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Abstract. Given a strict Lie 2-algebra, we can integrate it to a strict Lie 2-group by inte-
grating the corresponding Lie algebra crossed module. On the other hand, the integration
procedure of Getzler and Henriques will also produce a 2-group. In this paper, we show
that these two integration results are Morita equivalent. As an application, we integrate
a non-strict morphism between Lie algebra crossed modules to a generalized morphism
between their corresponding Lie group crossed modules.
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1. Introduction

Recently people have paid much attention to the integration of Lie-algebra-like
structures, such as that of Lie algebroids [7,9,27], of Loo-algebras [13,14] and of
Courant algebroids [17,19,24]. Here “integration” is meant in the same sense in
which a Lie algebra is integrated to a corresponding Lie group.

For an Ly-algebra b, there is an infinite dimensional Kan simplicial space [
constructed in [13,14], whose k-cells are given by L..-algebroid morphisms 7 A% —
h. Applying to a strict Lie 2-algebra b, the 2-truncation 72(f h) is a 2-group which
is believed to be the universal integration of b.

On the other hand, a strict Lie 2-algebra (resp. strict Lie 2-group) one-to-one
corresponds to a Lie algebra (resp. Lie group) crossed module. Thus, a strict Lie
2-algebra can be easily integrated to a strict Lie 2-group by integrating its corre-
sponding crossed module. In this article, we prove that these two integration results
are Morita equivalent. Already noticed in [4], the classifying Postnikov data of Lie
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2-algebras is the quotient Lie algebra in degree 0, a choice of Lie module and
of a corresponding 3-cocycle. When the Lie module structure is trivial, as in the
case of string Lie 2-algebra, the above Morita equivalence may be implied via a
homotopy theoretical method (see [11, Section 4.1.3]). Our article further provides
an explicit Morita morphism generally regardless the triviality of the Lie module.
We must warn the readers that we treat finite dimensional case only because we
need to use the fact that the second homotopy group of a Lie group is trivial, and
this is true only in the finite dimensional case.

As Lso-algebras and their integration play an important role in higher gauge
theory [5] and higher Chern—Weil theory [11], we believe our explicit construction
will have potential application in mathematical physics.

As an application, we use the above result to integrate a nonstrict morphism
between strict Lie 2-algebras to a generalized morphism between their strict Lie
2-groups. We must mention that an integration of such morphisms is also provided
via the technique of butterflies in [20]. Here we also provide some mathematical
physics oriented examples of such morphisms: they can encode 2-term L,-mod-
ules of g in the sense of [16], or equivalently, 2-term representation up to homot-
opy in the sense of [2], non-abelian extensions of g, and up to homotopy Poisson
actions of g in the sense of [21]. Further application of the integration is provided
in [23].

2. Equivalence of Integrations

For an Lo-algebra b, there is an infinite dimensional Kan simplicial space [ h con-
structed in [13,14],

b= HOmd.g.c.a.(/\.([])a Q°(Ap).

Here we remind the readers that A®(h) has a natural differential graded commu-
tative algebra (d.g.c.a.) structure which generalizes the Chevalley—Eilenberg com-
plex for a Lie algebra. It is shown in this paper, that when § is a Lie algebra,
the one-truncation 7y(fh) is exactly the nerve of the simply connected Lie group H
integrating b.

When § is a strict Lie 2-algebra corresponding to the crossed module b 4 ho,
the two-truncation tp(h) is a 2-group. On the other hand, there is another natu-
ral Lie 2-group corresponding to the integrated crossed module of Lie groups (see
Definition 2.6) H 9 Hy, where Hy and H; are simply connected Lie groups of g
and B respectively (for this integration see for example [23, Remark 3.7]). In this
section, we show the isomorphisms between these two 2-groups.

2.1. BACKGROUND ON L, ALGEBRAS

In this section, we briefly review the notions of L.-algebras and crossed modules
of Lie algebras. They both provide models for strict Lie 2-algebras.
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Lo-algebras, sometimes called strongly homotopy Lie algebras, were introduced
by Stasheff [25] as a model for “Lie algebras that satisfy Jacobi identity up to all
higher homotopies”. The following convention of Lo.-algebras is the same as Lada
and Markl [16].

DEFINITION 2.1. An Ly-algebra is a graded vector space L=Lo® L & ---
equipped with a system {l;| 1 <k <oo} of linear maps /; : AXL —> L with degree
deg(ly) =k — 2, where the exterior powers are interpreted in the graded sense and
the following relation with Ksozul sign “Ksgn” is satisfied for all n>0:

> DU sen(0)Ksgn(0) (i (Xo (1), - - - Xo (i)
i+j=n+1 o
Xo(i+1)s -+ s Xo(n)) =0, (1)

where the summation is taken over all (i, n —i)-unshuffles with i > 1.

If L is concentrated in degrees <n, we obtain the notion of n-term L ,-algebras.
A semi-strict Lie 2-algebra can be understood as a 2-term Lo-algebra. a strict Lie
2-algebra is a 2-term Lo-algebra, in which I3 is zero (see [4]).

DEFINITION 2.2. A crossed module of Lie algebras is a quadruple (b1, ho, dz, ¢),
where b and b are Lie algebras, df:h; —> bg is a Lie algebra morphism and ¢:
ho —> Der(h;) is an action of Lie algebra hy on Lie algebra h; as a derivation,
such that

di(pu(m)) =[u,dt(m)]py.  Pdrom(n) =[m, nly,.

Here Der(f;) is the derivation Lie algebra of h; with the commutation Lie bracket

['7 ']C'
The following result is well known.

THEOREM 2.3. There is a one-to-one correspondence between strict Lie 2-algebras
and crossed modules of Lie algebras.

For the precise relation between the operation /, and the Lie brackets [-, -1y, and
[-,-1p,» please see [23]. The key difference is that /;(m,n)=0, for any m,ne L1 =by,
and [m, n]y, =I>(dm,n)#0. On the direct sum ho @ by, there is also a Lie bracket
[-, -lpo@p,» Which is the semidirect product of the Lie algebra hy and the Lie alge-
bra by:

[u+m,v+nly,ep, =h, v)+bu,n)+bhm,v)+[m,nly,. (2)
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EXAMPLE 2.4. For any Lie algebra &, (£ Der(t), ad, Id) is a crossed module of
Lie algebras. We denote by {’id> Der(f) the corresponding strict Lie 2-algebra.

2.2. BACKGROUND ON 2-GROUPS

A group is a monoid where every element has an inverse. A 2-group is a monoi-
dal category where every object has a weak inverse and every morphism has an
inverse. Denote the category of smooth Banach manifolds and smooth maps by
Diff, a semistrict Lie 2-group is a 2-group in DiffCat, where DiffCat is the 2-cate-
gory consisting of categories, functors, and natural transformations in Diff. In the
sequel, all the Lie 2-groups are semistrict.

DEFINITION 2.5. A semistrict Lie 2-group consists of an object C in DiffCat
together with

e a multiplication morphism (horizontal multiplication) -, :C x C — C,
e identity object 1,
e an inverse map inv:C — C

together with the following natural isomorphisms::

e the associator
axyz (X ny)hz—>xh(yn2),
e the left and right unit
Ly:loyx—x, ryx-pl—x,
e the unit and counit
iy:1—xpinv(x), ey:inv(x) px—1,

such that the pentagon identity for the associator, the triangle identity for the left
and right unit, the first and second zig-zag identities are satisfied. We refer to
[3, Definition 7.1].

As pointed out in [3, Section 7], if the category C carries a semistrict Lie
2-group structure, then C must be a Lie groupoid. We denote the groupoid multi-
plication in C by -, (vertical multiplication).

In the special case when ay y ., Ic, 7y, ix, e, are all identity isomorphisms, we
obtain the concept of a strict Lie 2-group. It is well-known that strict Lie 2-groups
can be described by crossed modules of Lie groups.

DEFINITION 2.6. A crossed module of Lie groups is a quadruple (Hy, Hy, t, ®),
where Hy and H; are Lie groups, t: H —> Hj is a Lie group morphism, and ®:
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Hy x Hl — Hj is an action of Hy on Hj as automorphisms of H; such that 7 is
Hy-equivariant:

10, =gt (Ng~', VgeHy, heH, (3)
and ¢ satisfies the so called Peiffer identity:

gy (W) =hh'h~Y,  Vh,h'eH. )

The following result is well-known, see [3,12] for more details.

THEOREM 2.7. There is a one-to-one correspondence between crossed modules of
Lie groups and strict Lie 2-groups.

Roughly speaking, given a crossed module (Hj, Hy, t, ®) of Lie groups, the cor-
responding strict Lie 2-group has Co= Hy and C|= Hy x Hj, the semidirect product
of Hy and H;. In this strict Lie 2-group, the source and target maps s, t:C; —> Cy
are given by:

s(g,h)zg, t(g,h):[(h)g,
the vertical multiplication -y is given by:

(g, h)v (g, h)y=(g,h' -h), where g =th)-g, S

the horizontal multiplication - is given by:
(. h)n(g h)=(g-g h-Dg(h")). (6)

DEFINITION 2.8. Given two Lie 2-groups C and C’, a unital morphism F:C —
C’ consists of a smooth functor (Fy, F1):C —> C’ equipped with a 2-isomorphism

Fy(x,y): Fo(x) n Fo(y) —> Fo(x -h y),

such that Fy(1¢)=1¢ and the following diagrams commute:

e the compatibility condition of F» with the associator:

(Fo(x) -n Fo(y)) -h Fo(z) — Fo(x -ny) -n Fo(z) — Fo((x -ny)-nz) (7)

| |

Fo(x) -n (Fo(y) -h Fo(2)) —— Fo(x) 'n Fo(y nz) — Fo(x -n (y -0 2)),
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e the compatibility condition of F, with the left and right unit:

LRy T'Fy(x)
ler o Fo(x) ———— Fo(x) Fo(x) nlep ———Fo(x)  (8)

J{Id Fl(lx)T \le Fy (VX)T
P(lce,x

) F(x,1¢)
Fole) -w Fo) == Fy(le nx)  Fox)-n Fo(le) =% Fo(x - 1¢).

2.3. EQUIVALENCE OF TWO 2-GROUPS

Given a Lie algebra g, denote by Pg the usual C? path space in g and by P'g the
C? path space in g with a convenient boundary condition,

P%g={a:C*>morphism from[0, 1]tog| a(0)=a(1)=0, a’(0)=d’(1)=0}. (9)

Then both Pg and P%g naturally have a smooth structure of Banach manifold
because we choose C2 paths (see for example [27, Section 2]). From now on, when
not specially mentioned, all morphisms are of C2-classes.

The paths ag and a; are said to be g-homotopic and we write ag ~ ay, if there
exist C2-morphisms a, b:[0, 1]1** — g satisfy the following differential equation

Oib(t,s) —Osa(t,s)=la(t,s), b(t,s)]g (10)

with boundary value 5(0,s) =0, b(1,s)=0,a(t,0) =ag(¢t) and a(t, 1) =ay(t). This
is equivalent [8] to the fact that,

a(t,s)dt+b(t,s)ds: TI xTI —> g

is a Lie algebroid morphism and 5(0, s)=b(1, s)=0. The g-homotopy also restricts
to P%g (see [27]). Then the simply connected Lie group G of g is the quotient

6=/ ~=ra/~=n ([ 1),

(see [10, Section 1.13] for more details).
Next, we recall the construction ([14]) of the 2-group structure of ([ h) for a
strict Lie 2-algebra h. Let

Pih:={a: c? morphism [0, 1] — b}:{a:szorphism [0, 11— bo},
and

Pobi={(a.b.2):[0. 172 <2 b0 @ by @ 110, — dya =1 (a. b) +dz,
b(0,s)=>b(1,s)=2z(0,s)=z(1,s)=0}.

There is an equivalence relation ~ defined on P>h: (a°, b0, z%) ~ (a!, b', z!) if and
only if there are

(@,b,¢):[0,113 = by, (x,y,2):[0,17° — by,
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such that
atb_aYa:lz(aab)+dZa (11)
Orc—Oya=1Uh(a,c)+dy, (12)
Osc — Oyb=1(b, c) +dx, (13)
0uz =05y + 0 x=I(a,x) =l (b, y)+12(c, 2) (14)

with boundary conditions:

c(t,s,u), x(t,s,u), y(t,s,w);=0 orl,ors=0 or1 =0, z(t, 5, u)l;=0 or1=0,
and

at,s,00=a’ a(t,s, ) =a', b(t,5,0)=b", b(t,s, 1) =b", 2(1,5,0)=2, z(r, 5, 1) =2,
at,0,u)=a’(t,00=a'(t,0), at,1,u)=d"@, )=d '@, 1).

Then Poh/ ~= P1h is a groupoid with the source and target evaluation of a
on s =0 and s =1 respectively. Moreover the 2-group of ([ h) is exactly the
2-group structure on Prh/ ~= Pih with vertical multiplication the concatenation
with respect to the parameter s and horizontal multiplication the concatenation
with respect to the parameter 7. Later on we will give a reparametrized horizontal

multiplication (21) (22) (23) for convenience. However, we notice that reparametri-
zation will not change the class in Pb:

LEMMA 2.9. Given an element (a,b,z) € P,by and reparametrizations t; : [0, 1] —
[0,1], (a,b,z)~(a",b", z") € Pob, where

at(t,s)=t{(M)a(t1(t), 12(s)), b (t,5)=15()b(t1(1), 12(5)),
25 (t, 8) =11 ()15 ()z(T1 (1), T2(5)).

Proof. In general, elements in P,h are d.g.c.a. morphisms A®h— Q°([0, 11*")
with certain boundary conditions, and the homotopies ~ are d.g.c.a. mor-
phisms A®hH — Q°([0, 1]***D) with certain boundary conditions. We define  :
[0’ l]><(n+1) — [0’ 1]><n

htr, ..o tyg1) = (L =ty D Aty T (1)), -y (L=l D+ 1 Ta (1))

pulling back forms by % provides the desired homotopy. See also [8, Remark 3.10]
and [9, Lemma 1.5] for similar treatment. d

We first construct our equivalence with the help of a couple of lemmas.

LEMMA 2.10. Let (a,b,z)€ Pobh. Let Ab:[0,11*2 — by satisfy the following ordi-
nary differential equation

8 Ab=I(a, Ab) —z (15)
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with initial value Ab(0,s)=0. Denote b+dAb by 17 then we have

6;5—&(1:[61,5]50. (16)

Proof. The conclusion follows from:

Oyb — dsa—[a, bly, = 0;b+ 8 dAb — dsa — [a, bly, — [a, dAb]g,
=0,dAb+dz—[a,dAb]y,
=d(9; Ab+z—1(a, Ab)) =0.

|

Since Ab(0,s)=0, we have b(0,s)=b(0,s)+dAb(0, s)=0. But b(1,s)=b(1,s)+

dAb(1,s)=dAb(1,s) is not necessarily zero and this is exactly the obstruction of
a(—,0) and a(—, 1) being homotopic.

PROPOSITION 2.11. With the above notations, the concatenation of dAb(1, —) and
a(—,0) is homotopic to a(—, 1) in Phg, i.e. we have

dAb(1, =) ©a(—,0)~a(—,1).

where the concatenation © of two paths, a(t) and b(t) is defined as follows:

2'(1)b(r(21)) O0<t<1
a(t) ©Ob(t) = ' (17)
2t'(Ha(r(2t) 5 =<t=<1
with a cut-off function t:[0,1]— [0, 1] such that
7(0)=0, (H=1, '@)>0, Vrel0,]1]. (18)

Proof. Since we have 9;b — Oya =[a, b], there exists a family of paths, g(¢,s) in
the Lie group Hy such that

Dg(t,s)-g(t, ) L =a(t,s), dglt,s)-gt,s)" ' =b(t,s).

Since E(O,s):O, we know that g(0,s) is fixed. Since E(I,S) #0, g(1,s) is not a
constant path in Hy. So g(¢,0) and g(¢, 1) are not homotopic. However, it is obvi-
ous that the concatenation of g(1,s) and g(z,0) is homotopic to g(¢, 1) in the Lie
group Hy. Therefore, the corresponding ho-paths are hy-homotopic. |

LEMMA 2.12. Let §o and by be two Lie algebras, ¢:by—> Der(hy) a Lie algebra
morphism, i.e. Lie algebra Yy acts on Lie algebra by as a derivation. Let ¢: Hy—>
Aut(hy) be the Lie group morphism which integrates ¢, and h € Hy represented by
a(t) € Phy, i.e. h=[a(t)]. Then for any veby and v(s) € Phy, we have
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(1) gn(w)=w(1), where w(t) € Phy is the solution of the following ODE:

d
aw(t):(f)a(t)w(t)

with the initial value w(0)=v.
(2) ppv(s)=w(l,s), where w(t,s) is the solution of the following ODE:

Ow(t,s)=¢anyw(t,s) (19)

with the initial value w(0, s) =v(s).

Consequently, the corresponding group action of Hy on Hi, say ®:Hy—> Aut(H})
is given by:

O ([v()D =lppv)]=[w(, ). (20)

Proof. Let h(t):[0,1] — Hy be a path such that 2(0)=e, hA(1)=h and a(t) =
h(t)h(t)~!. Then, we have Da() =¢Jh(,)<p,:(}), which implies that ¢,) o ppe)(v) =
Ony(v). Take w(t) =pp(v), then w(z) satisfies the following ODE:

w(t) =danyw(t)

with the initial value w(0) = gp(0)(v) =¢.(v) =v. Obviously, ¢, (v) =¢x1)(V) =w(1).

This completes the proof of item (1). Item (2) can be proved similarly. O
a 4
For bigons e zﬂ e and e Zfﬂ e, which represent (a,b,z),

ajp ai{'

(a’,b", z) € P,b, respectively, assume that Ab and Ab' are the corresponding solu-

tions of (15) respectively. We reparametrized the concatenation with respect to 7,
+

aop o
namely the bigon of horizontal multiplication e zﬂ ° Zlﬂ e as
\_/
aj ai{'
a’(,2s), 0<t<l, 0<s<%
; aj (), 0<r<1, J<s<1
t,s)= ! 2 21
@ ao(t—1), 1<r<2, 0<s<3 @)
a(t—1,2s—1), 1<r<2, 1<s<1
267 (1, 2s), 0<r<l, 0<s<1
. 0 0<r<l1, 1<s<l
bi(t,5) = : == 2== 22
@) 0, 1<t<2, 0<s<1 22)
26(t—1,25—-1), 1=r<2, l<s<I,
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2:7(1,25),  0<r<1, 0<s=<}
0 0<r<l1, 1<s<1
i _ ) =t=1 7 =9 =
el9)= 0, l<r<2, 0=s=<l =
22(t—1,25-1), 1=<r<2, L <s<1,
and denote by Ab* the corresponding solution of (15).
LEMMA 2.13. With the above notations, we have
Ab*(2,5)=Ab(1,s)Ow(l,s), (24)
where w(t, s):[0, 11*? — by is the solution of the following ODE:
Orw(t, s) =l (ao(t), w(t,s)) (25)

with the initial value w(0, s)=Ab' (1, s).

Proof. We prove a more general formula:

s 00 AbT(2,s), 0<r<l
A - =
b¥(t, ) (Ab(t—l,s)@sw(t—l,s) 1<t<2.
When 0<r<1,
. 2AbT(1,5), 0<s<3%
Aab (t’s)_[ 0 I<s<L

Then, when 0<s < % Abi(t,s) satisfies (15) since Ab?(t,s) does; when %gs <1,
Ab*(t,s)=0 obviously satisfies (15).
When 1 <t <2, by straightforward computations, we have
O Ab* (1, 5)
=0;Ab(t—1,5) Oz 0wt —1,s)
= (2@ = 1,5), Ab( = 1,5) =21 = 1,5)) @y La(ao(t = D), wit = 1,5))
2D (ap(t — 1), w(r — 1, 2s)),
2h(a(@—1,2s—1),Ab(t —1,25s — 1)) —2z(t — 1,25 — 1),
=D(@*(t, ), AbH (1, 5)) =252, 9).

—_

- O

IA TA

2
1.

A TA

S
N
The last equality holds because when 1 <7<2, 0<s< % b¥(t,5)=0. 0

Define V¥ : P,h—> Hy X H; by

. ) = (lao], [Ab(1, 5)]), (26)
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in which Ab is the unique solution of (15) with the initial value Ab(0,s)=0. To
see that W, is well defined, for two elements (a°,b°,z%) and (a',b',z!) in Py
equivalent through (a, b, c, x,y, 2),

ao ao ao

we need to prove that Ab(1,s,0) and Ab(1,s, 1) are homotopic in the Lie algebra
h1. This follows from the next lemma.

LEMMA 2.14. Let (a,b,c,x,y,z) be as above. Let Ab, Ac: [0, 173 > b1 be the
solution of the following ordinary differential equations:

8 Ab=1I,(a, Ab) —z, (27)
OrAc=ID(a, Ac)—y, (28)

with the initial value Ab(0, s, u)=Ac(0,s,u)=0, we have

OsAc(1,s,u) — 0, Ab(1, s, u) =[Ab(1,s,u), Ac(1,s,u)ly, (29)
and

Ac(1,1,u)=0. (30)

Hence Ab(1,s,0) and Ab(1,s,1) are homotopic.

Proof. Denote b=b+dAb, c=c+dAc, by Lemma 2.10, we have

db —dsa=1a, by, (31
0;¢ —Oya=]a,cly,. (32)

Denote a=a, b=b+ Ab and ¢=c+ Ac. By (27) and (44), we have!

0ib—dsa=la, bly,+dz+1(a, Ab) -z
=la, E]hoéBhl +dz—z.

Similarly, we have
oic—0ya=]|a, Clyomh, +dy—y. (33)
Next we prove that

d5¢ — Oyb=1b, clyy@n, +dx —x. (34)

ISee (2) for the definition [-, Ipoen;-
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By straightforward computations, we have
O (aVE_ Oub — b, E]h()@b])

= 0,0,¢ — 0,0;b — [9yb, Clny@h, — [b, OrClyyon, (35)

=0; (8,,5—1— [@. clno@p, +dy — Y) —[0b, Clpo@n,
—u(0sa + (@, blpgep, +dz—2) — [b, iclpyes,

=0, Clygen, — [0:b. Clpgen, + (@, OsClyoen, +0s(dy —y)
—[0u@, byyon, — (b, Orclyyen, — @ Aublygen, — u(dz —2)

=[¢, dz —zlpyep, —[b, dy = Ylpeen, + (@, 95¢ — ub — [b, Clyyan, Inyan,
+0s(dy —y) — 9y (dz — 2). (36)

Meanwhile, we have

[c,dz —zlpy@p, =lc+ Ac, dz —zlpyeh,

:dlz(C7 Z) _lz(cv Z)v (37)
(b, dy —Ylpowp, =[b+Ab,dy — ylyeen,

By (37), (38), (36) and (14), we obtain that
9y (95¢ — 9ub — b, Clyy@p, — dx +x) =[a, s — Jub — [b, Tlyyah, — dx +x]gg@n, -
(39)
Since we have
(95¢ — 8ub — [b, Tlpy@p, — dx +x)],=0 =0,

by the uniqueness of solutions of ordinary differential equations, (39) implies (34).
Since b(1,s,u)=c(l,s,u)=0, we have

OsAc(1,s,u) =0, Ab(1,s,u) =[Ab(1,s,u), Ac(1,s,u)]p,.

By the initial value condition a(z, 1,u) =a(z, 1,0), for any u, since a =a, we have
oya(t,1,u)=0. By (33) and c(¢, 1, u) =0, we have

Oer, Luy=[a, 1,u), &(t, 1, u)lpoen, -
Since ¢(0, 1,u) =0, it follows that ¢(z, 1, u) =0, which implies that Ac(¢,1,u) =0
and thus Ac(1,1,u)=0. Therefore, Ab(1,s,0) and Ab(l,s, 1) are homotopic. O

Morita equivalence are defined for n-groupoids in an arbitrary category with a
certain Grothendieck pretopology in [30]. We adapt this notation to our situation:
a morphism F:C — C’ of Lie 2-group is a hypercover and denoted by F:C — C’,
if Fo:Co— C() is a surjective submersion, and the natural map

Ci— Ci XCéxC(/) Cox Cy
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is an isomorphism. Moreover, C and C’ are Morita equivalent, if there is another
Lie 2-group C” such that there are hypercovers C < C” — C’. A generalized mor-
phism between Lie 2-groups is a span of morphisms C < C” — C'.

With the above preparations, we have

THEOREM 2.15. There is a Lie 2-group Morita equivalence given by a morphism
(W, ¥, Uy =id):

P/~ &) Hy x Hy

ol w

Py —>  Hy,

where Wo(a(t)) =la(t)], which is the equivalence class of the path a(t) and Vi is
given by (26).

Remark 2.16. tHERE is an integration obstruction proved in [14], that is, the quo-
tient Ph/ ~ might not be representable as a Banach manifold unless a certain
obstruction class vanishes. In this theorem, we show directly (Proposition 2.18)
that 72([ b) is always representable.

We prove it by several steps.
LEMMA 2.17. The above morphism (Vq, V1, V>) is a 2-group morphism.

Proof. Obviously, (¥, V) respects the source and target maps. It is not hard

to see that (¥, ¥y) is a morphism with respect to the vertical multiplication. In
ap ap

PN VTN
fact, for e ﬂ o, o u o c sz, assume that Ab, AbP are the cor-
~_ Vv _~

ap ap
responding solutions of (15), respectively. By definition, we have

ap ag
VTN VRN
Wi(e \L o) yWVi(e \L o )= ([agl, [Ab (1, 5)]-[Ab(L, $)]).
ap aj

On the other hand, it is straightforward to see that Ab® © Ab is the solution
ag ag
of (15) for the bigon o<¢ e. Therefore, we have W;( o<¢ °)=

az az
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([ao], [Ab*(1, 5) ©® Ab(1, 5)]), which implies that

aop
/al‘U’\ /—1\ /—O\
%(-«Tw:w-\@/-)-vw-\@/-).

az aj
az

Next we prove that (W, ¥y) is also a morphism with respect to the horizontal
multiplication. By (6), we have

ap )
wl(-@-mwl(-/ﬂ\-)
ap T

a
= (lao), [AD(L, $)]) 'n ([613], [AbT(1,5)])
= (lao © a1, [Ab(1L, )] Gpag (1AL (1, 9)])),
where @ is given by (20), which integrates the action of hy on bj.

On the other hand, by Lemma 2.13 and Lemma 2.12, we have
t

ao dp
Wi(e ° o )=\lapOaqayl, [AL*(2,5)]
aﬂl Kﬂ/ (fwoss )

4
= (lao © ). [26(1, ) @ w1, 5)1)
= (1a0 @ af). [Ab(1, )1+ Pray ([AD' (1, 1))

which implies that

ap “3 ap “3
‘1’1(°®0®0)=W1(0/ﬂ\0)'h‘1’1(0®0),
ajg HI aj ai}'

i.e.,, Wy is a morphism with respect to the horizontal multiplication.
Finally, since the right-hand side of (40) is a strict 2-group and (W, ¥() pre-
serves the horizontal multiplication strictly, condition (7) reduces to

\I‘Jl (aa3,a2,a1) = ([(613 ®a2) Qal]v 1H1)

This holds obviously because ag; 4,4, being a reparametrization between (a3 ©
az) ®a; and a3 ® (ap ©®a;) must be a homotopy by [9, Lemma 1.5]. Similarly, con-
dition (8) holds.

It is clear that Wy sends any smooth path in Pf to a smooth path in Hy. More-
over, for a smooth family of homotopies (parametrized by u) A" =a"(t,s)dr +
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b"(t,s)ds, the solution Ab"(t,s) of (15) depends smoothly on u. Thus, both ®g
and ®; are smooth. O

PROPOSITION 2.18. The natural map

@ : Pob/ ~— Hy x Hy XgyxH, P1b x P1b,
[(Cl, b, Z)]f—) ([(l(_, 0)]7 [Ab]v Cl(_, 0)7 Cl(_, 1))

is an isomorphism.

We first remark that Pih= Phy and Hj is a quotient of Ph, thus Wy: Pih— Hj is
a surjective submersion of Banach manifolds. Thus this proposition will automat-
ically imply that P>/~ is representable and hence 72([h) is a Lie 2-group. The
morphism we demonstrate in last lemma will further be a Lie 2-group morphism.

Now we prove this lemma by constructing an inverse morphism. We notice that
the Lie group Hy=Ph;/~. Given an element (h, 11, ap,a;) on the left hand side,
we take a representative Ab(s) € P°h; of hi, then there are a(t, s), b(t,s) satisfying
ho-homotopy equation (16) and the boundary conditions as in Lemma 2.10. We
extend Ab(s) to a morphism Ab(z, s):[0, 11%% — b; such that

Ab(1,5)=Ab(s), Ab(0,5)=0, 8]—0Ab(t,5)=0,
Ohli=1Ab(1,5) =Dr(a(l,5), As)). (41)

Such extension always exists. For example, we take
Ab(t,s) =a(t)x(a(l, s), Ab(s)) + B() Ab(s), (42)
with ¢(0)=a(1)=B(0)=a’(0)=8'(0)=p'(1)=0, and o'(1)=B(1)=1. We take
7(t,8) :=h(a(t,s), Ab(t,s)) — O, Ab(t, s), b:=b—dAb.
Then
Ob—0sa—1(a,b) —dz=0, z(0,s)=z(1,5)=0, b(1,s)=b(0,s)=Ab(0,s)=0,
by construction. Thus we may define a map

¢ :Hyx Hy X goxHy P1hx Pih— P2b/~,  (lag, [Ab], ag, a1) — [(a. b, 2)].
LEMMA 2.19. The map ¢ is well defined.

Proof. If we take another representative Ab' € POh; which is equivalent to Ab
in P%h; via Ab(s,u) and Ac(s, u), that is

OsAc— 0O, Ab=[Ab, Acly,, Ac(0,u)=Ac(l,u)=Ab(0,u)=Ab(1,u)=0,
(43)
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and a; ~d(Ab) ®agy via a(t,s), b(t,s) and a; ~d(AbY) ®ay via al(t,s), b, s).
Since o (Hp) =0, there is no higher obstruction between hy-homotopies from being
homotopic, so (a(t, s), b(t,s)) and (al(t,s), b'(z,s)) must be homotopic via a cer-
tain homotopy

a(t,s,u), b(t,s,u), ¢t s,u) €ho.
with boundary conditions

a(t,s,0)=a(t,s), aflt,s, l)zal(t,s),
b(t,s,0)=b(t,s), b(t,s,1)=b'(t,s), bO,s,u)=0, b(l,s,u)=d(Ab(s,u)),
¢c0,5,u)=0, c¢(1,s,u)=d(Ac(s,u)), <, 0,u)=0, c(t,1,u)=0.

Now we repeat the construction of z(z,s) for each u, and we obtain z(t,s, u)
and b(¢,s,u) with correct boundary conditions satisfying (11). We need to show
that (a, b, 2)|u=0~ (a, b, 2)|y=1-

Firstly, by a similar method, we construct y(¢,s,u) and c(¢,s,u) with correct
boundary conditions? and satisfying (12). Then 9,6 — d,¢=Ic, I;]bo implies that if
we take

x(t,s,u)=I0(Ab,c)+1r(b, Ac) + 0, Ab — Oy Ac+ 1> (d(Ab), Ac),

we will have (13). The boundary condition x(0, s, u)=0 is obvious. The boundary
condition x(1,s,u)=0 is implied by (43). Implied by the boundary condition in
(43), the extension Ab(t,s,u) from Ab(s,u) according to (42) for each u satisfies
Ab(t, s, u)|s=0,1 =0. This implies the boundary condition x|;—9 1 =0.

By straightforward computations, we have

Oz — 05y + O x

=0y (l2(a, Ab) — 0, Ab) — s (I2(a, Ac) — 0 Ac)
+0; (I2(Ab, ¢) + 12 (b, Ac) + 0, Ab — O Ac +1>(d(Ab), Ac))

=1,(Oya, Ab) +1r(a, 0, Ab) — 0,0, Ab —1,(Osa, Ac) — Il (a, Oy Ac) + 0;0; Ac
+1 (0 Ab, ¢) +1r(Ab, Oic) +12(0ib, Ac) +1>(b, Oy Ac) + 0,0, Ab — 0,05 Ac
+1(0,d(ADb), Ac)+1>(d(AD), 0, Ac)

=1r(0,a — O;c, Ab) +1r(a, 9, Ab — O;Ac) +1,(0;b — Osa, Ac)
+1(0;Ab, ¢) +12(b, 0y Ac) +1(9,d(Ab), Ac) +12(d(Ab), O, Ac)

=—b(lx(a,c)+dy, Ab)+ 1 (a, 0,Ab—0;Ac) +1r(lr(a, b) +dz, Ac)
+1 (0, Ab, ¢) +1(b, 0, Ac) +1(0;d(AD), Ac) +1r(d(AD), J;Ac),

2This amounts to extend Ac(s,u) to Ac(t,s,u) such that Ac(t,s,u)lg=0 1 =0, Ac(0,s,u) =
0, Ac(1,s,u) = Ac(s,u). The boundary condition is a bit different than the case of Ab, however
with more information Ac|s—¢,1(s,u) =0 that Ac has than Ab, the same construction of extension
works.
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and

12(61» -x) —IZ(bs )’) +12(C7 Z)
=b(a,l(Ab,c)+ 1 (b, Ac)+ 0, Ab— s Ac+ 1> (d(Ab), Ac))
—l(b,lh(a, Ac) — 0 Ac) +1r(c, lr(a, Ab) — O AD).

Since [, satisfies the Jacobi identity, the condition (14) is equivalent to

—Iy(dy, Ab) +1y(dz, Ac) +1,(0,d(AD), Ac) + 1> (d(Ab), I; Ac)
—Ir(a,l(dAb, Ac))=0.

Compute directly, the left-hand side is equal to

—l(dlx(a, Ac), Ab) +12(d0; Ac, Ab) +1>(dlx(a, Ab), Ac) —1r(d0; Ab, Ac)
+1(0,d(ADb), Ac)+1r(d(AD), O, Ac) — I (a, l(dAb, Ac)),

which is equal to zero since I, satisfies the Jacobi identity. Thus, (14) holds. There-
fore, we have (a, b, 2)|,—0~ (a, b, 2)|,=1 through (a,b,c,x,y,7z). a

It is obvious that @ o¢ =id. To finish the proof of Theorem 2.15, we still need
to show that ¢ ow =id. Given an element (a, b, z) € P,b, since @w does not depend
on the choice of representative, we choose a convenient reparametrization such
that z(¢, s)|s=0,1 =0. Thus the solution Ab in Lemma 2.10 also has Ab(t, s)|s=0.1 =
0. Following @ then ¢, we first restrict Ab on =1, then extend it again to all ¢
by (42), thus we might end up with another Ab', with the same boundary value,
that is when either ¢ or s is 0 or 1. Thus Theorem 2.15 follows immediately from
the following lemma:

LEMMA 2.20. The map ¢ does not depend on the choice of extension with the same
boundary value.

Proof. We suppose that there are two such extensions Ab(z,s) and Abl(z,s). We
connect them by Ab*:=uAb+ (1 —u)Ab'. Then the corresponding b:=b —dAb
and b!':=b—dAb' are connected by b*:=b— Ab"; the corresponding z and z! are
connected by z":=1(a, Ab") — 0, Ab*. Now we take a(t,s,u)=al(t,s), b(t,s,u)=
b*, c=0,y=0,x=0,Ab", then it is obviously to see that (11), (12) hold. Equation
(13) is implied by the fact that b does not depend on u. Equation (14) is implied
by the fact that a does not depend on u. The boundary condition of x is implied
by that of Ab and Ab!. Thus (a, b, z)|,—o is homotopic to (a, b, z)|u=1. a

3. Application on Integration of (Non-Strict) Lie 2-Algebra Morphisms

Lie’s theorem II tells us that Lie algebra morphisms can integrate to Lie group
morphisms. As pointed out in [11, Def. 4.2.8] (and also easy to see), an Loo-
morphism between L.-algebras f:g— b induces a natural map [ f: [g— [b
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of Kan complex. Thus applying in the case of Lie 2-algebras, an L,-morphism
between Lie 2-algebras (also called non-strict Lie 2-algebra morphisms) f:g— b
can integrate to a 2-group morphism ([ f):72(f g) = ([ h). Combining with
our result, we have

COROLLARY 3.1. A4 non-strict Lie 2-algebra morphism f :g— b between two strict
Lie 2-algebras integrates to a generalized Lie 2-group morphism

(Gox G1=Go) <10 (/Q)MQ (/h);(HONHliHo),

between the corresponding (simply-connected) Lie group crossed modules.

Remark 3.2. 1t is fairly easy to integrate a strict morphism which consists of Lie
algebra morphisms f;:g; — b; preserving all crossed module structures. One only
needs to integrate f; individually as a Lie algebra morphism.

The integration of nonstrict morphism is also addressed in the context of but-
terflies [20]. Butterflies between crossed modules are believed® to be equivalent to
generalized morphisms between strict Lie 2-groups.

Finally, we call the generalized morphism above an integration of f based on
the fact that 7( ) should be considered as a canonical integration. However we
do not justify the concept of integration by the inverse procedure, namely differ-
entiation.

Now we concentrate on Lie 2-algebra morphisms from a Lie algebra to a strict
Lie 2-algebra. We will see that several interesting objects can be described by such
a morphism, including 2-term representations up to homotopy of Lie algebras,
non-abelian extensions of Lie algebras and up to homotopy Poisson actions.

We first recall an explicit formulation of L..-morphism that we will mention in
the examples:

DEFINITION 3.3. An Le,-morphism from a Lie algebra g to a strict Lie 2-alge-

d . .
bra Ly —> L consists of linear maps u:g—> Lo and v:gAg—> Li such that the
obstruction of p being a Lie algebra morphism is given by

wlX, Ylg —L(n(X), u(¥Y))=dv(X,Y), (44)
and v satisfies the following condition:
LX), v(Y,Z)) +c.p.=v(X,Y]g, Z)+c.p., (45)

where ¢.p. means cyclic permutations.

3Private conversation to Noohi.
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e 2-term representations up to homotopy of Lie algebras

Associated to any k-term complex of vector spaces V, there is a natural DGLA
(differential graded Lie algebra) gl(V) [16,23], which plays the same role as gl(V)
for a vector space V in the classical case. An Ly,-module [16] of an L.-algebra L
is given by an Ls.-morphism from L to gl(V). Associated to any 2-term complex
of vector spaces V), by truncation of gl(}), we obtain a strict Lie 2-algebra, which
we denote by End(V). The degree 0 part End’(V) is given by

End’(V) ={(Ag, A1) € End(Vy, Vo) @ End(Vi, V1)|Agod=do Ay},

and the degree 1 part Endl(V) is Hom(Vy, V). The Lie bracket of End(V) is
given by the commutator and the differential is induced by d. It turns out that for
2-term L,-modules of a Lie algebra g, it is enough to look at morphisms to the
strict Lie 2-algebra End(V):

PROPOSITION 3.4. [16] A 2-term Loo-module of a Lie algebra g is given by an
Loo-morphism from g to End(V).

A 2-term L,-module of a Lie algebra g is the same as a representation up to
homotopy of the Lie algebra g on a 2-term complex of vector spaces, see [2,22] for
more details. Thus, Corollary 3.1 can be applied to integrate L.o-modules V of a
Lie algebra g to that of a Lie group G. This is studied further in [23], where the
semidirect product gix V is also integrated. It then has application in integrating
omni-Lie algebras and Courant algebroids [24].

e Non-abelian extensions of Lie algebras

It is well known that abelian extensions of a Lie algebra g give rise to a rep-
resentation of g and the equivalence classes of extensions are in one-to-one cor-
respondence with the second cohomology. In the following, we will see that a
non-abelian extension of a Lie algebra g, given by a short exact sequence of Lie
algebras

0—t-sgig—0 (46)

can be realized as an L,,-morphism from Lie algebra g to the strict Lie 2-algebra

Eid> Der(t) (see Example 2.4).
By choosing a splitting of p, we can always assume that =g ® ¢ as vector
spaces. Then the Lie bracket [-, -] decomposes as below,

[X1+k1, Xo+kolg=[X1, X2l +[X1, k2lg — [ X2, kilg + k1, k2],
VX1 4k, Xo+kyegdt.
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Since p is a morphism of Lie algebras, there is a linear map v:gAg—> £ such
that

[X1, Xolg =[X1, X2lg +v(X1, X2).

On the other hand, it is straightforward to see that for any X €g, the action
[X,]g:t—> t is a derivation with respect to the Lie bracket [, -]Je. Thus [X, k]g=
w(X) (k) for some linear map w:g—> Der(f). One should be very careful here:
is not a Lie algebra morphism!

We rewrite [-, -] as

[X1+k1, Xo+holg=[X1, Xaolg + (X1 (k2) — n(X2) (k1) + k1, kale +v(X 1, Xo).

(47)

The Jacobi identity of [-,-]5 gives,
w([X, Y1g) (k) — [u(X), n(Y)]c k) =[v(X, Y), kle, (48)
w(X)w(Y, 2)+c.p.=v(X, Y]y, Z)+c.p.. (49)

Moreover, a different splitting p’ will give a homotopic morphism. We conclude by
the following proposition, which we do not claim any originality (see [1,15,6,20]
for various similar and more general discussions).

PROPOSITION 3.5. Given two Lie algebras g and ¥, there is a one-to-one corre-
spondence between the equivalence classes of non-abelian extensions of g by € and

homotopy classes of Loo-morphisms from g to the strict Lie 2-algebra Eid> Der(#).

Thus apply our result on integration may provide another method to integrate
non-abelian extensions of Lie algebras.

e Up to homotopy Poisson actions

DEFINITION 3.6. [21] An up to homotopy Poisson action of a Lie algebra g on
a Poisson manifold (M, ) is an extension gy of g by the Lie algebra C°°(M)
(with the Poisson bracket {-, -}, used as the Lie bracket), such that for every X €
gm, the map C®°(M) — C®(M), fr—[X, f]is a derivation (i.e. a vector field).

Let L%, denote the DGLA of multi-vector fields I'(ATM)[1], with Schouten
bracket [-,-]s and differential [, -].

As stated in [21], another equivalent formulation of up to homotopy Poisson
action is an Lo morphism from g to the DGLA L7,. We further simplify this
statement. Denote by X(M)™ the set of vector fields preserving the Poisson struc-
ture 7, i.e.,

XM ={XeX(M), [X,7]=0}
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By truncation, we obtain a strict Lie 2-algebra C°°(M) [”—l X(M)™, of which the
degree 1 part is C°°(M), the degree 0 part is X(M)™ and the differential is [, -].
The extension gy of g by C°°(M) is totally determined by a linear map u:g—>
X(M)™ and a linear map v:gAg—> C>(M), which satisfy the following equation:

(X, Y1g) = [n(X), p(Y)]s = [, v(X, V)]s,
wX)wY, Z2))+c.p.=v([X, Y]y, Z)+c.p..

Thus, we have

PROPOSITION 3.7. There is a one-to-one correspondence between up to homoto-
py Poisson actions of Lie algebra g on Poisson manifolds (M, ) and Lso-morphisms

(u,v) from g to the strict Lie 2-algebra C*°(M) =] X(M)™.

Remark 3.8. We only need to use the fact m,(Hp) =0 in the construction of g in
the last section. Without this condition, we will still have a morphism even though
not a Morita morphism. The space of X(M)" is infinite dimensional and does not
admit a Banach structure. However, there is also certain infinite-dimensional cal-
culus available in this case (see for example [28, App.A]). Thus our result cannot
be applied directly, however, certain modification may be applied.
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