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Abstract
Let G be a weighted rooted graph of k levels such that, for j € {2, ..., k}

(1) each vertex at level j is adjacent to one vertex at level j — 1 and all edges joining a vertex at level j
with a vertex at level j — 1 have the same weight, where the weight is a positive real number;

(2) if two vertices at level j are adjacent then they are adjacent to the same vertex at level j — 1 and all
edges joining two vertices at level j have the same weight;

(3) two vertices at level j have the same degree;

(4) there is not a vertex at level j adjacent to others two vertices at the same level.

We give a complete characterization of the eigenvalues of the Laplacian matrix and adjacency matrix of
G. They are the eigenvalues of leading principal submatrices of two nonnegative symmetric tridiagonal
matrices of order k x k and the roots of some polynomials related with the characteristic polynomial of the
referred submatrices. By application of the above mentioned results, we derive an upper bound on the largest
eigenvalue of a graph defined by a weighted tree and a weighted triangle attached, by one of its vertices, to
a pendant vertex of the tree.
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1. Introduction

Let T be an unweighted tree of k levels (the level of a vertex is one more than its distance from
the root vertex) with k a positive integer, such that at level j the vertices have degree di_ 11, and
nk—j+1 is the number of vertices at level j. In [4], Rojo and Soto characterize the eigenvalues of
the adjacency and Laplacian matrix of 7. In fact, they stated that the eigenvalues of these matrices
are the eigenvalues of principal submatrices of two nonnegative symmetric tridiagonal matrices
of order k x k. The codiagonal entries for both matrices are \/d; — 1,2 < j <k — 1 and i
while the diagonal entries are zero for the adjacency matrix, and d;, 1 < j < k, in the case of the
Laplacian matrix.

Later, Rojo [2] determines the eigenvalues of the adjacency and Laplacian matrix of T where,
at level 1, they include two vertices, that is, ny = 2. He also gives results concerning to their
multiplicities. It was established that they are the eigenvalues of leading principal submatrices
of nonnegative symmetric tridiagonal matrices of order k x k, where the codiagonal entries
for these matrices are /d; — 1,2 < j < k — 1, while the diagonal entries are O, ..., 0, &1,
in the case of the adjacency matrix and di, d>, ..., dx—1,d; = 1 in the case of the Laplacian
matrix.

Recently, in [3], Rojo and Robbiano determine the eigenvalues of the adjacency and La-
placian matrices of a weighted rooted tree 7' of k levels such that vertices at the same level
have the same degree and the edges joining the vertices at level j with the vertices at level
J + 1 have a weight equal to wx—;, j € {1,...,k —1}. They are the eigenvalues of leading
principal submatrices of nonnegative symmetric tridiagonal matrices of order k x k. Moreover,
they also gave some results concerning their multiplicities. The results in [4] are obtained for
wi—j=1,jef{l,...;k—1}.

Bearing in mind these results we consider a weighted rooted graph G with n vertices, i.e, G is
a weighted graph with a root vertex and k levels such that, for j € {2, ..., k},

1. each vertex at level j is adjacent to one vertex at level j — 1 and all edges joining a vertex
at level j with a vertex at level j — 1 have the same weight, where the weight is a positive
real number;

2. if two vertices at level j are adjacent then they are adjacent to the same vertex at level j — 1
and all edges joining two vertices at level j have the same weight;

3. two vertices at level j have the same degree;

4. there is not a vertex at level j adjacent to others two vertices in the same level.

The techniques used in this paper are similar to those used in [3] and [4].

Let @, be the set of integers j € {1, ..., k — 1} for which each vertex at the level k — j 4 1
is joined to other vertex at the same level. Observe that if j € @; then the number of vertices at
the level k — j 4 1 is an even positive integer.

First we study the case @; = {1}.

Using the labels 1, 2, . .., n, in this order, our labeling for the vertices of G is: Label the vertices
from the bottom to the root vertex and, in each level, from the left to the right.
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Denote by {1, 2}, {3, 4}, and so on, the edges at level k. Let u; be the weight of these edges.
Below we present a graph G in these conditions.

NN
ASNATFATYA

1 2 3 4 ) 6 7 8

Example 1.1

Note that this graph has four levels with vertex degrees
di =2, dy=3, dy=3, ds=2,
the number of vertices in each level is
n =8 ny=4 n3=2 ng=1
and the edge weights are

ur=5 w;=4, wy=3 and w3 =2.

2. Some preliminaries

Let ng_j11 be the number of vertices at level j. Then, for j € {2,3,...,k — 1},
ng—j = (dr—j+1 — Dng—j+1,
nig—1 = dg.
Letm; = n’j%, je{l,...,k— 1} and e, be the all ones column vector of dimension m.

Foreach j € {1,2, ...,k — 1}, we have

nj+l

with n ;1 diagonal blocks, where Cjisnj x nj41.

The edges joining the vertices at level j with the vertices at level j + 1 have a weight equal to
wg—;. The edges {1, 2}, {3, 4}, {5, 6} and so on have a weight equal to u;.

Next we define the adjacency matrix and Laplacian matrix for this type of graphs G with n
vertices. Let e = {i, j} be an edge of G, we denote by w(e) the weight of the edge e.
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Laplacian matrix L(G) = [/;;]is an n x n matrix defined as
—w(e) if i # j and e is the edge joining i and j,
lij=10 if i # j and i is not adjacent to j,
_Zk;&[ Ly ifi=j
and the adjacency matrix is the n x n matrix A(G) = [a;;] defined by
w(e) ifi # j and e is the edge joining i and j,
ajj =10 if i #* j and i is not adjacent to j,
0 if i = j.
Recall that A(G) and L(G) are real symmetric matrices.
Here, dy is the degree of the vertex at level 1 (root vertex), ny =1 and n;41|n;, for all
je{l,....k—1}.
Our labeling for the vertices of G in Example 1.1 yields the block tridiagonal matrices for
L(G) and A(G) :

Li®oL,dLs®d Ly —4C 0 0
—4cT 111y -3¢, 0

L= 0 -3¢ 8L 203 |°
0 0 -2c] 4

where Ly = Ly = L3 = L4 = [,95 ;5], and
AlGADAID Ay 4C O 0

4ct 0 3¢, O
AlG) = 0 3¢ 0 20|
0 0 2c7 o

where Al = A2 = A3 = A4 = [2 f)]

Definition 2.1. Let

1 =u1 +wy;
§j=(d;j— Dwj_+w;, je{23... . k—1}
S = drwi_1.

Note that when w; = 1, forall j and u; = 1, §; = d; is the vertex degree at level k — j + 1.

From the previous definition we can observe that these numbers are the diagonal entries of
Laplacian matrix given in Example 1.1. Note also that the upper codiagonal blocks in this matrix
is —w1Cy, —wy2C> and —w3C3. In general, if @1 = {1}, our labelling for the vertices yields the
block triadiagonal matrices for L(G) and A(G) :

_L1€B---®Ln71 —w1Cy

—w1C1T 81y, —wyCa
—wzCér 831y, —w3C3
L(G)= ,
©) et

Sk—11n,—1 —wi—1Cr—1
—wk_1C,11 8k
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Wherele...zLle[_Bl }“l]and
2 uj 1
_AIGBGBA"TI w1C1
wlC;F 0 T w2C2
w2 C, 0 w3C3
AG) =
w3C3T
— _ _ 0 ui
whereAl_-.._Anzl_I:u1 0].

0
wk—lckal
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Wi—1Cr—1
0

Lemma 2.1 [5]. The characteristic polynomials, Q j (1), of the j x j leading principal subma-

trices of the k x k symmetric tridiagonal matrix

(a1 by
by ay b
by
Or = ,
ak—1 by
b1 ap

satisfy the three-term recursion formula
Qo(r) =1,

Qi) = A —ai,
Qi) = —a)Qj-1(W) = bj_10j2(1)

2.1)

(2.2)

Lemma 2.2 [1]. Let A be an m x m symmetric tridiagonal matrix with nonzero codiagonal
entries, where m is a positive integer. Then the eigenvalues of any (m — 1) x (m — 1) princi-
pal submatrix strictly interlace the eigenvalues of A. In particular, the eigenvalues of A are

simple.

3. The spectrum of L(G) when &; = {1}

Lemma 3.1. Let M be the block tridiagonal matrix

M &B--- D Mn w1 Cq
w1C1r arly,, w2
M= w2C2T azly,;  w3Cs
w3C3T
where M =-~=Mn71 =[Z} Z:].Let

Qf—1 I’lk—l
T
wi-1C_y

wi—1Cr—1
(073
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p1=ai,
2
ni wi
Pr=ar— —————, o1 #F —ui,
ny (up + o)

Bi=aj—w ., J€{3,...,k}, Bj—1 #0.

U ny Bio
If Br # —u1, Bj #0, for j € {2,...,k — 1}, then
det(M) = ((B1 — un)(B1 +u) T B2 - By B

Proof. Suppose that 1 # —uy, B; # 0 forall j € {2, ..., k — 1}. Performing elementary oper-
ations without row interchanges to M we obtain the block upper triangular matrix

(M1 @ © My wiC ]
0 Baln, waCy
M 0 B3y  w3Cs
0
wi—1Ck—1
L 0 0 Br
Then the conclusions follow easily. [
Definition 3.1. Let Py(1) = 1 and
Pi(A)=A—wy,
nj—1 .
Pi(A)= (A —8))Pj_1(A) — w?_1# oW, jEef2, ... k) 3.1)

J

Definition 3.2. For j € {1,...,k — 1}, let T} be the j x j leading principal submatrix of the
k x k symmetric tridiagonal matrix

wi (Wdy — Dw
Wdr — Dwy )
= Oz S
(Vdk—1 = Dwy—2 k-1 (V) wi-1
V) wi-1 Sk
Lemma 3.2. IfT;, j € {1,...,k — 1}, is the leading principal submatrix referred in Definition

3.2, we have

det(Al —T;) = Pj(A), jefl,... k}.
Proof. For Q; = T} we have, by (2.1),

ap = wi;

aj=68;, je{2 ... k)
bj=(/di1—Dw;, jell,....k—2}
bi—1 = (Vdwi_1.
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Because ny_j = (dx—j+1 — Dnk—jy1, j €{2,...,k — 1} and ny_; = d, we have
n/ .
(V= 1) w; = I wj, jefl,... k-2
nj+1
and

ng—1
(Jd?) Wg—1 = («/”lk—l) W1 = o~ Wk—1.
So, (2.2) gives the polynomials P; (1), j € {0,...k}. U
Corollary 3.3. For j € {1, ..., k} the zeros of the polynomial P;()) are real and simple.

Proof. Let Ao such that Pj(Ag) = 0.From Lemma 3.2, A¢ is an eigenvalue of the matrix 7;. Since
T} is a real symmetric matrix, Ao € R. Moreover, from Lemma 2.2, A¢ is a simple eigenvalue of
T;. Thus, Ag is a simple zero of P;(A). [0

Letd={1,....k—1}andQ={j e P:n;j>njr1,jF1}U{jeP:n;>2njy,j=1}
The proof of the next theorem is a slight variation of the proof of [3, Theorem 5].

Theorem 3.4. Let Py(A) = 1 and

Pi(A) = A —wy,

2 Nj—1 .
Pi(A)= A —=8)Pj—1(A) — Wi — i—2(A),  Jjef2,... k)
j

Then

(a) det(A] — L(G)) = (P{(A) — 2up) F PLO) T [Ticqy P "+ Pe(h).
(®) 0(L(G)) = Ujeauilh € R: P;(G) = 0D U (A € R: Pi(h) = 2uy).

Proof. (a) We first consider A € R such that P;(1) # 0, for all j € {L, ...,k — 1}. Applying
Lemma 3.1 to the matrix A/ — L(G), we have

B =G —wi) —ui = Pi(A) —ui,

PP TR S el b mwiP) P
nyui + pi Pi(3) Pi(3)’

Forj e {3,...,k},

Bim (s ! Wi, =8P —wl BP0 )
J J nj Bj-1 Pi_1(A) Py’
Therefore,
detG — L(G)) = (P1(h) — 2u1) ? Py (1) 2 "2 T PGy By
JeQ\{1}

and the result follows.



R. Fernandes et al. / Linear Algebra and its Applications 428 (2008) 2654-2674 2661

Consider now Ag € R such that Pg(Ag) = O forsomes € {1,...,k — 1}.
Since the zeros of any nonzero polynomial are isolated, which is the case for the polynomials
P;, there exists a neighborhood N (A¢) of A¢ such that
P;j(A) #0 forall AeN(Ao) — {Ao}and forall j € {1,..., k—1}.
Hence, the equality follows, for all Le N (Lo) — {Ao}. By continuity, taking the limit as A tends to
Ao we obtain
det(ol — L(G)) = (P1(h0) — 2u) T Py(ro) T2 [ Pi(ho)" "+ Pilho).
jea\(1}

(b) It is an immediate consequence of part (a). [J

The next theorem gives a complete characterization of the eigenvalues of L(G) and some
results about their multiplicities.

Theorem 3.5

(@) 0 (L(G)) = (Ujeouiryo (T;)) YU {2u; + wi}.

(b) The multiplicity of each eigenvalue of the matrix T;, as an eigenvalue of L(G) is at least
nj—njy forj eQ\{l},@forj:land]forj:k.

(¢) The eigenvalue » = 2u1 + wi, of L(G), has multiplicity at least %

Proof. (a), (b) and (c) are consequences of Theorem 3.4, Lemma 3.2 and Corollary 3.3. [

Example 3.1. Let G be the graph presented in Example 1.1. For this graph,

4 42 0 0
42 11 3J2 0

0 3v/2 8 22|

0 0 2J2 4

Ty =

The eigenvalues of L(G) are the eigenvalues of 75, T3, T4 and 14 = 2u;| + w;. To four decimal
places these eigenvalues are

T, : 0.8479; 14.1521 each one with multiplicity 2

Tz . 0.2202; 6.8351; 15.9447 each one with multiplicity 1

T4 O 2.7347;  8.1881; 16.0772 each one with multiplicity 1
14 with multiplicity 4.

Using Theorem 3.5 and Lemma 2.2 it is easy to prove that

Theorem 3.6. The spectral radius of L(G) (the largest eigenvalue of L(G)) is the

max{the spectral radius of Ty, 2u; 4+ wy}.

4. The spectrum of A(G) when ¢; = {1}

The proofs of the following lemmas and theorems are similar to the proofs of Section 3.
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Lemma 4.1. Let N be the block tridiagonal matrix
Ni@---®Ny —wiC

—w1C1T ’ ar Iy, —wyCr
N — —wzCér azly, —w3C3 ’
—w3C;r
Otkfllnle —wi—1Cr—1
—wg—1C_4 o
where Ny = --- = Nn| = [_“‘ 7"‘].
2 uy @y
Let
f1=ai;
2
ﬂ2=a2—n—lL ay F ur;
ny (—up + o)
ﬂjzaj—wﬁ_lnf” ! . jel3,... k), Bi-1#0.
nj Bj-1
If Br Fu1, Bj #0, for j € {2,...,k — 1} then
ny _
det(N) = ((B1 —u)(B1 +u) 2 B2+ B3 B
Definition 4.1. Let So(A) = 1 and
S1(A) = A —uy,
nj_1 .
Sj(0) =AS;_100) — w?_llfq—sj_z(,\), jef2, ... k) .1)

J

Definition 4.2. For j € {1,...,k — 1}, let R; be the j x j leading principal submatrix of the
k x k symmetric tridiagonal matrix

uj (Wdy — Dwy

Wdr — DHwy 0
Ri= (k-1 = Dwg 2
k-1 — Dwg—2 0 (Vdwy—
(V) wi—1 0
Lemma4.2. IfR;, j € {1, ...,k — 1}, is the leading principal submatrix referred in Definition

4.2, we have
det(\] — Rj) =S;(A), jell,... k]

Corollary 4.3. For j € {1, ..., k} the zeros of the polynomial S;(A) are real and simple.
Letd={l,....k—=1}andQ={j € P:nj >nj,jF1JU{jeP:n;>2n;y,j=1}.

Theorem 4.4. Let So(A) = 1 and

S1(A) = A —uy,

nj—1 .
S; () =AS;_1(0) — wf_lﬁsj,z(/\), JE2, ... k)
J
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Then

(@) det(h] — A(G)) = (S1(A) + 2u1) F S1 () F 7 [T 1y S: V"1 S (2.
() 0 (A(G)) = (Ujequinfr € R: §j(1) =0h U{r € R: S1(A) = —2u1}.

The next theorem gives a complete characterization of the eigenvalues of A(G) and some
results about their multiplicities.

Theorem 4.5. (a) 0 (A(G)) = (Ujeauixyo (R;j)) U {—uy}.

(b) The multiplicity of each eigenvalue of the matrix T}, as an eigenvalue of A(G) is at least
nj—njy for j e Q\ {1}, @forj = land 1 for j =k.

(¢) The eigenvalue . = —uy, of A(G), has multiplicity at least %

Proof. (a), (b) and (c) are consequences of Theorem 4.4, Lemma 4.2 and Corollary 4.3. [

Example 4.1. Let G be the graph presented in Example 1.1. For this graph,

5 42 0 0
4/2 0 32 0

0 3/2 0 22

0 0 2v2 0

The eigenvalues of A(G) are the eigenvalues of R», R3, R4 and —5. To four decimal places these
eigenvalues are

Ry =

Ry: —3.6847; 8.6847 each one with multiplicity 2

R3: —5.9486; 1.6222; 9.3264 each one with multiplicity 1

R4: —6.3527; —1.3114; 3.2716; 9.3926 each one with multiplicity 1
=5 with multiplicity 4.

Using Theorem 4.5 and Lemma 2.2 it is easy to prove that

Theorem 4.6. The spectral radius of A(G) (the largest eigenvalue of A(G)) is the spectral radius
of Ry.

5. Bounding the largest eigenvalue of some weighted graphs

Let G be a weighted graph. We denote by 1 (G) and L(G) the largest eigenvalue of L(G) and
A(G), respectively.
In [3] the following lemmas are proved.

Lemma 5.1. Let G = (V, E) be a weighted graph. Let w, be the weight of e € E. Let G be the
weighted graph obtained from G replacing the weight w, by W,. Then

MG) < MG)  if w, < W,
and

w(G) < uw(G) if w, < i,
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Lemma 5.2. Let G = (V, E) be a weighted graph with n vertices. Let v € V. Let G = (\7, E)
be the graph with (n + 1) vertices obtained by adding to G a vertex u and an edge {u, v} with
weight w. Then

AMG) < A(G)
and
1(G) < u(G).

Now, let G = (V, E) be a graph defined by a weighted tree and a weighted triangle attached, by
one of its vertices, to a pendant vertex of the tree.

Let us denote by e, the excentricity of x (largest distance from x to any other vertex) and by
diam(G) the diameter of G (diam(G) = max{d(v, z) : z,v € V}andd(v, z) is the distance from
v to z, i.e., the length of the shortest path from v to z).

Suppose, w.l.g., that x1, x2, x3 are the vertices of the triangle and x1, x have degree two. Let
u € V such that

d(x). u) = Fiw
, > |
where [a] is the smallest integer greater than or equal to a.

Letk = ("ﬂ F1.Forj={1,2,... Kk} let
Ap—j+1 = max{dy : d(v,u) = j — 1},
where d, is the degree of v. For j = {1,2, ...,k — 1} let
Wi—j =max{w,y :d(z,u) =j—1, d(y,u) = j},

where w, , is the weight of the edge joining z to y. Let U; be the weight of the edge {x1, x2}.
Define

5 =U + Wy
§i=U;—DWj_1+W;, jef2,....k—1}
o = A Wi_q.

In these conditions, we can prove the following theorem.

Theorem 5.3. We have

G) < {,/ IW; 1 +6; + /4 W, }
u(G) maX{ <r;1<a]§2 j—1+68;j+/4j+1 — 1W;
VAk—1 = 1Wi_p + 8k—1 + vV Ax Wi—1, Ak Wi—1 + 8k, 2U71 + Wl}

and

A(G) < { A —1W;_1 + /4, —IW-}
(G) maXLgr}lgz j i1+ 4/ 4dj+ f
VA1 = IWi o + A Wiy, Uy /4 — 1W1}-
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~

Proof. Consider the weighted rooted graph with & levels, G, such that

e the vertex u previously consider is the rooted vertex,

o the vertices at level j have degree Ay, for j € {1, ..., k},

o the edges joining the vertices at level j with the vertices at level j + 1 have weight equal to
Wi—j,forjefl,....,k—1},

o the edges joining two vertices at level k have weight equal to Uj.

Since G is an induced subgraph of G, using the previous lemmas we have u(G) < u(&) and
©MG) < k((~}). Using the results of Sections 3 and 4, we have that ,u(é) = max{the spectral radius
of Ty,2U; + Wi} and A(G) is the spectral radius of R;. By GreSgorin theorem the result
follows. [J

Example 5.1. Consider the following graph G

[}

[ ]

y 1.2

1.5 1.3 1.1 1.2
4 [ ] [ J [ J [ J [ ]

% 1.4 1 1.1

[ ]
[ J [ J [ ]

1.3

Then, if x1, x2, x3 are the vertices previously defined, e,; = 6 and k = 4.
Using the previous notation, we have

W3 = max{1.3,1.2,1, 1.1} = 1.3,

Wy = max({1.5,1.4,1.1,1.2} = 1.5,

Wi = max{1.2, 1.3} = 1.3,

Ui =4,

A1 =2, Ar=3, 43=3,44 =4,

51=53, &=2(13)+15=4.1, 45 =2(15+13=43, & =4.(3)=52.

Therefore

13 132 0 0
132 41 152 0

0 1.5v2 43 26

0 0 26 52
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Using Theorem 5.3,

w(G) < max{1.3v2 + 4.1+ 1.5v2, 1.5v/24+43+2.6,2.6+5.2,2(4) + 1.3} = 9.3,

On the other hand the spectral radius of L(G) is 9.2518. Clearly u(G) < ,u(a) =9.3.
For A(G), using Theorem 5.3, we have

A(G) < max {1.3«/5 +1.5v2, 1.5v/2 426, 4+ 1.3f2} = 5.8384.

On the other hand the spectral radius of A(G) is 4.7489. Clearly A(G) < A(G) = 5.8384.

6. The spectra of L(G) and A(G) in the general case

In this section we are going to generalize the results obtained in sections 3 and 4. The results
established in [4] and [3] are corollaries of these results.

Let G be a weighted rooted graph with n vertices and k levels. Let ¢; be the set of integers
j €{1,..., k — 1} for which each vertex at level k — j 4 1 is joined to other vertex at the same
leveland let ¢ = {1, ...,k — 1} \ ¢1. (f 1 = @ then G is a weighted rooted tree).

Let ng_ 41 be the number of vertices at level j, wy_; be the weight of the edges joining the
vertices at level j with the vertices atlevel j + 1 and for j € ¢ let u; be the weight of the edges
atlevel k — j 4+ 1. Then

m = (dj —2)n; ifj € ¢1\ {1},
VT =g ifj e ¢\ (1)
ni—1 de.

Letmj=n%,je{1,...,k—1}.

Definition 6.1. Let

_fwn if 1 € ¢,
T lugp 4wy if 1 € ¢1,
5. = 1dj—=Dwj1+w; if j €\ {1},
J dj—2wj_1+w;+u; if jepr\{1}.
Sk = drwi_1.
Let
V I}’lj lf.] €¢2’
nj L& @ L if jeg,
2
where Ly = ---=Ln; =| y /| and
b 5 1

[0, if j € ¢,
Unj =141 ®...@ A ifjeor
2

WhCI‘eA1=~~~=An7j:|:u0j “0/]

2
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So, Laplacian matrix is
[ 81Va, —wiCy ]
—w1C1r 52Vn2T —wr(Ch
—wpCy  8BVe,  —w3Cs
LG = st
8k—1VnkT] —wWk—1Cr—1
L —wg-1C_ Sk
and the adjacency matrix is
i Uan w1Cy
w1 C Uy, wrCr
w2C2T Un3 w3C3
A(G) = T
w3Cy
Uny_ Wi—1Cr—1
L wi—1Cy_y 0
Lemma 6.1. Let M be the block tridiagonal matrix
_otlU:l w1C 7
u}1C;F azU,Tz wrCo
M= wng Oth,;k3 w3C3 ,
u)3C;)r
a—1Uy | wi—1Ck—1
L wi—1CL_, ar
1 N
where U;:l_ =1Ip;, + oT,-U"_/’ j € ¢1. Let
B1 = ai,
2 nj_1 1 RPN
g = | Bt ifj—1ed Bji—1 #0, 6.1)
j= P L et WD W I . .
X =W S T if j—1e€¢1, Bj—1# —uj_1.

If Bj # —uj for j € ¢y and B; # 0 for j € ¢ then

det(M) =

[T (B —ups; +uj))n7j I1 ﬁ;ljﬁk~

JEP1 JEP2

Proof. Suppose that 8; # —u; for j € ¢; and B; # 0 for j € ¢,. Performing elementary oper-
ations without row interchanges to M we obtain the block upper triangular matrix

[ B

Uy, wiCh
0 BUy,  waCs
0 BU;, w3
0
Bi—1Uy, | wi—1C—1
0 P

Then the conclusion follows easily. [




2668 R. Fernandes et al. / Linear Algebra and its Applications 428 (2008) 2654-2674

Definition 6.2. Let Py(A) = 1, P{(A) = A — w; and

Pm:{(x 8))Pj—1(0) —wi_ 1":, “Pj2(M) if j € ¢2\{1} U (K},
! (A=38;+uj)Pi_1(1) — .,_ ,,ijj—z()x) if j € ¢1\{1}.
Let

. Jdj—1 if j € ¢,

v {W if j € ¢
and

L% if j € ¢o.
;T Sj—uj ifjéd)l.

Definition 6.3. For j € {1,...,k — 1}, let T; be the j x j leading principal submatrix of the
k x k symmetric tridiagonal matrix

S1 rnwi
rwi $2

. Tk—1Wk—2
Fe—1Wk—2 Sk—1 (Wdiwg—1
Wd)wi—1 Sk

Lemma 6.2. If T;, j € {1, ...,k — 1}, is the leading principal submatrix referred in Definition
6.3, we have

det(M\ —T;) = P;j(A), jell,... k]
The proof of the previous lemma is similar to the proof of Lemma 3.2.

Corollary 6.3. For j € {1, ..., k} the zeros of the polynomial P;()) referred in Definition 6.2
are real and simple.

The proof of the previous corollary is similar to the proof of Corollary 3.3.
LetQ={jedr:nj>nj1}U{jed:n;>2nj}.

Theorem 6.4. Let Po(A) = 1, Pi(A) = A — wy and
(=8)Pi1 (M) —w?_ LR () if j € g2\{1} U {k},

P _ j—1 n ) .
10 =085+ up P —wi_ "L 500 i j e pi\(1).

(6.2)
Then

(a) det(A ! — L(G)) = []p, (Pj(A) — 2uj Pj_1 () 7 P (AT [Tjep, Pi)" "+ Pe(X).
(b) 0(L(G)) = (Ujeauik {?» eR: Pj(2) = 0D U (Ujeg, {?» €R:Pi(A) =2u;Pi1(M)}).

Proof. We first consider A € Rsuchthat P; (1) # 0,forall j € {1, ...,k — 1}. Applying Lemma
6.1 to the matrix Al — L(G), we have

Br=A—=861=P(A)—u; ifle ¢
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and
Br=A—=61=P () ifl e ¢;.
This gives
Pi(d) —ui Pp(A) .
Bl=—""——= ifle¢
Po(A)
and
Pi(x) .
B1 = if 1 € ¢s.
Py(X)
Suppose now that j > 2 and
Pj_1(2) e
Bi—1 = =2 —uj ifj—1ed¢
/ Py
and
ijl()\)
i1 = fj—1e
ﬁj 1 }342(1) ¢2

If j — 1 € ¢, by (6.1)

2
. WA
Bi=(—8)— =L i1

nj Bj-1
By (6.4), we have
nj_1 5, Pja2)
Bi=0—68)— —L—w_ ;
J J nj 4 IPj_l(A)
that is,
, (= 8))Pj-1(h) = "t w?_ Pia(b)
J=

Pi_1(A)
If j € ¢1, using (6.2), we have

_ A= 8)P ) — SRR Pia®) Py —u P ()

Pi= Pi_1(A) Pi_1(A)
and if j € ¢p U {k}, using (6.2), we have
- Pi®
Pi= Pi_1(0)’

Suppose now that j — 1 € ¢1. By (6.1) we have,
nj_q 1

nj uj-1+pBj-1

Bi=(—38)—wi,

By (6.3),
1

8y a2 il
Pi=0=0p) =wjy P10y

Souj +<P_,’—2()») j-1

;

2669

(6.3)

(6.4)
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Therefore
nj_
; (A= 38))Pj—1(}) — wi_ | == Pj2(3)
=
Pi_1(2)

Again, if j € ¢y, using (6.2), we have

=8P ) = TR Pia () i) —u Py (b)

Pi = Pi_1(%) Pi_1(0)
and if j € ¢ U {k}, using (6.2), we have
P;(0)
Bi= 5"~
Pi_1(2)
Therefore,

det.l — L(G) = [ (P —2u; P G0 T Py 7 Py ()™

J€D1
x [T PGP,
jep20lk)
det(M — L(G) = [ ] (Pj(0) — 2u;Pj_10) T P07
JED1
x [T @y T Py,
jedrUtk) jed1Ug
detA] — L(G) = [ (Pj(0) = 2u; iy 0) T Py T~ T P 41 Pe().
jedr =

and the result follows.

Consider now A9 € R such that Pg(Ag) = 0 forsome s € {1, ...,k — 1}.

Since the zeros of any nonzero polynomial are isolated, which is the case for the polynomials
Pj (), there exists a neighborhood N (1¢) of A¢ such that

Pi(A) #0 forall AeN(Ao) — {Ao}and forall j € {1,...,k—1}.

Hence, the equality follows, for all Ae N(19) — {Ao}. By continuity, taking the limit as X tends to
Ao we obtain

nj LN
det(Aol — L(G)) = 1_[ (Pj(ho) —2u;jPj—1(20)) 2 Pj(ro) 2 "
JEP1
< [ Pi00)" ="+ Pi(00).
JED2
(b) It is an immediate consequence of part (a). [
The next theorem gives a complete characterization of the eigenvalues of Laplacian matrix.

In fact, they are the eigenvalues of leading principal submatrices of Ty and the roots of some
polynomials related with these submatrices.
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Theorem 6.5
(@) o (L(G)) = (Ujeauryo (T7)) U (Ujep {2 € R:det(M] — Tj) = 2ujdet(Al — Tj-1)}).
(b) The multiplicity of each eigenvalue of the matrix T;, as an eigenvalue of L(G) is at least
nj—njs1forj € go, 3L for j € ¢y and 1 for j = k.
(c) For j € ¢1, each root of the polynomial
det(A\ — T;) =2ujdet(Al —T;_1)

. . . . . . n;j
is an eigenvalue of L(G) with multiplicity at least —-.

Proof. (a), (b) and (c) are consequences of Theorem 6.4, Lemma 6.2 and Corollary 6.3. [
For A(G) we have similar results.
Lemma 6.6. Let N be the block tridiagonal matrix
[ a1Vu,  —wiCy ]
—w1C;F a2V, —wyC>
—U)2Cg Ol3Vn3 —w3C3
N =
—w3C3T
k-1 Vi, —wk—1Cr—1
L —wi-1C}_ Ak i
Let
B = a,
B; = aj_w?—ln'i_;lﬁ_,%l if j—led, Bj—1+#0, ©5)
! oj — f_ln,i—;lm ifj—led¢,Bj—1Fuj1. ’

IfBj # uj for j € ¢y and Bj # 0 for j € ¢, then
det(V) = [T (85 = upg; +up)* [T 68

JEP JED2

Proof. Supposethat 8; # uj for j € ¢ and B; # Ofor j € ¢. Performing elementary operations

without row interchanges to N we obtain the block upper triangular matrix

_ﬂlvnl
0

N/

—w;Cq

,32Vn2
0

—wyCy
/33 Vn3

0

Then the conclusion follows easily. [

—w3C3

Bik—1Vi, —wi

~1Ck—1

Bk



2672 R. Fernandes et al. / Linear Algebra and its Applications 428 (2008) 2654-2674

Definition 6.4. Let So(A) =1, S;(A) = A — u; and
ASj—1(A) — wf_lnjfl Sj—2(A) if j € ¢\ {1} U {k},

J

i )\. = ni_—1 . .
S {(x—unsj_lm—w;l LS00 i j e g\,

Let
.- Jdi—1 if j € ¢2,
TV =2 i j e g
and

s= 10 ifjco
J uj if j € ¢1.

Definition 6.5. For j € {1,...,k — 1}, let R; be the j x j leading principal submatrix of the
k x k symmetric tridiagonal matrix

st rawi
rpwi 5
Ry = Fk—1Wk—2
Tk—1Wk—2 Sp_1 (Vdr)wi—1
(Vdi)wi—1 0
Lemma 6.7. If R;, j € {1, ...,k — 1}, is the leading principal submatrix referred in Definition

6.5, we have

det(I — Rj) = Sj(0),  je{l,... k.

Corollary 6.8. For j € {1, ..., k} the zeros of the polynomial S;(}) referred in Definition 6.4
are real and simple.

LetQ={jedpr:nj>nj}U{jed:nj>2nj1}.

Theorem 6.9. Let So(A) =1, S1(A) = A —u; and
nj—

ASj1 () — wi_ TS () if j € p2\{1} U {k},
(= up)Sj—1() —wi_ 8200 if je¢n\{1)

Si() = (6.6)

Then

(@) detA] — AG) =[1 e, (800 +2u;S;_10)) F S; () F i+ [Tjcg, Si )"0+ k().
(b) 0 (A(G)) = (Ujeouiyir € R: S;(A) =0 U (Ujep {A € R: S; (M) = —2u;S;1(M))).

The proof of this theorem is similar to the proof of Theorem 6.4.

The next theorem gives a complete characterization of the eigenvalues of the adjacency matrix.
In fact, they are the eigenvalues of leading principal submatrices of Rj and the roots of some
polynomials related with these submatrices.

Theorem 6.10

(2) 0(A(G)) = (Ujeauio (R)) U (Ujeg, (A € R : det(A] — R;j) = —2uj det(\I—R;_1)}).
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(b) The multiplicity of each eigenvalue of the matrix Rj, as an eigenvalue of A(G) is at least

nj—njy forj € ¢, X j+1f0}"] € ¢1and 1 for j =k.
(c) For j € ¢1, each root ofthe polynomial

det(Al — Rj) = —2ujdet(Al — Rj_y)

is an eigenvalue of A(G) with multiplicity at least %]
Proof. (a), (b) and (c) are consequences of Theorem 6.9, Lemma 6.7 and Corollary 6.8. [

Next, we present an example for @1 = {2}.

/\ /\
/\ /\ /\ /\

1 2 3 4 ) 6 7 8

Example 6.1

This graph has four levels with vertex degrees
di=1, d=4, dz=3, dy=2,
the number of vertices in each level is
n=8, n=4 n3=2, ng=1
and the edge weights are
ur =5 w;=4, wy=3 and w3 =2.

Let 61=w1 =4, =ur+(d —2)wi+wr, =16,63 =(d3 — Dwry+w3 =8 and &4 =
d4w3 =4.
For this graph let

4 42 0 0
42 11 32 0

0 3/2 8 22

0 0 2V2 4

The eigenvalues of L(G) are the eigenvalues of T, T3, T4 and the roots of the polynomial Az —
251 + 52. To four decimal places these eigenvalues are

Ty =
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T : 4 with multiplicity 4

15 : 0.2202  6.8351 15.9445 each one with multiplicity 1

Ty : 0 2.7347 8.1881 16.0772 each one with multiplicity 1

2.2897 22.7103 each one with multiplicity 2.
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