Available online at www.sciencedirect.com

Applied
SCIENCE DIRECT®
@ Mathematics
Letters
ELSEVIER Applied Mathematics Letterss (2005) 1396-1399

www.elsever.com/locate/aml

A modified Rayleigh conjecture for static problems

A.G. Ramni

Mathematics Department, Kansas Sate University, Manhattan, KS 66506-2602, USA
Received 16 July 2004; accepted 18 February 2005

Abstract

A modified Rayleigh conjecture (MRC) in scattering theory was proposed and justified by the author [A.G.
Ramm, Modified Rayleigh conjecture and applications, J. Phys. A 35 (2002) L357-L361]. The MRC allows one to
develop efficient numerical algorithms for solving boundary-value problems. It gives an error estimate for solutions.
In this paper the MRC is formulated and proved for static problems.
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1. Introduction

Consider a bounded domaih ¢ R", n = 3, with a boundanB. The exterdr domain isD’ = R3\ D.
Assume thaSis Lipschitz. LetS? denote the unit sphere 3. Consider the problem

V2 =0inD’, v=fonS (1.1)
1
v:=0 <r_> r.=|x| — oo. (1.2)

Let% = « € S%. Denote byY,(«) the athonormal spherical harmonidé = Yym, —¢ < m < £. Let
he == 2%, ¢ > 0, be harmonic functions iB'. Let the ball Bg := {x : [x| < R} containD.
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In the regior > Rthe soutionto (L.1) and (.2) is
o0
v(X) = > cehe, r> R, (1.3)
=0

the summation inX.3) andbelow including summation with respecttg —¢ < m < ¢, andc, being
some coefficients determined By

The series].3) in general does not converge up to the bound&ai@ur aim is to give dormulation of
an analog of the modified Rayleigh conjecture (MRC) frdiipywvhich can be used in numerical solution
of the boundary-value problems. The author hopes that the MRC method for static problems can be
used as a basis for an efficient numerical algorithm for solving boundary-value problems for Laplace
equations in domains with complicated boundaries4]rs{ich an ajorithm was developed on the basis
of the MRC for solving boundary-value problems for the Helmholtz equation. Although the boundary
integral equation methods and finite element methods are widely and successfully used for solving these
problems, the method based on the MRC proved to be competitive and often superior to the currently
used methods.

We disass the Dirichlet condition but a similar argument is applicable to the Neumann and Robin
boundary conditions. Boundary-value problems acdttering problems in rougdomains were studied
in[3].

Let us present the basic results on which the MRC method is based.

Fix € > 0, an arbitrary small number.

Lemmal.l. Thereexist L = L(¢) and ¢; = ¢, (¢) such that
L(e)

Z Cg(G)hg — f
=0 L2(S

If (1.4) and the boundary conditiori.(1) hold, then

<e (1.4)

L(e
lve —vllL2g) <€ ve = i;ce(e)he. (1.5)
(=
Lemma 1.2. If (1.4) holdsthen
[ve — vl = O(e) € —0, (1.6)
where || - || == | - Ihm oy + 1 eerasxpy-») ¥ > L m > Oisan arbitrary integer, and H™ is the
Sobolev space.
In partiaular, (1.6) implies
lve — vl 2(sq) = O(e) € — 0. @.7)

Let us formulate an analog of the modified Rayleigh conjecture (MRC):

Theorem 1 (MRC). For an arbitrary small ¢ > O thereexist L(¢) and ¢;(¢), 0 < ¢ < L(e), such that
(1.4) and (1.6) hold.

Theorem Ifollows from Lemmas 1..and1.2
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For the Neumann boundary condition one minimiz{éiw — fllL2(s With respect toc,.
Analogs ofLemmas 1.Jand1.2are valid and their proofs are essentially the same.

If the boundary dataf € C(S), thenone can use th€(S)-norm in (L.4—(1.7), and an aalog of
Theorem lthen follows immedately from the maximum principle.

In Sedion 2 we discuss the usage of the MRC in solving boundary-value problenSedion 3
proofs are given.

2. Solving boundary-value problemsusingthe MRC

To solve poblem (L.1) and (@.2) using the MRC, fix a smalle > 0 and findL(¢) and cg(¢)
such that {.4) holds. This is possible byemma 1.1and can be done numerically by minimizing
I Zé cehe — fll2g = ¢(c1,...,cL). If the minimum of ¢ is larger thane, then ncreasel and
repeat the minimizatiorL,emma 1.1guarantees the existence of sucland suclt, that the minimum
is less thare. Choose the smalledt for which ths hgpens and define, = Zb:o cehe. Then, by
Lemma 1.2 v is the appoximate solution to probleml(l) and (.2) with the accuracyO(e) in the
norm|| - ||.

3. Proofs

Proof of Lemma 1.1. We start wih a chim:
Claim. Therestrictions of harmonic functions h, on Sformatotal setin L2(S).

Lemma 1.1follows from this claim. Let ugprove the claim. Assume the contrary. Then there is a
functiong # 0 such hat [sg(s)h¢(s)ds = 0 V£ > 0. This impliesV (x) := [50(S)|x — s|"lds = 0
Vx € D’. ThusV = 0o0nS, and shceAV = 0in D, one concludes that = 0in D. Thusg = 0 by the
jump formula for tle normal derivatives of the simple layer potential This contradiction proves the
claim.Lemma 1.1is proved. O

Proof of Lemma 1.2. By Green’s formula one has
we(X) = Lwe(S)GN(X, S)ds, [wellL2g) <€  We == ve — V. (3.2)

HereN is the unitnormal toS, pointing intoD’, andG is the DirichletGreen’s function of the Laplacian
in D"

VG =—-8(x—y)inD’, G=00nS (3.2)
1
G:O(r—>, r — oo. (3.3)

From @3.1) one gets 1.7) and (L.6) with the H,7.(D")-norm immediately by the Cauchy inequality.
Edimate (L.6) in theregion By, := R3\ Bg follows from the estimate

IGN(X, )| < . IXI=R (3.4)

14 |X]
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In the regionBr \ D estimate 1.6) follows from local ellptic estimates fow, := v. — v, whichimply
that

”waLZ(BR\D) =< Ce. (3.5)

Let us recall the kiptic estimate we have used. LBt; := Br\ D andSg be the boundary dBr. Recall
the elliptic estimate for the soluticto thehomogeneous Laplace equatiorDn, (see , p. 189]):

[wellnospry = ClllwellL2(sq) + lwellL2s)]- (3.6)
The estimate$we || 2(s;) = O(e), [lwell 25y = O(e), and B.6) yield (1.6). Lemma 1.2s proved. [
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