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1. INTRODUCTION

This is the first in a series of papers intended to develop the modern
theory of the umbral calculus. No previous knowledge of the subject is
required for this series.

Let us give a brief explanation of the term modern umbral calculus. A
large part of applied analysis is concerned with the study of certain
sequences of special polynomials. Some of the most important of these
sequences are associated with the names of Jacobi, Gegenbauer, Legendre,
Chebyshev, Bessel, Laguerre, Hermite and Bernoulli. All of these sequences,
and many more, fall into a special class. Boas and Buck, in their work on
polynomial expansions of analytic functions, used the term sequences of
generalized Appell type for members of this class. A sequence p,(x) of
polynomials is of generalized Appell type if it has a generating function of

the form
A() Pxh(r)) = X pylx) t*
k=0
where
o
A(t): S aktks a0¢05
k=0
0
Y()= N Wik ¥, # 0 for all &,

x~
I
<
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and

hty= N\ k', h #0.

k-1

The modern umbral calculus grew out of an attempt to develop a unified
theory for this class of polynomial sequences. In an earlier paper this author
and G.-C. Rota developed the theory to deal effectively with an important
subclass known as the sequences of Sheffer 4-type zero, whose generating
functions are of the form

A() e = \° p’;:f) . (1.1)
k=0 :

This subclass includes the important sequences of Hermite, Laguerre and
Bernoulli. We remark that the sequence p,(x) is normalized by the presence
of k! on the right side of (1.1). All attempts at that time to extend the theory
to the entire class of generalized Appell sequences failed. It is the purpose of
this paper to make that extension.

Let us give a breif description of the contents of this paper. Section 2
contains a review of needed facts about formal power series. Section 3
discusses the dual vector space P* of all linear functionals on the algebra P
of polynomials. For it is in the umbral calculus that one studies the algebra
P via its dual space P*. In this section the structure of an algebra is put on
the vector space P*. Then since we may multiply linear functionals, the
notion of a geometric sequence ML* for k=0,1,2.... and M and L in P*
makes sense. Section 4 defines a certain algebra of linear operators on P
which is isomorphic to the algebra P*. Thus technically we introduce no new
mathematical concepts; however, the notational convenience of the linear
operator proves indispensible to the theory. In Section 5 we define the main
object of study—the Sheffer sequence. Briefly. a sequence s,(x) of
polynomials is the Sheffer sequence for a pair of linear functionals (M, L) if
it is orthogonal to the geometric sequence ML*, that is. if

(ML*|s,(x))=c,0,,

for all n, & >0 where ¢, is a fixed sequence of non-zero constants and the
notation (N | p(x)) is used for the action of N in P* on p(x) in P. Of course
0, is the Kronecker delta function, &, , =0 if n% k and J,, = 1. In this
same section we give several characterizations of Sheffer sequences.
including the generating function

A(t) €, (h(t)) = S s—k(x—)tk. (1.2)

k=0 A
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where A(¢)-and h(t) are as before and

ooxk

)=\ =
k=0 Cx

is a generalization of the exponential series (g,(f) = e*' if ¢, = n!). Thus we
see that if ¥, = 1/c,, then the sequence s5,(x)/c, is of generalized Appell type
as defined by Boas and Buck. Also included in Section 5 is an algebraic
characterization of Sheffer sequences which may be thought of as a
generalization of the binomial formula. In Section 6 we derive recurrence
formulas for Sheffer sequences and in Section 7 we give a powerful formula
for the direct computation of Sheffer sequences. Section 8 is devoted in part
to the connection-constants problem of determining the constants a, , in
ol
S"(X)‘—‘ —_ an.kpk(x)’

>

=0

where s,(x) and p,(x) are given Sheffer sequences. The remainder of the
paper is devoted to examples.

The author realizes all too well the motivational difficulties encountered in
reading a large amount of theory without the benefit of example. Accor-
dingly, one may resonably omit Sections 7 and 8 at first reading.

Let us point out one of the most innovative aspects of the present theory.
Suppose s,(x) is the Sheffer sequence for the pair of linear functionals (M, L)
where M is not the multiplicative identity in the algebra P*. If we denote this
identity by ¢, then the Sheffer sequence p,(x) for the pair (¢, L) bears a
strong association to s,(x). Many of the properties of s,(x) are possessed by
D,.(x) and yet in some sense p,(x) is a simpler sequence. Now the point is
that almost all of the well-known classical sequences are of the type s,(x). In
the Hermite and Bernoulli cases the associated sequence p,(x) is the simple
sequence x". In the Laguerre case L!*'(x) of order a, the simpler associated
sequence is the Laguerre sequence L ™" (x). But up to now there had been no
clue to the existence of such sequences p,(x) associated to, for example, the
Jacobi, Gegenbauer or Chebyshev sequences. A major portion of the
examples is devoted to the study of the properties of these new sequences.

It is painfully evident from even a superficial screening of the literature
that one man’s Hermite polynomial, say, is not another man’s Hermite
polynomial. The difference is mainly due to normalization factors. We are no
exception in this regard. For the Gegenbauer polynomials G,(x) Rainville
sets

o]

(I=2xt+1)* =\ G, (x)r~
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In Section 9 we shall study the Sheffer sequence s,(x) characterized by

(1=2xt+1)'= Y\ (—kl{\)sk(x)t".

k=0

Thus ( 3')s,(x) is the Gegenbauer sequence. In the hope of minimizing the
confusion we shall reserve the name Gegenbauer for the sequence G, (x).
referring to Section9 as the Gegenbauer case. For the Chebyshev
polynomials of the first kind we have

(1—x)(1=2xt4+)""=14+2 N T (x)5
—_— k
kO

In Section 9 we study the Sheffer sequence characterized by

(1—x)(l=2xt+H) ' = S (—1)* s,(x) 25

=0

x>

A similar normalization factor is required for the Chebyshev polynomials of
the second kind. Finally, for the Jacobi polynomials P,(x) Rainville gives the
generating function

l+a+f 2+a+p
2 2 T 2x—1)
(1-1)

(1 _'t)il-niﬂ ZFI
l +a;

& (1 +a+p)"

WPk(X) tk.
o

k

In Section 10 we study the Sheffer sequence J,(x) satisfying

l+a+f 2+a+f

Cas 2 ’ 2 T 2xt
(I~1 A+ “‘(1__“—[)1
1 +a:
o(‘ l 2 (k) 2+ + 2 (k}
- k\To - +a+ﬂ)/(l)+fx()tk> @+ A)2) TARIN

From this we may easily obtain J,(x) in terms of the classical Jacobi
polynomials (see Section 10).

We have decided to postpone any discussion of applications of the umbral
calculus to future works. The calculus may be applied successfully to the
study of orthogonality, inverse relations, formal power series, solutions to
recurrence relations and counting techniques to mention only a few.
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However, these applications can be broadened and await further
generalizations of the theory to appear as sequels to this paper. We briefly
discuss two such generalizations in the last section.

2. ForMAL POWER SERIES

In this section we give a few basic facts about formal power series. Let #
be the algebra of all formal power series in the variable ¢ over the field K (of
characteristic zero). Addition and multiplication in # is purely formal and
# is well known to be an integral domain. If

f(t)— at, (2.1)

\»[/'R

0

then the degree of f(¢) is the smallest k such that a, # 0. It is easy to see
that deg f(¢) g(¢) = deg f(t) + deg g(¢)

The series f(¢) has a multiplicative inverse in #, denoted by /~'(f) or
1/£(t), if and only if deg f(t) =0. We call such a series invertible.

Suppose g,(t) is a sequence in # for which deg g,(¢) > k. Then if a, is a
sequence of constants, the sum

oC
l a, &r)

x

is a well-defined series in .#, found by simply collecting coefficients of like
powers of . In particular, we may take g,(t) = g(t)* where deg g(¢) > 1.
If f(¢) is given by (2.1), we may form the composition

f(g) = S a, g(t)*

which is a well-defined element of # provided deg g(¢) > 1. It is clear that
deg f(g(r)) =deg f(¢) - deg g(1). N

The series f(¢) has a compositional inverse, denoted by f(¢) and satisfying
FUF@)=Ff(@®)=¢, if and only if deg f(f)=1. We call any series f(¢)
with deg f(t) =1 a delta series.

A sequence g,(t) for which deg g,(¢) =k forms a pseudobasis for.#. In
other words, for each series f(¢) there is a unique sequence of constants a,

for which
oo

fo=x = a 8x(1).

In particular, the powers of a delta series form a pseudobasis for #.
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3. LINEAR FUNCTIONALS

Let P be the algebra of polynomials in a single variable over K and let P*
be the dual vector space of all linear functionals on P. We use the notation
(L | p(x)> for the action of L in P* on p{x) in P. Any linear functional L in
P* is uniquely defined by specifying the values {L | x"; for n > 0.

Let ¢, be a fixed sequence of non-zero constants. We use this sequence to
define. for each f(¢) in .#, a linear functional in P* as follows. If f(s) =
N s a . then the linear functional f(¢) satisfies

S x"=c,a, (3.1)

for all n > 0. Notice that we have used the same notation f(¢) for the power
series and the linear functional. This should cause no confusion since if f(z)
and g(r) are in. 7, then f(¢)= g(¢) if and only if (f(¢£)|x": ={g(t)}x": for
all # > 0. In other words, f(¢) and g(¢) are equal as formal series if and only
if they are equal as linear functionals.

The action defined in (3.1) depends on the particular choice of the
sequence c,. although the notation does not reflect this. We will generally
think of ¢, as fixed and no confusion should arise.

As a consequence of (3.1) we have

(1 x"y =, 0,4

and

Ax
N k
<\_ agt
k=0

and so for any p(x) in P.

X
< N gt
k=0

P(x)>= i a, (| plx)>.

k=0

Now any linear functional L in P* can be represented as a series in. #. In
fact. if
‘ k
LI

VAGEA ” (3.2)
k=0 k
then
(L] x*)
Siolxry= 3 S gy
k=0 k
=(L|x")

and so as linear functionals f, (¢) = L.

409 87 1 8
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It is easily verified that the map L — f,(t) is a vector space isomorphism
from P* onto #. We shall obscure this map by identifying P* as the vector
space # of all formal power series in . Thus from now on we shall write
our linear functionals in the form of power series in 1.

The isomorphism L — f, (¢} has induced a natural product on linear
functionals—namely, that of formal power series. In symbols f,,(¢)=

JL(O) SulD).

Let us give some simple consequences of these results.

ProrosiTiON 3.1, If deg f(t) > deg p(x), then
SO px))=0.

PROPOSITION 3.2, If f(t) is in #, then

</Tt),ck> k | (3.3)

Ck

S)=

n

Proof. Applying the right side to x" gives

(< U1 )= $ SO

k=0 Cx k=0 Ck

1 x"

= (O] x").

Thus the two sides of (3.3) are equal as linear functionals, and so also as
formal power series.
In view of (3.3) we have for any f(¢), g(t) in .7,

S0 80 1¥) = X (1)) g0

k=0 “k-n—-k

CoRrOLLARY 1. If deg p,(x)=n and {(f(t)| p,(x))=0 for all n>0,
then f(t)=0.

ProrosITION 3.3. If p(x) is in P, then

px)= N M)‘k' (3.4)

Prcof. Applying t" to both sides of (3.4) shows that correspondmg coef-
ﬁcnents of like powers of x are equal. This proves the result.

CoroLLarY 2. If deg fi(t) =k and (f,(¢)| p(x)) =0 for all k >0, inen
plx) =



N
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Proof. This follows from the fact that f(z) forms a pseudobasis for . #
and so {'| p(x)>=0 for all j > 0.

PrROPOSITION 3.4. [If f(t) is a delta series and

x

~

gl)= \_ aAf(f)A~
(=0

k=
then
(g1 x" =X a(f(OFix".
k-0
Proof. We have

>

(g(t)| X"y = < N g f

k=0

o)
v

= N alf Ok xm
k-0

= N a0 xm

A -0
One of the most important linear functionals on P is the evaluation
JSunctional denoted, for y in K., by £,(z) and defined by
{(e,(1)] plx); = p(»).

In view of (3.3) we have

X 1,/\
en)= N — A
A

“o Ci

It is interesting to note the form of ¢,(¢) for various choices of the sequence
c¢,. For example, if ¢, = n!. then

et)=e"".
and if ¢, = 1/(} ). then

e ()= (1 + 1),
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It will be convenient to introduce a linear operator ¢, on * by setting

. Ci e
otk =—Lfk=1 k1
Cr-1

=0, k=0

and extending by infinite linearity. Then we have for all n >0 and k > 0,
(Kix-xmy =t

=Cpi10n+1k

Ck .
= Cnén.kfl

Cr1
x">

c
=< e
Cr—1

= (@, | x™).
This proves the following proposition.

ProposITION 3.5, If f(t) is in F#, then

@ ()] px)) = (f(1) | xp(x))
Jor all p(x) in P.

For practice, we compute

0 Vk
G n)=08, N =1
k=0 Ck

© k
I A A
k=1 Ck—1

= ye,(t). (3.5)

As a final remark, when we are thinking of a deita (or invertible) series
f(t) as a linear functional we shall refer to it as a delta (or invertible)
Sunctional.
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4. LINEAR OPERATORS
If f(#) in 7 has the form f(£) = 3, a,t*, then we shall define the linear
operator f(z) on.#* by
n

SOx"= N g x"k (4.1
:% Cn‘k

C

>

Again we have used the same notation f(¢) for a formal power series and a
linear operator. No problems will arise {except perhaps for the temporary
confusion of the reader) since f(¢) and g(¢) are equal as formal power series
if and only if they are equal as linear operators. [To see the “if”" part take
successively n =0, 1, 2,... in (4.1)|.

Notice that we are using juxtaposition to denote the action of an operator
on a polynomial. A little practice will remove the discomfort involved in
thinking of an element f(¢) in .# as either a formal power series, a linear
functional or a linear operator, and the notational difference between

SO plx))

and

S0 plx)

will make the particular type of action of f(¢) on p(x) clear.

The action f(t) p(x) depends on the sequence c¢,. However, we shall think
of this sequence as being fixed and so no confusion should arise.

It follows from (4.1) that

C _
tho = ok n>k
Cn—k
=0, n<k
and so
k .f n k+j..n C" n-k -j
("yx"=1"x X
cn-k—j
c C,_ ;i ko
— n n--j .\‘" k—j
Conoj Cn-k—i
__Cn tn—i
c
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Therefore, if f(t), g(¢) are in # we have

(£ (1) g(1)] p(x) = f(D)| &(¢) p(x)] (4.2)

and we may write f(¢) g(¢) p(x) without ambiguity.
Notice also that

S() g(t) p(x) = g(1) f(2) p(x).

Actually, (4.2) shows that the product in # is composition of operators.
When we are thinking of a delta (or invertible) series f(¢) as an operator
we may refer to it as a delta (or invertible) operator.
A key relationship between the linear functional f(¢) and the linear
operator f(¢) is given in the next theorem.

THEOREM 4.1. If f(t), g(t) are in # . then

(&) S| p(x)) = (&(O)| £ (1) p(x))
Sor all p(x) in P.

Proof. By linearity we need only show this for g(t)=1t*, f(t)=+¢ and
p(x)=x". But then we have

(t"tjlx”) — <[k+j ] xn>

=c,0

nk+j
cn
=—"—Cp_;0n_j
Cn_j
C .
— <tk n xn j>
Cn‘j
= (t*| ¥x™).

For many choices of the sequence c,, the operator ¢+ may be expressed
in terms of some more familiar operators. To fix the notation we use
(p=x(x=1) - (x=n+ 1) xP=x(x+ 1) (x+n—1)

Dx™ =nx""!,
1
D—lxn: 'xn+l’
n+1
x-lxnzxn—l, X_ll=0.

Then
(1) whenc,=n!, t=D;
(2) whenc,=1, t1=x""
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) when c, =@N"*", (= (Dx)"D:

(4) whenc,=1/(—4),. t=—(A+xD) 'x "

(5) whenc¢,=1/n 1=x"'D 'x "

(6) whenc,=1/('). t=—A+xD)"'D:

(7) when ¢, =2"(1 + &)"/(1 +a + ).
(=4l+a+B+2xD) '"Q+a+p+2xD) 'x Yo +xD):

(8) when ¢, =(l—gq)-- (1 —¢q")/(1 —q)".

plx) = (plgx) — p(x))/(gx — x).

As we shall see, from the point of view of the present theory the operator ¢
is the natural operator for studying various polynomial sequences. Case | is
related to sequences of Sheffer A-type zero, such as the Hermite and
Laguerre polynomials. This case has been studied by the present author and
G.-C. Rota. Case 6 concerns itself with such polynomials as those of Gegen-
bauer and Chebyshev. Case 7 relates to the Jacobi polynomials and Case 8 is
the so called g-case.

Let us make some remarks concerning the series &,(¢). This series acts as
the same linear functional, namely. evaluation at y, regardless of the
particular sequence c,. However, this is not the case for the operator ,(¢).
We have

S
e()x"= N L Rtk

k=0 CkCn-k
Now if for example ¢, = n!. we obtain
e.(1)x" = (x+ )"

and if ¢, = 1, we obtain

n+1 gl

X -
e()x" = :
’ xX—
[t is not hard to see that not all linear operators on P are of the form f(r)
in #. We have the following characterization of such operators.

ProposiTiOoN 4.1. Let U be a linear operator on P. There exists a series
S(t) in . # such that Up(x) = f(t) p(x) for all p(x) in P if and only if U
commutes with the operator t, that is, Utp(x) = tUp(x) for all p(x) in P.

Proof. The necessity is clear. For the converse, suppose U commutes
with . We define the series f(t) by

f)=
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Then

0 k
@1
Ck

[ 1=

SO x" =

x~
]
o

" c
— : n <f0 | (Jxk>xn—k
k=0 CxCn—k

0 —k
) U Lk
0 Cn—k

\nﬁ <tn7k | Ux") Kk
:0 cnvk

n‘ tk an

&

k=0 Cr

= Ux".

| 7=

=
I

=

The last equality follows from the fact (easily proved by induction) that
deg Ux" < n and from Eq. (3.4).

COROLLARY 1. A linear operator on P has the form f(¢) in F if and
only if it commutes with any delta operator.

Proof. This follows from the fact that the sequence of powers of a delta
operator form a pseudobasis for #. We may then apply Proposition 4.1.

COROLLARY 2. A linear operator on P has the form f(t) in # if and
only if it commutes with any evaluation operator € (t).

Proof.  This follows from Corollary 1 since &,(f) — ¢, 't is a delta series.

5. POLYNOMIAL SEQUENCES
By a sequence p,(x) in P we shall aiways imply that deg p,(x) = n.

THEOREM 5.1. Let f(t) be a delta series and let g(t) be an invertible
series. Then the identity

<g(t)f(t)k|sn(x)>=cn5n.k (51)
for all n, k > 0 determines a unique sequence s,(x) in P.

Proof. The uniqueness follows from Corollary 1 of Proposition 3.3. For
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the existence, suppose s,(x)= Yi oa, X' where a,,#0, and g(t) f(t)" =
N7 i by tt where b, , # 0. Then (5.1) becomes

—i

o . n .
Cnén.k = <i bk,irl \_ an,jx’>
i=k j=0
x> S
=Y N oba, L
i=k j=0
n
=N by a0 (5.2)
i=k
By taking k£ = n one obtains
1
an n =
bﬂ.ﬂ

By taking successively k =n — 1, n — 2,..., 0 one obtains a triangular system
of equations which can be solved fora, ,.

We will say that the sequence s,(x) is the Sheffer sequence for the pair
(g(t), f(t)), or s,(x) is Sheffer for (g(t), f(¢)). Notice that g(¢) must be
invertible and f(¢) must be a delta series. The case g(t) = ¢° calls for special
attention. The Sheffer sequence for (%, f(r)) will be called the associated
sequence for f(t), and we say s,(x) is associated to f(r) or f(t) is associated
to s,(x).

THEOREM 5.2 (The Expansion Theorem). Letr s,(x) be Sheffer for
(g(¢) f(2)). Then for any h(t) in F

< (A | se(x))
k=0 c

k

h(t) = g(n) f(n~.

Proof. We simply apply the left side to s,(x) to obtain {h(¢)|s,(x)). The
fact that deg s,(x) = n completes the proof.

CoroLLARY 1. If p,(x) is the associated sequence for f(t), then for any
hlt) in . #

§ (1) | plx)) 7

k=0 Ck

h{t)= n*.
The next results show how to expand an arbitrary polynomial as a linear

combination of polynomials from a Sheffer sequence. They follow from
Theorem 5.2 by taking h(t) = &,(¢).
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CoRroLLARY 2. Let s5,(x) be Sheffer for (g(t), f(t)). Then for any p(x)
in P

k
plx)= <g(’)f(f) Lpe))

N°
>0

COROLLARY 3. Let p,(x) be associated to f(t). Then for any p(x) in P

v YO )
Cy

k}O

p(x)= ().

It is our intention now to characterize Sheffer sequences in several ways.
We begin with the generating function.

THEOREM 5.3 (Generating Function). The sequence s,(x) is Sheffer for
(g(), £(1)) if and only if
- \Ocﬂ sk(}’)
(f(t)) £,(f (1)) = = e

(5.3)
for all y in K.

Proof. 1If 5,(x) is Sheffer for (g(¢), f(t)), then by the Expansion Theorem

o= ¥ *“ S oy £

k=0

and so

Fe0=Y v )y

and

v(f(t))_ sk(y) tk.

Ck

1
g/ (&)

For the converse, suppose (5.3) holds. Then if r,(x) is the Sheffer sequence
for (g(1), £(t)), we have

0

N rd¥) «_
o Ck g(f(t))
- {2 se(») £k

k=0 Ck

e,(f(1))

and so r(x) = s,(x) for all k> 0.
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COROLLARY 1. The sequence p,(x) is associated to f(t) if and only if

e Fan= N 2
’ —o Ck

x

Equation (5.3) defines the sequence c, 's,(x) as a so-called generalized
Appell sequence by Boas and Buck. Thus we see that the present theory
applies to a rather broad class of polynomial sequences.

The generating function leads us to a representation for Sheffer sequence.

THEOREM 4.5, The sequence s,(x) is Sheffer for (g(r), f(t)) if and
only if
_ gl @t

k=0 Ck

$,(%)

Proof. Applying the right-hand side of (5.3) to x" gives

<\1~ se()) £«

k=0 Sk

x" > =5,

and applying the left-hand side of (5.3) to x" gives

] - 7 n 8 J r -1 7 no
(g O) " e (f D Ix") = X = (g(fan™" SO [ x"
k=0 “k
Since these equations hold for all y in K, the result follows.
Equation (5.4) is called the conjugate representation for s,(x).

THEOREM 5.5. The sequence s,(x) is Sheffer for (g(t). £(1)) if and only
if g(t)s,(x) is the associated sequence for f(t).

Proaf. This follows directly from the definitions and Theorem 4.1.

Theorem 5.5 says that each associated sequence generates a class of
Sheffer sequences, one for each invertible operator g(¢) in.#.

Next we give an operator characterization of Sheffer sequences.

THEOREM 5.6. A sequence p,(x) is the associated sequence for f(1) if
and only if

(1) <[0 | pn(x)> = CO(Sn.O‘

i) f(0) plx) = {— Py ()

n—1
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Proof. Suppose {f(t)*| p,(x)) =c,6,- Then k=0 gives (i). To get (ii)
we have
SO L@ p)) = O pa(x))
= Cn 5n.k+l

Cn

) pn_l(x)>

4

- <f(t)"

n—

and so (ii) follows since f(¢) is a delta series. Conversely, if (i) and (ii) hold,
then

S| o)) = <r° Cn pn_k(x)>
n—k
= kB
:cnén.k'

THEOREM 5.7. A sequence s,(x) is Sheffer for (g(t), f(t)) for some
invertible g(t) if and only if

Cn

S(@0)s,(x)= Sp—1(%). (5:3)

c

n—1

Proof. 1If s,(x) is Sheffer for (g(z), f(¢)), then p,(x)= g(t)s,(x) is
associated to f(¢). Hence

g(0) s,(x)= /() g7'(t) pu(x)
=g~ '(1) f(1) Py(x)

= 70 pye(0)

n—1

Cn

= S X)
c"—l n-l( )

Conversely, if (5.5) holds, then we define a linear operator U on P by

Us,(x) = p,(x),
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where p,(x) is associated to f(¢). Then

Uf (1) s,(x) =

C
= C_n_ pn—llx'\-)

n—1

= ft) p,(x)
= f(t) Us,(x)

and so Uf(t)= f(t)U. By Corollary | of Proposition 4.1 we deduce the
existence of an invertible g(¢) in # fo1 which g(t)s,(x)= p,(x). The result
follows from Theorem 5.5.

We now turn to a characterization of Sheffer sequences which generalizes
the binomial formula.

THEOREM 5.8 (The Sheffer Identity). A sequence s,(x) is Sheffer for the
pair (g(t). (1)) for some g(¢t) if and only if

5_\'([) Sn(x) = X ‘&I—— pk(y) Sy rk(x) (56)

k=0 CkCn_y
Sor all y in K where p,(x) is associated to [ ().

Proof. Suppose s,(x) is Sheffer for (g(t), f(¢)). Then by the Expansion
Theorem
\2 il y)

k=0 Sk

fk

6)‘([) -

Applying both sides to s,(x) and using Theorem 5.7 gives Eq. (5.6). For the
converse, let U be the linear operator on P defined by Us,(x)= p,(x). Then
it is sufficient to show that U = A(t) for some A(¢) in.#. Now

£,(t) Us,(x) = &,(1) p,(x)

"‘ c
=\ - P V) Py _i(X)

k=0 CkCn-x

", c
=U l. e pr(¥) 5, _4(X)
k=0 CkCn_i

= Ug, (1) 5,(x)

and so there exists an invertible h(¢) for which U = A(t). This completes the
proof.
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One may observe that for ¢, = n! the Sheffer identity is

' /n
st )= (1) six) pst).
o \k
When s,(x) = p,(x)=x" we get the binomial formula.

An important property of Sheffer sequences is their performance with
respect to multiplication in # .

THEOREM 5.9. Let s,(x) be Sheffer for the pair (g(t), f(¢)) and let p,(x)
be associated to f(t). Then for all h(t) and I(t) in F we have

O 10 5,09 = N 2 (h(O) | 5,00 | Py 40)

k=0 CkCh_x

Progf. An instructive proof of this result is based on the algebra P|x, y|
of polynomials in two variables x and y. For A(f) in # by h,(t) we mean the
linear operator on P|x, y| defined by

B (0) x*v = (h(t) | x* > y/
and by A (f) we mean

hy(£) x*y' = x*(h(1) | ).
Then the identity

n

Hn )| x = N
' | k=0 CkCrn_k

Cn

Ch(e) | x" =Xy | x*)

can be written as

¢ .
n xn—l\yk

R I 5" = () 1,(1) N

k=0 CkCn_k
=h () 1(£) e () x".

By linearity we may replace x" by s,(x) giving

R ) [ 5,0x)) = A (0) 1,(1) €,(0) 5,,(x)

RO Y —E—5(3) P (%)

k=0 “kbn—k

= N ()| sy A | P

k=0 CkCn_k

The result follows by interchanging A(f) and I(t).
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6. RECURRENCE FORMULAS

If 4 is a linear operator on P, then the adjoint u* is the linear operator on

. # defined by
O (f) [ uxt)

wr= N OB

k

ProposITION 6.1.  [fdeg f(t)> j for j >0 and

SO=Y a,f0.

j=0
then
B (0)= X au*fo). (6.1)
Proof. We have
* deg‘:.\"‘ ' [A
wro=N N a0t —
k=0 j-o Cx
SRR/ U1
0 K=o Cx
— \" *f(l)
/.:—0
PROPOSITION 6.2. If u is a linear operator on P. then
W ()] px)y = (f () | up(x)
Jor all f(t)yin.# and p(x) in P.
)=+t and

Proof. By Proposition 6.1 we need only show this for f(s
p(x) = x". In this case
« j L3
\‘ <r |/1X_) <[A f‘~\.":.’

(| x"s =
Ck

k=0
= (1 {px".
If p,(x) is associated to f(¢), then the umbral shift 6, associated to f(1)

lor p,(x)] is the linear operator on P is defined by

(n + 1),

ntl

for all n > 0.
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~

Recall that a derivation ¢ on an algebra A4 is a linear operator on A
satisfying

é(ab) = (éa)b +a &b

for all @, b in A4.
We may characterize umbral shifts by their adjoints.

THEOREM 6.1. An operator § on P is the umbral shift for f(t) if and
only if its adjoint 0* is a derivation on .# satisfying Eq. (6.1) and
Oxf (1) = kf (1)
Sor all k > 0.

Proof. Suppose 6, is the umbral shift for f(z), with associated sequence
D(x). Then

OF ()] pax)) = (S () | Op4(x))

(n+ l)e,
c

<f([ | Pria(x))

n+1
= kcn 5n +1,k
= (k@] palx))
and so 8 f(r)* = kf(¢)*~". From Proposition 6.1 we conclude that 6} is a

derivation on.#. For the converse, let w be a derivation on .# for which
wf ()" = kf (1)*~'. Then if p,(x) is associated to f(z), we have

(@f (O] pa(x)y = ChF (1| po(x))

= kcnén.k— 1

= SO |6, p,(x))

= (GF S| pa(x)).
Thus since w satisfies (6.1), we conclude w = 6}.

Notice that 6" = kr*~' and so 8* is the derivative with respect to ¢. That
is,
0 g(t)=g'(t),

and

(g)|6,x")=(g'(t)| x").
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We also observe that

c
0,[.’(" — n 9 xn—l

Cn -y
= hnx

and so
0,t =xD,

where D is the derivative with respect to x on P.
Next we derive the chain rule for derivations.

ProrosITION 6.3. If f(t) and g(t) are delta series, then
o = (67 8(1)) 6
Proof. Since g is a derivation,
0F g(1)* = kg(t) ™' 87 g(¢)
= (67 8(1)) 6 8(1)"

and Proposition 6.1 completes the proof.
Now we can relate two umbral shifts.

THEOREM 6.2. If 8, and 0, are umbral shifts, then
0,=0,0 (Hff(t))“.
Proof. For any p(x) in P,
<fk ' gfp(x)> = <Hf*tk | p(x))
={(0Ff(1)) " (0F")| p(x))
=(GF | BF (1)~ p(x))
= (18,2 (6F (1) plx))
from which the result follows.
From this theorem we obtain our first recurrence formula.

THEOREM 6.3. If p,(x) is associated to f(t), then

Cn+l 1 -1
Prsi(X) =(—n—+—l)—c"0,(f ()™ pa(x), (6.2)

409:87 1-6
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where f'(t) is the ordinary derivative of f(t) with respect to t and 6,: x" —
((n + l)cn/cn+ l)x"+ l'

Proof. The result follows from Theorem 6.2 by taking g(f) =1t and

applying to p,(x).
We wish to derive a recurrence formula for Sheffer sequences. To this end
we derive a formula for the adjoint 8 of an umbial shift.

PROPOSITION 6.4. Let 8, be the umbral shift for f(t). Then
OFh(t) = h(t) 6, — O,h(t)
Sfor all h(t) in 7.
Proof. For any g(¢) in # and p(x) in P we have
(&) | 8F (h(D)) p(x)) = (6F (h(D)) &(1) | P(x))
= (BF (h(r) &(1)) — h(1) 67 (&(1)) | p(x))
= (8O [ (h(1) O, — 6:h(1)) p(x)).

PROPOSITION 6.5. Let s,(x) be Sheffer for (g(t), f(t)). Then if 8, is the
umbral shift for f(t),

Swr(X)= (n—il)—c (8(t) 0 ™" (1) + 6) 5,(x).

Proof. Let p,(x) be the associated sequence for f(¢). Then

Spar(x) = g_l(t) Pnii(x)

=(7C+—l)—c £7'(0) 6;3,(x)

=g 080,

gAl(t) gfg(t): (gvl(t) ef“efgil(t)) gl)+ 9/
= g() ef*(g‘l(t)) + Hf'

But

This completes the proof.
Now we have our recurrence formula.

THEOREM 6.4. Let s,(x) be the Sheffer sequence for (g(t), f(t)). Then

A

1
50 ) 7@ @3

_ Cnil
s = i (8
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Proof. This follows from Proposition 6.5 by noticing that
0Fg (=670 06Fe (1)
= (/") (=g~ g'(1)
and
b, =60/
=6,/"(t) "
THEOREM 6.5. Let s,(x) be Sheffer for (g(t), f(5)). If

_(p &8O\ SO
7= (650 )f'(r)

0\ £0)
(w0~ ) )tf’(t)’

then
Ts,(x) = ns,(x). (6.4)
In other words, s,(x) is an eigenfunction for T with eigenvalue n.
Proof. This follows from Theorem 6.4 by noticing that
L () = F (1) 5y ().
(n+1)e,

The two forms of T are equivalent since 6,t = xD.

We remark that since s,(x) forms a basis for P, any polynomial solution
to Tp(x) = np(x) is a constant multiple of s ,(x).

Next we require two lemmas.

LEMMA 1. Ler h(t) be invertible, with leading coefficient equal to 1. Then
the equation
g'(1)
h(t) ==>—
g(1)

has a unigue (up to multiplicative constant) solution given by

g(0) = exp (J'h(t) dt').

LEMMA 2. Ler l(t) be a delta series, with leading coefficient equal to 1.
Then the equation
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_f@
O=70

has a unique (up to multiplicative constant) solution given by

F(t) =t exp (v[” M)[—_l_—ldz).

Ler T be a linear operator of the form
T'=(0,—h()) (1)

= (xD — th(t)) l—(tQ

THEOREM 6.6.

where h(t) is invertible and I(t) is a delta series both having leading coef-
ficient equal to 1. Then a solution to the equation

Ts,(x)=ns,(x)

is given by nth polynomial in the Sheffer sequence for the pair

(exp ( h(t)dt),texp (J'wdz))

Proof. A solution to Ts,(x)= ns,(x) is given by the Sheffer sequence for
the pair (g(¢), f(t)) where

8w _
e "
o
RO

The result follows from the lemmas.
We shall now derive another set of recurrence formulas.

THEOREM 6.7. Let s,(x) be Sheffer for (g(t), f(t)). Suppose

_ @ a,
f(t)= N _tks
i1 key

FON" A o O b

(T) EORINETS
deGO) & 4y _
U0 e =0l



Then

and

Proof.

But

and

The result follows by substitution and f(2)*s,(x) = (¢,/Cn_4)S
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I
7=

ns,(x) (@b, —d}) s, _i(x)

C'knk

~
Il

n
ns,(x) = :
=0 CkCn—u

(byxD — d)) s, _4(X)

=

To prove (6.5) we have

SO gWwS@)

ns,(x) = (9, —— ~—————) §a(x)

S e S0

FAUNE
) ~f(l)f(ft))
:t_()l: flH
= NS e
k=1 “k

g W) g W) ()

g/ gf) -

Ig(fU)H
g(f(t) t=ftn

SN0
ko Ck

prove (6.6) we proceed in the same manner using

SO s 5,
FO SU0)
S

T0)] == [1(f(1)

[

i

0]

(6.5)

(6.6)

o (x). To
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84
SO\ 5
- (£2) o
t=f(0)
X b
=Y ZEr-
k=0 Ck
Theorem 6.7 has a sort of converse.
THEOREM 6.8. Let r,(x) be a sequence of polynomials satisfying (6.5).
Let
Z a
()= N Kk
i1 ke
and
X d
th(ty= N K4k,
k=0 %k

Then there is a constant a for which ar(x) is Sheffer for the pair
(exe (] n0n d0)). 7).

Proof. First we notice that solutions to (6.5) are unique up to
multiplicative constant. Now suppose s5,(x) is the Sheffer sequence for the

pair (g(1), f(¢)), where
f@wy=1

and
deFO)
G e

Then in view of Theorem 6.7 the sequence s,(x) satisfies (6.5). Hence
S.(x)=ar,(x) for some constanta. It remains only to solve the above

equations for f(¢) and g(¢) using the previous lemmas.
In order to complete the converse to Theorem 6.7 we need one more

lemma.
Let h(t) be invertible. Then there is a unique (up to

LEMMA 3.
multiplicative constant) solution to the equation

w=(£2)" 7o

!
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given by

S(t)=rexp (‘ o - )

THEOREM 6.9. Let r,(x) be a sequence of polvnomials satisfying (6.6).
Let

* b
y=\" £
K=o Ck
and
“od,
thity= N =K~

k=0 Ck

Then there is a constant a for which ar,(x) is Sheffer for the pair (g(t), f(1))
where

F)= (i A z).
£(0) =exp (l w(l) dit) ).

Proof. The solution to (6.6) is unique up to the multiplicative constant.
Now let s,(x) be the Sheffer sequence for ( g(r), f(t)) where

(ff—t) )—l Froy=1un
and

tgf @)’
g(f (1))
Then by Theorem 6.7 the sequence s,(x) satisfies (6.6). Hence s,(x) = ar,(x)

for some constant a. It remains only to solve for f(r) and g(¢) using the
previous lemmas.

= th(t).

7. TRANSFER FORMULAS

In this section we develop formulas for the direct computation of
associated sequences. Using these formulas and Theorem 5.5 we can
compute Sheffer sequences.
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THEOREM 7.1 (The Transfer Formula). If p,(x) is the associated
sequence for f(t), then

f([))_n‘l‘xn (7.1)

t

mm=fm<

Jor all n > 0. As usual f'(t) is the derivative of f(t) with respect to t.

Proof. We check the conditions of Theorem 5.6 for the sequence p,(x) in
(7.1). For condition (i) we have

o2y

() )
() ey
2

For n > 0, we get

ey

x">.

For n =0, we get

(2" |

t

o
4]}
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As for (ii) we have
50 pa =L o (K2 ) e

/'U)(f())

Pua).

n—1

cn

C!l-l

This completes the proof.
An alternative form of the Transfer Formula can be derived.

THEOREM 7.2 (The Transer Formula). If p,(x) is the associated
sequence for f(t), then

p(x)=—2 g, (f—([)—)“",\'”" (7.2)

ne,_ t

Joralln>1
Proof. In view of Proposition 6.4 we have

o 0)""

o (52
o) s

fﬁt (f(t ) )(ffr))‘""x,.

_f_tl) O (f(r)) (_Y_))Yl

cn_, t

(
[
() e ()
<

~

i

I

il

n—t

A0 e [ (£ e ) )

n-1

fl

_ %o (Zﬂ)

ne, ¢

We can use the Transfer Formula to relate any two associated sequences.
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CoroLLARY 1. Let p,(x) be associated to f(t) and q,(x) be associated
to g(t) f(t), where g(¢) is any invertible series. Then

q,(x)=0,8(1) " 6, ' p,(x)s

where 87 'x"*' = (¢, /(n+ 1)¢c,)x" and 6;'1= 0.

The Transfer Formula readily gives Lagrange’s formula for the
compositional inverse of a delta series. To see this we take y=0 in the
generating function of a Sheffer sequence,

—e— =\ ,
g =«

since £,(f(t)) =c; '. Now by the Transfer Formula
k1

0= [g 00 (52)  #)

~(eoro (F2) |2

Thus the coefficient of t*/c, in g~ '(f(t)) equals ¢, times the coefficient of ¢*
in g7 ') £'()f(t)/t)~*"'. Other versions of Lagrange’s formula are
similarly derived.

The next proposition is an application of the Transfer Formula.

1 X CoSk(0) n

ProposITION 7.1. Let s,(x) be Sheffer for (g(t), f(t)). Let h(t) and I¢)
be invertible. Then the sequence

ra(x) = h(2) [()" s4(x)
is Sheffer for

(U"(l)f(t)l'

e O g0 0 10)

Proof. First we have

1710 SO ra(x) = £(6) h(O) 1) 5,(x)

Cn

RO )" 5,1 (x)

n—1

c

n

Cn

rn«l(x)'
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Also,

(e rol
S () h(t)
IOFAGIK

=y 0" 80,0

___llil(t)f(“)l, n+1 7 f_([_)_ ! n

() g(t) r (x)

=m0 sop (FEE) T e

is the associated sequence for /~'(f) £(¢), and the proof is complete.

8. UMBRAL COMPOSITION AND TRANSFER OPERATORS

Let p,(x) be associated to f(t). The transfer operator for p,(x) or f(1) is
the linear operator A, on P defined by

Apx" = pu(x).
We have
A;kg(t)z S <g(t)l pk(x)/ [A‘

=0 Ci

(8.1)

X

We can characterize transfer operators by their adjoints.

THEOREM 8.1. A linear operator i on P is the transfer operator for f(t)
if and only if its adjoint A* is an automorphism of . # satisfving (6.1) and for
which

A¥f(y=t.

Proof. Suppose A, is the transfer operator for f(¢). with associated
sequence p,(x). By Theorem 5.9 we have

(AFh(e) g(0) 1 x™) = (1) g() | palx))

=\ - z Ch(e) | pole))< &) | Py i)

k=0 “k-n-k

Cn

|
{ /=

() | X (GF g1 | x" 5

k=0 CxCn_k

= (AFh() AFg(t) | x,)
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and so Afh(t) g(t) =AFh(t) A7 g(t). Also, from (8.1) we see that A7 f(¢) =1
For the converse, suppose @ is an automorphism of # satisfying (6.1) and
for which wf(f)=¢. Then if A, is the transfer operator for f(f), with
associated sequence p,(x) we have

FEFOF [ x") = (0| AxT)
= (f(O)"] pux))
= a0k
= (] x")
= (@f ()| x")

and so w =%,
The most important properties of transfer operators are contained in the
next result.

THEOREM 8.2. (a) A transfer operator maps associated sequences to
associated sequences.

(b) IfA: p,(x)— q,(x) is a linear operator where p,(x) is associated to
S(t) and q,(x) is associated to g(t), then A*g(t) = f(¢).
(¢) If p,(x) and q,(x) are associated sequences and Ap,(x)= q,(x),
then A is a transfer operator.

Proof. (a) Let A:x"— p,(x) be a transfer operator and let g,(x) be
associated to g(¢). Then

A*1g(0) | Agn(x)) = (&(1) | g,(x))

:'cnén.k

and so Aq,(x) is the associated sequence for 1* ~'g(¢).

(b) We have (1*g(1)| p,(x)) = (g(1)|Ap,(x))=<g(t)|q,(x))=
CpOn,1 =S (1) | palx)) and so 1*g(t) = f(2).

(c) Suppose p,(x) is associated to f(t), and g,(x) is associated to
g(t). Then by (b), A*g(t)=/() and A*g(f(r)*=r*. Hence
(g(f ()| Ax"y = (| x"y=¢,F,, and so Ax" is associated to g(f(¢)).

Suppose p,(x) and q,(x) are two sequences of polynomials with g,(x)=
i _0dnix*. Then the umbral composition of q,(x) with p,(x) is the
sequence

n

4(P(X)) = Y Gy Pilx).

k=0
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Notice that if 1: x" — p_(x), then
Dyl

g.(p(x)) = Ag,(x).

THEOREM 8.3. Let p,(x) be associated to f(t) and q,(x) be associated to
g(1). Then q,(p(x)) is associated to g(f(t)).

Proof. Let A:x" > p,(x) be the transfer operator for f(z). Then by the
proof of part (a) of Theorem 8.2, Ag,(x) is the associated sequence for
A%~ lg(r). But Aq,(x) = q,(p(x)) and, by part (b) of Theorem 8.2, A* " 'g(1) =
gA* (1)) = g(f (1))

We would like to extend this result to Sheffer sequences.

THEOREM 8.4. Let s,(x) be Sheffer for (g(t), f(t)) and let r,(x) be
Sheffer for (h(t). [(t)). Then r,(s(x)) is Sheffer for the pair

(8(0) RS, IS (1))).

Proof. Let A;: x,— p,(x) be the transfer operator associated to f(¢) and
let u: x" —s,(x). Thus we have u = g~ '(z) 4,. Now
&) RS D) IS (@) | rals(x)))
= (&) hUf W) IS (1) | ury(x))
=gV RSO IS @) | &' (D) A,r,(x))
= AFRSE) IS | r,(x))
= (R I | ra(x))
= CpOp -
This completes the proof.
Suppose s,(x) and r,(x) are two sequences of polynomials related by

r.(x)= S a4 Sk(X)-
k=0

The connection-constants problem is to determine the constants a, ,. In case
sp(x) and r,(x) are Sheffer sequences we can give a solution to this problem.

THEOREM 8.5. Let s,(x) be Sheffer for (g(t), f(t)) and let r,(x) be
Sheffer for (h(¢), /(t)). Suppose

raX)= N a, . 5,(%). (8.2)
k=0
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Then the sequence

k
(X)— _ nkx

is the S‘heﬁ'er sequence for the pair

(h(f(l))

sy )

Proof. Equation (8.2) can be written as

ralx) = ,(8(x))-

If ¢,(x) is Sheffer for the pair (X(¢), Y(¢)), then by Theorem 8.4 we have

h(r) = g() X(f (1)),
)=Y(f(t)

and so
Y(t) =/ (1)),

W)
0=y

CoRrOLLARY 1. [If p,(x) is associated to f(t) and q,(x) is associated to
{(t) and

gn(x) = : an,kpk(x)»

-0

x=

then t,(x)=Y"_,a, ,x* is associated to I(f(t)).

9. EXAMPLES: GEGENBAUER, CHEBYSHEV AND OTHERS

In this section we study the delta series

f) = ___Vl—tt_l

This will lead us to the Gegenbauer and Chebyshev polynomials.
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Associated Sequence
We begin by computing
fty=
1+y1-1¢

= -2
Fo =15,

N

S0)=

—1
V1=l +/1-1%)
S@)
v 1—1

We shall denote the associated sequence for f(¢) by p,(x). The generating
function for p,(x) is

. (—Zt )= - P
¥ 1'+'t2 ’

k=0 Cx

The conjugate representation for p,(x) is

N (R ML

pax)= Y
k=0 Cy
Now
=2t K Sk .
<(1+[2) xn>:(_2)k>_ (J )&[_Hk’xn.
i—o
Ao, g
= (_Z)k N ( /\ )Cno‘n.ll"l\
/'-r_IJ .} /
v (2 — .
(—2)""’(1_ n)c,, if k=n-—-2
J
Jo if k#tn— 2
and so
2 2 y
pby= X S (V) (2
j=0 Cn_2j J

Let us give some consequences of the Expansion Theorem. We have

o G D))

k—n Cy

S
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But
if n+kodd

"] plx))=0

and
(1 2wrale) = 20 () easy

and so
n_%o’ n [T
e e (V) A
= ) J 14+v1—1¢

or
v e () )’

From Rainville, [4, p. 70| one can deduce
M7= S oala+2k—1)
(l+ ) _k‘l) 2a+2kk, = lzk (91)
for all a. Hence
Dfk(k+2—1
Sk= S 1) (2k+ V= Uit ek 9.2)
Thus we have
" 1k x"
ISR
=0 Ck
where by (9.2)
SO x"y=0 if n—kisodd
and
ey ey =0 Do
27!
and so
WA (~1)y"(n—2)(n—1),_, ¢,
S ) ( ) )i-1 P
Cn—2j

x" =
—_ P
j=0 2]!
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h

Now we turn to some recurrence formulas. From the fact that
f) pixy=(c,/c,_)) P, {x) we have

V 1 _[2pn(x): ({f([) + l) pn(x)

Cn

c [pn—l(x)+ pn(x) (93)

n-1

V1= 2p, 0= (1 +1 =1 p(x) — p,(x)
(14 T=0) F(8) P () — Pyi)

and

n+1

== tp () = pal). (9.4)

ntl

Equating the two expressions gives the recurrence

Cy Cn
_—tpn+|(x) +

Cn+l Cn—l

P, _1(x) + 2p,(x)=0 (9.5)

Notice that (9.5) holds for any Sheffer sequence using f(¢) as its delta series.
We may obtain another recurrence from (6.4). We observe first that

AG

- 1—

i1

2

and so
np,(x)=xD+\/1—1t* p,(x)
and using (9.3) gives

Cn

(xD —n) p,(x)+ xDtp, (x)=0 (9.6)

c

n-1

Also, Eq. (6.6) becomes

g ,
(n—xD) p,(x)=2xD _\_ —— (= 1)* p, ).

k=1 CokCn_2k

Of course, Egs. (9.5) and (9.6) may be used to derive other recurrences.
Now let us turn our attention to a specific form for c,. namely.

409 R7 |7
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where —4 is not a non-negative integer. Let us collect some preliminary

results. We have

Co n
.. —A-n+1
and
n
t n_ n—1
x —A—n+1 X
One can easily verify that
t=—(+xD)"'D. 9.7)
Also,
6, x" =—@A +n)x"+!
and so

8, = —x(4 + xD).

Next we have

g,(t)= § <—kA ) yhx*

k=0
=(1+4 yt)~h

The generating function now becomes

(1 2yt )"‘= \OC;'(_nA)pk(y)tk

1+
or
< —A
(L4 2P (1 =2+ 02) 4= N ( ) P
k=0 \ 1
|Note the similarity with the Gegenbauer generating function.| The
conjugate representation yields

o )00

Pax)= Y ———=—
=
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Referring to (9.7) we see that (9.5) becomes

(,,jl )Dpn+.(x)+ (n:ll )Dpnﬁl(X)—z ( :f ) (A +xD) p,(x)=0

which holds for any Sheffer sequence using f(¢) as its delta series. Equation
(9.6) becomes (using (xD)? =xD + x*D?)

(x*D* + (A ~n+1)xD —An) p,(x) + T—H_LTXDZP""(X) =0

+ A

Sheffer Sequences: Gegenbauer Case
Let s,(x) be Sheffer for the pair (g(t), f(r)) where

2 o
o= (2 )"
14/ 1=7
It is easy to see that
gUf0) =1+
and so the generating function is
-4
(1 + 12y A1 = 2pr 4 £7) 4 = \ (

k=0

k )sk(y)t*.

Thus when A,=4, the polynomials (73')s,(x) are the Gegenbauer
polynomials.
To obtain the conjugate representation we notice that

__,1__ FIYk — (YK 4k 2y -k -2
g(f(t))f(t) (=2) (1 + £

and a simple computation yields

(—,l )(*Ao+2j—n)
[n/2] Y .
0= S Y !

S
n
To apply the Expansion Theorem we observe that

g0 S =2V (k1 + /1)t *

(—2x)" ¥,
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and from (9.1) we obtain

¢ = S VGt Dotk U Dy s

= 2k+2jj!
Hence
(n ")
in/2) —2k ] (=D)"Ae+n=2k)Ag+n—1),_
n V‘ n 0 0 k—1
X = n Sn- (X)
= (_,1> 27k} 2"
N

We may use the techniques of Section 8 to relate Sheffer sequences for
different choices of 1,. Suppose s,(x) is Sheffer for (gy(¢), /(¢)) and suppose
r,(x) is Sheffer for (g,(z), f(¢)) where

2o

2
&)= <1+\/1——12 )
and
2 A
&)= ( 1+/1-1 ) '
If
rn(x)= I(\,:. an,ksk(x)’
=0

then by Theorem 8.5, 1,(x) = Y 'i_, a, ,x* is Sheffer for the pair

oG @) . -
(£ v0)

which is the pair

((1+ £yt o, ),
Thus

(1 + t2),\g—«l| x"

e
D (ok 1>t2kxn

k=0

ta(X)

—A
_["Vm (n—2k> (lo—il)xn-zk

TS (—nl) k

=
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and finally

ra(x)= ’; (—A )
n

We now come to the recurrence formulas. First we need

( —A
tn/2] n—2k> Ag— A
_’—( Ok l\)snv2k(x)'

g'(t) _ Aot
g0) 1= (1 +/1—-19)
=—Aotf" (1)

and

JO _, e
f’(t)‘t -t

Then (6.4) gives

ns(x) =xD\/1—t's,(x)+ £n

Aots, _ (x).

cn—l

Since (9.3) holds for s,(x) we obtain

(1 — xD)(A + xD) 5,(x) — I—”_—l (A, + xD) Ds, _,(x)=0.

+n

In case A = 4,, for the Gegenbauer polynomials this becomes

xDs, (x) + Ds, _(x}—ns,(x)=0. (9.9)

n
A+n—1

We remark that Egs. (9.8) and (9.9) are independent and can be used to
derive all of the recurrences for Gegenbauer polynomials appearing in Rain-
ville [4] including the second-order differential equation.

Finally, Eq. (6.6) gives

- t2d ) -
_ - < “DEs ().
( N )(n xD) s (x) = 2(xD + 4,) = (Zk )(n B Zk) (—1)" s, 24(x)

Sheffer Sequences: Chebvsher Case
If A = 1. then

Cp= (*1)"
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and

and so

tp(x) = (—=x)"" p(x).

The recurrence (9.5) becomes
2xpp(X) + Pusi(X) + Pyp_i(x) =0. (9.10)
The Sheffer sequence T,(x) for the pair (g(¢), f(¢)) where

g(t)z_l—_ﬁ

is related to the Chebyshev polynomials of the first kind. In fact we have

- l + ¢

sF ) =1

and so the generating function for s,(x) is

(1= =2+ 1) ' = § (=)} Ty(x) £

k=0
From T,(x)= g~ '(t) p,(x) we get T,(x) = /1 — 7 p,(x) and (9.3) gives
To(0) =x7'py_1(x) + Py(x) 9.11)
and (9.4) gives
Tn(x):_x_lpn+l(x)_pn(x)' (912)
The conjugate representation for p,(x)
21 j — .y
P = N (Y (2
i=0 J

then gives direct formulas for 7T ,(x).
The Sheffer sequence U, (x) for the pair (g(¢), f(t)) where

) _ 2
M
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is related to the Chebyshev polynomials of the second kind. We have

glm)=1+1°

and so

(1—2pt+1%)""'= \_ (—D* Ux) .
k=0

Now
Uy x)=g (1) py(x)

% (Lfﬂ)‘lf(t)pmm

= %tprwl(x)

= —Elx_lprwl(x)

and so we see that the Chebyshev polynomials of the second kind are
intimately related to the associated sequence p,(x).

Combining (9.11) and (9.12) with (9.13) gives equations connecting T ,{x)
and U, (x).

T,(x)=—=2U, (x) —2xU, _\(x).
T,(x)=2U,(x)+ 2xU,_,(x).

and hence
T,,(X) = Un(x) - Un—‘l(x)'

We conclude with the connection-constants problem

Uyx)= N a,, Tix).

k=0

From Theorem 8.5 we see that 1,(x) =37 _,a,,x" is Sheffer for (1 —¢°.1)
and so

L) = (1—13) ' x"

S

Il
| s

(—l )j tlj xn

~.
1l

I
%

|
(—1y x" ¥,

iy ©

|

.
I
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Thus a, ,_,;=(—1Y and a,,,_,;,, =0 so
{n/2]

Un(x): S (—l)iTn—-Zj(x)'

j=0
10. EXAMPLES: JACOBI AND QTHERS

In this section we study the delta series

t—\/1+2t

t

fy=2F

t

- T+t+y/1+2t

Associated Sequence

First we have
- 2t
)= —47——
f( ) (l _ t)2 s

1
S0 _z\ﬁ——+—7tf(t)'

We shall denote the associated sequence for f(¢) by p,(x). The generating
function is

¢ ( 2 )= o Pdy) ok
A —p)? k=0 Cxk .

The conjugate representation for p,(x) is.

{L <2ktk(1 _ t)—Zk | xn> xk

p,,(x)zkzo Ck
Now
< =2k .
keke1 _ g\ —2k ny . \7 ki +k n
@441 — 1) | x7) ;0(]. ) 251 L)
—2k
_ (n_k ) 24(-1)" ¥,
and so

—2k
P = X () et
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Our first recurrence comes from the equations

VIi+2tpx)=(1+t+/1+2t)p,(x)—(1+8)p,(x)

= (L4 1+ TF20S () P () = 1+ 1) py(0)
n+1
= g () = (14 0) pa(x) (10.1)

and

V142 p,(x)=(1+1t—1f(1)) pa(x)

cn
= (1+0)px) === 1p, (x) (10.2)
n—1
From these equations we obtain
Cn CII
P01 i(X) + 1, () =21+ 0p,() =0 (103)
n+1 n—1

which holds for all Sheffer sequences using the delta series f(¢).
We obtain another recurrence from (6.4) by noticing that

f@) _
tf,(t)_\/l+21

and so

np,(x)=xD+/1+ 2t p,(x).

Using (10.2) we obtain

Cn

xDtp, . \(x) —xD(1 + 1) p,(x) — np,(x) = 0. (10.4)
n+l

Sheffer Sequence: Jacobi Case
We shall take

_ (1 +a)(n)
T F a1 A2 e+ B2

B 22n(1+a)(n)
RErEE
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Since

Cp 4(a +n)
¢, , (@a+B+2n—1)a+B+2n)°

one can readily check that

t=4(1+a+f+2xD)"'2+a+p+2xD) ' x (@ +xD). (10.5)

Also,
& (U +a+B2)Q+at By
()= (1 +a)® ¥t
k=0
l+a+pf 2+a+f
2 * 2 b
=,F, st

1 +a;

We denote by J,(x) the Sheffer sequence for the pair (g(z), f(¢)) where

g(t)z ( 2 )l+a+B.

L++/1+2t

Then since
gf()y=(1—r)'re+8

the generating function for J,(x) is

l+a+f 2+a+f

2 ' 2 ’ 2yt
(l—[)*l—n—’B 2F1 (1—[)2
1 +a;
> l4+a+ 2 (k) 2+ + ) )
::;3(( } ﬁ%ﬁ+§ﬂ’a h Sy e~

Referring to Rainville {4, p. 256], where the classical Jacobi polynomials are
denoted by P!**®)(x), we have

(I +a+p)"

Jn(x)z (1 +a)(n)

e, PP (x + 1).
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The conjugate representation for J,(x) is obtained from

(BN T ") = (1 — 1) 1o 8 3 o,

Soof—l—a—B -2k ;
— \ ( a . /)) ) (*l}l 2k<[j+k [.‘C"
0 J

j-

_f—l—a—F -2k Nk ok
= (T e e,
:(a+ﬁ+n+k>2kc"
n—k
and gives
", k
J0)= N (“””” ) (2x)*
o n—k

_ \"ﬂ (a+ﬂ+n+k> (a+n)n~k 22n~ktk
— n—k (@ + B+ 2n),y, o

x>

=0

We wish to express x" as a linear combination of J,(x). From Corollary 2
to the Expansion Theorem (Theorem 5.2) we have

GOS0 X"

k=0 Cx

X

J(x).

Now by (9.1) we have

(L+t4+/142)" “(41420)"

{ #Qu + 2j — 1),,-7.(_[),
—_— 2u+/ IJ'

i=0

and so

NSO =21 k(L r /1 +20) 7 o8k

N gy et AR 2a+ B4 K+ )
- 2A+l lj'

and

(=D 1 +a+B+k)1 +2a+28+2n), ,_,

A N = -
\g([)f([) "\ . 2"7[('1_,\,)! Cyp
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Thus
n Y"w D" "(l+a+,3+k)(l+2a+2ﬂ+2n),,k { Cp
g ¥ th )
iTo 2" Y n—k)!
- (1+a+ﬂ+k)(1+2a+2ﬂ+2n)n_k_x(a+”)n_k
k=0 (n—=Kk)(a+B+2n),,_,

X (_ l)n—k pn+2k+1 Jk(x)'

We conclude our discussion of the polynomials J,(x) with some
recurrence formulas. Equation (10.3) holds for J,(x) where ¢ is given by
(10.5). Let us derive Eq. (6.6) of Theorem 6.7. From f(¢) = 2¢(1 —¢) "> we
obtain

(L9)" Fip= 12t

I

+

[ ()
Tl s

~

x

and so
by =y,
bk ==2€k.

Also, from g(f(¢))= (1 —1)'***# we obtain

t[g(f(t))] _ ot
sFwy - reths
=—(1+a+p) i t*
k=1
and so
dy=0,

d,=—(1+a+f)c,.

Therefore Eq. (6.6) becomes

(n—xD)J,(x)= X

k=1 CkCn_y

2exxD + (L +a +B)e) S,y (x)

Cy

=(l+a+pf+2xD) N

k=1 “n—k

‘]n —k(x)'
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11. ExAMPLES: THE g-CASE

In this section we shall briefly discuss the g-theory. We take

(=gl —g%) - (1—q")
C, = .

n (l _q)"
Then
Cn _ 1 —q"
Cnoi - |~ q
and so
1 _ n
[.Y" _ q xn——l
l—q
_ X — ()"
X —qgx
and so
p(x) — p(gx)
tp(x) = ————(—
X —gx

The g-binomial coefficient is

()l ) Cy
k q Ckcn—k

(1-g)--(1—4q")

(1—q)- (1—=g")N1—q)--(1—g" ")

Thus we have
H

'n )
6y(t)xn — \ ( ) },l\xn—k.
q

k=0

From (3.5) and the equations

1-g* |
=gyt
. _ S —S(q)
éfl)y= pa—
we obtain
ye(t) = &,(1) — €,(at)

t—qt

107

(11.1)

(11.2)
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or
e,(qt) = (1 — (1 —g)yt) &,(1). (11.3)

Sheffer sequences for the delta series f(¢) = ¢ satisfy

1 —q"
15, (x) = g

Sn— l(x)

and in view of (11.1) we get
Su(X) — sp(gx) = (1 —q") x5, _,(x). (11.4)
We define the sequence (x|, , by

[x]a.o = 1’

[x]a.n = (x —a)(x _qa) (X —q

n-—-1

a)

and write [x], , as |x],.
Then using (11.1) it is straightforward to verify that

1_ n
([xlon =g [Xla-
== (xlge (11.5)

n—1
and so |x], , is Sheffer for the delta series /() = ¢. Therefore (11.4) gives

[x]a,n - [qx]a.n = (l _"q")x[x]a.n—l'
Since

(&al®) | [¥]an) = l@]a.n

= 5n,0’

the sequence [x], , is Sheffer for the pair (g,(¢), f). From Theorem 5.5 and
(11.5) we obtain

xn = aa(t)[x]a.n

oo
a
A

k=0 Ck

Il

0

(Y
k:b (k )qa I.x]a.n—k'
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The generating function for [x], , is

& (1—g)
i (1—q) - (1 —4"

{yla.ktk'

o=

Letting y = 0 and noticing that [0], , = (—a)* q( 2/ gives

& (1—g)

- (5)(—an)*.
&) i (l—q)...(l_qk)q (—at)

Since

1 [)a.n) = 10]a.
= (~a)" q(; )

and using Theorem 4.1 we get

<t I[x]a n>_ <tol [x]an k/

n—k

(._a)"‘k q(";k)

Thus by Corollary 2 of the Expansion Theorem

\"'1 <tkl [xla.n>xk

Xlgn =
| ] k=0 Cy
= \"‘ (n> (_a)"_k q("z")xk.
l(:() k /q

Replacing x by ¢,(¢) gives the formula

n

() =1) - (6, (0)—g" )= N (:) (1) ("2 e (o,

k=0

Applying this to a polynomial p(x) gives a formula which appears frequently
in the literature in the somewhat confusing form

k=

A"p(xy= N (Z) (=1 %" p(x + k).
0 q
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This same Corollary also gives

K= N Mcl—[’ﬁ[xla,k

=
=1

= i (Z )q [@lpn—ilX]au-

k=0

This is actually the g-Vandermonde convolution formula in disguise. To see
this notice that

x|, = a[xl;

and so (11.6) gives, with x replaced by ax and b =1,

faxly= ¥ () alaliidxle (117)

k=0

We wish to make the substitutions

!
x=q,
a=q",

ax:q”’".

Now if i € j we have

=@ -1 —q) @ —q'"")
:q1+z+---+i—l(qj_1)(qj—l_1)___(qj—i+1_1)
_g(h @D D
@ "'=D--(g-1)
EE N Aty
q(Z (g—1y~" Ci_;

! i Ci
=q3)g— 1)~

j-i

and if / > j, then [¢’]; = 0. Using this in (11.7) gives

g(Dg— 1y im0 S ghomg ("7 g — 1y

Ciam-n k=0 CxCn_k

><c"

k Cl
g )g— 1 ——
Com—n+k Cr—«
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which becomes, in view of ("3*) + (%) — (%)= —k(n — k).

(1+m) —_ {1‘ qk(m‘m-k) (1) ( m ) . (118)
n ¢ ko ki \n—k],

Next we touch briefly on the g-Bernoulli polynomials. We define the g-
integral by

\f": C" \,n+l
q Cnsi
_ l_q n+l
- l~qn+l’
and
._vx"* l—q n+1
0 - l__qn+l J .
q°

The g-Bernoulli polynomials have the generating function

PN (1-9)f
Sl(f)‘lby({)- i (1—¢q) - (1 —

That is, B, (x) is Sheffer for the pair

(E,([)ﬁ 1 1{).

t

3 B, (y)t

By Theorem 5.5 we have

B0 o
[
But
<€[([)_l Yn)_c_n<51(")_]'n,n+l>
i el et

=1 ey — 1"

n+ 1

c

k__"_ln+l
Cu+l
-1
= x - x"
q-0

409 €7 1 8
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and so

(5 ) oo

q

In particular,

-1
Ono= | xB,(x).
q 0

Corollary 2 of the Expansion Theorem is the g-Euler-MacLaurin Expansion

=5 (-gf el
pe)= Y (l_q)___(l_qk)< e p(x))Bk(x)

_ % (1-9)
= (I—q) - (1-4g"

B | tol)

We can also connect the two sequences B, (x) and [x],,

& (a0 | B

B, (x)=
)= ¥

%]

x
I

= I;o (Z )qu(l)[x]k
and
o e =1, B,(x)
xl= N (S| ) =

-5 .05

- éo (Z )qu(x)qJ:x[x]n_k_

[xln_k> B,(x)

We now turn to the g-Leibniz formula. First we need a lemma.

LEMMA. For any series f(t) and polynomial p(x),

@rf | plgx)y=q"@rf(@'t)| p(x))

Proof. By linearity we need only check this for f(f) =* and p(x)=x".
But then
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. I'd . .
@re| (gx)") === ™" " | x™)
n

=___qi(k—n)<tk-n Ixm‘\)

— qj(k-n)<a:1tk [ xm\’.‘
=q 7@ gD | X"
The g-Leibniz formula is

n

e gy =N (

n

L) a7 o e,

q

The proof consists of the following calculations, in which we use the g¢-
Vandermonde convolution (11.8) and Theorem 5.9,

) g xm
=(f(r) gt)|x"*"™)

n

_\" n+m j ntm-—j\
-_( : )q(f(t)lx’><g(t)|x

j=o0
n+ﬂm n+_‘m n m Civk Ny
=) X (k) (/ k) g RO 1 KO | X"
j=0 k=0 q VT N/g
n+m n+m ;
=Y (n) = (m )q*‘"’*’*“<f(r)|xf'\<g(t)|x"”"""»
o \k g \F—k /g / |

A OIS TOIE S
q

) ql\(m I)<(,kf [)‘\, <fn -k (IH nmo
q

) @Sy xer e (@)

q

N\’ ('Jn) <€kf »k(nfk)(gn Ag(q [H
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12. FUTURE DIRECTIONS

We intend this paper to be the first in a series of papers. Let us give a
brief description of the subject of two future papers.
First is the idea of replacing the algebra of polynomials P by the field of
formal Laurent series of the form
n
px)= Y axt

k=—oC

The entire theory goes through in this new setting. Each Sheffer sequence

n
sn(x): N an,kxk
k=0

[

H

is replaced by a sequence of formal Laurent series

n
§"(X)= S dn.kxk’
k=—c0

where a,, , =a, , for n, k > 0. For n <0, the sequence §,(x) has been termed
a factor sequence and several examples have appeared in the classical
literature. However, for n > 0 the sequence §,(x) has never been studied.

The second direction for future work comes from the observation that the
present theory is somehow “centralized” at 0. This is evident from the fact
that ¢° is essentially evaluation at 0 and (f()| p(x)) = {t*| f () p(x)). We
may “decentralize” the umbral calculus as follows. Let a,, «,,... be a
sequence of independent transcendentals. Then the role of the sequence ¢* is
taken by the sequence ¢, (f) t*, where ¢, ,(£) is evaluation at a,. A large part
of the present theory still goes through. Some interesting new polynomial
sequences now come to light, for example the sequence

$A(¥)=(x —a)x —ay) - (x—a,)

and the Gonéarov polynomials G,(x). The latter are defined as the unique
polynomials for which G{*(a,) =8, ,. Both these sequences are important in
the theory of interpolation.
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