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1 Introduction

Singular integral operators are playing an important role in harmonic analysis, the theory
of functions and partial differential equations. Singular integrals are associated with the
Ag, Laplace-Bessel differential operator, which is known as an important operator in anal-
ysis and its applications; these have been the research areas of many mathematicians such
as Muckenhoupt and Stein [1, 2], Kipriyanov and Klyuchantsev [3, 4], Aliev and Gadjiev
[5], Guliev [6], Gadjiev. Also, singular integral operators related to the generalized shift
operator were studied by [7] and [8—10] and others.

The Bessel-generalized shift operator is one of the most important generalized shift
operator on the half line R,, [11, 12]. The Bessel-generalized translation is used, while
studying various problems connected with Bessel operators [13]. Fourier-Bessel harmonic
analysis, i.e. the part of harmonic analysis addressing various problems on Bessel (Hankel)
integral transforms, is closely connected with Bessel-generalized shift operator.

It is well known that the fundamental solutions of the classical stationary of mathemati-
cal physics (the harmonic equation, polyharmonic equation, and Helmholtz equation) are
radial functions. Therefore, it is natural to seek these solutions as solutions of ordinary dif-
ferential equations. However, since the spherical coordinate transformation transforms an
equation with the Laplace operator in R” into an ordinary differential equation with the
singular Bessel differential operator, interest arose (probably, a long time ago) in study-
ing methods for constructing the fundamental solutions of singular ordinary differential
equations with the Bessel operator in place of the second derivative. In this connection, it
might be very useful to prove a theorem on the fundamental solution of an ordinary dif-
ferential equation involving the Bessel operator with constant coefficients, similar to the
well-known theorem on the fundamental solution of an ordinary differential equation.
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The result obtained on the fundamental solution of an ordinary differential operator
with the Bessel operator has allowed us to analyze equations with the singular differential
operator Ag, =y " B, + SN % where the different indices y; act with respect to
part of the variables and these indices may take negative values. The latter fact is essential
because the tools used in problems of this kind (the Poisson operator and generalized shift
operator of integral nature) are defined only for y; > 0. To find the fundamental solution
with a singularity at an arbitrary point, we use the generalized shift operator that acts with
respect to the radial variable. Note also that the mixed-type generalized shift operator,
which is conventionally used in such problems, coincides with the radial shift operator on
radial functions provided that y; > 0. The fundamental solutions (of the B-harmonic and
B-polyharmonic equations and of the singular Helmholtz equation) found coincide with
the known solutions when y; > 0 and with the classical solutions when y; = 0.

It is well known that harmonic functions satisfy various mean value theorems, which
may be considered as generalizations of the Gauss mean value theorem. There have been
a number of studies on mean value theorems. Cheng [14] obtained a converse for a dif-
ferent mean value expression. Nicolesco [15] gave an expression in terms of certain it-
erated means and showed that a converse was also true. The mean value theorems for
harmonic functions have also been studied by Pizetti [16], Picone [17], Ekincioglu [8], and
Kipriyanova [18] and [19].

The solutions of the boundary value problems for Laplace operator are related to the or-
dinary shift operator. Also, the solutions of boundary value problems for Laplace-Bessel
and Bessel operators are corresponding to the generalized shift operator and Bessel-
generalized shift operator, respectively.

In this paper, singular integral operators generated by a Bessel-generalized shift operator
are studied. In addition, the mean value formulas related to the Bessel-generalized shift
operator are given.

Riesz-Bessel singular integral operators related to generalized shift operator for Laplace-
Bessel operator were showed in [7] and [9]. The authors used the mean value theo-
rem related to the generalized shift operator. The mean value formula for the equa-

tions Ap, u =0 and Ap, u + Au = 0 were obtained by [8] and [19], respectively, where
Ap, =0 2 2a b

i=1 9x;2 Xp 0%y
In this study, we introduce the mean value formula for the equation By = 0 and the high
order Riesz-Bessel transform associated with the Bessel-generalized shift operator for the

B Bessel differential operator

n
% 2y 0
B= B, B=—+——1n>0,...,y,>0.
; ' ! Bxiz Xi Bxi " Vi

Let R” be n-dimensional Euclidean space and x = (xy,...,x,), & = (&,...,&,) be vectors
inR”, then x - & = x1&1 + - -+ + x,&,, |%| = (x - x)/2. Denote R” = {x e R" : 1 > 0,..., %, > 0},
St=fxeR:xI=1L ¥y =(V.- sV 1> 0,0, >0, Y| =1 + -+ + yy and duy, (x) =
12, xizy" dx. We shall denote by L, ,,(R", d ., (x))-spaces (the Lebesgue space with respect
to the measure 11, ), the set of all measurable functions f on R’ such that the norm

1/p
Nz, = fllpy = (/R If)f duy(x)> , 1<p<oo,
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is finite. We determine the Bessel-generalized translation T%¢(x) = u(x), x,y € R} of a

function ¢(x) € C m(Rf) as the solution to the following initial value problem:

Bxu(x,y) = Byu(xry)r } (1-1)

u(x,0) = p(x), uy(x,0) =0,

where B is the multidimensional Bessel differential operator [20]. The solution of the initial

value problem (1.1) exists, is unique, and can be written explicitly as
Ty(p(x) = Cy/ s / QO((xl’yl)al’ ey (xnryn)ozn)
0 0

X (l_[ sin?%i7! ai) doy - - - doy, (1.2)
i-1

where ¢, = [T, T'(y: + HIFG)T ()] and (x5, ¥i)a; = \/xlz +y7 —2xy;cose;, 1 <i<n. By
(1.2), the operator T? can be extended to all functions L, (R”). The operator T satisfying
(1.1) may be regarded as a Bessel-generalized shift operator Bessel-generalized shift oper-
ator (see [4, 11] and [21]). We remark that this shift operator is closely connected with the
Bessel differential operator. The convolution operator determined by 77 is as follows:

(0w = [ SO dn, o). 13)

The convolution (1.3) is known as a B-convolution. We note some properties for the B-
convolution and the Bessel-generalized shift operator:
o Iff(x), p(x) € C(RY), ¢(x) is a bounded function, x > 0, and

[ el diny ) <o,
then
/ T’f(x)eW)dum, (y) = / fO) T p(x)di, (3).
RY R
+ From the above result, we have the following equality for ¢(x) = 1:
[ rr@dn,0= [ rordi0).
RY R”

o (fx@)(x) = (¢ *f)(x).

The Fourier-Bessel transform is defined and invertible on functions ¢ € S(R”),

Fagl() =, /R 0] oy e disy @,
1

n i=

[F5'e](x) = / o) [ 1,1 iy dis, ),
Ry i=1


http://www.journalofinequalitiesandapplications.com/content/2014/1/148

Ekincioglu et al. Journal of Inequalities and Applications 2014, 2014:148 Page 4 of 18
http://www.journalofinequalitiesandapplications.com/content/2014/1/148

wherec, =[], [21’1'*% C(y; + %)]‘1 and Jyi ! is the normalized Bessel function related to the
Bessel function of the first kind by the formula j, (r) = 2" T'(y + 1)J, (r)r" [11]. However,
the following equality for a Fourier-Bessel transformation is true:

Fg(f * ¢)(x) = Fpf (x)Fpe(x)
(see [22-28]).

2 The high order Riesz-Bessel transforms Ry associated with
Bessel-generalized shift operator

In this section, we consider a Bessel-generalized shift operator related to the multidimen-
sional Bessel differential operator. Then we give the Fourier-Bessel transformation of a
homogeneous polynomial which obeys the Bessel equations. Finally, we define the high
order Riesz-Bessel transforms related to Bessel-generalized shift operator and so we show
that high order Riesz-Bessel transforms obey the condition of classical Riesz transforms,
that is, these operators extend to high order Riesz-Bessel transforms [29].

It follows from the general theory of singular integrals that Riesz transforms are bounded
on L,,(R",du,(x)) for all 1 < p < co. In this paper we extend this result to the context
of Bessel theory where a similar operator is already defined. It has been noted that the
difficulty arises in the application of the classical L,-theory of Calderon-Zygmund, since
Riesz transforms are singular integral operators. In this paper we describe how this theory
can be adapted in a Bessel setting and give an L,,, -result for high order Riesz transforms
foralll<p<oo.

We have Q(y) = Pc(9)|y]%, K(y) = Q(y)|x|""27], the Py range over the homogeneous
harmonic polynomials the latter arise in special case k = 1. Those for k > 1, we call the
high order Riesz-Bessel transform where we refer to k as the degree of the high order Riesz
Bessel transform [29]. They can also be characterized by their invariance properties.

Let Px be homogeneous polynomial of degree k in R”. We shall say that P is elliptic if
P(x) vanishes only at the origin. For any polynomial P we consider also its corresponding
differential polynomial. Thus if P(x) = ) a,x* we write P(%) = aa(%)"‘, where (%)“ =
(%)al .. (%)O‘” and with the monomials x* = x{" - - - 2% (see [30]).

Theorem 2.1 Suppose that Py(x) is a homogeneous polynomial of degree k and satisfies for
Bessel operator B[Pi(x)] = 0 then we have

2
Fa[P(x)e | (9) = 207155 Dk p(g)e 5

Lemma 2.2 Let 60 = (61,0,...,60,). Suppose that
[ f(0)du,0)dS=0
st

and ¢ is of Schwartz class S(R’}) then we have the identity

X X

lim [ —° @) du, (x) = lim ad
s—0 Jpn |x|n+2\y|fe('0( )y () e—0 x|m+2l]

o(x) duy, (x).

|x|>e |


http://www.journalofinequalitiesandapplications.com/content/2014/1/148

Ekincioglu et al. Journal of Inequalities and Applications 2014, 2014:148 Page 5 of 18
http://www.journalofinequalitiesandapplications.com/content/2014/1/148

Proof The proof follows immediately from the representation

(£) (%)
/R TGy ) - /| D09 - (0] iy 0

" |x|n+2\y|—£ <1 |x|n+2|y|—e
¥ =

()
. /| Ty dp (x). .

x|>1 |x|n+2|y\—s

The mean value theorem for multidimensional Bessel differential operators is very con-
venient for obtaining multidimensional singular integral operators generated by a Bessel-
generalized shift operator. Therefore, we studied the mean value formula related to the
Bessel-generalized shift operator for the solutions of the boundary value problem for the
multidimensional Bessel operator Bu = 0.

The Bessel-generalized shift operator is one of the most important generalized shift op-
erator on the half line R, = [0, +00) [11-13]. The Bessel-generalized translation is used
while studying various problems connected with Bessel operators. Fourier-Bessel har-
monic analysis, i.e. the part of harmonic analysis addressing various problems on Bessel
(Hankel) integral transforms, is closely connected with the Bessel-generalized shift oper-
ator.

3 The mean value formula

In this section, we determine the mean value formula for the Bessel-generalized shift op-
erator. Let R” be an n-dimensional Euclidian space and x = (x1,%3,...,%,), & = (§1,62,...,&n)
be vectors in R”. Thenx - £ =x1& + - - - + %,&,. Denote R” = {x e R" : %, > 0,1 <i <n} and
St ={xeR”:|x| =1}, |y| = 1+ - - + Vu. We assume that D* C R” and Q" is its boundary.
In this paper, we are mainly concerned with the mean value theorem. Now, we relate this

concept in the following theorem.

Theorem 3.1 Let S"! be a unit sphere centered at the origin, contained in R" and u be an

even regular solution with respect to x1,...,x, of Bu = 0. Then the following formula holds:

“ 3 l_[{q_lr()/ﬁl)
0,,...,10,) [ 6% ds = 2= " " 27 (), 3.1
/Sﬁ_lu(m o [ [0 ds = o5 40 (31)

Let T? be the multidimensional Bessel-generalized shift operator and u be an even regular
solution of Bu = 0 at any interior point of the region D* C R”". Also, the following formula
is valid:

1—12'11 F(Vi + %)

mu(y). (3.2)

/52-1 T u(r6y,r0,,...,16,) 1_[ 9i2yi S =

i=1

Proof We assume that the continuity of  and v in the closed region Q* U D*, continuity
of the first and second derivatives of # and v in D", together with continuity of the first
derivatives of # in Q* UD* and the second derivatives of & in D*. In addition, the existence
of the integrals over D* are assumed in Green’s formula. The most important tool for the
potential theory is provided by this formula in #-dimensional bounded region D* with

volume element dg = dx; - - - dx, and its boundary Q*, which we assume to be piecewise
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smooth; the two functions u and v are related by Green’s formula,

9 A L
fm (ua—:—v£> l_[x?y‘ dQ:/ D+[qu—vBu]Hx?V’ dg. (3.3)

i=1 i=1

Let P’ =(0,...,0) be a boundary point of Q*. We set

v=[(n+2lyl- 2);"”"2”"_2]71 +w(r)
such that 72 = x7 +x3 + - - - +x2 and w € C*(D") denotes the set of twice continuously differ-
entiable functions on D*, also an even function with respect to all x;-variables. We apply
formula (3.3) to the region D* \ D} C D*, where D} is an upper half sphere centered at P’

of radius . Letting ¢ — 0 and considering [(n + 2|y | — 2)7*?71=2]71 for the fundamental
solution of B, we deduce that

n
[uBv — vBu] | [ «2 dx
/ /D+\Dg 1_[ '

i=1
/‘ av ou
o\ Jon on

n
1_[ 7 dQ - /
Hence, let us write the function v in (3.4), then we have

i=1 Qe
n n
/ [uBv — vBu] ]_[xf” dx — / f [uBw — wBu] Hxizy" dx
D i-1 D¢

i=1

n

av ou 2
— —Vv— 1 dQ. 3.4
(M on Van) Hxl (3.4)

i=1

—// [(m+2]y] —2)1‘”*2'”'_2]_1Bu Hx?” dx
D¢

i=1

av ou i 2y; 1 d 2y;
_'/S;(L[E_Vﬂ)ll:[xi d§2+/ﬂg MW ll:l[xi 1749

—f [(n+2]y] -2)r"+2‘V‘*2]‘lg—Z ]_[xfyf aQ (3.5)
Qe

and

+[(n+21y —2)r”+2'V'*2]‘1// Bu ]_[xf” dg
Dt

i=1

R [ 1 & oo
—[(mn+2ly| - 2)r27122] /;2 o l_lley as +/Q T l_llxlzy ds.
€ i= € i=

Page 6 of 18
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Therefore, we get

Considering Bv = Bw, consequently, we have

“ . 1—111 F(Vi + l)
[uBv — vBu] x?y’ dg=———2-4(0)
//D 1_1[ 7 2yl + )

Here,

U oon o Hia D0+ 3)
f n+2|y|-1 Hxl?yl d2 = n—ll i = m(Qe)
Q i 2710 (ly [+ 3)

and

n

. 1 2y;
lim UQ w1 dQ} = m(Qe)u(0).

i=1

(3.6)

Let K be a half sphere of radius R centered at P’ contained in D* and W} be the surface

of K. Suppose that
v=(n+2]y|- 2)-1 [ 02i71=2) _ g-(ns2ly-2)],

Under our assumptions, we can rewrite the equality (3.6) as

n
/K+ {uB(n +2ly| - 2)_1 [r‘(”*z‘y“m - R‘('”Z‘V‘_z)] - VBu} Hx?” dg
R

i=1

W U\ T 2y LT(yi+3
:/ (u—v —v—u> ]_[x?” dw + 71_[’11 . i) u(0).
wg\ on on/) L 2710 (ly [+ 3)

3.7)

Since R is constant and [(# + 2|y | — 2)7"*271=2]~! for the fundamental solution of B, hence

we have

" . }1 r i+l
_/ VB”H’C?% dg = Mu(o)
] 210 ([ + %)

A +2ly|-2)" -1
+/WE{|:u o —(n+2|y|—2) :|

n
x [rrm2iv=2) _ R—<n+2|y|—2>]a_”} [ aw
l

on
i=1

Page 7 of 18
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H?:]F(Vi"' %)
— o=l 2%
2yl "

d(m+2 2) tpln2ly1=2) 2
+/ Y (n+2]y| - ) r l—lxzyzdw
W+

H?:l F(yl + %) 2y
= Py 5 ) %)u(O) Rinﬂ\y\ 1/Rul_[x dw
and

21D (fy | + ) .
H’?lr( I)Rn+2lyl 1/ u(xg,..., %y, ]_[x dw
i=

i=1

20 (ly ] + 1) 2
= M dg. .
“O /K u [+ dg (3.8)

i=1
Choose the function v such that

n-1
771 ;E'(yl' i _) [(n +2|y| - 2);””'2””_2]7l +w(r), (3.9)

where w(r) € COK 2), also an even function with respect to all variables and 0 < » < R.

Then, under the initial conditions

we =2 Zo (3.10)
V + = — = 5 .
Ve or Wi
we obtain
z av o\ =
(uBv —vBu] [ [« dg = / (u— - v—) *2 dw
KE 11:1[ : s W[; on on 11:1[ :

2yi
/W l_[x dw

2 "T(lyl+5 )/ 1 ﬁxzy,.dw
Hz T+ 3) Jwyg iy i
= cu(0). (3.11)

Since (3.11) is true for all &, we can take an arbitrary function that is even with respect to

all variables in C?(K}). Therefore, we assume that u € C?"*2(K}). For n < m, we have

the following identity:
cB"u(0) = f [B"uBv — vB""u] ]_[xf” dg, (3.12)
Kz i=1

where B” denotes the nth order of B, that is, B'u = Bu, B2u = BBu, etc. Now, let us define
{v,} as a sequence of functions of the type (3.9). Then the following differential equation

Page 8 of 18
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can be written:

pomr2lvl-

Bvyia =v, 4 " Via=vy (1=0,12,...,m). (3.13)

By the initial conditions (3.10) and the function

27 (y+ 9)

ST h - I | (3.14)
i=1 ity

Vo
it can be seen that the solution of (3.13) is as follows:

R
Vet = [ (1 + 2]y | - 2)r”+2'”"2]_1 / pvy(p)[p" Y12 = 2 2] dp.

7

Under the initial conditions, for each n =0,1,2,..., the solutions vy, vy,... corresponding
to the constants cy, ¢j, ... can easily be found and obtained as follows:

R\*" T(yl+%)
cn:<_> ,—2n (n=0,1,2,...).
2/ nT(+lyl+3)

Replacing v by v, in (3.12), we see that
n
¢, B"u(0) = / [B"uBv, — v,B""u] l_[xfyi dg.
Kz i=1
Since Bv, = v,_1, we obtain
n
¢,B"u(0) = / [vy-1B"u — v, B""u] Hxiz” dg.
Kz i=1
Summing all the equations corresponding to n =1,2,..., m, then we conclude
m n
Z ¢,B"u(0) = / [voBu - va”’”u] Hxiz” dg.
n=1 K i=1
By (3.8) and the function vy, then we get
n m n
/ voBu foy" dg =Y c,B"u(0) + / VB U l_[x?” dg
Kz i=1 =1 Kz i=1
and

n-1 n n
2" (ly |+ 3) (n+2y] - 2)—1[r—(n+2|y|—2) —R“"*Z‘V“Z)]Bul—[x?” dg

[To T+ %) K3 i=1
m 2n n n
R r + 5 )
= Z<_) LZ)HB”M(O) +/ VmBerlul_[xizyl dg.
=\2/ nTh+lyl+3) K} i

Page9of 18
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By the function v in (3.7), we get

210y | + 2 o, (R Tdyl+35)
TT5 TG+ ] )/KR 1 dg‘,,z(i) Bulo)

i 'L +lyl+3)
n
+/ VmBm*lul_[x?” dg (3.15)
1) i=1

and from (3.8)

[Cn,an+2|y|_l]_1/ u(x) nx?” dw
W+

i i=1
m R 27] F + n n .
=u(0) + Z(E) LZ)EB”M(O) + /I;+vam*1u Hx?y’ dg.
n=1

n'Cm+1lyl+%5) + i

Thus we have

feny T [ ) [

) i=1
m 2n n
R r + 3
- Z<_) LZ)HB"M(O) f va”’*luHxZ% dg, (3.16)
o\ 2 n'Cm+lyl+%) K o
l_[L 1

where ¢y = 1, Bug = ug and ¢, v = ThlS formula is valid for all arbitrary func-

21 1r(\ \+
tion u € K € D* which is a continuously dlfferentlable function of order (2m + 2). Let us

establish the equality (3.8) with respect to T7u(x); we get

2r-1r +2
_ (vl ) / l—lxzyl dw
ni=1 F(Vz )Rn+2|y| -1
210 (ly | + %) ~
=u(y) + ———2 | vBTul| | %" dg. (3.17)
[T Dy + %) Kg 1;[

Setting v = v, and u(x) = T7u(x) in (3.12), then we obtain

n
B"u(y) = | [B'T7u(@)By—vB" "u()] [ [ dg,

K

¢yB"u(y) = /+ [B" T u(x)Bv, — v, B™ T"u(x)] foy" dg.

Kr i=1
If we sum all the equations corresponding to n = (1,2,...,m), we conclude
m

n
ZC,]BWM()/) = /;+ [VOBTyu _ vam+1 T}/u] Hx?)/i dg

n=1 Kp i=1

Page 10 of 18
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By (3.8) and the function vy, we get

n ‘ "R m n
/ VOBTyu(x)l—[x?” dg = Z<5> MB”M(}/)
K}

n
iy = 'L +yl+3)

n
+/ va’"T"unx?” dw (3.18)
Wi

i=1

and

2n_lr(|J/| + g) ‘ 2y;
1—[” I'(y; l)Rn+2\y\f1f+VBTy”(x)Hxl’y dg
=1t Vit s Kz i=1

SRV Tlyl+5) .2
= =) —————2—Bu(y) + / VB T u(x) | [ %7 dg, (3.19)
;<2> T +lyl+3) v K} 1;[ ¢

[cn,VR”*Z‘y‘_l]_I/ TV u(x) l_[x?” dwg

.
Wr i=1

m

2 n
= u(y) + Z(g) ﬂwmu@)

n
p n'Co+lyl+3)

+/ VB T u(x) ]_[xiz” dg, (3.20)
K}

R i=1

and

n
[c,q,yR’“z""’l]_1 / T u(x) Hxizy" dwp

Wi

i=1
" R\ T(y|+2 —
=Z(_> 0D gy / VB T u@) [ 47 dg, (3.21)
=\2/) T +lyl+3) K i-1

where B4 = u and ¢y = 1. We note that the second integral on the right-hand side in (3.21)
tends to zero for m — oo; then we have the result

270 (ly | + 4 o
(Ir1+3) T’ u(Réy, ..., RO,)RYY! ]_[9.2”13”-1 ds
[To Ty + 5)Rm201-1 g '

i=1
2 (R\*" T(yl+2
=Z<_) (|V| 2) - B"u(y),
S\2/) nTh+lyl+3)

where x = RO and dwg = R"1 dS. Hence

1_[?:1 Ly + %)

T’ u(R6,,RO,,...,RO,) [ [ 6771 dS = 2L 22— 224y,
Jo st Ll 2yl 8"

Thus the proof is completed. d

Page 11 0of 18


http://www.journalofinequalitiesandapplications.com/content/2014/1/148

Ekincioglu et al. Journal of Inequalities and Applications 2014, 2014:148 Page 12 0f 18
http://www.journalofinequalitiesandapplications.com/content/2014/1/148

Proof of Theorem 2.1 We shall need the Fourier-Bessel transforms of the function el
The identity to be proved can be rewritten as

Fp (e_"‘|x|2)(y) = /H;n e‘a‘x\z l—[jyi—% (xiyi) d iy (x). (3.22)

+ i=1

Let y > -1, @ > 0 and J, (br) be a Bessel function. We recall that
> —ar? y+1 -y-1 S
e, (br)dr = bY 2a) 7 e,
0

then we get

1 1\1* 1
]yl_%(xlyl) = |:2y1_7r<)/1 + 5)] (xlyl)n_zjyl_%(xlyl)»

1 1 - _1,
]yn_%(x,,yn) = |:2Vn 2 F(yn + E):I X yn)"" 2]y”_%(xnyn),

where J,(r) = [2YT'(y +1)]7'7j, (r). We may now calculate each of the integrals in (3.22).
We have

[o¢]
I :/ e’ 17_(x1y1)xly dx;

0

* 2 2 1 1
:/ e ]n_%(rs)r My M2 N*3 gy

0

1 1 12

—on-ar <)/1 + 5)(201)—1’1—2 e 1z, (3.23)

where x; = r and y; = s. In a similar way, we obtain

© 2r2= 21"()/2+ )

L= / 1 o)y dey = ——— e, (3.24)
0 (20[)V2+7
o 2772 (y, +

I, = / e“’”‘”zjy 1 (oY) dy = ¢ . (3.25)
0 "2 (2a)yn+

If we write the equalities (3.23)-(3.25) in (3.22) then we have

Fa(e ) () = B (20) 3
Letting « — 1 and y — -2y, then we get
Fy(e") () = 27",

So, we can easily obtain the identity

Fy(e ™)) =c / ]_[Jyl 1 @290 dp, (),

+zl
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By similar arguments, we can see that
(o] 2 9
I =/ e ™ jylf%(xlzyl)xl” dx;,
0
oo 2 2
I/ — —r" . AR5 /.
4 /0 e ]n_%(er)r dr
Hence, we get

1\
I =27'T (n + 5)e-slz

and
R ’2 1
I,= / e j, 1 (2" dr = 27 e F()/n + —).
0 "2 2

Consequently, we deduce
—alxl? -n - 1 Iy
Fy(e ™)) =2 [T vit g e (3.26)
i=1

When we apply the Bessel differential operator Pr(B;,Bs,,...,B:, ;,B:,) to both sides of
the identity (3.26), then we see

oo
2 2,
Fy[Pe(x)e™™7](2) = fo Piwe™ ), 1 2an)a”

o0
2.
”/0 e /yn_%(Zx,,tn)xfly” dx

i 1 2
~ao T (ne )

i=1

where Q(#) is a polynomial. The problem is therefore to show that Q() = Px(iy). Now using

the identity
(v + 1 T
/y_;(r) = (7/721) €705 (gin )2 dy
: L)) Jo
we have

Q0 =ai [ P [,y ot diay 0
+ i=1

n
= oot t2 (o2 4o 422) , N
= Cl_/RnPk(x)e 1 1 1_[]”7% (2x;t;) d iy (%)

+ i=1

e
2.2 B £ COS W D —
=c2/ Pi(x)el"" (/ eXmhcosw gin2ni=lyy, gy
R 0

+

T
. / e2zxntn cosw Sin2yn—1 de> d,u'y (x)
0
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bd b4
22 o N . _
:CZ/ Pk(x)du,y(x)/ / (etl—xl—thltlcoswsn,lZyl lw)
R% 0 0

. (et%—x%—Zixntn cosw sinz””‘l W) dw = 2”/ Pk(x)[T_it(e_‘x‘z)] dﬂy (x),

where ¢; = 2"[[TL, T(y; + %)]‘1 and ¢, = [, 2"T(y; + %)(ngf‘(yi))‘l. Replacing ¢ by —it
and by the properties of 77, we obtain

Q-it) = fR T Pu)e ™ dp, (). (327)

+

Taking the change of variables x — 76 for 0 <7 < 0o and 6 € 8! and applying the polar
coordinates in (3.27), this gives the identity

Q(-it) = clfoorzh"*”’l (/ T [Pi(r0)] HG?V")e’Z drde. (3.28)
0 sr-l

i=1

We must calculate the integral [ r27/+! e dr. Letting r> = u, then we get

o0 2 1 2 1 o n_1 1 n
/ pAy bl dr:—/ w2 et g = —T( |yl + = ).
o 2/, 2 2

Applying Theorem 3.1 to (3.28), we deduce Q(-it) = P(t) and

Fy[Pew)e ")) = ¢ / '“H/ | (25,8 dy (@)
— 2*(|V|+%)Pk(l‘t)e*\t|

Since Py is homogeneous, we have the identity

\y\

[Pk(x)e_lxl ]()/) 2= (ly [+k+%) kpk()/
and so we obtain the desired conclusion. O
We come now to what has been our main goal in this paper.

Theorem 3.2 Let Py be homogeneous harmonic polynomial of degree k. Then we get

FB|: Pr(x) :|(y):2n22|y| . &) P

Ve UV ——F—
k+n+2 k+n+2 k
Jog| e+ 217 [ (cmeirly yl

Proof Consider the identity

Falf@0)]() = a2 Fy £ ()] (é) (3.29)

By (3.29) and Theorem 2.1, we have

Fy[Pu@e ) = o) 6D ke py(y).
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Assume in addition that ¢ € S(R”). Then

[ et gy )= a0 0 [ P gty )

n

We now integrate both sides of the above with respect to & having multiplied the equation
by a suitable power of & (@?7%, 28 = k + 1 + 2|y | — €). We obtain

| w[ / P P g i, (x)} = [ [yt Da
0 n 0
X [/RnPk(x)e_lzfgo(x) duy(x)j| da

If we use the fact that

< . u Pl du 2p
/Oe (W) e -T®)

we get

/ w[ / P P (x) duy(x)] da = T(B) / Pel)
0 " R

ML @(x) dppy (x). (3.30)

The corresponding integration for the right side gives

| m{(2a><k+“%>ikaﬂ1 [ [ petore e ot duy(x)} } do
0 R

o n +E& xz
— / 2—(k+|)’|+*)-k —(kTJrl)/ [Pk(x)e_%gp(x) dluy(x)] do
R?

+

~(k+ly|+% / / Vpi(x)e ra i go(x)duy(x)da
RVI

Letting o — 1%, we obtain
o

/Oo{(ZO[)_(kerJr%)ikO['B_l |:/ Pk(x)e_% gg(x) d:U/J/ (x)i| } do
0 R

et k+e Py (x)
_o—(lyl+3-¢) -k
=2-(lyl+3 1"( 5 >l o Tl px)duy, (x).

(3.31)

Thus (3.30) and (3.31) lead to the identity

INC O
[ o duy ) <25 [ B2 odi 0

By Lemma 2.2, we have therefore concluded the proof of the theorem. We have

|x|k+n+2\y\—s

Pi(x) gl D) Pu(y)
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Definition 3.3 Let 77 be the Bessel-generalized shift operator and let f be a Schwartz
function on R”. We define the high order Riesz-Bessel transforms Rg( ! of order k with
respect to the Bessel-generalized shift operator as

RO = e, y>[p.vmﬂ’f% ] f] @

. Pi(y)
= c(m,y) lim k2]
& O<e<|x| |)’|

Tf (%) dpay (),

where c¢x(n,y) = 2“%‘” I‘(%)[I‘(g)]‘1 (k =1,2,...,n) and Pi(x) is a homogeneous

polynomial of degree k in R” which satisfies BP; = 0.

By Theorem 3.2, we conclude that

Fo[RO(N] (&) = () 5 F[f1(6). (3.32)

One of the important applications of the high order Riesz transforms is that they can be
used to mediate between various combinations of partial derivatives of a function. We shall
here content ourselves with two very simple illustrations, which examples have an interest
on their own and have already the characteristic features of a general type of estimate
which can be made in the theory of elliptic differential operators.

Proposition 3.4 Suppose f is a class of S(R") and has compact support. Let Bf be the
Bessel differential operator. Then we have the a priori bound

N5, 0 f Nl oy < AplIBf llpy
with A, independent of f.

In (3.32), we may take k = 1. Then this proposition is an immediate consequence of the
L, boundedness of the Riesz-Bessel transforms generated by a Bessel-generalized shift
operator and the identity

0, (35 f) = —RpRgBf . (3.33)

To prove (3.33) we use the Fourier-Bessel transform. Thus if F[f](x) is the Fourier-Bessel
transform of f, then the Fourier-Bessel transform of d,.f is

Fy[0:,f1(y) = —x:F[f1(y)
and
Fg[Bf1(y) = -« Fs[f1(»),

and so

Fa [0, (3,)] ) = —(ﬁ) ("—k) \2F5[£1(3) = ~Fy [RsRsBf 1 (7),

|l /\ ||
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which gives (3.33). Thus we have

85,30, = IReReBS Il < CIIBS

By using the Fourier Bessel transformations, we have

P(1y1*)Es[(B)f] () = —lyI*Es [ P(B)f] ()
(see [9]).

Corollary 3.5 Suppose Py is a homogeneous elliptic polynomial of degree k and f is k-times
continuously differentiable with compact support. Then we have the priori estimate

IBf Iy < Ap| Px(B)f,,, 1<p<oo.

To prove this inequality, we note that the following relation between Fourier Bessel
transform of Bf and Px(B)f holds:

Py(Iy1?)Fs[Bf1(y) = ~|yI*Fe[Pe(B)f ] ().

>
Pi(ly1?)
zero and indefinitely differentiable on the unit sphere. Then we get

P(]y]?) is non-vanishing except at the origin and let — be homogeneous of degree

Bf = Rg(Px(B)f).
We also have the following L,,,, boundedness of the high order Riesz-Bessel transform.

Theorem 3.6 The high order Riesz-Bessel transforms generated by a Bessel-generalized
shift operator are bounded operators from L, (R") into itself for all 1 < p < 0o

I1Ref NIy = Apllfllpy-
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