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Abstract

In this work, we discuss thenferaction between anti-symmetric rank-tvemsor matter and topological Yang—Mills fields.
The matter field considered here is the rank-2 Avdeev—Chizhov tensor matter field in a suitably eNendeiSUSY. We
start off from theN; = 2, D = 4 superspace formulation and we go over to Riemannian manifolds. The matter field is coupled
to the topological Yang—Mills field. We shovdt both actionsre obtained ag-exact forms, which allows us to express the
energy—momentum tensor @sexact observables.
0 2004 Published by Elsevier B.@pen access under CC BY license.

1. Introduction

Topological field theories such as Chern—Simons aRety®e gauge theories probe space—time in its global
structure, and this aspect has a considerable relevance in quantum field theories. On the other hand, there is a gree
deal of interest in anti-symmetric rank-2 tensor fields that can be put into two categories: gauge fields or matter
fields. Some years ago, Avdeev and Chizhov [1-3] proposed a model where the antisymmetric tensor behaves as ¢
matter field.

In a recent work [4], Geyer and Milsch presented a fdation, until then unknown in the literature, which is a
construction of the Avdeev—Chizhov action described in the topological formalism [5]. This was b ferl
and generalized foN7 = 2. Known the properties of the anti-symmetric rank-two tensor matter field theory, also
referred to as Avdeev—Chizhov field [6], its supersymmetric properties and characteristics are presented in Ref. [7];
following this formalism, we shall write down this action in superfield formalism, in the way presented by Horne
[8] in topological theories, as a Donalih—Witten topological theories [5,9].
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Our goal in this work is to discuss the interactionveen matter and topological Yang—Mills fields as presented
by Geyer—Milsch [4] forN7 = 1 and Ny = 2. The matter field considered here is the rank-2 tensor matter field
formulated in terms of a complexeK-duality condition [6]. Thus, we nowrite this field asan anti-symmetric
rank-two tensor matter superfield My = 2-SUSY in the superspace formalism, discussed also in [7]. The matter
field is coupled to the topological Yang—Mills connectionrheans of the Blau—Thompson action. We express the
Yang-Mills superconnection as a 2-superform in a sugasvith four bosonic space—time coordinates and two
fermionic dimensions described by Grassmann coordinatel then construct the action in a superfield formalism
following the definitions by Horne [8]. Next, we go over to Riemannian manifolds duely described in terms of
the vierbein and the spin connection, where we take the gravitation as a background. We introduce and discuss
the Wess—Zumino gauge condition induced by the shift mypemetry, better detailed in [10]. Finally, we arrive
at a topological-invariant action as the sum of the Avdeev—Chizhov's action coupled to the topological super-
Yang—Mills action; both actions are obtained@sexact forms, and the energy—momentum tensor is shown to be
Q-exact.

2. The Ny = 2 superconnection, supercurvature and shift algebra

Let us now consider the Donaldson-Witten theory, whosespf solutions is the space of self-dual instantons,
F = xF. To follow our superfield formulation, we shall proceed with the definition of the action of Horne [8] and
Blau—Thompson [13,14]. Th¥; = 2 superfield conventions are the ones of [10]. The superfields superconnection
and its associated superghosts are given as below:

A=AT,, € =CT,with [To, Tp] =i fup“Te. (2.1)

Before the presentation of our superaction formulation, we provide a few results regarding our conventions
on the Grassmann coordinates. Thus the topological fermionic indexd, 2, is lowered and raised by the
anti-symmetric Levi-Civita tensor;;, ¢!/, with ¢12 = —g1, = 1. The#-coordinate definitionst! = ¢!/6,,

0; = ¢e7;67, and the quadratic forms are:

1 1
02=0"0; = — ="' 92, 0,0 = —¢1,6°,
2 2
with e;xeX7 = ;7. The derivatives are:

9 9
ol =2 and a,67 L', 2.2)

9y = —, =
I'= %301 30,

We still have the integration definition, such thja#6’ Qef d7. This result is applied to a superfunctigtix, ), so
that the volume element 92 f (x, 0) = /d29 f(x,0)= %8l'la[ajf(x, 0). A superfield in the topological theory
of Witten’s type obeys the equatio®; F(x, 6) Def 01 F(x,0).
We start our topological SUSY formalism by expanding the superforms (2.1) in component superfields; we
have:

A=Ay, 01+ Er(x,, 00 do!,  C=C(xy, 60", (2.3)
with 7 =1, 2; in component fields, it comes out as below:
1
A(x,0) =a(x)+ 60"y (x) + Eeza(x), (2.4)
1
Er(x,0) = 1 (x) +0'¢1(x) + 50701 (x), (2.5)

C(x,@):c(x)+9’c1(x)+:—ZLOZCF()C). (2.6)
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The associated supercurvature is defineffasdA + A2 = F + W, do! + @, do! d9’, whose components read
as follows:

F=f—60'D,y; +%92(Daa+ %8”[%,%]), (2.7)
W =1+ Daxs + 0" (e150 — 0" Dapry + 07 Wy, x11) + 0 (; alll — %8 Yk, b1s]1+ %[Ol, XI]),
(2.8)
Q5= %{4511 s+ [ xs1+ 05 (exmy +esxns + [xr. ok + [$1k. x41)
+ %ez(m, 1+ [0 xs) = s“[qsm,m])}, (2.9)

where f = da + a2 and the covariant derivatives in being given byD,(-) = d(-) + [a, (-)]; the symbol(-)
represents any field which the derivative act upon. This formalism Mjth= 2, it can be found as an example in
the work [11].

The SUSY weight is defined by attributingl to 6. Thus, the supersymmetry generatc@s exhibit weight 1.
The BRST-transformation of the superconnection (2.34s= —dC — [A, C] = , and, in component
superfields, it is given by

sA=—dC —[A,Cl=—-DsC, sE;=-8,C—[E;,Cl=—-D;C, sC = —C% (2.10)

the supercovariant derivative iéA = D4 +d0!D;, whereD; () =3;() + [E, ()]
The supersymmetry transformations or shifmmetry transformations are defined as:

01A=0/A, Q/E;=0/Ey,, 0;C=9,C. (2.11)

Next, we believe it is interesting to introduce and discuss a sort of Wess—Zumino gauge choice associated to the
shift symmetry above, which is the topological BRST-transformation. The Wess—Z#iganige seen in [10,12],
is here defined by the condition

=0 and ¢;=0, (2.12)

due to the linear shift in the transformations (2.11) for scalar figidsand ¢;; respectively, with parameters
given by the ghost fields,; andcr. There exists now only the symmetric fieg; 7y, that we write from now on
simply as¢; ;. This condition is not SUSY-invariant undé;, and it can be defined in terms of the infinitesimal
fermionic parameter’ as:Q = ¢! Q;. This operator leaves the conditions (2.12) invariant, and it is built up by the
combinations o with the BRST-transformations in the Wess—Zumino gauge, such that

0=+ erpy, cpmtern, (2.13)
The results in terms of component fields are displayed below:

Qa=—Dac+e€ Yy, Oy =—lc, V11— €' Dagry + €,

Qo =—[c,al+e" eX[pp, v,1 - :—LG "Dany, ¢y =—lc,¢1s1+ %(6177/ +eni,

Onr=—Ilc,ni]+e'Ke M[¢JM,¢>11<] Oc=—c?+elel¢yy, (2.14)

2 This name is given since we are dealing with a linear gauge and scalar ghost field.
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in agreement with the transformation found in the works of [14,15]; the nilpotency reads as

(Q)zozad)”’ (215)

that is, an infinitesimal transformation @f ;. With the result of the previous section, we are ready to write down
the Blau—Thompson action, which is the ineari Yang—Mills action for the topological theory.

3. The Blau—-Thompson action

The associated action fo¥; = 2, D = 4 is the Witten’s action [8,15,16], described Ay = 2 by the Blau—
Thompson action [13,14], with gauge completely fixed in terms of the superfield. For the construction of this
action, we need a Lagrange multiplier that couples todpelbgical super-Yang—Mills sector, so as to manifest its
self-duality: F = xF. We then define a 2-form-superfield Lagrange multiplier, with the property of anti-self-duality
and supergauge covariank = —[C, K], such that

I 1 2
Kx,0)=k(x)+0"k;(x)+ 50 K (x).

We still wish a quadratic term in the last component fieldkof For that, we still need a 0-form-superfield to
complete the gauge-fixing fa¥;, which is defined as:

1
Hi(x,0) =hy(x)+0"hy(x)+ 59201()0- (3.1)

To fix the super-Yang—Mills gauge, we define an anti-ghost superfield fdaeing a 0-form-superfield and their
Lagrange multiplier

C(x,0)=c(x)+01¢(x) + %ezaF(x), B(x,0) =b(x)+ 0 b;(x)+ %92,3():). (3.2)

Their BRST-transformations as& = B, s B = 0. Therefore, the complete Blau—Thompson action in superspace
takes the form

SpT = /d29 VETK % F + (K x DiK + &' HiDp %Wy +5(Cd x A)}, (3.3)

with ¢ being constant angl is the background metric of the Riemannian manifold.
In the next section, we shall discuss the Avdeev—Chizhov action in a general Riemannian manifold with the
same background metric.

4. Tensorial matter in a general Riemannian manifold

To couple the theory above to the Avdeev—Chizhov model, we start by describing the Avdeev—Chizhov action
through the complex self-dual field [6], initially written in the 4-dimensional Minkowskian manifold, whose
indices arem, n, .... We write this action, according to the work of [6], as

Smaner=/d4x{(D’”<pmn)T(Dp<p””) +q(pt,0" 0™ 0} 4.1)

Here,q is a coupling constant for the self-interaction, and the covariant derivBfj\g,, = 3" @mun — [@", @mn];
a™ is the Lie-algebra-valued gauge potential and we assppneto belong a given representation of the gauge
groupG. This action is invariant under the following transformations:

dg(w)ay, = Dy, 3G (@)Pmn = Pmnw, Sg(a))(p,:rm = —axp;;n, (4.2)
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with ¢ given by

Omn = Tyn + i’fmn» (43)

which exhibit the propertieg,, = i Gmn, Gy = —@mn, Where the duality is defined b, = %emnpqwl’q.

To formulate this theory on a general Riemannian manifold as a topological theory, Geyer—Miilsch [4] rewrite
it in a four-dimensional Riemannian manifold, endowed of the vierbgthand a spin-connectioa);”, i.e., the
tensorial matter read gs,, = e, e," ¢mn, Where the action (4.1) is given in terms of thg, and<pl‘:v now. In this
4-dimensional Riemannian manifold, we find the following properties:

mn m, n m, n_uv mn m, n
\/gg;wpkg pqze[u €y e,opek]q’ € €y gt =n"", €u €y Nmn = Zuv- (4.4)

The covariant derivative in the Riemannian matdfis now written in terms of the spin-connection:
V=D, +w,, (4.5)

where o, = %wﬂ’"”amn, being o,,, the generator of the holonomy Euclidean gro8p(4), also we have:
D, = (D), wherea, is the Yang—Mills connection.

5. Supersymmetrization of the Avdeev—Chizhov action

From now on, we can write the action (4.1) in a Riemannian manifold in terms of superfields, mentioning the
conventions of the works [8,10]. The superfield that aeowdates the rank-two anti-symmetric tensorial matter
field is similar to the one defined in [7], being now expressed as a linear fermionic supermultiplet. This is defined
as a rank-two anti-symmetric tensor in the 4-dimensional Riemannian manifold, with the topological fermionic
index, I, referring to the topological SUSY index:

1
S0, 0) =1L, () + 07 9 (x) + EGZCJU(X), (5.1)

where g, (x) is the Avdeev—Chizhov field. The supermanifold is composed by Riemannian manifold and the
N7 = 2 topological manifold.
The superfield is defined under the SUSY transformationsg,,,; = 3; X,,»7, and in components:
QI)"/LVJ =E€1JPuv, Ql@/w = _glwl, Qlclwl =0. (52)

Based on the work of Ref. [6], we rewrite the BRST-transformations, referring the non-Abelian Avdeev—
Chizhov model. We wish to write the BRST-transformatimr a supergauge transformation, generalizing the
transformations for the Avdeev—Chizhov fields, according to

s(zLy=ic(zl),  s(zL) =ic(zl)". (5.3)

Iy v v

The superderivative of (5.1) is covariant under the BRST-transformation. This new covariant derivative reads as
below:

1
Du() = Da)p () +0u () = V() +0 W1 4, (O] + Eez[aw O,
according to (4.5), this yields
s(Du%),)=C(D,%),) and s(D;%;,)=C(D1%},),

where we have chosen hesey, = 0.
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By now performing BRST-transformations on the components that survive iN‘the 2 Wess—Zumino gauge
(2.13), we find:

Ohpwr =€ es1@uy +ichur, QM =eles gl —icil ).
Oy =icouy+i€' G +ic'grsnl,.  Opl, =—icol, —ie'c)  —iel gl
OCuvr =icluvr — i€’ drrou +ie’ nyhur, Qé“;,,l = —iCC:v, + i€J¢11<PZV - iEJT?MLv,, (5.4)

in agreement to (2.15).

We build up rank-two anti-symmetric tensorial matter field in a superspace formulation, leaving the superfield
with the same properties as shown in [7]; this is invariant under gauge transformations (5.4) and SUSY
transformations. The total action is finally expressed by the equation that follows:

$nc = [ 0 Gl (D7) (Py5720) + g6 e (50) DX (5 (21) Dk )], (6:5)

whereg is a quartic coupling constant. It is invariant under conformal transformations.

Therefore, the total gauge-invariant action can be writtergs+ Sgt. We could also have replacégr by
the super-BF action described in the work of Ref. [11].

The Q-exactness of the total action above is also truefpr= 2 SUSY, as in [4]; this iso because the fermionic
volume element reads @ « 010>, which means the exactness in the char@esQ> of this action. This proof
is true for Ny = 1 and it can be extended to a gene¥al, as it can be seen in the works of Ref. [10], where the
total action is alsa-exact. According to Blau—Thompson in their review [17], the energy—momentum tépsor
is alsoQ-exact,

2§
0= {016,010 = 01 —= =
ensuring the topological nature of the theory, where talgust use the Avdeev—Chizhov kinetic term, because
the interaction term carries the coupling consianihich is irrelevant for the attainment of the observables of the
theory [4].

(SBT + SAc)10) = (0] Q70 [0), (5.6)

6. Concluding remarks

The main goal of this Letter is the tlement of a topological superspace formulation for the investigation of
the coupling between the rank-two Avdeev—Chizhov matter field and Yang—Mills fields. It comes out that the stress
tensor isQ-exact. This opens us the way for the identification of a whole class of observables that we are trying to
classify [19].

It is worthwhile to draw the attention here to the shift symmetry that allows us to detect the ghost character
of the Avdeev—Chizhov field. On the other hand, it is known that there appears a ghost mode in the spectrum of
excitations of our tensor matter field [1]. The connection between these two observations remain to be clarified.
The fact that the Avdeev—Chizhov field manifests itself as a ghost guides future developments in the quest for a
consistent mechanism to systematically decouple the unphysical mode mentioned above.

We are also trying to embed the tensor field in the framework of a gauge theory with Lorentz symmetry breaking
[18]. We expect that this breaking may identify the right ghost mode present among the two spin-1 components of
the Avdeev—Chizhov field.

A relevant question which remains to be answered concerns the eventual appearance of new topological
observables, once the Avdeev—gibv matter field is coupled to the Yang—Mills sector. In this coupled model,
an inspection of the Witten’s descent equations would reveal the emergence of new observables, which would give
even more legitimacy to the coupling we have written down. We should seek, in the Avdeev—-Chizhov sector, a
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BRST-invariant field which would correspond to th@maldson—Witten theory. This is the subject of a present
investigation and it will be reported on in a forthcoming paper [20].
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