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We show that the Cauchy integral operator is bounded from HP#(R!) (the predual of a Morrey

space) to hP#(R!) (the local version of HP#(R')). To prove our theorem we will introduce
generalized atoms and consider a variant of “Tb theorem.”

1. Introduction

Let R" be the n-dimensional Euclidean space. The Cauchy integral operator C4 and
Calderon’s commutator T% are defined, respectively, by

Caf(x) =pv. f ! f(v)dy,

rx-y+i(A(x)-A(y))

A))"

(1.1)
Alx) —
T}f‘f(x) =p.v. IRl (zi)_Tf(y)dy,

where A(x) is a real-valued function, and k is a positive integer. These operators are
very important in real and complex analysis, and have attracted many mathematicians to
investigate them; see, for example, [1-6].

The space, now called the Morrey space, was introduced by Morrey [7]. Since then, the
space and the predual of it have been studied extensively; see, for instance, [8-11]. Recently,
n [12], the author proved that Calderén’s commutator T} is a bounded operator from
HP#(R') to hP#(R'), where HP#(R!) is the predual of a Morrey space defined by using atoms
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and hP#(R?) is a variant of HP#(R') which is similar to the local Hardy space (see Section 2).
A natural question is whether C, is bounded from HP#(R') to hP#(R'). In Section 3, we will
give the affirmative answer.

The relation between C,4 and T}‘ is written in [13]. Compared with Calderén’s
commutator, the Cauchy integral operator is difficult to study. Because we can calculate T 1
and apply “T1 theorem” by David and Journé [14], to prove the theorem, motivated by [6],
we introduce a generalized atom and consider a variant of “Tb theorem.”

2. Definitions and Notation

Throughout this paper, we always use the letter C to denote positive constants that may vary
at each occurrence but is independent of the essential variables. And we assume that, unless
otherwise stated, all given functions are complex valued.

We denote a Euclidean ball centered at x of radius r by B(x,r) and the Lebesgue
measure of a measurable set E by |E]|.

First we recall some definitions of the ordinary atom and the ordinary Hardy space
(see [4, 15, 16]).

Definition 2.1. Let1 <p < wwand n/(n+1) < g < 1. We say that a function a(x) is an ordinary
(H1,p)-atom centered at xj if there exists a ball B(xy, ) such that the following conditions
are satisfied:

supp(a) C B(xy,7), (2.1)
f a(x)dx =0, (2.2)
llally, < /P19, (2.3)

Definition 2.2. Let H1(R") be Fefferman-Stein’s Hardy space.

Remark 2.3. In general, the Hardy space is denoted by the symbol H?. But in this paper, we
will frequently use the symbol H” to denote another Hardy space. So we use the symbol H?
for the ordinary Hardy space.

Definition 2.4. For 0 < a <1, the Lipschitz space A*(R") and the local Lipschitz space Af (R")
are the set of all functions f satisfying the following conditions, respectively,

e sup LSO
o<yl X~y

o V@@

a
= odeyle X -yl

171

4

(2.4)

171

It is easy to see that A'(R") = Al (R") and A*(R") C A (R") (0 < a < 1), where

loc
the inclusion is proper. A simple example is f(x) = x, for which we can check that it is in
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Af (RY) but notin A*(R') (0 < & < 1). Furthermore, we know that the dual space of HP (R")
is A"1/P-D(R"), that is, (HP (R"))* = A"W/P~D(R"), where n/(n+1) <p < 1 (see [17]).
Following Alvarez [8], we define the space H?#(R") by using atoms.

Definition 2.5. Let 1 < p < oo and a function ¢ : (0,00) — (0, 00) be given. We say that a
function a(x) is an (H?, p, p)-atom centered at xj if there exists a ball B(x, r), which satisfies
the conditions (2.1), (2.2), and

lallpy < r"O/P D)™ (2.5

Definition 2.6. We assume that 1 < p < oo and the function ¢(t) is non-increasing and the
function #” ¢(t) is non-decreasing, where 1/p +1/p' = 1.

We denote by H7#(R") the family of distributions f which can be written as f =
>%1 Miai, where a; are (H', p, p)-atoms and 3%, [Ai| < co. And let the norm ||f|| e be the
infimum of >7°; || over all representations of f.

Remark 2.7. 1f ais an (H',p, ¢)-atom, then a is in H'"?#(R") and ||a||g1re < Cp,p- Furthermore
HY4%(R") c HY“%(R") if g < p.

Remark 2.8. The space H'7#(R") is a Banach space and the dual of it is the Morrey space
LP?(R") (see [8, 11]).

Following Goldberg [18], we define the local version of H?#(R").

Definition 2.9. Let 1 < p < oo and a function ¢ : (0,00) — (0, 00) be given. We say that a
function a(x) is a large (h!,p, )-atom centered at x; if there exists a ball B(x,r) of radius
r > 1 such that the conditions (2.1), (2.5') are satisfied.

Definition 2.10. We assume that 1 < p < oo and the function ¢(t) is non-increasing and the
function #'¢(t) is non-decreasing.

We denote by h'P#(R") the family of distributions f which can be written as f =
>% Aiai, where a; is an (Hl,p, (p)-atom or a large (hl,p,(p)-atom and > |Ai] < oo. And let
the norm || f||,10» be the infimum of >.7°; | ;| over all representations of f.

Remark 2.11. One has|| f||jire < ||f |g1p0-

Remark 2.12. When ¢ = 1,hP#(R") is the same as the original local Hardy space h'(R")
defined by Goldberg [18] for all p > 1.

Remark 2.13. For the simplicity of notation, we write H?#(R") = HP¥(R"), h'?%(R") =
hP#(R"), and we denote the (H!,p,¢)-atom by (HP?,¢)-atom, and the (h!,p,p)-atom by
(h?, p)-atom.

Next we define Calderén-Zygmund operator. It can be referred to [4, 16]. But since we
are interested in the Cauchy integral operator, our definitions will be presented as follows

(see [6]).
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Definition 2.14. Let 0 < 6 < 1. A locally integrable function K(x,y) defined on {(x,v) €
R" x R" : x #y} is called a Calder6n-Zygmund kernel if it satisfies the following conditions:

C
|K(x,y)| < ——
|x-y .
2.6
5
-z
|K(x,y) - K(x,2)| + |[K(y,x) - K(z,x)| < C%, 2]y -z| < |x -z

We say that an operator T is a 6-Calderén-Zygmund operator associated with a
Calderén-Zygmund kernel K (x, y) if for every f € L2(R"),

Treo=tim [ Kxw)f )y 7)

[x-yl>e
exists almost everywhere in R” and T is bounded on L?(R"), that s, | T f||2 < C||fl|12.
Definition 2.15. The transpose of an operator T is denoted by

TE@ =lim [ K@)y 8)

—-yl>e

Definition 2.16. For a bounded function b, we define
o) = tim [ (K%)= K(3.0) 401 (4) )0 (3) ey 29)
x—y >€e

Note that if b € L>(R") N L*(R"), then TTb(x)thb(x) + Cp, a.e. where Cy, is a constant.

Definition 2.17. Let p > 0. A bounded function b is said to be p-accretive if Reb(x) > f for
almost all x.

3. Theorems

First we recall some known results. The L” boundedness of C 4 and Tf‘ is well known, and the
following theorem is the most essential (see [2, 4]).

Theorem 3.1. If A’ € L*(R%), then the Cauchy integral operator C 4 and the Calderdn’s commutator
T are both 1-Calderén-Zygmund operator.

Recently, in [12], Komori showed that T} is bounded from HP¥(R') to h*#(R'), as
follows.

Theorem 3.2. Let0 <a<1<p<1/(1-a). If A" € L*(R") N A“(R"), then T} is bounded from
HP(RY) to hP#(RY).
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The author proved this theorem as a corollary of the following theorem.

Theorem 3.3. Let 0 < a <1 < p < n/(n—a). If T is a 6-Calderén-Zygmund operator such that
'T1 € N*(R"), then T is a bounded operator from HP¥(R™) to h?#(R") and

I i < CUF N e (3.1)

Remark 3.4. Alvarez, in [8], proved that T is a bounded operator on H?¥(R") provided Tl =
C.

Remark 3.5. Together with in [19, Theorem 2] and Theorem 3.3, we can check that the higher-
order Calder6n’s commutator Tf‘(k > 1) is also bounded from HP?(R') to h"?(R").

Next we turn to the Cauchy integral. Our main result is the following theorem.

Theorem 3.6. Let 0 <a<1<p<1/(1-a)andp < oo. If A’ € L*(RY) N A\[.(R"), then C, is
bounded from HP#(R") to hP%(R%).

In order to prove Theorem 3.6, we introduce a variant of “Tb theorem”.

Theorem 3.7. Let 0 < a <1 <p<n/(n-a)and p < co. Assume that T is a 6-Calderon-Zygmund

operator. If there exists a p-accretive function b such that b, Th € Nioe (R"), then T is a bounded
operator from HP?(R") to h?¥(R") and

IT f e < CULAN v (3:2)

4. Some Lemmas

In this section, we define atoms and molecules on h”#(R") and study some properties of
them.

Definition 4.1. Let 1 < p < oo and a function ¢ : (0,00) — (0,00) be given. We say that a
function a(x) is a small (h”, p)-atom centered at xy if there exists a ball B(xy,r) of radius
r < 1, which satisfies the conditions (2.1), (2.5'), and

< rn(l—l/p). (411)

f ) a(x)dx

Lemma 4.2. If a is a small (h?, p)-atom, then a € h*¥(R") and

llallype < C. (4.2)
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Proof. Assuming a supported in B = B(xy, r), we write

a(x) = (a(x) - ﬂBXB(x)) +apys(x)

(4.3)
= a1(x) + ax(x),
where ag = (1/|B)) [ a(y)dy.
It is easy to check that a;(x)/2 is an (H?, ¢)-atom, so
laillpe < llarllgee < C. (4.4)
Since supp(az) C B € B(xp,1) and
laz()lly = Cr/p-Dpr0-1/p
) (4.5)
<Co(Me1) ™,
a; is a constant multiple of a large (h?, ¢)-atom and we have
llallpe < C. (4.6)
O

Definition 4.3. Let b be p-accretive and 1 < p < co. A function a(x) is a small (h”, @, b)-atom
centered at x if there exists a ball B(xy, r) of radius r < 1, which satisfies the conditions (2.1),
(2.5"), and

<rn/p), (4.6")

J a(x)b(x)dx

Lemma 44. Let 0 < a <1 <p < n/(n-a)and p < oo. Assume that b is p-accretive and

b e N\ (R"). If a(x) is a small (WP, ¢, b)-atom, then a € hP¥(R™) and

lallppe < C. (4.7)
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Proof. According to Lemma 4.2, we only need to show that a is a small (h”, ¢)-atom:

<

1
i L(W) a(x) (b(x) - b(xp))dx

f a(x)dx
B(xo,r)

1

+ —_—
b (XO) B(xo,r)

a(x)b(x)dx

1/p
a 1 (4.8)
< cl f la(x)|Pdx |B(xo, )|V/P + =¢m(0-1/P)
ﬁ B(JC(],T) ﬁ

1
<C= 7,a+n(1/p—1)(p(rn)—l +1 rn(lfl/p)
5 )

< C(qo(l)’1 + 1>r"(1‘1/”).

Note that we have used the fact thatp <n/(n—a), p < oo and r < 1in the last inequality. O

Definition 4.5. Let 1 < p < co and 0 < y. A function M(x) is called a large (h”, ¢, y)-molecule
centered at xy if there exists r > 1 such that the following conditions are satisfied:

1/p
<f| | |A4Q0de> < /P Dprm, (4.9)
x—xo|<2r

1/p
<f |M(x)[P|x ~ x0|de> < WP gy (4.10)
|x—x0[>2r

Definition 4.6. Let 1 < p < 00,0 < y, and b be p-accretive. A function M(x) is called a small
(h?,,y,b)-molecule centered at x if there exists r < 1 which satisfies (4.9), (4.10), and the
following condition:

M(x)b(x)dx

Rn

< /e, (4.11)

Lemma4.7. Let 1 <p < coand n(p —1) <vy. If a function M(x) is a large (h?, ¢, y)-molecule, then
M € hP¥(R") and

| M| < C. (4.12)



8 Journal of Inequalities and Applications

Lemma4.8. Let0 <a <1< p < ooandn(p—1) <y. Suppose that b is p-accretiveand b € \j,.(R").
If a function M(x) is a small (h?, ¢, y, b)-molecule, then M € hP*¥(R") and

| M| < C. (4.13)

Lemmas 4.7 and 4.8 are the key lemmas to prove our theorems. The proofs of two
lemmas are similar in nature. So we will only prove Lemma 4.8. The idea of our proof comes
from Komori in [6, 12, 20].

Proof of Lemma 4.8. Let Eg = {x : |x — xo| < 2r} and E; = {x : 2'r < |x — x| < 27}, i =
1,2,3,..., b(E;) = fEi b(x)dx. Since b(E;) #0, we denote that y; = yg(x), Xi = xi/b(E;) and
m; = (1/b(E;)) IE,- b(x)M(x)dx, m; = IE,- b(x)M(x)dx.

We write

M(x) = D (M(x) = m;) yi(x) + > miyi(x) = D> Mi(x) + > (), (4.14)
i=0 i=0 i=0 i=0
where M;(x) = (M(x) — m;) xi(x). Letting N; = Zfij m;, we have

M(x) = ZMi(x) + ZNi(Xi(x) - Xie1(x)) + Noo(x)
i=0 i=1

(4.15)
=I+II+1II.
Next we will calculate the above three terms.
(a) It is clear that supp(M;) C B(xo,2"'r) and [ M;(x)b(x)dx = 0. So
1/p 1/p
([ mocorax) < (f |M<x>|'“dx> + [mollB(x0, 2077
E, (4.16)
< 1’"(1/”*1)(,0(7'")_1 + C|m0|r”/”.
By the definition of m( and condition (4.9), we have
mol = e | | MOb()d
V@), YT
1/p
bl .. , (4.17)
<Clin f |M(y)[Pdy ) |Eo|"”
BlEol \JE,

< Crn(l/p—l)(P(rn)—lr—n/P'

Therefore we get

([ orpac) ™ < cremvyay 418
0(x)[Pdx <Cr o(r") . (4.18)
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So My(x) is a multiple constant of large (h”, ¢)-atom or small (h”, ¢, b)-atom and

| Moll s < C. (4.19)
Wheni > 1, we have
1/p 1/p
(j M) < < f |M<x>|”dx> s i | [P
E; (4.20)
=T+11.

By condition (4.10), we have

1/p
~ Ply — Y
e (| M=ol
2ir<|x—xo|<2it1r (er)

1/p
. \-Y/P
< (2 M(x)|P|x = x|V dx
(2r) <flx_x0|22ir| O x - x| > o

i \Y/P -
< <21T> rn(l/p—l)ﬂ//p(P(rn) 1

< C(Z”lr)n(l/p_l)(p ( <2i+1r> ”> _12—i(n(1/p—1)+y/P)_

The last inequality was obtained for ¢ being non-increasing.
Using the estimate of I, we have

_ bl
T < |151-|“””m|—1|§i| E_IM(y)Idy

1/p
< C<J‘E |M(y) |de> (4.22)

<C <2i+1 r) "(1/”_1)(P ( <2i+1 r) ") _12—i("(1/P—1)+Y/P).

Hence M;(x) is a multiple constant of large (h”, ¢)-atom or small (h”, ¢, b)-atom and

| M|l e < C27H(/P=1)47/P), (4.23)
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Since p < (n +y)/n, we finally concluded

> IMillh,, < C,
i=0 (4.24)

LNl < C.

(b) Let A; = Ni(Yi(x) — Yi-1(x)). It is easy to see that supp(A;) C B(xp,2"'r) and
[ge Ai(x)b(x)dx =0, i=1,2,3,....

Using the estimate of I again, we have

v (EM[El”
(Jmcorar) S<|b(1::-)|+|b(151-1>| 'N”

|Ei|1/P||b|| OOI |[M(y)|d
PIEi] Lwé Ex W)ldy

<C

<CIE"PY <Lk [M(y) I”dy> |Ex]'/? (4.25)

k=i
= '
k

< C<2ir> n(l/P*l)Z <2kT) *Y/Prn(l/p_l)JrY/p(P(rn)_l <2kr> n/p

< C2—i()’/p)rn(1/p—1)(P(rn)—l

—i(n(1/p-1)4y/p) (mitl,) "D a1\
<) (o))
So A;(x) is a multiple constant of large (h?, ¢)-atom or small (h?, ¢, b)-atom and

VAl < C2HOQDID), w26)

Using condition p < (n + y)/n again, we get

Z”Aillfﬁw <C,
Py (4.27)

1110 < C.



Journal of Inequalities

and Applications 11

(c) Condition (4.9) and estimate of I together with the fact supp(Noyo(x)) C B(xo,2r)

imply

(f |N0Xo(x)|’”dx>

< |Edo

< “BIE] M (x)b(x)dx

Rn

scwoﬂ/f"l(f M (x)dox + f |M<x>|dx>
|x—x0|<2r |x—x0|>2r

1/p
< Cr"/ph f IM(x)Pdx ) /¥
[x—2x0[<2r

© 1/p /s
+Cr/p f M(x)Pd 9it1, )P
' Z 2ir<|x—xo|<2i*1r IM(x)[dx < T') (4.28)

i=1

< Crn(l/p—l)(p(rn)fl

+ Oy <2ir> n(1-1/p) <2ir> _Y/prn(l/p—l)ﬂ’/p(p(rn)fl
i=1

< Cr/p-Dgp(pmy (1 N iz—i(y/p—n(l—l/p))>

i=1

< Crn(l/p—l)(P(rn)—l‘

By condition (4.11), we have

IRn Nojo(x)b(x)dx| = BED] LO b(x)dx UR M (x)b(x)dx| < r"171/P), (4.29)

By Lemma 4.4, we have
| NoXoll o < C. (4.30)
Finally by (a), (b), (c) we end the proof of Lemma 4.8. O

5. Proof of the Theorems

First, we consider Theorem 3.7.

Proof of Theorem 3.7. To prove the theorem it suffices to show that there is a constant C > 0
such that || Tal|ws < C for every (HF, p)-atom a(x).

Assuming (HP, ¢)-atom a(x) supported in B(Xo, r), we show that Ta(x) is a constant
multiple of a large (K, ¢, y)-molecule with r > 1 or a constant multiple of a small (h”, ¢, v, b)-

molecule with r < 1.
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Since T is bounded on L?(R") (see [4]), we have
1/p
<f fe-sal 'Ta<x>l”dx> < Clall < Crm/P Dy ™. (5.1)
x—x0|<2r
If |x — xg| > 27, then
[Ta(x)| = UB( )[K (x,y) - K(x, xo)]a(y)dy‘
X0,

76 1/p
<C——5 < f la(y) I”dy> |B(xo, 7)|"'7 (5.2)
B(xo,r)

| = xo|

rop(rt)”
|l — xo

<C

Since (n + 6)p —n > n(p — 1), we can choose some y satisfying n(p —1) <y < (n+6)p — n.
Therefore we obtain

1/p I — P, 1/p
_ — A0
ITa(x)]P|x - xo|'dx ) < Crop(r™)™ f —>
<J‘|x—x0|22r [x—x0|>2r |x - x0|(”+6)p (53)
g C(p(rn)—lrn(l/])—l)ﬂ//}?‘

If » > 1, by Lemma 4.7, we have

Tallp, < C. (5.4)

If r <1, by (2.2), we get

f Ta(x)b(x)dx
RYI

(e 7T}

f a(x) [TTb(x) - 'F.rb(xo)]dx
B(xo,r)

_ (5.5)
< c|| th”Afocr”‘ IB |a(x)|dx

(xo,1)

< Crn(l—l/p) ra+n(1 /p-1) (P(Tn)fl

S C(p(l)_lrn(l_l/p)/

which is obtained for p < n/(n — a) and ¢ being non-increasing.
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By Lemma 4.8 and the above argument, we obtain the desired result:

ITallpe < C. (5.6)

Next we turn to Theorem 3.6. O

Proof of Theorem 3.6. Note that C4 is a 1-Calder6n-Zygmund operator by Theorem 3.1. Let
b(x) = 1+iA'(x). Then b is a 1-accretive and b € A[._(R'). By the calculus of complex analysis
(refer to calculation in [6] or [21, page 407]),

1+iA'(y) _ 1+iA(y)
y—x+i(Ay) - A®) y+i(A(y)—A<0>)X'y'zl(y)}dy (57)

e—0

tC4b(x) = lim - {
x—y>e

= constant,

which implies ’T@b(x) € A\ .(RY). Therefore the theorem is proved by Theorem 3.7. O
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