Computers and Mathematics with Applications 58 (2009) 1988-1997

Contents lists available at ScienceDirect

Computers and Mathematics with Applications Z

journal homepage: www.elsevier.com/locate/camwa

New oscillation criteria for second order linear difference equations with
positive and negative coefficients

Hassan A. EI-Morshedy

Department of Mathematics, Damietta Faculty of Science, New Damietta 34517, Egypt

ARTICLE INFO ABSTRACT
Article history: The oscillation of second order neutral difference equations with positive and negative
Received 26 June 2008 coefficients of the form
Received in revised form 29 July 2009
Accepted 30 July 2009 Az(xn + AapXn—7) + DnXn—s — QuXn—s = 0, X ==*£1

B is investigated. We obtain many new results using the comparison between both first order
Keywords: d second order diff ' le is gi how th h of th
Neutral difference equations and second order difference equations. An example is given to show the strength of the
Positive and negative coefficients obtained results. )
Oscillation © 2009 Elsevier Ltd. All rights reserved.

1. Introduction

The oscillatory properties of difference equations of many types have been the subject of extensive investigations
reflecting the importance of this topic in applications (see [1-3]). Among the equations which did not undergo the deserved
investigation are the equations with positive and negative coefficients. This, probably, is due to the difficulty associated with
the presence of negative and positive coefficients in one equation. Some authors studied the oscillation and/or nonoscillation
of first order difference equations of the form

A(Xn - anxn—r) + DPnXn—5 — qnXn—o = 0; (1)
see [1,3-6] and the references cited therein. For second order difference equations of this type, namely,
AZ(Xn + )\anxnfr) + DnXn—s — qnXn—o = 0, A==1 (2)

it seems that the nonoscillation theory is more developed than the oscillation theory (e.g., [7-9]). At least we know from [8]
that (2) is nonoscillatory provided that

o0 o0
> nlpal <00 and ) nlgu| < oo, (3)
i=ng i=ng

when either0 <a, <a<lor—1<a<a, <0forn > ng.

In fact, as far as this author knows, the only known work on the oscillation of (2) is [10].

Our main objective here is to obtain new oscillation criteria for (2) when §, o and t are nonnegative integers. We use
the comparison with both first order delay and second order ordinary difference equations. In particular, we benefit from
the theory developed in [11] for the oscillation and nonoscillation of second order functional difference equations and the
advances of the oscillation theory of the second order ordinary difference equation

AU, + hotpyq = 0.
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Our results improve some results of [ 10] (when restricted to Eq. (2)) and provide a new technique for investigating equations
with positive and negative coefficients.

By a solution of (2), we mean a sequence {x,} of real numbers that satisfies (2). Each solution of (2) is generated recursively
givenits initial values x_; foralli = 0, 1, ..., M where M = max{t +2, §+2, o +2}. Asolution of (2) is said to be oscillatory
if it is neither eventually positive nor eventually negative. Eq. (2) is called oscillatory if all its solutions are oscillatory. If each
solution of (2) is either oscillatory or has a limit zero at infinity, then Eq. (2) is called almost oscillatory. This type of oscillation
naturally exists in functional equations with higher delays. One can test this easily for equations with constant coefficients
specially when the corresponding characteristic polynomial is of odd order.

2. Main results

Throughout this section, we assume that the series,

00 r—1
YooY a 4)
I=r—é+0

converges. Also, we assume that § > 1+ o, a,,pn,qn > 0and Q, = py — qun—s+s > 0forn > nyg where Q, # 0 on
{s,s+ 1,s+ 2, ...} for any positive integer s.

Lemma 1. Assume that {x,} is a solution of (2) such that x, > Oforn >n; > ng.If A = 1or

n—1 r—1

limsup a, + <1, fori=-1, 5
msup ay+ ) ), a f 5)

r=ny l=r—§+o
then the sequence {y,} defined by

n—1 r—1

Yn=XnHAGpXn s — D Y Mg, M= > +v, v=max(r, 148} (6)

r=ny l=r—§+o
satisfies Ay, > 0 eventually.

Proof. Notice that,

n—1
Ayn = A(Xp + ApXn_1) — Z qiX|—o
I=n—46+0

and
Az)’n = _(pn - qn76+a)xn75
= —QuX—5 <0, n>n+1 (7

Thus Ay, is either eventually positive or eventually negative. If n3 > n, + 1 such that Ay,, < 0, then (7) implies
that Ay, < Ay, for n > n3. Summing from n; to oo, it follows that lim,_.o, y» = —oo which is possible only if
limsup,_, ., X, = oo. Using the same reasoning as in [11, p.118], a positive integer sequence {n}, ny — oo ask — oo
exists such that

Xp, = max{x, : n; +8 < n <},

hence

a—1  r—1

Xa, + Ay Xa,—r — Z Z QiX1—o

r=ny l=r—§+o

Vi

n—1  r—1

Xy + A X —r — Xiyy E E a

r=ny l=r—8§+o

n—1 r—1
<] — gy, — Z ql> Xity» ifA=-—1

r=ny l=r—§+o

ng—1 r—1
(l - Z Z ql) Xﬁk + aﬁkxﬁk—r, ifx=1.

r=ny l=r—§+o

v

\
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So, if we choose the integer n, such that 37 S s @ < 1for A = 1and az, + Zf":;; S s @ < 1for i = —1,
it follows that

Vs, =0, forallk, (8)

which is a contradiction. Thus Ay, must be eventually positive. O

Remark 1. Let x, > 0forn > n; > ng and n > n; + é. Define z, and u, by

n—1 r—1
=Xt ApXne,  Un=2Zy— ) Y Qi

r=n l=r—é+o
Then
n—1
Au, = Az, — Z qiXi—o = Ay, forlargen.
I=n—6+0
Thus Au, > 0aslong as Ay, > 0. Also, Az, > Ay, which implies that Az, > 0 provided that Ay, > 0. Therefore, n, can

be chosen as large as needed without violating the positivity of Ay,. So, without further mentioning, we always choose n,
sufficiently large to suit some eventually satisfied properties of x, which may be assumed in the proofs of the next results.

Lemma 2. Assume that {x,} and {y,} are as in Lemma 1. If A = 1 or limsup,_, ., X, > 0,

n—1 r—1
A =—1, and limsup an—f—z Z q <1 (9)

n—00 r=ny l=r—§+o
Then y, > 0 eventually.

n—1
r=ny

Proof. If . = 1, we choose n; so large that Az, > Oforalln > n, —§and ) Z,::_Ha q1 < 1. Therefore,

n—1 r—1
Zn — Z Z qiZ1—

r=ny l=r—§+o

%

Yn

\

N
—
|

Mz

ML

=2
~—

r=ny l=r—§+o
> 0, forn > ny.

If (9) holds and lim sup,_, ., X, = oo, then using similar arguments as those employed in the proof of Lemma 1 we can
easily prove the eventual positivity of y,. When lim sup,_, ., X, = S, then we choose n, so large that for any € > 0, we have

X <S+e€, n>ny—94

and
n—1 r—1
an+Z Z q<pB<1, foralln> ny.
r=ny l=r—8+o
Hence,

n—1 r—1
Yo > Xn_(s+€)<an+2 > q:)

r=ny l=r—§+o

> X — (S+e)p, n>ny.
Let {n;} be such that ny — oo as k — oo and limy_., X,, = S. Then

Y, > Xn, — (S+€)B and klim Y, =S —(S+6)B,
— 00

which implies that limy_.oc yn, > (1 — B)S > 0. Combining this with the increasing nature of y,, we easily conclude that
¥n > 0eventually. This completes the proof. O
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Lemma 3. Assume that {x,} is a solution of (2) such that x, > 0 for alln > ny > ng and either a, = 0 for infinitely many

valuesof nora, > 0forn>n; >ng, v <4, Z';:;H a_fj ;> 0 for n > ny, (5) holds and the difference equation
it —

Av, +

Untr—s =0 (10)
Ant7-5

is oscillatory. Then x, > a,x,_. eventually.

Proof. Since Lemma 1 holds for A = —1, then Remark 1 implies that Az, > 0 eventually and hence z, is either eventually
negative or eventually positive. If a, = 0 for infinitely many values of n, then z, = x, for those values and hence z, is
eventually positive. When a, > 0 forn > n; > ng we assume for the sake of contradiction that z, < 0 eventually. It follows
that

Ayn < Azy < —Zp < QpXp—vg,

for sufficiently large n. Substituting into (7), we obtain that Ay, is an eventually positive solution of the inequality

A(Ayn) +

Ayn+r—8 <a0. (11)
an+z—6

Thus (10) is nonoscillatory according to [3, Corollary 7.6.1], which is an apparent contradiction. Then z, is also eventually
positive in this case.
The following result can be proved using similar reasoning as above.

Lemma 4. Assume that (5) holds, Z":; Q; > 0 eventually, and the difference equation

n
Avp + Quup—s =0, (12)
is oscillatory. Then x, < anx,_ eventually.
Next, we define {h;(q)}nzn0 fori=1,2,...asfollows

n—2
h@=1+a+ Y aq
I=n—1-8+0
and
n—2
WY =1+ah @+ Y h@q fori=12,.... O
I=n—1—6+0

Theorem 1. Assume that (9) holds and there exists a positive integer i such that the second order ordinary difference equation

A%xn + Qultl_5(@Xnp1 =0, (13)
is oscillatory. Then Eq. (2) is almost oscillatory.
Proof. Let {x,} be a solution of (2) which is not almost oscillatory. Due to the linearity of (2), without loss of generality, we
assume that x, > 0 for n > n; > ng. Then Lemmas 1 and 2 imply the existence of an integer n3 > n, such that

yn > 0 foralln > ns. (14)

Since

n—1 r—1
Xn = Yn + QnXp—r + Z Z qQiX|—o

r=ny l=r—8+o
n—2
> Yn + AnXp—¢ + E qQXj—, n=ny+ 1.
I=n—1—6+0
Then
n—2
Xp > Yn + GpYn—- + E qiyi-o
I=n—1-6+0
n—2
> Yn + nYn—r + Yn-1-5 E qi
I=n—1-8+0

> hN(@)Yn—v, n>n3+v,
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where v = max{r, 1+ §}. Using induction, it is easy to see that
Xo > h(@)yn_iv, foralln>ns+iv, i=1,2,....
Since A%y, + Qux,_s = 0, then
A’yy + Qa5 (@Yn—s—iv <0, 1= n3+8+iv.
This implies that (see [11, Lemma 2])
A%V + Quhly_s (@) p—s—iv = 0,

is nonoscillatory. According to [11, Corollary 8], we obtain that (13) is nonoscillatory which contradicts the assumptions.
Then (2) is almost oscillatory as desired. O

We think that more restrictions on the coefficients may help obtaining results on the oscillation rather than almost
oscillation. The first one of these results can be obtained by combining Lemmas 3 and 4. This depends on the fact that, when
a, > 0 for n > ny, the oscillation of (12) implies the oscillation of (10) since > Qu,n > nyq.

Anr—

Theorem 2. Assume that (5) holds and either a, = 0 for infinitely many values of nor t < §, a, > 0 and Zg:; Q; > 0 for
n > ny > no. IfEq. (12) is oscillatory, then Eq. (2) is oscillatory.

Next, the above oscillation criterion is improved whent < §, A = —1.

Theorem 3. Assume that all assumptions of Lemma 3 are satisfied. If there exists a positive integer i such that
A% + Qulty_5(0)Xpg1 = 0, (,(0) = hy(@)]g=0) (15)
is oscillatory, then Eq. (2) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of Eq. (2). From Lemma 3, we know that z, = x, — a,x,_, > 0 foralln > n (for
some i1 > ny). Since x, = z, + apnx,_, forn > n, then

Xn > Zy + AnZp—r > (14 ap)zp—r = h}(0)Zp—;, N>+ 1.
Reusing this inequality, we get

Xy > Zy + aph)_ (0)zh_yr > h2(0)zp_p,, n > i+ 21.
So an induction yields

Xy > hi(0)z,_i;, n>i+ir.
Substituting into (7), we get

Ay + Qb _5(0)zy5_ir <0, n>f+it =N,

Summing from k > N; ton — 1, then
n—1
Ayn — Ay + Y Qhl_;(0)zisir <0, n = Ni.
j=k
Since Ay, > 0forn > N;, then as n — oo, we obtain
00
—Ayn+ Y QR (0)zs_ir <0, n=N;.

j=n

But Ay, < Az, foralln > N;,

00
— Az, + Z Q,h]l_(; (O)Zj,(;,,'r <0, n>N,.
j=n

Summing from N; to n — 1, it follows that

n—1 oo

Y Y Qh 0z s <za, n =Ny

I=N; j=I

Now [11, Theorem 3] implies that Eq. (15) is nonoscillatory. This contradiction completes the proof. O
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Remark 2. Corollary 1in [12] relates the oscillation of the special case of Eq. (2); namely,
A% Xy — @Xn—g) + PnYn—o = 0,
to the oscillation of the second order ordinary difference equation
A%y + UPn <B> Xni1 =0, (16)
n+1

where i € (0, 1). Although this result and Theorem 3 are not generally compared, it is easy to see that Eq. (15) is more
efficient in application than (16) since ,upn(%) < h},_,(0) (according to the celebrated Sturm comparison theorem [11,
Theorem 4]).

Theorem 4. Assume that A = 1and a, € [0, 1] for all n > ny. If the equation

Azxn + (1 - an—é)Qan+l = O! n=np (17)
is oscillatory, then Eq. (2) is oscillatory.

Proof. As usual we assume that {x,} is a solution of Eq. (2) such that x, > 0 forn > n; > ng. If {y,} and {z,,} are defined as
before, it follows from Lemmas 1 and 2 that

Ayp = —Qu¥n_s = —QuZns — GnsXn—r—s)
< —Quzn—s + Qun—sZn—r—s5
< —Quzn—s + Quan—sZp-s

—Qn(1 —ap_s)zp—s, n>n,+8§+1.

Since y, < z, foralln > n (for some n>n,+8+ 1), the above inequality yields
AZJ’n + (1 —a,-5)QYn—s <0, n> .

As in the previous proofs, the above inequality implies that (17) is not oscillatory. This completes the proof. O

Theorem 5. Assume that A = 1 and either,

Qn = an—s+1, (18)
or

Qu = Gn-s+o.  and P = Gp_sir. (19)

foralln > ny. If there exists €y > 0 such that the second order equation

Axy + Xnp1 =0, (20)

@
1 —+ €0
is oscillatory, then Eq. (2) is oscillatory.
Proof. Assume that {x,} is a solution of (2) such that x, > 0 forall n > n; > ng. From Eq. (7) and Lemma 1, we see that
oo
Z Q,‘X,‘_g < OQ.
ni+6

If (18) is satisfied, we obtain

o0
E Ai—s47Xi—g < OQ.

ni+6

This implies that lim,,_, o, ayx,_, = 0. Consequently, lim,_, ., z, —x, = 0 which implies thatliminf,_, o, X, > 0and hence,

So, for any € € (0, €p), there exists an integer n. > n; + § such that

Zn > Yn

Xp > >
1+e€ 1+e€

n=ne,
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where, according to Lemma 2, n. can be chosen so large that y, > 0 for all n > n.. Thus Eq. (7) and the above inequality
yield

A%y, + 1(2’1?.%175 <0, n=nc+34.

Since € < ¢y, it follows that y, satisfies the inequality

APy, + %Yn—a <0, n>n.+3§
0

which as in the previous proofs implies that (20) is nonoscillatory. This contradiction proves the theorem when (18) holds.
If (19) is satisfied, the proof can be completed similarly. O

3. Applications

Several known first order and second order oscillation results can be used to extract interesting oscillation criteria from
our theorems of Section 2. Of course, it is impossible to apply all known results here. So we select the following results from
the literature on the equations

AXp + PrXn—k = 0, (21)
and
A*xy + CoXpy1 = 0, (22)

where {p,} and {c,} are nonnegative real sequences and k is a positive integer.
Eq. (21) is oscillatory if

1 Kk
o= llnn—l>lorolf E Z Di)| > W, [3, Theorem 751]

i=n—k
or

k n—1 2
-k d i ! ) 1 * [13]
o ———F—— dan 1m su - i > _
=kt e Pl &P 20—

n—-oo i=n—k
Eq. (22) is oscillatory if
o0
Y =00, [14]
i:rlo
or
o0 [o¢] 1
Z ¢ < oo and llnrglogf n Z Ci > rh [15,16]
i=ng i=n+1
More oscillation criteria for (21) can be found in [17,18] while for Eq. (22) the reader is referred to [1,2,15,16,19-22].

The following result deals with almost oscillation.

Theorem 6. Assume that (9) holds. Then Eq. (2) is almost oscillatory if there exists a positive integer i such that either one of the
following conditions is satisfied:

0 .
D Qhi_5@) = o, (23)
Jj=no

or
o0 o]
> Qh (@ <oo and liminfn )" Qhl_;(q) . (24)
et -8 n—00 ) j—38 4

Theorem 2 implies the following result.
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Theorem 7. Assume that Eq. (5) holds and either a,, = O for infinitely many values of nor t < §,a, > 0 for n > ny > ng. If
either

8
“:='z";;2f( ZQ) G

i=n—4§

or

88 2
<% nd i _v
“=Grpm MNP 20 ECED)

i=n—3§
are satisfied, then Eq. (2) is oscillatory.

As an improvement to the above criteria, we obtain the following result which is an application of Theorem 3.

Theorem 8. Assume that (5) holds and either a, = 0 for infinitely many values of nor t < §,a, > 0forn > ny > ng and
either

n—1 . _ )01
« := liminf (51 3 % )> ¢-7)

— )
n— o0 -7 j=n—d4t Ajyr—s (8 -7+ 1)5 T+l

or

S — §—1 1 n—1 . 2
( 2 and limsup (5 % ) >1-— ¢

- (8 -7+ 1)5_r+1 n—o00 — T j=n—d+t aj+t75 2(2 — C() ’
are satisfied. Assume, further, that either (23) or (24) holds when q = 0. Then Eq. (2) is oscillatory.

An application of Theorem 4 leads to the following result.

Theorem 9. Assume that A = 1and a, € [0, 1] for all n > ny. If either

2(1 —4;_5)Q = 00, (25)
or

Z(l —0»)Q < oo and liminfn Z (1—ai5)0Q > T (26)

i=ng i=n+1

then Eq. (2) is oscillatory.

The following result is an application to Theorem 5.

Theorem 10. Assume that 1 = 1 and either (18) or (19) holds. If either

o0
Y Q=00 27)
i=ng

or
ZQ,<oo and 11m1nfnZQj>f, (28)
i=ng i=n+1

then Eq. (2) is oscillatory.

We refer the reader here to the fact that the second part of (28) implies the existence of a sufficiently small g > 0 such that
liminfy oo nY 15, Q > 2(1+ €o).
As an illustrative example, we consider the difference equation
2 A 2 1
AT\ X + —Xn—t + *ﬁxnfé — <X = 0, (29)
n n n
where 8 € R, 7, §, o are positive integers satisfying that § > ¢ + 1,§ > t. Since

Q _ . elz2__ 1
i A [iﬂ 0—6+o~>5]
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Then

lim > 2,

=0 Apir—5

for B < 2. Therefore, the constant « of Theorem 8 satisfies that
(8 _ .E)(Sfr

(5 — 7+ ])8—r+1 :

Also; since hi,(q) > 1then

a=2>

> Qb @ =00, ifp<1.
For B € (1, 2],

e
liminf n Z Qh; L () > llnrr_l)loglfn Z Q.

n—oo .
Jj=n+1 Jj=n+1

But lim,_, o n%Q, > 2. Then forall € € (0, 1] there exists n. > 0 such that Q, > 211;25 for n > n., and hence

Z@

j=n+1
Thus
... n@2—¢€) 1
llnnlygfn Z Qh; L (@) > llnrgloglf il =2—-€> 1
j=n+1
Then all solutions of Eq. (29) oscillate when A = —1 and 8 < 2 according Theorem 8.

For A = 1, we drop the condition § > t.Ifng > 2 + §, then (1 — a,_5)Q, > %Qn for n > ng. Thus (25) holds as long as
B < 1.For B € (1, 2], we have

Z(l—aj 5)QJ<ZQJ<Z,—<OO

Jj=ng Jj=ng J"O

Let n. > no, then similar arguments as before yield,

X 32 —¢)
llnnlggf nj EHH(I —aj5)Q; > llnmll‘lf nj EnH a7
3 5 1

Thus all solutions of Eq. (29) oscillates according to Theorem 9 when 8 < 2.
It is important to refer to the fact that Eq. (29) is nonoscillatory when 8 > 2 according to [8] since

Zn|pn|_2 ﬁ1<oo and Zn|qn|_2—<oo

n=ng n=ngp n=np n=np

in this caseand 0 < a, = niz < (2:5)2 < 1forn > ng. Thus Eq. (29) oscillates if and only if 8 < 2.

This example suggests some kind of sharpness of our results when (4) holds. This author believes that there exists P, > 0
(related to p, and q,) such that (2) is nonoscillatory provided that the second order ordinary difference equation
A%y + PpXns1 =0,
is nonoscillatory. We also believe that Theorem 4 is true if (17) is replaced by the equation
Azxn + %anxnﬂ =0.
Finally, it will be very interesting if one could prove Theorem 5 for ¢y = 0.
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