foranyi =1, ..., n, it holds: if F(v); # 0O, then F (u); and F (v); have
the same sign.

Proof. Immediate, from the definition of C, and the hyperplanes ;. O
Let
C={CG |uec}. (3)

Proposition 4. The set C is a finite set of polyhedral cones and

o"=Jc
cee
Proof. We can associate with any cone C, (u € C) an n-tuple given by the signs of F(u);,i = 1, ..., n;

if C; and C, (u, v € C) have the same n-tuple of signs, then C;, = C,. Therefore the number of elements
of € is bounded by 2", the number of different n-tuples of signs. O

If we define the dimension of a cone of Q™ as the dimension of the linear space generated by the
cone itself, we have:

Proposition 5. Any cone C € C has dimension m.

Proof. Let u € Cbe suchthat C = C,and leti € {1,..., m}. Then F(u); > 0 (or F(u); < 0). Hence
there exists €; > 0 such that F(v); > 0 (or F(v); < 0) for all v € B(u, €;), where B(u, €;) denotes the
ball of center u and radius ¢;. Therefore it follows from Proposition 3 that there exists € > 0 such that
B(u, €) C C. Since the ball B(u, €) contains a basis of Q™, we are done. O

Any polyhedral cone is finitely generated (see Schrijver, 1986, Corollary 7.1 a); the generators of a
cone C, (as expressed in (2)) can be obtained from intersections of some of the hyperplanes {l; = 0}:
if the vector p € Q™ is a generator of C,, there exist indexes iy, ..., i, such that ﬂj’.‘zl{lij = 0}isa
line and p is on this line. Since the hyperplanes I; have integer coefficients, it is possible to choose
on each of these lines the vector p with integer coordinates and with no common factors, so that
in particular p € Z™. In this way we can obtain that the generators of C, are in Z™. Moreover,
if £ is a line obtained from an intersection ﬁj’-‘zl{l,-j = 0}, then ¢ contains two vectors, p and —p,
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which have integer coordinates with no common factors, and which are among the generators of
the cones of C. Let us consider therefore the set W of all the above vectors p and —p. W is a finite
set.

Recall that the (integral) Hilbert basis of a cone is a finite set of integral vectors such that each
integral vector of the cone is a nonnegative integral combination of them. By Schrijver (1986),
Theorem 16.4, each cone G, has a Hilbert basis, uniquely determined. Hence we may suppose that
W contains the Hilbert bases of the cones C,.

Example. Let M C Z3 be the module generated by the two vectors a; = (2, 1,4), a, = (0, 3, —1).
The matrix A whose rows are a; and a, is in Hermite normal form and the map F : Z? — Z° is
given by: F(uq, u3) = (2uq, uq + 3uy, 4u; — uy). The hyperplanes [y, I, I3 are therefore I; = 2u;,
I, = uy + 3uy, and I3 = 4u; — u,. The set W is given by the six points: p; = (0, 1), p, = (0, —1),
p3 = 3,—1),ps = (—3,1),ps = (1,4), ps = (—1,—4). Take for instance u = (1, 1); then
F(1,1) = (2, 4, 3); here the coordinates are all nonzero (and all positive), hence the corresponding
cone C, is: ll20 N 1220 N 1320. This cone is also described by the generators p3, ps. Analogously we get the
cones: [F°NE°NI5° (generators: py, p3); 5°NI5°NIG° (generators: py, pe); 150 NI;° NI5° (generators:
pa, pe); 50 N 50 N 15° (generators: py, pa); I7° N 50 N 15° (generators: py, ps).

Suppose now that the set W is known (indeed, it can be computed by taking suitable intersections
of the hyperplanes [;). Then it is possible to reconstruct all the cones C, from W and from the map F,
in the following way. Given two points p, g € W, we say that p and q are tied if there exists a cone G,
such that they are among the generators of it.

Proposition 6. Two points p, q € W are tied if and only if F(p);F(q); > Oforalli=1,...,n.

Proof. If p and q are tied, let u € Q™ be a point such that p and q are among the generators of C,,
and let [; be one of the hyperplanes. The condition F(p); < 0 and F(q); > 0 contradicts Proposition 3.
To see the converse, let us suppose (to simplify the notation) that the first s hyperplanes {l; = 0},
i=1,...,s,arelinearly independent (s < m). Letv € Q™ and let iy be an index such that F(v);, = 0.
We can find a point v' € Q™ sufficiently close to v, in such a way that:

e F(v');, is positive;
e for each j # iy, F(v)j and F(v'); have the same sign, i.e., either they are both positive, or both
negative, or both zero.

To see this, let iy, ..., i} be all the other indices in {1, ..., s} such that F(v)ij = 0.Lete > 0and let
B. = B(v, €) be the ball centered in v of radius €. Then

Ac =B {ly =0}N---N{l, =0}N{l, >0} 0,

ik

since l;, is linearly independent of I; , . . ., I;,. We can choose a sufficiently small € such that B, does not
meet any of the hyperplanes {l; = 0},j & {i1, ..., i}, so that any v’ € A, satisfies the two conditions
above.

(Clearly, we can also substitute the first of the two conditions above with the condition “F(v");, is
negative”.)

Suppose now that p and q are such that F(p);F(q); > 0 for all i. If the inequality is always strict, then
F(p); and F(q); always have the same sign. Otherwise there exists an index, iy, such that F (p);,F (q);, =
0. Then we have essentially two possibilities: either F(p);, > 0 and F(q);, = 0, or both are zero. In
the first case, choose p’ = pand ¢’ € Q™ such that F(q');, > 0, and such that F(q'); and F(q); have the
same sign for all j # io. In the second case, choose ¢’ as above, and also p’ € Q™ such that F(p');, > 0,
and F(p’); and F(p); have the same sign for all j # iy. Hence p’ and ¢’ are such that F(p');F (q’); > 0 for
alli and, moreover, F(p');,F(q);, > 0. Repeating this procedure, we can find two points p” € Q™ and
q" € Q™ such that F(p”) and F(q”) have all the coordinates different from zero and of the same sign.
SoCy =Cqrandp,q e Cy. O
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Now we can construct all the cones. We consider the elements of W as the vertices of a graph
Gw, and we connect two vertices of Gy, precisely when the corresponding points of W are tied.
The problem of finding the cones is translated into the problem of finding the maximal complete
subgraphs of Gy . This is the maximal clique problem and can be solved with the Bron-Kerbosch
algorithm (with pivoting). See, for instance, (Cazals and Karande, 2008) and the references given there.

An alternative approach to construct the cones could be based on the fact that, if C is a polyhedral
cone of Q™ defined by a finite set S of inequalities, and if {I = 0} is a hyperplane of Q™, then SU{l > 0}
and S U {I < 0} define two other polyhedral cones (one contained in the half-space [Z° and the other
contained in I=9). Hence, if we start with the cone 1120, where [ is defined as in (1), and we take the
hyperplane {l, = 0}, we construct two cones: 1120 N 1220 and 1120 N 1250. Similarly, we can construct two
more cones if we start with the cone lfo. Using all the hyperplanes given by (1), we can inductively
obtain all the cones of G, described in terms of inequalities. Further work is necessary to obtain their
generators.

3. Cones in Py (Z™)

We keep the notation of the previous sections. In particular, let M C Z™ be a submodule generated
by the rows of a matrix A, let V be a nonsingular matrix which gives a term order on Z", and let T be
the matrix obtained from the first m linearly independent columns of AV, so that T gives a linear order
on Z", denoted by <7 (see Proposition 1). Furthermore, Py (Z™) (= iPr) denotes the set of elements of
Z™ which are positive w.r.t. <r,and Py (=P7(Z™)) s the half-space T;° = {u € Z™ | uT; > 0}, where
T, stands for the first column of T. If C is a finitely generated cone of Q™, y (C) denotes the finite set
{q1, ..., gs} of its generators. We can assume that the generators are in Z™ and the gcd of the entries
of each g; is 1, i.e., ¥ (C) stands for the Hilbert basis of C. Furthermore, let:

X(C) = {inq,- |MeQ 0<A< 1}; Y(C) = X(C)NzZ™.

The set X(C) is bounded and Y (C) is finite.

Proposition 7. It holds:

c= ( U @+ c>) UX(C): (4)

gey (©)

hence

cNz" = ( U (q+(CﬂZm))) U Y(). (5)

gey (©)

Proof. Letu € C;thenu = )_ A;q;, where A; > 0.1f 4; < 1 for all i, then u € X(C). Otherwise, there
exists jsuch that A; > 1; henceu = q;+ >, uiq;, where y; = A;ifi # j,and u; = Aj — 1 > 0. Thus (4)
holds. O

The proposition above can be seen as a restatement of (a special case of) Bruns and Gubeladze
(2009), Proposition 2.43 d.

The cones considered so far are in the whole space Z™ (or Q™). In order to use the cones for the
construction of a Grébner basis of M we need to consider cones which have trace in Py (Z™).

An immediate consequence of Proposition 4 is:

Proposition 8. It holds:

Pr(Z™) = U CNPr(Z™ and Pr(Z™) = U C NPr(Z™).
Cee Cee
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_IfCisacone of ¢, we distinguish three cases, according to the position of the generators of C w.r.t.
PT:
y(C) Efr- _

y(C) NPy # Pand y (C) N (Z™\ Pr) # 0.
y(C) € Z™\ Pr.

In the first case, C = C N Pr. In the last case C N Py = {0}. In the second case, C N Py is a cone,
contained in C, given by C N T;°.
In all cases, the set P(C) = C N Pr(Z™) can be obtained by the formula:

CNPr(Z™ ={aeCNPr|a>r0}. (6)

Hence, in order to find CNP;(Z™), it is enough to compute C NPy and then select the positive elements
w.r.t. >7. Note that P(C) is a cone of Z™, but it is not necessarily described by a finite number of
inequalities: as we see from the above formula, it can be obtained from a cone of P after omitting
some of its faces.

According to Proposition 3, F (u) “does not change the sign” on all the elements u € P(C).

We can define two partial orders on the set P(C):

o the partial order = induced by P(Z™), i.e.,ifu, v € P(C),u # v, thenu c vif F(u)* | F(v)*;
o the partial order < defined by: ifu, v € P(C),u # v, thenu <, vifv € u+C.

Proposition 9. Letu, v € P(C); ifu <4 v, thenu C v.

Proof. We have: F(v) = F(u) + F(v — u), where v, u and v — u are in C, hence have the same signs.
In particular, if the i-th component F (u); of F (u) is positive, then F(v); > 0 and F(v — u); > 0. Hence
F(u)* | F(v)™ follows from F(v); = F(u); + F(v —u);. O

Proposition 10. Let u € P(Z™) be minimal among the elements of P(Z™) w.r.t. C. Assume that u € P(C).
Then u is a minimal element of P(C) w.r.t. <.

Proof. Immediate. O

As a consequence, the set of minimal elements of P(Z™) w.r.t. C is contained in the set of minimal
elements of P(C) w.r.t. <4, as C varies in C.

Applying the decomposition (5) to the cones C N P, we obtain some information regarding the
minimal elements of (P(C), <4):

Proposition 11. Let C’ be the cone C N Py. The minimal elements of P(C) w.r.t. <. are contained in the
finite set (y(C') UY(C")) NP(Z™).

Proof. Since the generators qq, ..., gs of C’ are in Pr, then ¢;T; > O for all i. Here ¢;T; denotes the
product of the line vector g; with the column vector given by the first column of T. Assume first
that there exists j such that q;T; > 0.Letu € P(C). Hence u = Y, u;q; with u; > 0 (u; € Q). If
ui < 1foralli, thenu € Y(C") N P(Z™). Otherwise, there exists k such that p, > 1. Then u — qy
= u1q1 + -+ (uxk — Dqr + - - - + usqs. f u — g = 0, we are done. Else, we have: (u — q,)T; =
u1qiTr + -+« + (e — DTy + -+ - + usqsT; > 0, since all the summands are nonnegative and
at least one of them is positive. Thus (u — q,) € P(Z™) and u — g, <4 u. Repeating the process,
we construct an element of Y(C’) N P(Z™) which precedes u. Next assume that ¢;T; = 0 for all i,
and again let u € P(C) be such that u = ), u;q; with p; > 0. Then uT; = 0 and, by the defini-
tion of P(Z™), we have that uT, > 0.If uT, > 0, then there exists j such that g;T, > 0 and we can
proceed as above. Otherwise, uT, = 0, hence uT; > 0.... After a finite number of steps, we are
through. O

Let Cr be the set of the cones C N P; (with C € @). By Proposition 8, G; covers Pr.
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As a consequence of the above, and of Proposition 2, we have the following:

Proposition 12. The (finite) set:

( Uwou Y(C))) NPE™)

CeCr
is a Grobner basis for M w.r.t. the term order <y.

Since any cone C € Cr has dimension m, ¥ (C) has at least m elements. If y (C) has precisely m
elements, they must be linearly independent; if y (C) has more than m elements, we can find subsets
X1, ..., X of y(C) such that:

(1) each X; has m linearly independent elements;
(2) if G; denotes the cone, whose generators are the vectors of X;, then U;C; = C;
(3) ifi # j, then G; N C; is a common face of C; and G;.

The construction of the sets Xy, ..., X; can be done using the results of Schrijver (1986), Chapter 7
and in particular Theorem 7.1. Any cone C € Cr, such that y(C) has more than m elements, can be
replaced by a finite collection of new cones, each one of them having m generators. In this way we
obtain a new collection of cones €. Clearly it holds:

Proposition 13. The union of all (y (C') UY(C")) NP(Z™), C' € €y, is a Grobner basis for M w.r.t. <y.

Proposition 13 leads to study cones (contained in Q™ or Z™) generated by m linearly independent
elements. Hence we focus our attention on this case. Let q1, ..., ¢, be m elements of Z™ linearly
independent over Q and let

Y={Y Mgl LeQ 0<r<1{nz" (7)
i

We can define a sum on the set Y, in the following way. If a = Y ,Aiqsand b = ), uq; are
elements of Y, we set: a +v b = > {A; + u;}g;, where {x} denotes the fractional part of x. Since
a+b=>3;(ki+ udgi = Y_;(ni + {A + wi})qi, where n; € N, we have that indeed a +y b € Z™. It is
not hard to check that:

Proposition 14. The set Y, endowed with the above operation +v, is a finite abelian group. Moreover, it
is isomorphic to Z™/(q1, - - - , Qm)-

Proof. Lety : Y — Z™/(q1, ..., qm) be defined by: ¢(a) = [a]. It is easy to see that ¥ is a group
isomorphism. O

We can use this last isomorphism to compute explicitly the elements of Y, i.e., the integer
elements of the set {Zi Aigi | M EQ, 0< A < 1}. Let Q be the matrix whose columns are the
vectors qq, . . ., . It can be put in Smith normal form, i.e., we can compute two nonsingular integer
matrices, U; and U,, such that UQU, = diag(d,...,d,), where dq,...,d, € N are such that
dy | dy,...,dy_1 | dy. From this, it follows that:

ZU/ar, ., Gm) = Z/(d1) @ -+ - @ Z/(dm),

and the columns of Ufl give generators of Z™/(q1, .. ., qm), or of Y, as an abelian group (the first is
of order dy, ..., the last is of order d,;). The above construction allows us to describe explicitly the
elements of the group Y. In particular, if C’ € €7, then Y(C’) is a finite abelian group, whose elements
can be described according to the above procedure.

Summarizing the claims of this section we have:

Theorem 15. Given a term order <y on Z" and a module M C Z" of rank m, we can construct a finite set
of vectors {p1, ..., px} in Pr(Z™) and a collection ] of m-tuples of indicesj = (j1, . . - , jm),Ji € {1, ..., k},
such that:
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(1) to each j € ] we can associate a finite group Y; obtained from the vectors p;,, ..., pj, asin(7);
(2) a Grébner basis of M w.r.t. the term order <y is given by the image, via the map F, of {p1, ..., pk} N
Pr(Z™) and of suitable elements of Y; N Pr(Z™),j € J.

Ideally, the suitable elements mentioned in the theorem should be those minimal w.r.t. , because
the corresponding Grébner basis of M would be minimal. But a (big) Grébner basis is also obtained
just taking the whole Y; NPy (Z™), for everyj € J. An intermediate Grébner basis is obtained, if suitable
element is intended to mean minimal w.r.t. <, that is, belonging to the appropriate Hilbert basis. In
our view, an interesting feature of the theorem lies in the fact that each set Y; can be investigated by
means of an algebraic structure. Unfortunately, we have been unable so far to exploit such a structure
in a satisfactory way. We have only gotten partial results in some special cases.

4. An example and some remarks

Let us consider the submodule M of Z>, whose generators are:
a=2,1,3,-3,-1), a, = (0,5,2,-3,0), a; =(0,0,4,-1,9).

We want to compute a Grébner basis of M w.r.t. the term order given by the matrix:

1 1 0 0 O
2 01 00
Vv=] 3 0 0 1 O
4 0 0 0 1
2 0 0 0O

The order induced on Z> (or Q3) by V is given by the matrix T, which is obtained from AV by taking
the first three linearly independent columns, i.e.:

-1 2 1
T = 4 0 5 ].
26 0 O

The planes, defined as in (1), are: Iy, ...,Ils = 2x,5y + x,4z + 2y + 3x, —z — 3y — 3x,9z — x. Let
F(x,y,z) = (2x, 5y +x, 4z + 2y + 3x, —z — 3y — 3x, 9z — x). The set W, formed by the vectors which
are generators of the cones, is given by the vectors:

0,0,1), (0,2,-1), (0,1,-3), (0,1,0), (20, —4, —13),
(5, —1,-12), (45, -9,5), (10, -9, —3), (18, —31,2), (27, —28, 3),

and by their opposites. We denote these ten elements by qy, . . ., 0. In order to compute the set € of
the cones which cover Q3, we have to compute the signs of F(q) for all ¢ € W. For instance, the signs
of F(qy) are (0, 0, +, —, +), those of F(q4) are (0, +, +, —, 0), hence g, and g4 are tied. The signs of
F(q;) are (+, 0, 4+, —, 0), hence g1, q4 and g7 are tied as well. Moreover, this latter set is maximal. The
collection of all the maximal cliques (as given by the Bron-Kerbosch algorithm) is:

{ql’ qa, q7}7 {qlv qa, —q6, —qs, _qg}v {qlv q7, 910, _q3}’ {q1! —(qs, —CIG},
{42, 43, g5, g}, {q2, 3, —q9, —q10}, {92, 44, G5, 47}, {92, 44, —q9}, {43, g6, —q1},
{q3, —q1, —4q7, —q10}, {45 g6 48}, {a5, G7, ds, —q10}, {ds. s> 49, —q1, —q4},
{5, 99, —q10}, {99, —q10, —G2, —q3}, {qo, —q2, —qa}, {—q1, —qa, —q7},
{_QZs —q3, —(s, _qG}a {_q27 —dq4, —(s, _q7}! {_an —(s, _qS}s
{—45. —q7, —qs, —q10}, {—qs, —q9, —q10}-

Some of these cones (such as the first one, for instance) are already contained in P;(Z?). Other cones
(suchas {gs, g3, qs, gs} and {—q1, —qa, —q7}, for instance) have all their generators outside of Py (Z3),
and hence we do not need to consider them. Further cones (like {q3, —q1, —q7, —q10}, Say) are not
contained in Pr(Z?), but do have a nontrivial trace in it, which has to be computed. For instance,
the trace of {q3, —q1, —q7, —Q10} in Pr(Z3) is the cone generated by: —qio, (—74, 79, —15) and
(=36, 17, —4)).



1306 G. Boffi, A. Logar / Journal of Symbolic Computation 47 (2012) 1297-1308

Finally, we need to decompose the cones of P;(Z3®), which are generated by more then 3
vectors, into cones with precisely three (linearly independent) generators. For instance, the cone
{91, 94, —9s, —qs, —qo} can be split into the following three cones: {q1, q4, —qs}, {94, —qs, —qg} and
{q4, —qs, —qo} (clearly, there are other possible choices).

In order to express all the cones thus obtained, we need to add five more vectors to the listqy, . . ., q1o.
Namely: q11 = (74, —79, 15), q1» = (—36, 17, —4), q;3 = (130, —26,9), q14 = (0, 13, —2) and
g15 = (18, —41, 7). The set C;. of cones with 3 generators, able to cover Pr(Z?), is summarized by
the table in Fig. 1. Let us see an example of computation of the generators of the group Y (C). Take for
instance C = C;, whose generators are —qs3, —(s, —(s. The Smith normal form of the 3 x 3 matrix,
whose columns are the three vectors above, yields:

0 -20 -5 0 -1 0 1 0 O 1 -4 -1
—1 4 1 )= -1 0 0)J-{0 5 0])-{O 4 1].
3 13 12 3 -4 -1 0 0 35 0 -3 -1

From this equality we get that:
Y(G7) = {1 (0, —1,3) + (20,4, 13) + v(=5,1,12) |0 < A, u, v < 1} N Z3

is (isomorphic to) the group Zs @ Zss. Moreover, let y; = (—1,0,4) and y, = (0,0, —1) be the
last two columns of the matrix which multiplies the diagonal matrix diag(1, 5, 35) on the left. If we
express y1 and y, as linear combinations of —q3, —qs and —gg, the corresponding weights A, u, v are
recorded by the triplets x; = (1/5, 1/5,2/5) and x, = (0, 1/35, 31/35), respectively. x; and x, are
the generators of Y (C7); the former has order 5, the latter has order 35. Therefore

Ve — i i 2 31j
(7)—-{{5}(—q9—%{5-+35}(—%)+—{5—%35](—q0},

where it is enough to takei =0, ...,4andj =0, ..., 34.

In conclusion, a Groébner basis of the module M is already given by the generators of the cones, and
by those elements of each of the groups of Fig. 1, which turn out to lie in Pr (Z™). A smaller basis is given
by selecting in each group the elements lying in Pr(Z™) and minimal with respect to < (they relate
to the appropriate Hilbert bases). A minimal Grobner basis is given by further selecting the elements
which are minimal with respect to . Just to give an idea of the huge selection process that can take
placae, we record that a minimal Grébner basis of this example is given by the following 29 vectors
of Z°:

(-1,0,0) (-1,1,0) (0,1,0) (0,-1,1) (-1,0,1) (0,0,1)
1,-1,1)  (1,-2,1) (2,1,1) (2-3,1) (2,-2,1) (3,-4,1)
(3,-3,1) (4,-51) (4,-41) (-5,6,-1) (5-51) (-6,6,-1)
(-5,6,-1) (5,-5,1) (-6,6,-1) (6,-5,1) (-7,6,-1) (-7,5,-1)
(7,-4,1)  (-8,5,-1) (8,-4,1) (-9,5,-1) (9,-4,1)

Several different strategies can be devised to reduce the number of elements. For instance, given
C € G, we can try to use the group structure of Y (C) to collect the minimal elements of the cone P(C)
with respect to the partial orders. A good selection strategy is clearly crucial if we want to improve the
efficiency of the algorithm. At this stage, we are nowhere near competitive with algorithms such as
4t1i2 (see4ti2 team,0000), which is based on Hemmecke and Malkin (2009), or Normal iz Bruns et al.
(0000), which already deals with Hilbert bases via triangulation and enumeration of the fundamental
parallelotope. And even if we find a good selection strategy, and streamline the whole procedure, it is
not clear whether the end result is competitive. Nevertheless, since the knowledge of a Grébner basis
of a Z-module, and hence of a saturated pure binomial ideal, although far from minimal, is sufficient
to solve several computational problems, such as the membership problem, it could be interesting to
see how to use the peculiar structure of the Grobner bases of Theorem 15 in order to decide some
of those problems, e.g., whether a polynomial belongs to a binomial ideal. As a further comment,
we note that there are submodules of Z" (which come from special classes of binomial ideals) for
which the hyperplanes given by (1) have many symmetries, so that the construction of the cones can
be simplified. Use of symmetries has already proven effective in the literature, see for instance the
recent (Bruns et al., 0000).



G. Boffi, A. Logar / Journal of Symbolic Computation 47 (2012) 1297-1308

cone generators abelian group group generators
G q1, qa, q7 Zsgs (9 i
G g4, 91, —Ge Zs g g» §)
G 4a, —Gs, —(qs Zaos (3, T
@ 4, —qs, —qo L34 3 )
Cs q1, —q3, —Gs Zs 0. 2.3)
G —q3, —q2, —qs Zs @ Zyo G35 (5 3 3)
G —q3, —qs, —qs Zs @ Zs3s .12, 0, 5.3
Gs —0s, —G6, —qs Z3s5 ® Z3s % ;g, 35) (§;‘ ;5, 0)
G | —as, —q9, —q1o Z37 © Lz (35.0.3). (32, .0
Cio | —G10. —q11, 12 Ze1 ®Ze1 | (g 51 61) (61, )
Cin G4, —qo, —q15 Zyo 3.8, %
Ci2 qs — q15, q14 Z3s %, Z E)
Ciz | —G2, 15, —Gua Zo ©® Zas =1 15) (5.0, 5)
Cia | —q9, —G10, —q11 Z2s7 2, 22, %
Cis | —Q9, —q11. —q15 Zsss0 L oo
Cis s, 97, q13 Zoas i,8 4
Ci7 da, 413, G14 Z3eo B2
Cis 47, q13, —q12 Z4g ® ZLag (35:0. 33). (0, 5. 33
Cio —q2, —q3, Q11 Zs7o 2, 5570
Cao —qz2, 411, 415 Za116 & %, %
Gi | —2.—05. =13 | Zo®Ziso | (5.3.9. 2. 1575 397)
G | —G2, —G13, —q1a Za170 2,55, 23
Gz | —Gs, —Gs, —q1o Z1295 = 2. 1)
Ga | —Gs, =G0, q12 Lgss7 3 T
Gs | —Gs, G2, —q13 Z18326 (3. o 75335)
Ca6 q1, 97, —q12 Zam G. 5 5)
G q1, —q12, 911 L1586 (£, 18538567 )
Cas q1, q11, —q3 L4 (0,33, )
Fig. 1. An example.
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