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Abstract

Let F be the free product of n groups and let R be a normal subgroup generated (as a normal subgroup)
by m elements of F, where m < n. The Main Theorem gives sufficient conditions for families of fewer than
n — m subgroups in certain quotients of F'/R to generate their free product. This leads to a more direct proof
of a result of the first author, that if G is a group having a presentation with n generators and m relators,
where m < n, then any generating set for G contains n — m elements that freely generate a free subgroup
of G. Another consequence is that an n-generator one-relator group cannot be generated by fewer thann — 1
subgroups each having a non-trivial abelian normal subgroup.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
In [8], the second author proved the following result:

Theorem 1. Let G be a group which has a presentation with n generators xi, ..., x, and m
relators, where m < n, and let S be any generating set for G. Then some subset of n —m elements
of S freely generates a free group.
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The history of this result dates back to 1930, when Magnus [4] published his Freiheitssatz,
which is essentially the case of Theorem 1 in which S = {x1,...,x,} and m = 1. In 1978 the
first author [5] generalized the result of Magnus by proving the case of Theorem 1 in which
S ={x1,...,x,} and m is any integer less than n. The proof of Theorem 1 was indirect, relying
on another result of the first author [6].

Here we shall give a direct proof of a considerably more general result. Roughly speaking, the
improvement consists of the replacement of the elements x; by subgroups, of the members of S
by suitably small subgroups, and of the hypothesis that S generates G by a weaker hypothesis.
Before stating our Main Theorem we illustrate its power by stating two further consequences.

Theorem 2. Let G = F /R, where F is a free product of groups Ay, ..., A, and R is generated
as a normal subgroup of F by m elements and where m < n. Suppose also that each group A;
has a non-trivial torsion-free abelian image. Let By, ..., B,_,_1 be torsion-free subgroups that
generate G. Then some subgroup B; has a non-cyclic free subgroup.

Theorem 3. Let G be a torsion-free group having a presentation with n generators Xy, ..., X
and one relation, where n > 2.

(a) Suppose that H is a subgroup of G that can be generated by fewer than n — 1 subgroups
each having a non-trivial abelian normal subgroup. Then, for some x; with non-trivial image
X; in G, the subgroups (x;) and H of G generate their free product.

(b) If G can be generated by subgroups By, ..., B,_1, each having a non-trivial abelian normal
subgroup, then G is the free product By x - - - x B,_1 and all but one of the subgroups B; are
cyclic.

All of the above results concern subgroups of groups of the form F/R where F is a free
product of n groups and R is generated as a normal subgroup by fewer than n elements. Our
Main Theorem makes strong assertions about families of subgroups not usually of F/R but
of certain images of F/R. We begin by describing the condition that will be imposed on the
subgroups.

We say that a finitely generated torsion-free group is linked if it lies in the smallest class X of
groups containing all infinite cyclic groups and having the property that (A, B) € X whenever
A, B € X and (A, B) is not the free product of A, B. Every such group G can be constructed
by finitely many operations of taking joins of previously constructed subgroups A, B whose join
is not the free product of A, B, starting from cyclic groups; the minimal number of operations
required is called the height of G.

We call an arbitrary group linked if every finitely generated subgroup is contained in a linked
finitely generated subgroup.

The class of linked groups is rather extensive. It contains all torsion-free 2-generator groups
that are not free and all torsion-free groups having no free subgroups of rank 2. We shall show
that it also contains every torsion-free group having a non-trivial subnormal subgroup with no
free subgroups of rank 2. This, and other properties of linked groups, are discussed in Section 2
below.

Now we shall describe the images of free products with relations to which our results apply.
The following notation will be used in the Main Theorem.
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Hypothesis. Let F be the free product of a finite family A of groups. Write n = | A|, let m < n,
and let R be a normal subgroup of F generated (as a normal subgroup) by m elements of F.

By a filter of normal subgroups of a group G we understand a family JF of normal subgroups
with the property that for any K, K» € F, there is a subgroup K3 € F with K3 < K1 N K».
We call a family F of normal subgroups of F' a strong special filter if it has the following three
properties:

(1) F is afilter consisting of normal subgroups of F containing R;
(ii) for each K € F the group ring Z(F/K) can be embedded in a skew-field Qg;
(iii) if K € F andif L is a normal subgroup of F such that R < L < K and K /L is a torsion-free
abelian group then L € F.

By a theorem of Kropholler, Linnell and Moody [2], the group ring of a soluble (or even
elementary amenable) torsion-free group over a right Ore domain is itself a right Ore domain,
and so can be embedded in a skew-field. Therefore the family consisting of all normal subgroups
K > R with F/K soluble and torsion-free is a strong special filter (and similarly with ‘soluble’
replaced by ‘elementary amenable’).

In our Main Theorem we shall be concerned with filters of normal subgroups of F, but we do
not require the full force of condition (iii): it will suffice that conditions (i), (ii) hold and that, for
each K € F, we have L € F for just one subgroup L associated with K. This subgroup, denoted
by s(K), will be defined in Section 3; it depends on the choice of the skew-field Qx. We call a
family F of normal subgroups of F a special filter (or an s-filter for short) if it satisfies (i), (ii)
and the following condition:

(i) if K € F then s(K) € F.

Main Theorem. Let F be an s-filter and G = F /Rx, where Rx = (\gcr K. For A € A write
A for the image of A in G. Suppose that for each A € A with A = 1 the abelianization of A is not
a torsion group. Let 1B be a family of linked subgroups of G, set J = (B | B € B), and suppose
that for each A in A with A # 1, the subgroups A and J do not generate their free product in G.
Then |B| > n — m, and there are n — m members of B that generate in G their free product.

Among the noteworthy special cases are the case in which F/R is residually (soluble and
torsion-free) and F consists of all subgroups K with R < K <1 F and F/K soluble and torsion-
free (so that G = F/R), and the case when B generates G (so that the condition that J and
certain subgroups of G do not generate their free product becomes automatic). We conclude
this Introduction by showing that Theorems 1-3 are immediate consequences of the Main Theo-
rem.

Assume the hypotheses of Theorem 1; thus F is free on a set {x, ..., x,} and R is generated
as a normal subgroup of F by m elements. Let A= {{x;) |i =1, ..., n}, and let F be the s-filter
of all normal subgroups K of F containing R such that F/K is torsion-free and soluble. Let
h+— h be the map F/R — F/Rx. Let S be any generating set for F/R. By the Main Theorem,
there is a subset X of {(5) | s € S, 5 # 1} with |X| > n — m that generates its free product; it
follows that the set {s | (5) € A’} freely generates a free group.
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Next assume the hypotheses of Theorem 2. Define F exactly as above and let B be the family
consisting of the images in F'/Rx of the subgroups B;. Since |B| < n — m, the Main Theo-
rem implies that not all groups in B are linked, so that (e.g., by Proposition 1 below) one of them
has a free subgroup of rank 2, and Theorem 2 follows.

Finally we show that Theorem 3 holds, with the requirement that subgroups have non-trivial
abelian normal subgroups replaced by the much weaker requirement that they are linked. Let G
be isomorphic to F/R, where F is free of rank n and R is generated (as a normal subgroup)
by one element of F. Since ZG can be embedded in a skew-field by a theorem of J. Lewin and
T. Lewin [1], the family {R} is an s-filter. Assertion (a) and the fact that G = By * --- % B, _1
in (b) now follow directly from the Main Theorem, and the rest of (b) follows since G can be
generated by n elements.

2. Linked groups

Let G be a non-trivial torsion-free group. For a, b € G \ {1} write a ~ b if and only if a, b are
contained in some (finitely generated) linked subgroup. Clearly ~ is an equivalence relation on
G \ {1}. The union of {1} and the equivalence class containing a is called the linked component
of G containing a.

Lemma 1. Let G be a non-trivial torsion-free group.

(a) Each linked component is a subgroup of G.

) If Gy, G are distinct linked components of G then (G1, G2) = G1 * G.

(¢) Let{G; |i € I} be a family of linked subgroups of G such that G =\J;c; G; and (G;, G ) =
G; % Gj ifi # j. Then the subgroups G; are exactly the linked components of G.

Proof. (a) follows immediately from the definition of the equivalence relation ~.

Suppose that G, G, are linked components and that G{, G> do not generate their free
product. Then there are finitely generated linked subgroups H; < G and Hy < G3 such that
(H1, Hy) # Hy % Hp. Thus (Hy, H») is a linked subgroup and it is contained in one linked com-
ponent. It follows that G| = G, and assertion (b) follows.

(c) It is sufficient to prove that each finitely generated linked subgroup H is contained in
some G;. If H is cyclic this is clear. Otherwise, we may write H = (A, B) # A *« B where A, B
are finitely generated linked subgroups with heights less then the height of H. By induction we
can suppose that there are indices 7, j such that A < G;, B < G;. If G; # G then (G;, G;) =
G; * G sothat (A, B) = A x B, and the result follows from this contradiction. O

Lemma 2. Let G be a torsion-free group with a non-trivial linked subgroup H such that (g, H) #*
(g) * H forall g € G\ {1}. Then G is linked.

Proof. Fix hg € H \ {1}, and let g € G \ {1}. By hypothesis, H has a finitely generated linked
subgroup A containing kg such that (g, A) # (g) x A. Clearly (g, A) is linked, so that g ~ hg.
Thus G has a single equivalence class and the result follows. O

Since H is not a subnormal subgroup of the free product H * K unless H =1 or K =1,
Lemma 2 has the following immediate consequence.
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Proposition 1. Let G be a torsion-free group.

(@) If G has a non-trivial subnormal linked subgroup then G is linked.
(b) If G has a non-trivial subnormal subgroup which contains no free subgroups of rank 2, then
G is linked.

Lemma 3. Let G be a group and IC be a filter of normal subgroups of G such that (g K = 1.
Let L={L <1 G | G/L is torsion-free}. Let B be a finitely generated linked subgroup of G. Then
IC contains a subgroup Kq such that the image of B in G/L is linked whenever L € L and
L < K.

Proof. We argue by induction on the height of B. The result is clear if B is cyclic. Assume
therefore that B = (Dj, D»), where each of Dy, D; is linked and B is not the free product
of Di, D,. By induction there are subgroups Ky, K» € K such that D;L/L is linked for all
L € £ with L < K and D,L/L is linked for all L < K. Since B is not the free product of Dy,
D», we can find a non-trivial element w of Dp * D> that maps to 1 in B. Now w is a product of a
sequence Y of elements coming alternately from Di \ {1} and D5 \ {1}. Let K3 be a subgroup in
IC such that all distinct elements of Y are non-congruent modulo K3; then for each L < K3 the
images of win D1L/L* D,L/L and BL /L are respectively non-trivial and trivial. We conclude
that BL/L is linked for each L € £ with L < K1 N K> N K3, and the result follows. O

3. Further preliminary results

Our notation for conjugates and commutators in a group G is as follows: we write a® = b~ lab
and [a,b] = a~'b~'ab. We write [G, G] for the derived subgroup of a group G and we set
GO =G, G0 =[G™, G™] for n > 0. We write X© for the normal subgroup of a group G
generated by a subset X.

Let G be a group, let K <1 G and let V be a right Z(G /K )-module. It is convenient to regard
the split extension of V by G/K as the group of matrices

(0" D=0 Dleeevev)
Vool vl

with multiplication defined in the obvious manner. We may regard V as a ZG-module. If
6:G — V is a derivation (that is, if §(g1g2) = §(g1)g2 + 8(g2) for all g1, go € G) then the

map
gk O
=
87 g 1
is a group homomorphism with kernel containing [K, K]; if § is an inner derivation (that is,
§ is the map g — vo(g — 1) for some element vy of V') then the kernel of this map is K. To
examine the kernels of certain such maps in more detail we shall use the Magnus representation,

as extended by Shmelkin and the first author; all we require can be deduced from the following
result from [7]:
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Lemmad. Let F = A *---* A, be the free product of the groups Ay, ..., A, andlet H = F /R,
where AiNR=1fori=1,...,n. Let T be the free right ZH-module with basis {t1,...,1t,}.

Let
r (H O)
F—
¢ T 1

be the homomorphism defined on the free factors A; of F by

aR 0
— forae A;.
tila—1) 1

Then kero = [R, R].
We may extend Lemma 4 as follows.
Lemma 5.
(a) If the requirement that R N\ A; = 1 for each i is omitted in Lemma 4 then
kerg =[R, RI{(A; N R)F | 1 <i <n).

(b) The conclusion of Lemma 4 remains true if the hypothesis on T is replaced by the require-
ment that {tp, ..., ty} is a basis of T and t1 = 0.

Proof. Assertion (a) follows from standard arguments and assertion (b) from the formula

1 o\! aR 0\ /1 0) _ aR 0
(n 1) (r,-(a—l) 1>(r1 1)‘((r,-—r1>(a—1> 1)' -

Lemma 6. Let F = Dy % Dy and G = F /R, where D1 N R = D> N R = 1. Suppose that Z.G is
contained in a skew-field Q and let V be a vector space over Q and vy, vy € V. Let

. (G 0)
=
¢ Vo1

be the group homomorphism defined by

( )_( X1R 0) ( )_( xR 0>
= = 1) P T Lmen 1

forall x1 € D1, xo € D>. Then either kerp = [R, R] or ker ¢ = R, and in the latter case v| = v,.

Proof. The conclusion holds if v{ = vy = 0. Therefore, interchanging D1, D; if necessary, we
may assume that vy # 0.
Let W be a vector space over Q with basis {w, w>} and define

< )
o F
W 1
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by

( X1R O) < X2R O)
X] = y X2 =
wl(X1 — 1) 1 u)z()C2 — l) 1

for all x; € Dy, x» € D,. From Lemma 4 we have kero = [R, R].
Let 71, 70 : W — V be the linear maps defined by

71 (w1) = 11 (w2) = 12(wy) = vy, 2 (w2) = V3.

Then dimkert; = 1 and dimker 7, < 1. The maps 71, 12 and the identity map G — G induce

two group homomorphisms
G 0 G O
A, A2 — .
w1 vV 1

Thus Aro = ¢, and

N ()_( xR O)
== 1

for all x € D1 U D5, and hence for all x € F. Thus kerA;0 = R.
Clearly [R, R] < ker¢ < R. Suppose that ker ¢ # [R, R] and choose r € kerg \ [R, R]. Let

()_(1 0)
o(r)y= w 1)

Since Ao (r) =1 and Ayo (r) = @ (r) = 1 we have w € ker 1 Nker 72. We conclude that ker 7 =
kerto =wQ, and so A; = A and ¢ = A0, as required. O

Lemma 7. Let G be a group and L be a filter of normal subgroups such that ( ;.o L = 1. Let
B be a finite set of subgroups of G. Suppose that for each L € L there are n subgroups from B
whose images in G/L generate their free product in G /L. Then there are n subgroups from BB
which generate their free product in G.

Proof. Let 3y, ..., B, be the subfamilies of B with n elements. For each i write F; for the free
product of the groups in B; and F;; (for L € £) for the free product of the family {BL/L |
B € B;}. If the conclusion of the lemma is false then for each i there is an element w; € F; \ {1}
whose image in G is trivial. The word wj; is a product of a sequence of non-trivial elements of
Usg B B with no two consecutive terms from the same member of B;; choose L; € £ such that
the distinct elements in this sequence are non-trivial and non-congruent modulo L;, and choose
M € L with M < ﬂ?: 1 Li. Then for each i the image of w; in F; » is non-trivial, and since the
image of w; in G/M is trivial, the map from F; » to G/M is not injective. The result follows
from this contradiction. O
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Lemma 8. Let Ry > Ry > - - - be a series of normal subgroups of a free product E = A % B and
suppose that

oo o
ﬂ(A NR) = ﬂ(B NR)=1.
i=1 i=1
Suppose that for infinitely many indices i we have
Rit1 <[Ri, RI(Ri N AP (RN B)F.

Then (e Ri = 1.

Proof. Fix some index k and set Ay = A/(AN Ry), By = B/(BN Rk) Write E;, = Ay * Bx
and write R; for the i image of R; in Ex. We have Ay N Rip = By N Ry =1 and so Ry is free
by the Kurosh subgroup theorem (see [3, IV.1.10]). It follows that ﬂk 1(kkerE — Ei) =1 (see
[3, .3.4]). By hypothesis we have Rl+1 [R;, R;] for infinitely many indices i > k, and hence

[e¢) o
R <(R" =1
i=1 n=1

Therefore

o0
ﬂR, kerE—>Ek)=1. O

i=1

||38

Now we discuss the subgroup s(K) which occurs in property (iii) of s-filters, and place it in
the context in which we shall use it. Let F' and R be as in the Hypothesis from the Introduction.
Let K be a normal subgroup of F such that R < K and such that Z(F/K) can be embedded in
a skew-field Q. Consider the right vector space V over Qk with basis {t4 | A € A} and the

homomorphism
F/K 0
o:F— ,
Vv 1

which is defined on the free factors A of F by

( aK 0
ar fora e A.
tala—1) 1

By Lemma 5(a) we have kerg = [K, K]((A N K)F' | A € A). For each r € R the element ¢(r)

haS the f()l"m
< )
u (1 ) 1
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Let U be the subspace of V spanned by {u(r) | r € R}, let

yiF o (F/K 0)
' V/U 1

be the map induced by ¢, and define s(K) = ker . It is clear that Rker¢ < s(K) < K and that
K /s(K) is a torsion-free abelian group. We note that s(K) depends not only on K but also on
the choice of Q.

Let F be an s-filter and K € F. We define Ko = K, K;j11 =s(K;) fori >0 and Lg =
ﬂ?io K;. The family Cx = {Ko, K1, ...} is an s-subfilter of F; we call it the chain generated
by K. Note that by construction K N A =K; N A forall A€ Aandfori =0,1,....

4. Proof of the Main Theorem
Assume the hypotheses of the Main Theorem. We begin with some reductions.
Lemma 9. It suffices to prove the Main Theorem under the following additional hypotheses:

(a) all groups in B are finitely generated linked groups;
(b) if R< L < F and F/L is torsion-free, and if L < K for some K € F, then
(i) the image in F/L of each group B € B is linked, and
(ii) for each group A € A with non-trivial image in G, the image in F /L of A is non-trivial
and moreover the images in F /L of A and J do not generate their free product in F/L;
(¢) the s-filter F is the chain {K = Ko, K1, ...} generated by some normal subgroup K.

Proof. For each A € A write A for the image of A in G.

Suppose that the hypotheses of the Main Theorem hold, and that the conclusion is false. For
each group A € A with A # 1 and each B € B we choose a finitely generated subgroup Mp 4
of B such that some non-trivial element of (Mp 4 | B € B) Amapsto1in G.If |B| >n—m
then for each subset X' of B with |X'| > n — m we also choose a non-trivial element wy of the
free product of the groups in X" such that the image of wy in G is trivial.

Now choose for each B € B a finitely generated linked subgroup Hp that contains (Mp 4 |
A e A, A#1) and such that the elements wy (if any) lie in the free product of the groups
Hp with B € X. The hypotheses but not the conclusion of the theorem hold with B replaced by
{Hp | B € B}.

Therefore we may assume in proving the Main Theorem that (a) holds. By Lemma 3 we
can choose a subgroup Ko € F such that the images in F/L of the groups of B are linked
whenever R < L < F, F/L is torsion-free and L < Kj. For each A € A with A # 1 choose an
element wy € A % J whose image in G is non-trivial; then wy is a product of a sequence Y4
of non-trivial elements of A U J. Choose K; € F such that all distinct elements in all of
these sequences are non-trivial and non-congruent modulo Kj. If we replace the s-system F
by {K € F | K < Ko N K1}, then (a), (b) hold.

Now we assume that (a), (b) hold. For each K € F let L g be the intersection of the chain Cx =
{K = Ko, K1, ...} generated by K. The set L ={Lk | K € F} is a filter of normal subgroups
of F and (g7 Lk = Rr. Since conditions (a), (b) hold for F, it follows that the hypotheses of
the Main Theorem and conditions (a), (b) also hold for each chain Cg . Thus if the theorem holds
for s-filters that are chains, then we can conclude that for each K € F there are n — m subgroups
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of B whose images in F//Lk generate their free product in /L. It follows by Lemma 7 that
there are n — m subgroups of 3 whose images in F/Fz generate their free productin F/Fr. 0O

From now on we assume that the additional hypotheses (a)—(c) of Lemma 9 hold. Write A =
A1 U Ay, where A; contains all subgroups A with non-trivial images in G and A; = A\ A
and write G; = G/K;, Q; = Qk, foreachi. As KNA=K,NAforall Aec Aandalli >0, we
can replace all groups A from .4; by their images in G and also identify them with their images
in G;. By hypothesis, the abelianization of each group A € A; is not a torsion group and so for
each A € A there is a non-zero group homomorphism v4: A — Q C Q;. Let V; be the right
vector space over Q; with basis {t4; | A € A} and define a group homomorphism

P F (G,- O)
1 . =
i+1 v, 1

by specifying its restrictions 6; 1|4 to the free factors as follows:

0
a|—>< “ ) fora e A e Ay,

tA,,'(a - l) 1
1 0

|—>( ) forae A € A,.
ta,i(va(a)) 1

We note that the subspace of V; spanned by the bottom left-hand entries of the images of the
elements of F contains all elements ¢4 ;, and so is equal to V; and has dimension n.
Let R be generated as a normal subgroup of F by the set {rq, ..., r,}. The elements 6; 11 (r;)

have the form
( 1 )
u j 1

(0 1)

U, 1 ’

where U; is the subspace of V; spanned by all elements u ;. Write W; = V;/U;. Then the kernel
of the map

and so they all lie in the subgroup

" F Gi O)
ir1:F —
i+1 A

induced by 6;41 contains R, and (as t4 ; € U; for A € Ay) itis equal to K;1. Therefore we may
identify G;1 with ¥;41(F). The map ;41 induces a map

aj . — .
i+1 w1
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Denote by o the canonical homomorphism G — Gy. By construction we have

oi(g) 0)

oit1(g) = (ﬂ(g) )

where B, : G — V; is a derivation.

Lemma 10. For any finitely generated linked subgroup D of G there is an index i (D) such that
oi|p is injective and B;i|p is an inner derivation for all i > i (D).

Proof. We argue by induction on the height of D. If D = (dp) is cyclic then choose iy = i (D)
such that o;,(dp) # 1. For i > iy the map o; is injective on D and defining

wp.i = Bi(do) (07 (do) — 1)~

we have B;(d) = wp ;(o;(d) — 1) foralld € D.

Suppose then that D = (D1, D>) # D1 % Dy, where D1, D, are finitely generated linked sub-
groups of smaller height, and that for i > ip = max(i(D1),i(D>)) the maps o;|p, and o;|p,
are injective and there are y, y» € V; such that §;(dy) = yi(d1 — 1), Bi(d2) = zi(d2 — 1) for all
di € D1, d> € Dy. Let S; be the kernel of the homomorphism Dj * D> — (01(D1), 02(D2)) < Gj
for each i > ig. As o(D1) N S; = 02(D>2) N S; =1, by Lemma 6 either we have S; 1 = [S;, Sil
or we have S;+1 = S; and y; = z;. If the former holds for infinitely many values of i then

0

o0
ker(D; % Dy — G) < m Sl-(j);
j=1

since S§j, is free by the Kurosh subgroup theorem we conclude that the map from D * D> to G
is injective, and this is a contradiction. Therefore there is an index i (D) > i such that S; 1 = S;
and y; = z; foralli > i(D), as required. O

Using Lemma 10 and replacing K by some K; if necessary, we may suppose the following
additional property:

(d) ol p is injective and B;|p is an inner derivation for each i > 0 and each B € B.

We identify B € B with its image in G; and let 8; () = wp ; (b — 1) for b € B. Denote by Y;
the subspace of W; spanned by {wp ; | B € B}.

Lemma 11. Y; = W; for all sufficiently large indices i.

Proof. It is enou&h to prove that for each A € A; we have 14 ; € ¥; for all sufficiently large i.
Fix A € A;. Set W; = W;/Y; and consider the homomorphism

O : ad —
i+1 W, 1
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induced by o;41. Consider also the homomorphism 7 : C =A% J — (A, J) < G. Set S;j41 =
keroj117, Ri+1 =kerd;y17. By construction i1 < Riy1 < S;. If 14 € ¥; then 0,7 =047
and Rjy1=S;. Ift4; ¢ Y; and 7 4 ; is the image of 14 ; in W; then

Giri(t(@) = (

a

0
_ ) foralla € A,
taita—1) 1
and
(b)) 0
Git1(t(d) = <Ol(() ) ]> forall b e J,

so that by Lemma 6 we have
Rit1 =[S, Si1(Si N NE <[Ri, RiII(R: N J)E.

If the latter holds for infinitely many indices, then by Lemma 9 we have ()72 R; = 1 and 7 is
injective, contradicting the hypothesis of the theorem. Therefore ¢4 ; € Y; for all sufficiently
large i, as required. O

Using Lemma 11 we may suppose in addition to (a)—(d) that we have
(e) Yj=W,; foralli >0

Now we resume the proof of the theorem. We recall that W; = V;/U;, dimV; = |A| =n
and dim U; < m. Therefore dim Y; = dim W; > n — m and, in particular, |B| > n — m. So there
is a subset By of B such that |By| =n — m and for an infinite set 2 of indices i the family
{wp.i | B € By} is linearly independent over Q;. We claim that the subgroups 3y generate their
free product in G. Write H for the free product of the groups B € By and consider the homomor-
phism t: H — (B | B € By) < G. Let S;;1 = kero; 7. Note that S; is a free group. We have
BNS;y1=1and

b 0
oi+1(T(b) = -1 1) be B, BeBy.

By Lemma 4 we have S;+1 =[S;, S;] for all i € §2. Therefore

o0 o0
ﬂSz m (J)

i=

and 7 is injective. This concludes the proof of the Main Theorem.
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