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1. INTRODUCTION

In this paper, we establish the existence of mild solutions for an impulsive abstract functional
differential equation with state-dependent delay described by

2(t) = Az(t) + £t 2p000),  t€T=[0,a] (L)
Ty = %2 & B, (1.2)
Aﬂf(tl) =Ii(xt,~)a i=1,...,n, (13)

where A is the infinitesimal generator of a compact Cp-semigroup of bounded linear operators
(T'(t))e>0 defined on a Banach space X; the functions z, : (—00,0] — X, z5(0) = z(s + 6),
belongs to some abstract phase space B described axiomatically; 0 < £ < -+ < ¢, < a are
pre-fixed numbers; f: IxB— X, p: IXxB — (—o0,a}, I; : B— X,i=1,...,n, are appropriate
functions and the symbol A£(t) represents the jump of the function ¢ at ¢, which is defined by
AE(t) = £(t) — £(2).

The theory of impulsive differential equations has become an important area of investigation in
recent years stimulated by their numerous applications to problems arising in mechanics, electrical
engineering, medicine, biology, ecology, etc. Relative to ordinary impulsive differential equations,
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we cite among other works [1-5]. First-order abstract partial differential equations with impulses
are treated in [6-9].

The literature related to ordinary and partial functional differential equations with delay for
which p(t,9) =t is very extensive and we refer the reader to [10,11] concerning this matter.

Functional differential equations with state-dependent delay appear frequently in applications
as models of equations and for this reason the study of this type of equations has received great
attention in the last years, see, for instance, [12-20] and the references therein. The literature
related to partial functional differential equations with state-dependent delay is limited, to our
knowledge, to the recent works [21,22]. The study of impulsive partial functional differential
equations with state-dependent delay is an untreated topic and it is the motivation of our paper.

2. PRELIMINARIES

Throughout this paper, A : D(A) € X — X is the infinitesimal generator of a compact
semigroup of linear operators (T'(t)):>o defined on a Banach spaces X and M is a constant such
that || T'(t)|| < M for every t € I = [0,a]. For related semigroup theory, we suggest [23].

To consider the impulsive condition (1.3), it is convenient to introduce some additional concepts
and notations. We say that a function u : [0, 7] — X is a normalized piecewise continuous function
on [0, 7] if u is plecewise continuous and left continuous on (o, 7]. We denote by PC([o, 7}; X) the
space formed by the normalized piecewise continuous functions from [o, 7] into X. In particular,
we introduce the space PC formed by all functions » : [0,a] — X such that u is continuous at
t # ti,u(t;) = u(t;) and u(t]) exists, for all i = 1,...,n. In this paper we always assume that
PC is endowed with the norm [lullpc = sup,eg o) llu(s) |- It is clear that (PC, [ - ||pc) is a Banach
space.

To simplify the notations, we put to = 0, tn4+1 = a and for u € PC we denote by 4; €
C([ts, tis1]; X), = 0,1,...,n, the function given by

_ u(t), forte (ti,tiya],
ui(t) = +
u(t]), fort=t,.

Moreover, for B C PC, we denote by B;, i =0,1,...,n, the set B; = {@; : u € B}.

LEMMA 2.1. A set B C PC is relatively compact in PC if and only if, the set B; is relatively
compact in C([t;,t;41]; X), for every i =0,1,...,n.

In this work we will employ an axiomatic definition of the phase space B which is similar to
that used in [24]. Specifically, B will be a linear space of functions mapping (—o0,0] into X
endowed with a seminorm || - ||z and we will assume that B satisfies the following axioms.

(A) Ifz: (—oo,04+b] — X, b> 0, is such that z|, ;44 € PC([0,0+b] : X) and 2, € B , then

for every t € (0,0 + b] the following conditions hold:
(i) z¢ is in B,
() =)l < Hilzells,
(ili) fzills < K(t - o)sup{|lz(s)|| : ¢ < s < t} + M(t — o)||z,||z, where H > 0 is
a constant; K, M : [0,00) — [l,00), K is continuous, M is locally bounded and
H, K, M are independent of z(-).
(B) The space B is complete.

EXAMPLE. THE PHASE SPACES PCh(X), PCI(X). Let g : (—00,0] — [1,00) be a continuous,
nondecreasing function with g(0) = 1, which satisfies the conditions (g-1), (g-2) of [24]. This
means that the function

g{t+9)

¢ = —oc0<fL—t 9(9)

is locally bounded for ¢ > 0 and that limg_, o g(8) = 0.
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As usual, we said that ¢ : (—00,0] — X is normalized piecewise continuous, if ¢ is left
continuous and the restriction of ¢ to any interval |—r,0] is piecewise continuous.

Next, we modify slightly the definition of the spaces Cy, Cg in [24]. We denote by PC4(X) the
space formed by the normalized piecewise continuous functions ¢ such that /g is bounded on
(—00,0] and by ’PCS(X ) the subspace of PCy(X) formed by the functions ¢ such that

ol0) _
9(8) 0

as 6 — —oo. It is easy to see that PC4(X) and PCY(X) endowed with the norm

le®)l

= 8su
lells es% 9(0)

are phase spaces in the sense considered in this work. Moreover, in these cases K(s) = 1 for
s>0.

EXAMPLE. THE PHASE SPACE PC, x L?(g,X). Let 1 <p < 00,0 <7 < 00 and ¢(-) be a Borel
nonnegative measurable function on (—oco,r) which satisfies the conditions (g-5)—(g-6) in the
terminology of [24]. Briefly, this means that g(-) is locally integrable on (o0, —r) and that there
exists a nonnegative and locally bounded function G on (—oc,0] such that g(§ + 8) < G(£)g(9)
for all £ <0 and 8§ € (—oo0,—r) \ N, where N¢ C (~o00, —7) is a set with Lebesgue measure 0.

Let B := PC, x LP(g; X), r > 0, p > 1, be the space formed of all classes of functions
¢ : (=00,0] = X such that ¢|_,q € PC([~7,0],X), ¢(-) is Lebesgue-measurable on (—oo, —r]
and g | ¢ |? is Lebesgue integrable on (—oo, —7]. The seminorm in || - || is defined by

—_r 1/p
lolls = 010 + ( / 9(9)||90(9)||”d9) .

el[-r, —o0

Proceeding as in the proof of [24, Theorem 1.3.8], it follows that B is a phase space which satisfies
Axioms A and B. Moreover, for 7 = 0 and p = 2, this space coincides with Co x L%(g, X), H =1,
Mt)=G(~t)"? and K(t) =1+ (fft g(r)dr)'/?, for t > 0.

REMARK 1. In retarded functional differential equations without impulses, the axioms of the
abstract phase space B include the continuity of the function t — z, see [24,25] for details. Due
to the impulsive effect, this property is not satisfied in impulsive delay systems and, for this
reason, has been eliminated in our abstract description of B.

REMARK 2. Let ¢ € B and t < 0. The notation , represents the function defined by ¢.(8) =
o(t + ). Consequently, if the function z(-) in Axiom A is such that zq = ¢, then z; = ;. We
observe that (; is well defined for ¢ < 0 since the domain of ¢ is (—oc,0]. We also note that in
general ¢; ¢ B; consider, for example, functions of the type x#(t) = (t — u)~* X, 01, 4 > 0, where
X{(,.,0) is the characteristic function of (11,0], # < —r and ap € (0, 1), in the space PC, x L?(g; X).

Additional terminologies and notations used in this paper are standard in functional analysis.
In particular, for Banach spaces (Z,| - |lz), (W,|| - |lw), the notation £(Z,W) stands for the
Banach space of bounded linear operators from Z into W and we abbreviate to £(Z) whenever
Z = W. Moreover, B,(z,Z) denotes the closed ball with center at = and radius r > 0 in Z.

The paper has four sections. In Section 3 we establish the existence of mild solutions for system
(1.1)-(1.3). Section 4 is reserved for examples.

To conclude this section, we recall the following well-known result for convenience.

THEOREM 2.1. (See [26, Theorem 6.5.4].) Let D be a closed convex subset of a Banach space Z
and assume that 0 € D. LetT' : D — D be a completely continuous map. Then, either the
map I' has a fixed point in D or {z € D : z = AI'(z), 0 < A < 1} is unbounded.
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3. EXISTENCE RESULTS

In this section, we establish the existence of mild solutions for the impulsive abstract Cauchy
problem (1.1})—(1.3). To prove our results, we always assume that p : I x B — (~o0,4q] is
continuous and that ¢ and f satisfies the following conditions.

H, Let R(p™) = {p(s,¢) : (5,%) € I x B, p(s,v¥) < 0}. The function t — ¢; is well defined
from R(p~) into B and there exists a continuous and bounded function J¥ : R{(p~) — R
such that ¢l < J?(t)|l¢lls for every t € R(p™).

H, The function f: I x B — X satisfies the following conditions.

(i) Let z : (—o0,a] — X be such that zp = ¢ and z|; € PC. The function t —
f(t,Zp(t,2,)) is measurable on [0,a] and the function ¢t — f(s,x;) is continuous on
R(p~)U[0,a] for every s € [0, al.

(ii) For each t € I, the function f(t,-) : B — X is continuous.

(ili) There exists an integrable function m : I — [0,00) and a continuous nondecreasing
function W : [0, 00) — (0, co) such that

IF@E N < m@W([¥ls),  (¥) €I xB.

REMARK 3. We point out here that condition H,, is frequently satisfied by functions that are
continuous and bounded. In fact, assume that the space of continuous and bounded functions
Cy((—00,0}, X) is continuously included in B. Then, there exists L > 0 such that

SUPg<o ()]l
415

It is easy to see that the space Cj((—00,0],X) is continuously included in PCy(X) and
PCI(X). Moreover, if g(-) verifies (g-5)~(g-6) and g(-) is integrable on (—oo, —7], then the space
Cy((—0o0,0], X) is also continuously included in PC, x LP(g; X). For complementary details re-
lated this matter, see Proposition 7.1.1 and Theorems 1.3.2 and 1.3.8 in [24].

REMARK 4. In delay differential equations without impulses, the function f is usually assumed
to be continuous. This turns out to be a poor choice of a condition for an impulsive system since
in general, the function ¢ — z; is discontinuous. This fact is the justification for condition H;-(i).

Let z : (—o0,a] — X be a function such that z,z’ € PC. If z is a solution of (1.1)—(1.3), from
the semigroup theory, we get

lvells < L I¥ls, t<0, ¥#0, t¥&C((—00,0]:X). (3.1)

z(t) = T(t)p(0) +/0 T(t—s)f (s, Tp(s,z_,)) ds, t € [0,¢1),

which implies that

2(t7) = T(t2)p(0) + / Tt — )1 (5, p(ermy) 4.

By using that z(¢t]) = z(t7) + Li(zs,), for t € (t1,t2) we find that
(0) = T = 2)o(t]) + | Tt = 5)1 (52p00e0) ds
t1

t

=Tt~ 0)(e(6) + Tien)) + [ T( = 9f (5,5p02.) ds
ty

ty
= T(t - tl) [T(t1)<p(0) + A T(tl - S)f (syxp(s,z,)) ds + Il(mtl)
t
+/t T(t—s)f (Saxp(s,a:,)) ds

= T($)p(0) + /0 T(t — $)1(5, Zp(o.m,y) ds + Tt — t1)]1(22,)-
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Reiterating these procedures, we can prove that

z(t) = T({)p(0) + /0 T(t—s)f (s, Tps,e,)) ds+ Z T(t —t) i {z,), tel

0<t; <t

This expression motivates the following definition.

DEFINITION 3.1. A function x : (—o0,a] — X is called a mild solution of the abstract Cauchy
problem (1.1)-(1.3) if o = @, Tp(s,z,) € B for every s € I and

() = T(t)p(0) + /0 tT(t—s)f (5,@peen) ds+ 3 T(t—th(z), tel (32

0Lt <t

The next lemma is proved using the phase spaces axioms.

LEMMA 3.1. Let z: (—o0,a] — X be a function such that zo = ¢ and z|jp,q) € PC. Then
lzslls < (M, + J(f)ll‘P||B + Ko sup {||z(0)]; € € [0, max{0, S}]} ’ s€ R(p—) U [0, q,

where J§ = supyer(p,-) J#(t), Ma = supye; M(t) and Ko = sup,er K ().
REMARK 5. In the sequel of this work, M, = supe(g,o) M (%) and K, = supsejo,q) K(t).

Now, we can establish our first existence result.

THEOREM 3.1. Assume that there are constants L;, i = 1,2,...,n, such that

VL) — L) | < Lillby —alls,  ¥;€B, =12, i=12,...,n
If
y S (4 =
MK, [hggf-—g—— /0 m(s) ds+;Lz] <1, (3.3)

then there exists a mild solution of (1.1)—(1.3).

PROOF. Let Y = {u € PC : u(0) = ¢(0)} endowed with the uniform convergence topology. On
the space Y, we define the operatorI': Y — Y by

Pz(t) = T(t)p(0) + /OtTa—s)f(s,f,,(s,is))dsﬂL S T-t)E),  tel,

o<t <t

where % : (—00,a] — X is such that Z3 = ¢ and T = z on I. From Axiom A, the strong continuity
of (T'(t)):>0 and our assumptions on ¢ and f, we infer that I'z € PC.

Next, we prove that there exists 7 > 0 such that I'(B.(0,Y)) C B.(0,Y). If we assume
this property is false, then for every r > 0 there exist 2~ € B,.(0,Y) and t" € I such that
r < ||Tz"(t")||. Then, by using Lemma 3.1 we find that

r < ||Tz” ()]

" . n
< MH|o|s + M /0 (W ([T ez | 108) ds+ M S (LillE,

=1

t"
< St H|ls + MW (Mo + Tl + Kor) [ m(s)ds

s + 1 L:(0)11)

+ M > (Li((Ma + I el + Kar) + 1 LO)]) ,
i=1
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and hence,

1< MK, [hmlnf (5)/ m(s dS+ZL1:|7

which is contrary to our assumption.
Let r > 0 be such that I'(B.(0,Y)) C B.(0,Y). Next, we will prove that T' is a condensing
map on B,(0,Y). Consider the decomposition I = I'; 4+ I'; where

Tiz(t) = T(6)e(0) + /0 T(t— 9)f (5,Zppomy) ds,  t€ D,

Toz(t)= Y T(t—t)I(z,), tel

0<t; <t

STEP 1. The set I'1(B,(0,Y))(t) = {T'12(t) : € B-(0,Y)} is relatively compact in X for every
t € I. The case t = 0 is obvious. Let 0 < e <t < a. If z € B,(0,Y), from Lemma 3.1 it follows
that

1Zp(e,20)ll8 <77 = (Ma + JS) 5 + Kar

and so

”/of T(1 = 5)f (5, % p(s,2,)) ds

Consequently, for = € B,(0,Y), we find that

<= MW(T*)/ m(s)ds, Tel
0

t

Tyz(t) = T(@)p(0) + T(e) /0 - T(t—e—s)f (S,i‘p(s,f,)) ds + . T(-s)f (s, jp(s,is)) ds
€ {T(t)p(0)} + T(€) B+~ (0, X) + C.,

where diam(C,) < 2MW (r*) ft . ™(s) ds, which proves that T'; (B,.(0, Y))(¢) is relatively compact
in X.

STEP 2. The set of functions I'(B,(0,Y)) is equicontinuous on I. Let 0 < ¢ < a and € > 0.
Since the semigroup (T'(t)):>o is strongly continuous and I'; (B,-(0, Y'))(t) relatively compact in X,
there exists 0 < § < a — t such that

IT(R)z -zl <e, =z €T1(B0,Y))(t), 0<h<8.

Under these conditions, for z € B.(0,Y) and 0 < h < 6, we get

t+h
IT1z(t + k) = T1z(@)]| < [(T'(h) — DT1z(@)] + /t T(t — 5)f (s, Zp(s,2.)) ds
_ t+h
<e+ MW(r*) / m(s)ds,

where 7* = (M, + J§)|l¢llg + Kor. This proves that I'1(B,(0,Y)) is right equicontinuous at
€ (0,a). Similarly, we can prove the right equicontinuity at zero and the left equicontinuity at
t € (0,a]. Thus, I'1(B.(0,Y)) is equicontinuous on I.

STEP 3. The map I';(*) is continuous on B,(0,Y). Let (z™)nen be a sequence in B,(0,Y) and
z € B,(0,Y) such that z* — z in PC. From Axiom A, it is easy to see that (Z%), — T as
n — oo uniformly for s € (—o0,a]. From this fact, condition H; and the inequality

1f (5,27 oo, 710)) = F(8:Zaez) | S N (88 o, (7)) = £ (8B, 7)0) |5
| (:Zpgs, 7)) = F (8, Fpsz) |5
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we infer that f(s, 27, (z=),)) — f(Tpes,z,)) a8 n — oo, for every s € I. Now, a standard
application of the Lebesgue dominated convergence theorem proves that 'y — [z in Y.
Thus, T's(') is continuous.
STEP 4. The map I's(-) is a contraction on B,(0,Y).

The assertion follows directly from (3.3) and the estimate

IT2z — Tayllpe < KoM Y Lillz — ylipe.
i=1
The previous steps prove that I' is a condensing operator from B,.(0,Y) into B-(0,Y). Now,
the existence of a mild solution is a consequence of [27, Theorem 4.3.2]. This completes the
proof. ]

THEOREM 3.2. Assume that p(t,¢) <t for every (t,) € I x B, the maps I; are completely
continuous, and that there are constants ¢}, i = 1,2,...,n, j = 1,2, such that |;(¥)|] <
cHivlls +c2, forevery y € B. If u=1—-K,M 3" , ¢! >0 and

i=1 "1
K.M * ds

M /Om(s)ds< o W’

where

C= % (Ma +J¢ + MHK,,) lells +KQMZC?} ;

i=1

then there exists a mild solution of (1.1)~(1.3).
PROOF. Lety : (—00,a] — X the function defined by y(t) = () on (—o0, 0] and y(t) = T(t)¢(0)
on [0,a]. On the space

BPC = {u: (—00,a] = X;uo = 0,u|jp,q € PC}
endowed with the norm || - ||pc, we define the operator T : BPC — BPC by

0, t € (—00,0],
ret = { JoT(t—=8)f (8,Fpemy) ds+ 3 T(t—t:)l(Zs), te€ 0,4,

0<t; <t
where T = y + 2 on (—0c0,a]. In order to use Theorem 2.1, we will establish a priori estimates
for the solutions of the integral equation z = AT'z, A € (0,1). Assume that z*, A € (0,1), is a
solution of z = Al'z. If a*(s) = SUPpe(o,s] lz*(8)|, then from Lemma 3.1 we have that

t —
lz* (@) < M/O m(s)W ((Ma + I el + Ka 2up IIw*(ﬁ’)ll) ds
<|0,s

Y (<Ma Il + Ko sup W(enl) IS
0<t; <t 0€(0,t] i=1
t
<M [ i)W ((Ma+ I + MHEL)|plls + Kao(s)) ds
0

+ M el ((Ma +J¢ + MHK,)|lolls + Kaa*(t)) +MY &,

0<t; <t i=1

IA

since p(s, (z*),) < s for each s € I. If £} (t) = (M, + J¢ + MHK,)|¢lls + Koo (t), we obtain
that

A1) < (Ma +J¢ + MHKG) lels+ KM > c2 + KoM /o m(s)W (€*(s)) ds

i=1

+Kal\7fic%€*(t),

i=1
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and so,

(Ma + IS+ MHKa> lells + Ko ic?

i=1

Ay < 1
€(t)§#

Ka—M tms 2s))ds
= /0 (W(ENs) d

Denoting by G.(t) the right-hand side of the last inequality, it follows that

Ba(

(Ba()),

/ﬂx(t) ds < KaM /am(s) s < oo_ds_
s@=c W(s) = u Jo c Wi(s)
which implies that the set of functions {B\(-) : A € (0,1)} is bounded in C(I : R). Thus,
{z*(:) : A € (0,1)} is bounded in BPC.

To prove that the map T’ is completely continuous, we introduce the decomposition 'z =
Iz + ez where (I'iz)o =0,i=1,2, and

and hence,

t
Thz(t) = / Tt—s)f (s,ip(s,fs)) ds, tel,
o

Toz(t) = Y T(t—-t)L(Z,), tel

O<t; <t

From the proof of Theorem 3.1, we deduce that I'; is completely continuous. Next, by using
Lemma 2.1, we prove that I's is also completely continuous. The continuity of I'; can be proven
using the phase space axioms. From the definition of I'y, for r > 0, t € [t;,%:41] N (0,a}, ¢ > 1,
and v € B, = B,(0, BPC), we find that

( z_;l (t — t;)I;(B,- (0; X)), t € (s, tip1)s
T € {3 Tltus —t5)5(Bee(0:20)) = b,
’zl:r(ti — t;)I;(Bp (0, X)) + Li(B (0; X)), t=t;,

where 7* := (M, + HM)||¢||s + Kar, which proves that [2(B,)};(t) is relatively compact in
X, for every t € [ti,t;+1], since the maps I; are completely continuous. Moreover, using the

P

compactness of the operators I; and the strong continuity of (T'(t)):>0, we can prove that [['y(B;)};
is equicontinuous at ¢, for every t € [t;,t;+1]. Now, from Lemma 2.1 we conclude that I'; is
completely continuous.

These remarks, in conjunction with Theorem 2.1, show that I" has a ﬁxed point z € BPC.
Clearly, the function u = z + y is a mild solution of (1.1)-(1.3). The proof is ended. |

4. EXAMPLE

In this section, X = L2([0,7]) and A : D(A) C X — X is the operator Af = f" with domain
D(A):={feX: f"eX, f(0)= f(r) =0}. Itis well known that A is the infinitesimal generator
of a compact Cp-semigroup of bounded linear operators (T'()):>0 on X. Moreover, A has discrete
spectrum, the eigenvalues are —n?, n € N, with corresponding normalized eigenvectors

) = (2) sin(os),
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the set {z, : n € N} is an orthonormal basis of X and

t)x—Ze Yz, 20) 2n,

for every z € X.
Consider the differential system,

2 ¢

5160 = gt + [ Bl tuts ~ o(lu®l). &) ds, (1)
u(t,0) = u(t,m) =0, (4.2)
uw(r, &) =p(r,§), 10, (43)
Au(t;, &) = /-J v (t; — s)uls, £) ds, i=1,...,n, (4.4)

for (t,€) € [0,a] x [0, 7], where ¢ € B="PCy x L?(g,X) and 0 < ¢; < --- < I, < a are pre-fixed.
To study this system we impose the following conditions.

(i) The functions 8: R — R, ¢ : R — Rt are continuous, bounded and
1/2

M=< 05%”@) < oo.

—oo 9(8)

(i) The functions ; : R — R are continuous and

for every 7 =1,2,...,n
By defining the functions p, f,I; : B — X by p(t,v) =t — a(||¥(0)]}),

F)E) = / Bls)p(s,€) ds

0
Lw)(E) = /_ (=S5, &) ds,  j=1,2,...,m,

we can represent system (4.1)—(4.4) by the abstract impulsive Cauchy problem (1.1)-(1.3).
Moreover, the maps f,I;, j = 1,...,n, are bounded linear operators, [|f||z(s,x) < Ls and
”Ij”L(ByX) <Ljforevery j=1,...,n

PROPOSITION 4.1. Let ¢ € B be such that H, is valid and t — ¢, is continuous on R(p~). If

<1 + (/_Oa g(7T) dT) 1/2> <aLf + 1:2le> <1

then there exists a mild solution of (4.1)-(4.3).

PRroOF. Let x : (—o00,a] — X be such that x5 = ¢ and z|; € PC. A straightforward estimation
permit to prove that ¢ — f(x;) is continuous on R(p~) x [0,a] and that t — f(Z,,c,)) is
continuous on [0,a]. Now, the existence of a mild solution for (4.1)-(4.3) is a consequence of
Theorem 3.1. ]

From Remark 3, we obtain the next resuit.

COROLLARY 4.1. Assume that ¢ € B is continuous and bounded on (—o0,0]. Then, there exists
a mild solution of (4.1)-(4.3).
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