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Abstract: Within the framework of nonrelativistic QED, we prove that, for small values
of the coupling constant, the energy function, E 5, of a dressed electron is twice differen-

. - 2
tiable in the momentum P in a neighborhood of P = 0. Furthermore, 6 is bounded

Ep
S @Epr
from below by a constant larger than zero. Our results are proven with the help of iterative
analytic perturbation theory.

L. Description of the Problem, Definition of the Model, and Outline of the Proof

In this paper, we study problems connected with the renormalized electron mass in a
model of quantum electrodynamics (QED) with nonrelativistic matter. We are inter-
ested in rigorously controlling radiative corrections to the electron mass caused by the
interaction of the electron with the soff modes of the quantized electromagnetic field.
The model describing interactions between nonrelativistic, quantum-mechanical charged
matter and the quantized radiation field at low energies (i.e., energies smaller than the
rest energy of an electron) is the “standard model”, see [7]. In this paper, we consider
a system consisting of a single spinless electron, described as a nonrelativistic particle
that is minimally coupled to the quantized radiation field, and photons. Electron spin
can easily be included in our description without substantial complications.

The physical system studied in this paper exhibits space translations invariance. The
Hamiltonian, H, generating the time evolution, commutes with the vector operator, 13,
representing the total momentum of the system, which generates space translations. If an
infrared regularization, e.g., an infrared cutoff o on the photon frequency, is imposed on
the interaction Hamiltonian, there exist single-electron or dressed one-electron states, as
long as their momentum is smaller than the bare electron mass, m, of the electron. This
means that a notion of mass shell in the energy momentum spectrum is meaningful for

* Also at IHES, Bures-sur-Yvette.
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velocities |ﬁ| /m smaller than the speed of light ¢; (with ¢ = m = 1 in our units). Vec-
tors {W?} describing dressed one-electron states are normalizable vectors in the Hilbert
space H of pure states of the system. They are characterized as solutions of the equation

HOW® = E%W°, |P| <1, 1.1)

where H? is the Hamiltonian with an infrared cutoff o in the interaction term and E ;’3,

the energy of a dressed electron, is a function of the momentum operator P.1If in the
joint spectrum of the components of P the support of the vector W? is contained in a ball
centered at the origin and of radius less than 1 = mc, then Eq. (I.1) has solutions; see
[6]. Since [H, 13] = 0, Eq. (I.1) can be studied for the fiber vectors, \I"-’ﬁ, corresponding

to a value, f’, of the total momentum (both the total momentum operator and points in
its spectrum will henceforth be denoted by P — without danger of confusion). Thus we
consider the equation

TWY = ESWY (1.2)

where Hg is the fiber Hamiltonian at fixed total momentum 15, and £ ;’3 is the value of

the function EY at the point 7= P. Physically, states {\W?} solving Eq. (I.1) describe a
freely moving electron in the absence of asymptotic photons.

It is an essential aspect of the “infrared catastrophe” in QED that Eq. (I.1) does not
have any normalizable solution in the limit where the infrared cut-off o tends to zero,
and the underlying dynamical picture of a freely moving electron breaks down; see
[5]. Nevertheless, the limiting behavior of the function E % is of great interest for the

following reasons.
Aslong as o0 > 0, a natural definition of the renormalized electron mass, m,, is given
by the formula

9ZE".
|P|

Jo) = | —L
B NP

Fa (13)

(Note that EUp = EIUI3I
meaningful in the limit o — 0. In particular, the quantity on the R.H.S. of Eq. (I.3) is

expected to be positive and bounded from above uniformly in the infrared cutoff o.
More importantly, one aims at mathematical control of the function

is invariant under rotations.) Equation (I.3) is expected to remain

2E<T_ -1
|P|
d1P)?

my (o, | P|) := (L4)

in a full neighborhood, S, of P= 0, corresponding to a slowly moving electron (i.e., in
the nonrelativistic regime). When combined with a number of other spectral properties
of the Hamiltonian of nonrelativistic QED the condition

I2E°;

Pl . Pes, (L5)
(8] P)?
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uniformly in o > 0, suffices to yield a consistent scattering picture in the limit when
o — 0 in which the electron exhibits infraparticle behavior. In fact, (1.5) is a crucial
ingredient in the analysis of Compton scattering presented in [5,13].

Main results. Assuming the coupling constant, «, small enough, the following results
follow.
1) The function
2 o
E°.
9 [P

by =
@|Pp?

7 1= lim (L6)

is well defined for P € S := {ﬁ | |l3| < %}; furthermore, it is Holder-continuous in

P.
2) The function

Ej = lim E3 (1.7)

is twice differentiable in P € S and

92E, 5
ﬁ =35 (1.8)
3)
PE%
kil Pes, (L9)

im — = —

a=0 (3|P)> m
uniformly in o, where m is the bare electron mass. (Our results can be extended to
aregion S (inside the unit ball) of radius larger than %.)

We wish to mention some related earlier results. Using operator-theoretic renormal-
ization group methods, results (1.6) and (I1.9) have been proven in [2] for the special value
P = 0. The point P = 0 is exceptional, because the Hamiltonian H s is infrared regular

at P = 0; it has a normalizable ground state. Thomas Chen (see [3]) has established the
results in (1.8), (I1.9) (using smooth infrared cut-offs) by a highly non-trivial extension
of the analysis of [2] to arbitrary momenta PeS.

The procedure presented in our paper relies on iterative analytic perturbation the-
ory (see Sect. Il where this tool is recalled) that makes our proof substantially different
and much shorter in comparison to a renormalization group approach. The main fea-
ture is a more transparent treatment of the so-called marginal terms of the interaction,
where an essential role is played by explicit Bogoliubov transformations that transform
the infrared representations of the CCR of photon creation- and annihilation operators
determined by dressed one-particle states of fixed momentum ﬁ(;ﬁ 0) back to the Fock
representation. The use of these Bogoliubov transformations is a crucial device in our
fight against the infrared problem. The way in which we are using them is new, at least
in the context of mathematically rigorous results on the infrared problem in QED.

In our paper, the regularity properties of E 5 come with an explicit control of the
asymptotics of the fiber ground state eigenvectors \If‘;3 as o tends to zero. (This improves
earlier results in [6].) Along the lines of [1], these results are preparatory to developing an
infrared finite algorithm for the asymptotic expansion of the renormalized electron mass
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in powers and, probably, logarithms of the finestructure constant «, up to an arbitrarily
small remainder term. However, the expansion in the coupling constant « is not studied
in this paper.

With regard to ultraviolet corrections to the electron mass in nonrelativistic QED
models, we refer the reader to [8,10,11 and 9].

In Sect.I.1 below, the model is defined rigorously. Then, for the convenience of the
reader, in Sect. 1.2 we outline the key ideas of the proof and present the organization of
the remaining sections of the paper.

1.1. Definition of the model.

Hilbert space. The Hilbert space of pure state vectors of a system consisting of one
non-relativistic electron interacting with the quantized electromagnetic field is given by

H = Hag ® F, (1.10)

where H,; = L?*(R3) is the Hilbert space for a single Schrodinger electron; for expos-
itory convenience, we neglect the spin of the electron. The Hilbert space, F, used to
describe the states of the transverse modes of the quantized electromagnetic field (the
photons) in the Coulomb gauge is given by the Fock space

o8]
F=@Qr", rFO-caq, (L11)
N=0

where €2 is the vacuum vector (the state of the electromagnetic field without any excited
modes), and

N
FV =8y Kby, N=1, (L.12)
j=1

where the Hilbert space [ of state vectors of a single photon is
h = LR x Z»). (L13)

Here, R? is momentum space, and Z, accounts for the two independent transverse polar-
izations (or helicities) of a photon. In (I.12), Sy denotes the orthogonal projection onto

the subspace of ®];/:1 b of totally symmetric N-photon wave functions, which accounts

for the fact that photons satisfy Bose-Einstein statistics. Thus, ) is the subspace of
F of state vectors corresponding to configurations of exactly N photons.

Units. In this paper, we employ units such that Planck’s constant 7, the speed of light
¢, and the mass of the electron m are equal to 1.

Hamiltonian. The dynamics of the system is generated by the Hamiltonian
- - . \2
(—iV; + ozl/zA(x))

H = > + HT. (1.14)

The (three-component) multiplication operator ¥ € R? represents the position of the
electron. The electron momentum operator is given by p = —i V. Furthermore, o > 0
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is the fine structure constant (which, in this paper, plays the role of a small parame-
ter), and A(X) denotes the vector potential of the transverse modes of the quantized
electromagnetic field in the Coulomb gauge,

Vi AGR) = 0, (1.15)

cutoff at high photon frequencies.
H/ is the Hamiltonian of the quantized, free electromagnetic field. It is given by

— Z/d3k |I€|azkaz’k, (1.16)
A==

where a;f . and ag , are the usual photon creation- and annihilation operators satistying
the canonical commutation relations

la , » @, ] = 8 8k — K, (L.17)
#ow g
lag 5+ ap ,, 1= 0. (L18)

for 12 K eR¥and A, ) € Z, = {=£}, where a® = a or a*. The vacuum vector 2 € F
is characterized by the condition

a,Q =0, (L19)

forallk € R3and A € Zp = {£}).
The quantized electromagnetic vector potential is given by

&3k q . T

T, g e

TN * =% kX
A = B a4 3 e ag, (1.20)
where EI; _ 5,—5 . are photon polarization vectors, i.e., two unit vectors in R3*®C satisfying

5, i = S k&, =0, 1.21)
for A, u = =£. The equation k- £z, = 0 expresses the Coulomb gauge condition.
Moreover, B is a ball of radius A centered at the origin in momentum space. Here,
A represents an ultraviolet cutoff that will be kept fixed throughout our analysis. The
vector potential defined in (1.20) is thus cut off in the ultraviolet.

Throughout this paper, it will be assumed that A & 1 (the rest energy of an electron),
and that @ > 0 is sufficiently small. Under these assumptions, the Hamiltonian H is
selfadjoint on D(H 0), i.e., on the domain of definition of the operator

(—iVy)?
2

HY = + HT . 1.22)
The perturbation H — H? is small in the sense of Kato.

The operator representing the total momentum of the system consisting of the electron
and the electromagnetic radiation field is given by

-

P:=p+Pl, 1.23)
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with p = —i 6;, and where
pf .— 3k ka* a-
P/ = /d k ka];’)\ ag 1.24)
pym—
is the momentum operator associated with the photon field.
The operators H and P are essentially selfadjoint on a common domain, and since
the dynamics is invariant under translations, they commute, [H, P] = 0. The Hilbert
space H can be decomposed into a direct integral over the joint spectrum, R3, of the

three components of the momentum operator P. Their spectral measure is absolutely
continuous with respect to Lebesgue measure, and hence we have that

®
H :=/ Hpd*P, (1.25)
where each fiber space H 5 is a copy of Fock space F.

Remark. Throughout this paper, the symbol P stands for both a vector in R3 and the
vector operator on H, representing the total momentum, depending on context. Simi-
larly, a double meaning is given to arbitrary functions, f(P), of the total momentum
operator.

We recall that vectors W € ‘H are given by sequences
(WO G e, s oy Ao (1.26)

of functions, ¥ where ¥ (X) € L2(R3), of the electron position X and of m photon
momenta ki, ..., k;, and helicities A1, ..., A;,, with the following properties:

@) \1:<m>(55;/21,)\1;...;/2m,xm) is totally symmetric in its m arguments

(ii) W is square-integrable, for all m,
(iii)) If W and @ are two vectors in H, then

o0 m
W, &)= / x [ &k WG Erhrs - Koy o)
m=0 \A;j==+ j=1
x @ (X3 Ky, Ay ks A | - 1.27)

We identify a square integrable function g(x) with the sequence
(O G R A s ) o (1.28)

where W (x) = g(x), and W (x; ki, hyse. lzm, Am) = 0 for all m > 0; analo-
gously, a square integrable function g(’”)(f; ki, A ...5 ki, Am), m > 1, is identified
with the sequence

(WO F R A Koy )5 (1.29)
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where WO (F: Ky, A ..ot ks Am) = g™ and W) (%; ki, s ks Am) = 0 for
all m" # m. From now on, a sequence describing a quantum state with a fixed number of
photons is identified with its nonzero component wave function; vice versa, a wave func-
tion corresponds to a sequence according to the previous identification. The elements of
the fiber space H 3. are obtained by linear combinations of the (improper) elgenvectors

of the total momentum operator P with eigenvalue P* e.g., the plane wave ¢’ P*3 i the
eigenvector descrlblng a state with an electron and no photon.
Given any P € R3, there is an isomorphism, 13,

Iz : Hp — FP, (1.30)

from the fiber space H  to the Fock space F b acted upon by the annihilation- and

. * —ik-% *
c ag ;s and bk,/\ toe ak,/\,
and with vacuum Q¢ := I3 (e'P%). To define I p more precisely, we consider a vector

. 3y € H 3 with a definite total momentum describing an electron and n photons.
(fm:p) € Ttp g P

. . * R ik-x
creation operators bk‘ . b];,)t, where bk’ , corresponds to e

Its wave function in the variables (x; l%, AMio.n, 12,1, An) is given by

z(P k1—---—kn)Xf(n)(k1 A ]_én,)hn)’ 1.31)

where f is totally symmetric in its n arguments. The isomorphism / p acts by way of
5 (ei“’—k'—'“—"n>'ff(">(1€1, M s )

f Z /dk1 Bk FPO Ky, Ay Ky A Yof L eebE L Q. (132)

.....

Because the Hamiltonian A commutes with the total momentum, it preserves the fibers
H;, forall P € R3, i.e., it can be written as

©®
3
H =/ Hd*P, (133)

where
Hp : Hp — Hp. (1.34)

Written in terms of the operators by, , , b;{i‘ e and of the variable }3, the fiber Hamiltonian

H is given by

o N 5\ 2
(P —pt +a1/2A) ,

where

pl = Z/d%kb* w (1.36)

H = Z /d3k|k|b e (1.37)
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and
e d3k - * - %
A= = e, i) (1.38)
5 IBa k|
Let

. |
S:={PeR?®: |P|l< 5}. (1.39)

In order to give a mathematically precise meaning to the constructions presented in the
following, we introduce an infrared cut-off at a photon frequency o > 0 in the vector
potential. The calculation of the second derivative of the energy of a dressed electron —
in the following called the “ground state energy” — as a function of P in the limit where
o — 0, and for PesS , represents the main problem solved in this paper. Hence we
will, in the sequel, study the regularized fiber Hamiltonian

(P- B/ vario)
HE = 5 + HY, (1.40)

acting on the fiber space H 3, for PeS , where

1.41)

Z/BA\B \/|_]_T 8kk kk kxbkk}

and where B, is a ball of radius o centered at the origin. In the following, we will
consider a sequence of infrared cutoffs

= Ael (1.42)
with0 < € < 5 and j € Ny := NU {0}.
Notation. 1) We use the notation ||Al||y = || A% || for the norm of a bounded operator

A acting on a Hilbert space H. Typically, H will be some subspace of F”.
2) Throughout the paper, we follow conventions such that

1 1 1 1
— ¢ —dz=-1 , f:dZZ(]{ —-dz),
27i )y, 2 y 2 y 2

where y is an integration path in the complex space enclosing the origin.

1.2. Outline of the proof. Next, we outline the key ideas used in the proofs of our main
results in Egs. (1.6), (I.8), and (1.9). For P € S, « small enough, and ¢ > 0, E(i is an
isolated eigenvalue of H 2|7, ; see Sect.1l and Eq. (I1.4). Because of the analytlclty of

Hg in the variable P, it follows that
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92E".
|P‘ — 2 O' |
@IP])? Eipp=ri

. (143)
P=Pi}

1 1 1
—1-2(— BH"] _dz g, [B-H‘Z]\IJ‘I
<27rij{,a HE —z HY — A R

where 8; = 3/ P!, i is the unit vector in the direction i, \IJ" is the normalized ground
state eigenvector of H; constructed in [6]; ¥, is a contour path in the complex energy
plane enclosing E‘I’3 and no other point of the spectrum of Hg | 7,, and such that the
distance of y, from spec (Hg | 7,) is of order o.

At first glance, the expression on the R.H. S. of (I.43) might become singular as
o — 0, because the spectral gap above E% = inf spec (Hgl F,) is of order o. To

prove that the limit 0 — 0 is, in fact, well defined, we make use of a o-dependent
Bogoliubov transformation, W, (% E %) (see Sect. I, Eq. (IL.3)). This transformation has
already been employed in [6] to analyze mass shell properties. In fact, conjugation of
Hg by Wy, (%E Uﬁ) yields an infrared regularized Hamiltonian

o .__ o 0 Ok (T O
K[; = WU(VEﬁ)HF)Wg(VEF,) (1.44)

with the property that the corresponding ground state, @‘;3, has a non-zero limit, as
o — 0. The Hamiltonian K< has a “canonical form” derived in [6] (see also [12],
where a similar operator has been used in the analysis of the Nelson model):

FO' 2
K% = +Z / |k|8"(k)b* b,;’xd3k+€;‘3, (1.45)

where 8;;(/2) is defined in Eq. (IL18), £2 is a c-number defined in Eq. (11.42), and ﬁg

is a vector operator defined in Eq. (I1.40) starting from Eqs. (IL.16), (I.17), (I1.34). By
construction,

(®%, T'% &%) = 0. (L46)

This is a crucial property in the proof of existence of a limit of ®% as o — 0.

Equation (1.46) is also an important ingredient in the proof of (1.6), because, by apply-
ing the unitary operator W, (%E %) to each term of the scalar product on the R.H.S. of
(1.43) and using (1.46) (see Sect.III), one finds that

1 1 1 o 1
(I.43)=1—2—.(—,f 0.—[81-E —( J)]—dZ]CIZM
) J K
Vi

92 2mi g .
1% T -z J -z

[6:E% = @) | D) 5_pis 1.47)

— 1 2 1 f 1 (Fo')i 1 d CDU ( O')l @O-
- omi f, Ko —z P K9 — ||<I>“ I’ ||<I>" I
Yo " p P

=Pij
(1.48)
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Notice that, if one starts from the two expressions on the R.H.S. of Eq. (I1.43) and on the
R.H.S. of Eq. (1.47) respectively, both formally expanded in powers of /2, the Bogo-
liubov transformation can be seen as a tool to re-collect an infinite number of terms and
to show a nontrivial identity, thanks only to Eq. (I.46) and to a vanishing contour inte-
gration (see Eq. (II1.46)). Next, still using Eq. (1.46), one can show that (1.48) remains
uniformly bounded in o.

To see this we use the inequality

2

. 1 . 1
rey o, { —— rey o2 )| <O , 1.49
<( P) P (K%—z) ( P) P> = (a%azs) (1.49)

for an arbitrarily small § > 0, with z € ¥, and @ small enough depending on §. This
inequality will be proven inductively (see Theorem III.1) by introducing sequences of
infrared cut-offs o, where 6; — 0 as j — oo. The proof by induction is combined
with an improved (as compared to the result in [6]) estimate of the rate of convergence
of{QD%} aso — 0.

By telescoping, one can plug these improved estimates into (1.48) to end up with the
desired uniform bound. The control of the rate of convergence of the R.H.S. in (1.48), as
o — 0, combined with the smoothness in f’ for arbitrary infrared cutoff o > 0, finally
entails the Holder-continuity in P of the limiting quantity

s e tim 2 ?{ 1 (r”)i L % (Fﬂ)i %

pii=1—1im 2{-— 5 \1B

|| om0 \2mi J,, K5 -2\ P) kg =2 feg U P e
o P P P P

pP=pii

(1.50)
- AE,
The Holder-continuity in P of ZI B and of lim, W};’%, combined with the fundamental
9%E, 5
. L . . . Pl R
theorem of calculus, imply that £ 5 is twice differentiable and @R = DBl

Our paper is organized as follows: In Sect.II, we recall how to construct the ground
states of the Hamiltonians HZ and K< by iterative analytic perturbation theory. This
section contains an explicit derivation of the formula of the transformed Hamiltonians
and of related algebraic identities that will be used later on.

In Sect.IIl, we first derive inequality (I.49) and the improved convergence rate of
{CD‘;;} as 0 — 0, by using some key ingredients described in Sect.Il. Section III.1 is
devoted to an analysis of (1.43) that culminates in the following main results.

92E,
1P|

@1P)?

Theorem. For « small enough and Pe S, converges as o — 0. The limiting

PLjs Hélder continuous in P € S. The limit

function E\f’l = limy_g W’)W

iigb Tp=1 (I.51)
holds true uniformly in Pes.
Corollary. For a small enough, the function Ep = lims_ E‘1’3, P e S, is twice

differentiable, and
2
0 EIP\
(3| P))?

=35 forall PeS. (152)
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Remark. For the complete proof of the construction of the ground states of the Hamil-
tonians HZ and K< by iterative analytic perturbation theory, the reader is advised to

consult ref. [6].

I1. Sequences of Ground State Vectors

In this section, we report on results contained in [6] concerning the ground states of the
Hamiltonians H _/where P eSand J € No, and the existence of a limiting vector for

the sequence of ground state vectors of the transformed Hamiltonians, K ;j where the

Bogoliubov transformation used to obtain K " from H ' (derived in [4]) is determined
by

or’ 2
b* — W, (VET)b* W* (VEY) = b* 1R 1.1
i = Wo, (VE)bE, Wo,(VEZ) = by, — o R (ILD)
5
VEY . &
. S 0iNg. wE (o %N . a TP Tk
b, = Wo,(VED )by JWE(VEY) = by, R, (I1.2)
3
for k € Bo\B,. with
> LT
W, (VET) := exp a? — P @ b —he))|, aL3)
7 Ba\Bs, |k|28 iy kR

where 3‘;{ (12) is defined in (I1.18).

11.1. Ground states of the Hamiltonians H;j . In [6], the first step consists in construct-
ing the ground states of the regularized fiber Hamiltonians H;j . As shown in [6], H;j

has a unique ground state, \Il;/ , that can be constructed by iterative analytic perturba-

tion theory, as developed in [12]. To recall how this method works some preliminary
definitions and results are needed:

e We introduce the Fock spaces

Fop = FULARNB,) x Z)) . Folyy i= FP(L*((Bs,\Bo,,)) X In)).
(IL4)

Note that

F

iyl — f()'j ® fo’ (IIS)

j+le

If not specified otherwise, 2y denotes the vacuum state in any one of these Fock
spaces. Any vector ¢ in F; can be identified with the corresponding vector, ¢ ® €2,

. . . O j
in F, where Q is the vacuum in F,’.
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Imiz, )
~ _YJ-.J
/J ‘\
‘ i * spec H“’.|
! K - .. - f‘: ‘F%_J
I 'r‘Q"iﬁ./-/'\'ﬂa’h! }
T - o ‘%‘Rewu
' ' Ed . PPO,, I
\ F & ¢ [ | u
; ki g b ; ) spec Hg{' |
-t . : ! e,
. ' ’, >po i ' :
.. f . :
- A ) {
= i -~ >p c.‘ I
Fig. 1. The contour integral in the energy plane and the gaps
e Momentum-slice interaction Hamiltonians are defined by
AHZY, =a? VaHY AP, + = (A7.)? IL6
p|0j+1 =o pp - |aj+1 + E( |oj+1) , (IL.6)
where
3k
e Uj o d 2 * - % .
A, = /B = s, + i) (IL7)

A o \BojH |k|

o Four real parameters, €, p*, p~, and u, will appear in our analysis. They have the
properties

2
O<p7<p¢<p+<1—Ca<§, (I1.8)

0<e<?. (IL.9)
ot

where Cy, with % < Cy < 1, for o« small enough, is a constant such that the inequality

E%—l? > E"ﬁ — Cy k]| (IL.10)
holds for all P € S and any k # 0. Here E103—12 := inf specHg_lz. We note that

Cy — %, as a — 0 (see Statement (Z4) of Theorem 3.1 in [6]).

By iterative analytic perturbation theory (see [6]), one derives the following results,
valid for sufficiently small «, depending on our choice of A, €, p—, u, and p* (see also
Fig. 1):
(Al) E ;j is an isolated simple eigenvalue of ng | 7, . with spectral gap larger or equal
J
to p~ 0. Furthermore, E ;’ is also the ground state energy of H;’ | For? and it
is an isolated simple eigenvalue of H;j | Foin with spectral gap larger or equal to

+
P Oj+1.
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(A2) The ground-state energies E ;j and E%*' of the Hamiltonians H;j and ng "
respectively, (acting on the same space Fy,,) satisfy the inequalities

0< E;j” < E;f' +cao;, (IL11)

where ¢ > 0 is independent of j and of «.
(A3) The ground state vectors, ;’ ”, of Hg’ *! can be recursively constructed starting

from \IJ;‘) = Q¢ with the help of the spectral projection

1 1
— de+1 - .
2mi Vj+l gﬁl —Zj+l1
More precisely,
W= L 7( dz j+1ml;\p;f (IL12)
i Jyja 5 T Zj+l
1 & ]{
= 3 dZ/+l
2mi 0 Vi+l - Zj+1
n
o 1 o
X |:—AH13|0§+1W:| \Ifﬁ'/, (I1.13)
B Zj+1

Oj+l

where yji1 = {zj41 € Cllzj41 — E;j| = (oj4+1}, with p as in (IL.8). lI/P is

Oj+l

the (unnormalized) ground state vector of Hp |7, forany 0 < o < 0j41.

I1.2. Transformed Hamiltonians. In this section, we consider the (Bogoliubov-trans-
formed) Hamiltonians

gj ._ o 7%/ Ojvr* o i
K7 = Wo,(VETYH W (VEY) (IL.14)

with ground state vectors @‘;;j, j =0,1,2,3,.... Some algebraic manipulations to

express K ;j in a “canonical form” appear to represent a crucial step before iterative
perturbation theory can be applied to the sequence of these transformed Hamiltonians.
In addition, some intermediate Hamiltonians, denoted K g" , must be introduced to arrive
at the right kind of convergence estimates.

The same algebraic relations that are used to obtain the “canonical form” of K ;’ also
play an important role in the proof of our main result concerning the limiting behavior,
aso — 0, of the second derivative of the ground state energy £ (}i). It is therefore useful to
derive the “canonical form” of K ;j and the relevant algebraic identities in some detail.

The Feynman-Hellman formula (which holds because (ng ) peg 18 an analytic fam-

ily of type A, and E;j is an isolated eigenvalue of H;j |7,,0 < o < o)) yields the
identity

VEY = P — (P! — a2 A%) (IL15)

o
Jo
vy
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where, given an operator B and a vector v in the domain of B, we use the notation

_ W BY)

B .
Bhv ="

As stated in [6], for o small enough,

sup |6E;’| <1 VjeN.
PeS

We define

Boi = Pf — a3 A%,

|»1

8% (k) =1-k-VEY, k:=—=, |VEY| <1,
P P |k| P
VE . e
¢t =b +a2—k
S L)
VEA GEA
iy = by A+012—
|k|2<3 (k)
We rewrite H;j as
P— _>0'j 2
po = =P +HY,
P 2
and, using (II.15) and (I1.17),
5 op%i o, Ao
P = VES+ (),
We then obtain
B I
oj _ gj i\ o). BO) f
H}B = (VEI;+(/3/)%,) B+ 5 +H
= _2
P B — —
= 7+T_<ﬂaj>vj(f.i - B

+Z / |k|8 (k)b~ b,;ykd3k
A

R3\(Ba\Bs;)

+ |k|8 (k)c~ ci  d’k
;/BA\B o

gj

VE VE’ €F

- €
—aZ/ k187 Pk “d3k.

Ba\Bs; Ikl 3 (k) |k|28 (k)

(IL.16)

(IL17)

(IL18)

(IL.19)

(I1.20)

(I1.21)

(I1.22)

(I1.23)

(I1.24)

(I1.25)

(I1.26)

(I1.27)
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Adding and subtracting 1/2 (89/)“ ., one finds that
B
RO _ [RO; 0 )2
(B = {571} )

L (B,
2 .
o= 42 +
p 2 2 2
3
|k|8 (k)b~ Did

R3\(Bx\Bs)
i 7 3
|k|51 (kref e, d’k

+ /
ZA: Ba\Bs;
o > wEY .z2x
Eﬁ .GkaEq ek)»d?)k

v
|k|8
Ikl25 (k) |k|25 (k)

_az/

Next, we implement the Bogoliubov transformation
bi, = Wo,(VED)bZ W3 (VEY) = b? *VEP

i~ Woyl )b ( ) = bp, — 3

|k|25

VE
P

k,

S

by, — Waj(%E;f)b Wy (VE"f) = b;

for k € Ba\Bs,;, where W, (%E % ) is defined in (I1.3). It is evident that W, . acts as the

J .
identity on F*(L*(Bs; x Z)) and on F?(L2((R*\Ba) x Z))

We define the vector operators
oj — ng (VEEJ ),Baj W:j (VE;])
o

i’
P

noting that, by (II.15), (I1.17), and (I1.34)

o
(B) oy = P =

where ® - is the ground state of the Bogoliubov-transformed Hamiltonian
o * 9j
= W, (VE )H ng (VEP ).

gj

K -
P

in Section IL.3.

It is easy to see that

Wo, (VET) BT W3 (VET) = (B7) o)
- vy

_,

(Wo; VESBYW; (VE) ),

Notice that in (I1.36) only the ray of Cbz—f enters. The sequence of vectors {® - } is defined

453

(11.28)

(I1.29)

(I1.30)

(IL.31)

i (I1.32)

3

7 (k)

ga
ka (I1.33)

bl

8% (k)

(I1.34)

(I1.35)

(I1.36)

(Wo, (VETB W (VEY ),

11.37)

(IL.38)

:|1

e Q
jau )
=2
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After inspecting straightforward operator domain questions (see [6]), the “canonical
form” of K ;’ is given by

. <r"f>2 _
K = +Z / |k|80’(k)b;f’kb,;’,\d3k+8;’, (11.39)
where
I =07 — (M%) 2 (IL.40)
so that
(r% gy =0 (IL.41)
and

=0 D _ U {J‘Z
., P (P-VEY)

& =7~ 2
VE‘if'-a VEY &
—aZ/ |k|8 Pt “d3k. (11.42)
|k|28 (k) |k|25 (k)

Equation (I1.39) follows by using that

Wi, (VEU’)& W (VE"/) S (11.43)
Wo, (VET e, Wi (VEY) = by, (IL44)
for k € BA\BJJ..
An intermediate Hamiltonian, K ;i *1 is defined by
RO = Wo  VEOHT" Wy (VEY), (I145)
where
> LI
. (VE /) = exp | a2 / — P @bt —he) ). (1146)
Woje Ba\Bs,, |k|28 Ry PR

We decompose K ;j *!'into several different terms, similarly as K ;j . We recall that

. P — Boi+1)2
;“' = # +HT, (11.47)
and, by (IL.35),

P = VE:;j + () L (11.48)
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It follows that (see also (I1.28)—(I1.31))

Oj+1 ﬁz < 0 o 2o EU'H]z f
o= T (VEG+{BY) o) B+ +H (11.49)
P
=5t - (B7) i - B! (I1.50)
P
ISCI (DB * e g3
+Z/3\(BA\B )Iklé}; (k)b by, d7k L51)
9j+1
+Z / k|8 ,{ (’Q)CE,ACE,AG'% (I1.52)
s BA\B”j+1
VEY &, VEY &
—aZ/ |k|<SP [ sy
MPS(@ Mvé(b

We now add and subtract 1/2 ( E i )21//0 ; and conjugate the resulting operator with the uni-

P
tary operator Wy, (VE ;’ ). After inspecting straightforward operator domain questions
(see [6]), we find that

70j 2
9 = 5 +£"’“ +Zoj) (IL54)

8% (k 3 50 j+1
+Z/R3 |k|‘3ﬁ] (k)bp by, dk+ &5, (I1.55)
s

where

_VEY -€r by, +he,

Lo, = —al > / k—r 4k, (I1.56)
B, \B k135 (k)
—a Al (IL.57)
EY &, VET &
- €7
‘7/+| -_WZ/ - kkd3k
|k|25 (k) |k|25 (k)
%E{j . ga* d3k
ray / €1, =t hc] =, (IL58)
5. 7 Boj\Boj, k|2 5 (k) JIkl

VEY .z. VE%Y .éx
—aZ/ |k|5 (k) —L*2__F “d3k. (I1.59)
Ba\B,, k1367 by 1K138% (k)

We also define the operators

50 -
M = Woj(VE hw;, (VE"/)H WUJ(VE Wy, (VE

Oj—1

), (IL60)
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and

)4 (11.61)

;,

"Ul_

<ﬁ

o
o 8
Il

:|l>
"Ul\q

which are used in the proofs of convergence of the ground state vectors. Here, Ci):{
denotes the ground state vector of the Hamiltonian

gj—1

— & 1% g% S gj-1
R = W, (VEY YW (VETVK Y Wo (VET YW (VET ™).

(The sequence of vectors {CI)F{ } is defined in (I1.64).)
Notice that

' ;= = W,, (VE"J hw (%E‘;f)r Wi, (VEOJ)W* (VE"/ h. (11.62)
An important identity used in [6] and in the sequel of the present paper is (j > 1)
2] 20i-1 S0 oj-1 oj 1
Fp -7 =VE) -VE) " + L]
VE‘if'*' &, VEZ! &
5./ Boj_1\Bo; |k|25 05 |k|25 I (k)
0] 1

VE 3

+a2/ [g —_— hc]dk

7 By By K| 6°f 1(k> JIE]
Equation (I1.63) can be derived using (I1.34), (I1.36), (I.38), (I1.40), (I.60), and (I1.61).

(IL.63)

11.3. Convergence of the sequence {<I> }°° 2o We start from CD”“ = Qy. To pass from

momentum scale j to j+ 1, we proceed in two steps: First, we construct an intermediate
20j+1

vector, q’ﬁ , defined by

o0

o 1 1 1

U = —f dzjs1———I[—AK 315, —— 1", (1L64)
r ;27‘[1 Vj+l K;j — Zj+1 ! ]K: —Zj+1
where
AKp |d/+1 = Iegjﬂ _ égjﬂ +((/'O;] _ K;J (1165)
1

=3 ( (Lol +Tol ) +hec. ) +- (5%, +Zg7)% (I1.66)

Subsequently, we construct Cbaf *! by setting

O = W, (VETHWS

f (VE )c1>"'+1 (11.67)

UH

The series in (I1.64) is term-wise well-defined and converges strongly to a non-zero
vector, provided « is small enough (independently of j). The proof of this claim is based
on operator-norm estimates of the type used in controlling the Neumann expansion in
(II.13), which requires an estimate of the spectral gap that follows from the unitarity of
Waj (%E;j ) and Result (A1) described after Eq. (I1.10).
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A key point in our proof of convergence of the sequence {@;j } is to show that the
term

(EO’I.,.] o’, 1) + h C. (1168)

appearing in (I1.66), which is superﬁ01ally ‘marginal” in the infrared, by power counting,
is in fact “irrelevant” (using the terminology of renormalization group theory). This is a
consequence of the orthogonality condition

(@%, T70%) =0, (11.69)

which, when combined with an inductive argument, implies that

1 1
(———)2 I

ﬁ _Zj+1

( 1
LS 4T Hn&————ﬂ¢“n
P _Zj+1

0’
ﬁ (I1.70)
(where Efif,ff ) stands for the part which contains only photon creation operators) is of
order O(e”-i ), for some 1 > 0 specified in [6]. In particular, this suffices to show that

A . j+1
197 — &%) < O™ 179) (IL.71)

for any 0 < § < 1 provided « is sufficiently small. Finally, in Theorem 3.1 of ref.
[6], it is proven that there is a non-zero vector in the Hilbert space corresponding to
lim ;oo QD(;" , and that the rate of convergence is at least O(a%(l_‘”) forany0 <8 < 1
provided « is sufficiently small.

Remark. In Theorem 3.1 of ref. [6], for lim;_, o @‘g, the range of values of o such

that the rate of convergence, C’)(U%(l"s)), holds is not claimed to be uniform in §. The
stronger result obtained in the next section (see (III.3) and (II1.34)) implies that this

range (corresponding to the rate O(a%(l_‘”)) is actually §-independent.

11.3.1. Key ingredients. To prove convergence of the sequence {df;{} of ground state

vectors of the Hamiltonians K ;j , some further conditions on «, €, and u (see (IL.8),

(I1.9)) are required, in particular an upper bound on & and an upper bound on € strictly
smaller than the ones imposed by inequalities (IL.8), (II.9) (for details, see Lemma A.3
in [6]). We note that the more restrictive conditions on p and € imply new bounds on
p~ and p*. Moreover, € must satisfy a lower bound € > C oz%, with a multiplicative
constant C > 0 sufficiently large.

Some key inequalities needed in our analysis of the convergence properties of {dD(;j }
are summarized below. They will be marked by the symbol (B). In order to reach some
important improvements in our estimates of the convergence rate of Q(g, as j — oo
(discussed in the next section), a refined estimate is needed that is stated in (32), and a
new inequality, see (B5), (analogous to (B3) and (B4)) is required.

o Estimates on the shift of the ground state energy and its gradient. There are constants
C1, C} such that the following inequalities hold: (B1)

|E‘;f' ”f“| <Ciae, (IL.72)
see [0].
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. (B2)

N AR~ 2oL (1% _ % 1ot

VEY" - VEY| < ¢ (||d>ﬁ o7 +ate ) (I.73)

This is an improvement over a corresponding estimate in [6]: It can be proven after
the results stated in Theorem 3.1 in [6], in particular the uniform bound from below
on (dD(;f, CID;)" ), (CIJC;;j, CDC;;j) > %, and following the steps in the proof of Lemma A.2
in [6].

e Bounds relating expectations of operators to expectations of their absolute values.
There are constants C3, C4, C5 > 1 such that the following inequalities hold:
(B3) For z4+1 € yj+1,

. . 1 . .
<(F;’)’ S T3y d>(;;’> (IL74)
P Zj+1
; 1
<(r 0% W(1“ /)i "f> (IL75)
P — <j+l
where (F;j )! is the i’ component of I:;j .
(B4) For z 41 € yj+1,
<(£Zj+(|+))l (F;/)l q)‘;;J , 5 (LZJH(:'))Z (F;J)l CDOI;)1> (II76)
5 — <+l
P

4 <(£§§+1+ ) () @Y K(,j—(ﬁijff ) (%) @Y > (IL77)
5 T Zj+l
p J
where (Lg’ +(1 ))l is the /'" component of Efijff ),
(B5) For Zj+1 € Vj+1,
2
(F )l i (1'\‘21)1 CI)UJ
< ;j —Zj+1 P r
1 ,
<(F AL > (IL78)
— Zj+l
P J

To prove (B3) and (B4), it suffices to exploit the fact that the spectral support (with
respect to K % | Fo and to K % | Fois respectlvely) of the two vectors (F BUR 13 and
(cf,’-]’l +(1+ )) (F“’ ) Y s strlctly above the ground state energy of K , since they are both
orthogonal to the ground state, dDP , of this operator. In the proof of bound (BY), it is
also required that p~ > 3 e, as will be assumed in the following.

Remarks. (1) The constants Cy, ..., Cs are independent of «, €, i, and j € N, pro-
vided that «, €, and p are sufficiently small.
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(2) For the convenience of the reader, we recapitulate the relations between the param-
eters entering the construction:

2
O<,0_<1,L<,0+<1—Ca<§, (11.79)
0<e<? (I1.80)
ot
e > Cal’?, (IL.81)
p~ > 3ueE. (I1.82)

Moreover, we stress that the final result is a small coupling result, i.e., valid for
small values of «, and that, for technical reasons, small values of the parameters €,
within the constraints listed above (that imply more restrictive bounds on p—, p*)
are required.

The crucial estimate for the bound on &DZ;'" - db(;;‘" obtained in [6] (see (I.71)) is

Ro 1.83

o

. ) 1 s )
9jNi 39J OjNi J
‘<(FI—)) *F T q>ﬁ>
P j+l

where Ry is independent of j, and §,0 < § < 1, can be taken arbitrarily small for o and
€ sufficiently small (depending on §). This estimate will be improved in the next section.
As a consequence, our estimate of the convergence rate of {CD(;’} will be improved. As

a corollary, the second derivative of E % is proven to converge, as o — 0.

III. Improved Estimate of the Convergence Rate of {<I>‘IZ, }, as 0 —0,
and Uniform Bound on the Second Derivative of E ‘;).

Our arguments in Sect.III rely on the results previously proven in [6] and described
in Sect.II, which hold for « small enough. Therefore, in the following, we assume the
constraints (I.79)—(I1.82), and we make use of the estimates on the spectral gaps (see
(A1) in Sect.II.1) and of the bounds (B1)—(B5) (see Sect.11.3.1).

We also make use of the lower bounds

30j+1 50+l oj oj
(BT, 057), (@5, P5) > (I11.1)

SSRI )

uniformly in j € Np, which appear in the proof of Theorem 3.1 of ref. [6]. Assuming
these bounds we can simplify the proof by induction in the theorem below.

Theorem IIL.1. For a, € sufficiently small (depending on §), € > Ca™6 with C > 0, the
inequality

2
o 1 L R,
T oY | ) @D 0% ) < (I11.2)
P P K7 —zjn P P
P

1 .
o2 62](5
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3
holds true, where 0 < 8 < 1 and Ro, O(€?) > Ro > O(a8), is independent of
j€eNy:=NUO, and

‘711

||&>‘;-" - | <aiel1-9) (111.3)
Ro can be taken arbitrarily small provzded o is small enough.

Proof by induction. e Inductive hypothesis. We assume that, at scale j — 1(> 0), the
following estimate holds:

2
1 R
T e ) @Yy 0% ) < . )
Kﬁ —Zj a2 €2(—Ds

This estimate readily implies that, assuming R/€> and o small enough, uniformly
in j,

O’,]

5% _
||<I>ﬁ I (I1L.5)
o0 n
1 ]{ 1 ol 1 oo
= 5= ¢ dij—7—— | ~AKple} —7—— | P
< @il 179, (I11.6)
An improved estimate on ||Ci>j3j — G’ '|l is based on the following bounds where
1
€ > Cals:
)
1 . ‘
o AKl T 0% | < OREai iD= 4 0 c21-3) (1117
S =z
P J

whose proof requires the use of the “pull-through formula” (see, e.g., [14]), a
Neumann expansion of the resolvent, the inequality in Eq. (II.78), and
Eq. (II.4); the reader can follow the similar steps used in Lemma A3 of ref.

[6];
' < O(@?/e): (IIL8)
K’

AKlol !

0j—1
P %

Fo,

this estimate can be derived from standard bounds and using the “pull-through
formula”.
e Induction step from scale j — 1 to scale j. By unitarity of W, (VE

we have that
2
i l Oj\i J
<(F ) , ( U ) (F J) >
K13 — Zj+l1
= <(FI;')" ( FT ) (% d>}{> . (I1L.9)
P j+l

gj—1

* o 0
YW (VET),
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For o small enough and ¢ > C % , where C > 0 is large enough, we may use (1)
to re-expand the resolvent and find that

2
1 o no,
YNz ) @1 @% (I1L.10)
;,] —Zj+l1
2
(l_,oj)t UJ — (fﬂ‘{j)i C,I\DGJ ) (IIL11)
13./ —2j41 p p
It follows that
2
) (77N &%
<(F ) @ = &5) <I>;,> (IIL12)
P Jj+l1
2
<4 == (@'Y — @y ™Hey™ (IIL13)
P L+l
1 2
e L T % o (II1.14)
J —Zj+1

Our recursion, combined with (IL.78), relates (III.14) to the initial expression in
(II1.2), with j replaced by j — 1, while (IIL.13) is a remainder term. Next we note
that

2
== (@)% — @Y e%™ (II1.15)
J — Zj+1
1 2
SINF Oj-1Ni &0
=38 X o ((Ff,)<I> - (T )q:};) (I11.16)
P Jj+1
2
Oj—1\i % 0j Oj—1
+8 |l —5 . TP -2 (IIL.17)
j+1
Ri  Ra
= ant o (IIL.18)

Here R < O(e %) and Ry < O(e~2) are constants independentof o, u,and j € N,

provided that « is sufficiently small and € > Ca 6. In detail:
— Property (134) and the two norm-bounds

1
g7

Vilg, <0@E ), 87 — 0% < aiel 17D
— Zj+l J

(I11.19)

(see (II1.5)) justify the step from (I11.17) to (II1.18);
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— Concerning the step from (II1.16) to (II.18), it is enough to consider Eq. (I1.63)
and the two bounds

‘TJ] (TJI

lco, ) e Il < O@2el™h), 6% — @7 < et/ m20)
(Hint: for the first inequality in (II1.20), use the expression in (I[.64).)
To bound the term (II1.14), we use (B5) and the key orthogonality property (I11.69).

For zj € yj and z;11 € yj41, we find that for € /p~ sufficiently small,

2
<(r"f DU, | @y q>‘1f“> (I1.21)
P K7™ 7. P
P Jj+l
2
1
< 4Cs <<r“’ H e (—) (K > (I11.22)
3 — Zj+l
p I*
2
1
<8C? <(r"’ e (K—) rFh ey > SN X))
> — Z]
P

In passing from (II1.22) to (I11.23), we again use the constraint on the spectral support

: oj—1 Tj—1\i 0i-1
(with respect to K13 | faj,l)Of the vector (Fﬁ ) d>13 .

Assuming that the parameters € and « are so small that the previous constraints
are fulfilled and that

R
0<Ri+Ry< (1—8C2¥)22, (I11.24)
o2

we then conclude that

2
%1 % 1 o o
(F’)’ il ) @) o] (I11.25)
Kﬁ —Zj+l1

R R
< ==+ ==
— €28 €2jé

2
1
+8C3 <(F"] Hie%! (—KU,1 ) % % 1> (I11.27)
o -z
P

Ro

J— ] . .
o? 62]3

(I11.26)

(II1.28)

Notice that the bound in (II1.24) induces a § —dependent constraint on the admissi-
ble values of € and, indirectly, on «. Moreover, the bound in (II1.24) is fulfilled if
1

3 =
(O@?) >Ry > O(?’) > (9(02—22) asa — 0.
o The zeroth step in the induction. Since

(r‘g’)i =Py | % = Qy, (I11.29)
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inequality (III.2) is trivially fulfilled for j = O; thus (IIL.2) holds for all j € Ny and
for Ro arbitrarily small, provided « is small enough. O

As we explain below, an improved estimate of the rate of convergence of the sequence
{CDUJ };?’;0 follows from the bound in (III.3), but we stress that only the estimates in
Egs. (II1.2), (II1.3) will be used for the uniform bound on the second derivative of E%
in the next section.

In fact, one can combine the bound in Eq. (II.3) with the estimate
O'j_’\o'j 1 = O'jfl__’ aj /
||d>}3 q>}; | < Caz |VE}; VEﬁ | |In(e’)], (II1.30)

where C is independent of «, €, i, and j € N, provided that «, €, and u are sufficiently
small. The estimate in (II1.30) is obtained starting from the definition in Eq. (I.67) and
using the soft photon bound

172 loj,A(]_é)

T (IIL.31)

b7, 95 1l < Ca

(where 101., A (l_é) is the characteristic function of the set {l_é D0 < |12| < A}) that follows
from inequality (II.10) and the identity

. 1, Ak 1 e e o
V= —at "I;Al( ) a7 &5 - VpHY WY, (11132
klr o HY L+ lk - EY

b,}"k\ll

which is derived in [4] by using a “pull-through argument”.

By a standard procedure (see, e.g., [12]), one obtains similar results for the ground
state vectors of the o -dependent Hamiltonians K%, for arbitrary o > 0. A precise state-
ment concerning the rate of convergence is as follows: The normalized ground state
vectors (that, with an abuse of notation, we call Cb%)

1 1
o T T (I11.33)
poo— 1 1 J :
P I g, r= ]

where Y, :={z€ C||z — E%| = pT o}, converge strongly to a vector ® 3, as 0 — 0,
with

1 so\1-8
107 - @5l < 0t (T) ) (111.34)

for any 0 < §(< 1), provided « is in an interval (0, a5), where a5 > 0, s — O as

6 — 0. The §-dependence of the interval «s is an indirect consequence of the upper

bound on € that must be imposed through (II1.24) to implement the proof by induc-
1

tion. The relations (I1.79)-(I1.82) and € > Ca 16 induce a §-dependence on the other
parameters and in particular on «. Another §-type dependence of the estimated rate of
convergence, O((%)l_a), comes from the logarithmic term in (II1.30). However, this
does not spoil the uniformity in § of the interval of admissible values of « but only affects
the multiplicative constant on the R.H.S. of (II1.34). Moreover, with further work, the
estimate in Eq. (II1.30) can be improved to remove the logarithmic term.
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III.1. Convergence of the second derivative of the ground state energy E %. Because of

rotational symmetry we have that E" E \JPI Moreover, (Hg |7,) peg 18 an analytic

family of type A in PesS , with an isolated eigenvalue £ ﬁﬁw' Thus, the second derivative

8ZE\HF‘W ;
GIEN is well defined and
92E°.
[Pl _ P
(3Iﬁ|)2 = |P||P piisy 1=1,2,3, (I11.35)
where 0; 9

Wlthout loss of generality, the following results are proven for the standard sequence
(0j)%2 0 of infrared cutoffs. By simple arguments (see [12]), limiting behavior aso — 0
is shown to be “sequence-independent”.

By analytic perturbation theory we have that

2p
0 |P||P Pii
1 1 , .
2mi Jy; Hy —z
1 , . . ,
X ——dz; \Il;-’, [P’ - (501)1]\I/;’> , (1I1.36)
p % P=Pij

here \I/;j is the normalized ground state eigenvector of H;j .
Next, we make use of the Bogoliubov transformation implemented by W, (%E ;j )
to show that
1 1

(=— ¢ ———IP' (ﬂ"f)] ———dz; VY, [P — (BT 1WY)
2w Sy Hy =z —Zj P
(II.37)
. 1 1 1 i 2 -0j oiNi ik o 00
P J P J

1 o) i I 10N RN W (o T )
XK(IJ,—_Zjdzj 7. [P — W, (VEY (%) W}, (VE', )] o7, (I38)
P
where CD;’ is the ground state eigenvector of K %’ (iteratively constructed in Sect. II).
Recalling the definitions
o

m 7= WU‘/_(§E?)E"1W;"](§E;")—(W(,_/.(5E;j)B“ijj(%E;j))Q_/, (111.39)

£ = A7 — (A

P B F >¢;j ; (I11.40)

and because of the identity (Feynman-Hellman, see (I1.36))
BOi\ 5. — P VR
(B ’)w,-,f =P-VE; (I11.41)

= <ﬁj§j>q}a__,- +(Wo, (%E‘I’;‘)B’fw Wy, (%E;f))gf, (111.42)
P
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we find that
: a o o o
Pl — W, (VE) (BT W3 (VES) = =T + 0, E7 (I11.43)
hence,
O E |p||P il (I11.44)
RPN (1f 1 [a (r”f)] dch
— LT AT 9\ —o; L J ¥ p
1% 2 Jy, K7 — KT~z
[0 EY — (T 1Y) | pis- (I11.45)

Using the eigenvalue equation

K<I> E(IJ

the terms proportional to (0; E ﬁ’ )? and to the mixed terms — i.e., proportional to the

product of 9; E 73" and (F;f ) —are seen to be identically 0, because the contour integral
vanishes foreachi = 1, 2, 3, e.g.,

1 1 . R
f(—[aE I o7, [0, EF 197 )dz;
. o

i B p P J
5EY \
:f{ (cb‘l;’, cb‘;’)(T) dzj =0. (I11.46)
Vi EP —Zj
It follows that
9? E‘P|| F_pis (I11.47)
gj 9j
1 f{ 1 o 1 D o Pp
=1+— dZ]< (FJ)I R (Fﬁ])l —'>|ﬁ:Pl
wiJy, U KG -z PR =z @yt Proe )
(I11.48)
1 1 1 7 oY
=1+—,7§ dzj_—<(r )‘—(r‘i’)"—’? —E M p_pi;
midy EY =3 K7 =z e e
(I11.49)
We are now ready for the key estimate.
Lemma IIL2. The estimate below holds true (j € N):
gj—1 Tj—1
% ( O'/ ])l CD}; 1 ( ‘7/ l)l (bﬁ 1 dZ} 1
Oj_ ’ Oj_ - oj Oj_ - J—
e\ e KT~z 1% B~z
% %
—f oy b Ly B ! dzj| < /1720
v\ TSl KF -z Poeil ~—z] '
(I11.50)

1
forany 0 < 8§(< 1/2), and for o and € (> Ca 16) small enough depending on §.
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Proof. By unitarity of Wy, (VEU’ I)W;‘j (%E;j),

o % 1 o % 1
7{ Ty —L (%) L > —dz; (IIL51)
)’j< Praegl k7 =z POeFI) EF -z
o ®Y 1 Yy Y 1
= oy L (V) L —dz;. (111.52)
fyj< Preyn k3 -z, 271971 EY —z;

By assumption, « is so small that the Neumann series expansions of the resolvents below
converge in ]-"é’j :

1 1
e =~ E°°(KFI,Z,) (I11.53)
KZ —zj Ki" -z
1 1 o1 -
o = g TAES L, (IIL.54)
Y P
where
00 p%i-1 = < ‘7/ 1 A”j Tj—1 1 l
SRKE g ZU —[—(AKplg, "+ & — €T T,
I=1 }3 - ] p %
(I1L.55)
and AK 3|5/ is defined in Eq. (IL.66),
A(E"f Lz = ! (EZ' — EY) ! (I11.56)
= o, - 5 —Ey) o1 - - .
Elgj—Zj P P EISJ -z
We proceed by using the obvious identity,
% | Y 1
0 —F— =) £ —dz; (111.57)
7€j< 191" KY -z PN EY —z;
9% | . &>‘if 1
= T L (") L —dz; (IIL.58)
7€< Pred kY -z Pdd ) EY T~z

a1

CDUJ 7 1

no i1 _

(Fﬁ])l Ag’j 00([( - 1 )(r )t — T _.dzj (II1.59)
197’ 130 EF —z

g

J

+]€

J

AT ; d)f 1 o] CDJ Oj—1 - —
(%Y —L @Yy — L NAET, 7)d7;. (I11.60)
PUeY) kY -z, PUoeyy/ R
P P J P

Each of the expressions (II1.58) and (I1.59) can be rewritten by adding and subtracting

i1

(FUJ 1)1 CD,

1
P n<1>f I

. For (II1.58) we get
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(I11.58)

R o 1 R o 1
=¢ (@7 H —L—, — ryy—=£ dz;
7{w< PO kT = P e B -z
10 j—1
f (%) —L . — 7y i
O' O'
vi 1% | 1%

%7 gj-1
1 NN CI)}; o 14 P 1 -
—— | T = — () ——5— Az
I -z [ Progey P e EY T -z

P
J(V'

o (I)U] (I)G—~] 1
() —— — @™ :
< P ||<1>"f|| ||<I>"’ I

1 0j-1 1

Oj—1\i f’ —
—5— T ) dz;
oj_ — o 0 - J
K=z P e BT g

o

o)1

+f =y
Vj< ||q>0/ gl

20 oj-1

1 NN q)f) oi_] P 1 _

S K ) e LA _az;.
4 ‘—z,-[ PINST P e BT
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(I1L.61)

(IIL.62)

(111.63)

(I11.64)

The difference in Eq. (II1.50) corresponds to the sum of the terms (I11.59)-(I11.60) and of
the terms (I11.62)-(I11.64). In fact, (II1.61) corresponds to the first term in (II1.50) after a

contour deformation from y;_1 to y;.

The sum of the remainder terms (I11.59), (I11.60), and (I11.62)-(I11.64) can be bounded
by €/(1729 for e, R and o small enough but independent of j, for any PeS. (We recall

that R can be taken arbitrarily small, provided « is small enough, and that ¢ > C« T 2

The details are as follows.

e For (II1.62)-(I11.64) use the following inequalities

(ngll - )(Fov l)l Uj 1
= —Ij
P J

~

2
= (’)(R—),

i eli=Ds

[(f;f')" - (r;’;‘*‘)"] $%| < 0@iel 10 1 atel ),
1 1
T a— <O0(—),
= —Z/ 6']
P Hr,
(FUJ |)l (é‘)‘;f B <TJ I)H < O(Ol“éj(l 5))
5% o < alerton,
P A

(I11.65)

(11L.66)

(IIL.67)

(IIL.68)

(I1L.69)

In order to derive the inequality in Eq. (II.66), one uses Egs. (I1.63), (II.73), and

(IL.56)-(IL.57).
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Uj—l
e For (II1.59), after adding and subtracting (F %= 1)’ m, one also has to use (II1.8)

and that
49 - 1 N g
sty =) - 05 o
Y
1
7
<0t 0 . (I11.70)
- ot eG—D3s
e To bound (II1.60), note that
&% { L&Y
(IL.60) = —27i (r Y 5 s (3 =& (I11.71)
%1 RY — EY %
% 1 %
w2i (07 —L— —— (% —L (111.72)
< 1% K7 —EZ P oY)
"O’j Uj,1 _ Uj ’\O']
= %y ®5 Ep Ep) 1 %) N
Pl kY -EY KY - EY 1%
(1I1.73)
where |E(;Bj_l — E%| < O(ae/~"). Then use the following inequality analogous to
(I11.65):
1
o A R2
ﬁ T 7| < O(—2-). (111.74)
J P 1
KP» —Ei) ol 5]5
O

2o
E°.
Ld converges, as o — 0. The llmltmg mnction,

Theorem II1.3. For o small enough, @B
02E"
E|P\ = limy_,¢ (8|P\)2’ is Holder-continuous in P € S (for an exponent n > 0). The

limit
hm Elﬁl =1 (I11.75)

holds true uniformly in Pes.
Proof. 1t is enough to prove the result for a fixed choice of a sequence {0152, The

estimate in Lemma II1.2 implies the existence of lim_ oo 8 E’ ¥ |5 Popi
‘We now observe that al? B 9 p_pi; = 1 (see Eq. (1IL.49)), because

(F%O)i = (ﬁf)i , cp‘})o = Qy. (IT1.76)
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According to the constraints in Theorem III.1, we can pick € = O(a") for some small
exponent v > 0 so that, for & small enough, Lemma III.2 and (II1.76) yield

I gj
1 ]{ _ 1 5 o1 o Pp
. dZ] o o (F"j)l o (F"j)l o |_)7 it
j = J P j _ =, P J P=P!|
Ty CEF =7 \ 19 Pt @5l
< O@"172), (I1L.77)

uniformly in j € N. Hence the limit (II1.75) follows.
The Holder-continuity in P of X B is a trivial consequence of the analyticity in

PeSofE %, for any o > 0, and of Lemma III.2; see [12] for similar results. O

Corollary IIL.4. For a small enough, the function E 5 := limg o E "};, Pec S, is twice
differentiable, and

2 -
O°E\p

— =3 3. (II1.78)
@ppz P

AE°.
Proof. The result follows from the Holder-continuity of El B> oflimy, o TI‘J’% ,and from

E°
the fundamental theorem of calculus applied to the functions £ and lim,— WI‘JP‘—‘,
because
[}

IE’ O*E
L and —7 (I11.79)
0[P @[P)
converge pointwise, for PeS,aso — 0,
[ ]
IE7, d2E°;
P and |—EL (I11.80)
alP| 3| P)?
are uniformly bounded in o, for all PeS.
0
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