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{. INTRODUCTION

Consider the telegrapher’s equation
Uyy +but = Uy, (l)

b a positive constant, with initial conditions #(0, x) = ¢(x), 2,(0, x) = 0..The
change of dependent variables { = ef, # = ¢/2x reduces this problem to

ey +bily =1z,  dlio=¢, dilio=0,

where @ = 6(f, £) = u(t, x), ¢ =P(£) = H(x). It is well known that the
solution of this problem tends, as ¢ — 0-}-, to the solution of

bU; = U,  Ulig=4¢

&~

indeed, it is known [1, among many others} that

lim sup |dff, £) — U, £ =0

>0 —x LR

for each fixed f > 0. Returning to the original variables and keeping 7 fixed,
we thus have that

lim  sup | u(f, x) — Lt x)| =0,

tex —Xr<
where U(t, x) = (et €!/2x) satisfies
b(/rl == Lr_r.z' ) L( [tfli - (15 (2)

Thus we have shown that, as t — oc, the solution of the telegrapher’s equation
(1) with the given initial data tends to the solution of the heat equation (2).
The foregoing argument depends on the special form of the initial conditions
and on the special circumstance that the right-hand side of (1) is a homogeneous
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differential operator. It also depends on the particular norm chosen; for, in
the Ly-norm it is known {1] that

lim {* |4, % — O¢, %) d& =0,

-0 J_ o,

which becomes, for f fixed,

2

lim (i)m f  uft, x) — Ut %)) dx = 0,

ton \ _
vielding no information about || u(z, x) — U(t, x)||. as t — 0.

The object here is to generalize the first result above so that it applies to an
equation with reasonably general initial conditions and right-hand side, to an
arbitrary norm, and to the mixed initial boundary value problem. Indeed, we
shall examine the large-time behavior of the solution of the problem

u' — bu' = A%+ f(t), u(0) = u,, u'(0) = u,,

where u takes values in a Banach space # and the (possibly unbounded) operator
A generates a cy-group T'(¢) in &; this formulation includes the generalizations
just mentioned. As a consequence of our development and known results for
parabolic equations, we shall also obtain conditions guaranteeing that x tends
to zero as t — 0.

2. Tae HomoGgeneous Case

Let the closed operator A generate the ¢y-contraction group T'(f); we shall
show that the solution of the abstract wave equation

u" + bu' = A, u(0) = u,, u'(0) = u, (3)
tends in the norm of # to the solution of

bU' = A2U,  U(0) = uy + % u, 4)

as t increases. The appearance of the term (1/b) #; in the initial condition for
the heat equation is perhaps to be expected on physical grounds; for if u, = 0,
u; # O there is energy present in the system described by (3) which must still be
accounted for by (4).

Since our concern is with the asymptotics of solutions, we shall assume that
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(3) and (4) are well posed; conditions on u, , #, sufficient for this may be found
in [2-5]. As may be checked by tedious calculation, the solution of (3) is

u(t) = 3 e TT() + T(—1uy

3811

l bt'2 ! ' 2 2\1/2/ b
+5 e f Joib(at — £)512) T(s)[u1 +5u0] ds

t
— 41, ibe o412 [ [y (ab(r — SBPUR2) (12 — 212 T(s) uods
t

=1 + 1, + 1

here J,, J; are Bessel functions of the first kind. This representation is that of
Hersh [6]. Since A generates the ¢ygroup T(-), A% generates the analytic
semigroup S(*) given by

S(t)a = © e T(s)a ds

1
Aty fﬁ

[2, p. 92]. It is then immediate that the solution of (4) can be written as

b1/2

YO = sy

fx €014t T(s)u, ds.

Since || T(#)| < | and b > 0 by assumption, it is evident that || [, || — O as
t — . We thus have to show that | [, + I, — U]l — 0 as t — o0; we shall
first show that

1 = 2 b
- K, = = —12 —bs?iat v
LK, = 3 (bt) f € T(s) [ul + 3 uO] ds. (5)
Using & as a generic constant, we have

—t o«
[ I, — K, || < kt-12 [ e bstAt do 4 Ry-1r2 { e—bs®at o
J_ Ji

t
y { [ e=bt/2 ] (ib(z2 — sH122) — (,,.,bt)—u-ze—bsz/u | ds.
vt

The first two of these integrals may be written in terms of Erfc, whence it is
obvious that they tend to zero as f — 20. We bound the third integral by a
constant times the sum of three integrals:

17 e ]

—t _43/4

314 $3/4 At

| |d5’+.’ I lds = 21+122‘;'I~33-

(3/4
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For I,; we have
t b
Iy < [ [t Jyib(e — )22)| ds + (mbt) 12 [~ ebtiitds;  (6)
13#! l3 4
the second of these can be written as

27 1i2p1 J.w e du
Pl 42
which tends to zero as t — 0.
For large positive x we have [7, p. 373] that

Jolix) = Qmx) 21 -+ O(1/x)], ™)

where | O(1/x)! < k/x; since Ji(0) = 1, it follows that for some value of & the
estimate

Jo(ix) < ke®

holds for all x > 0. Since in general (a® — §?)'/2 < a — 1(b*/a), we have the
estimate

| e—bt/2 fo(ib(t2 _ 32)1/2/2)| < ke—bt/zeb(tﬂ—sz)l/‘l,fz
< hebsiiat (g)

for £ > s% Using this, we get the following bound on the first integral of the
right-hand side of (6):

B fw e-bs%4t g < k1172 f e du
3/4

t b1/241/4/2

< ktl/2 Erfc(b1/2t1/4/2);

this tends to zero as ¢ — oo since Erfc(x) < ke=*". Thus we have shown that
I3 — 0 as t — 00, and an entirely similar argument shows that I, — 0.

It remains to show that I,, — 0 as t — 0. Since for large ¢, 12> #3/2 > s2,
we have (#2 — s*)1/2>> 1 and so can use the asymptotic expansion (7) for J,.
Now 2/[b(t* — s%)!/2] = o(1) as ¢ — oo, uniformly for se (—#3/4, £3/%), where
o(1) stands for a function which tends to zero as t — o0. Thus

eb(t“—sz)l"2/2

Joleb(2?2 — s*)'%[2) = o — 273178 [T+ o(1)].
Since #2 3> 52 for s € (—13/4, t3/%), we can expand the square root as

s2 1/2— 2 52 N 2 4
(=) =g (gt ) =t (0w,
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Hence
e'bt'zjo(l‘b(tg - 52)1, 2/2) — (Trbt)—ll'2e—b52/'4t(l -+ 0(1)).
It follows that

D) < o(1) [ (mty 2zttt ds = o(1).

This establishes (5).
Since —iJ,(ix) is asymptotic to Jy(ix) [7, p. 372-373], I; can be treated much

as I, to show that
b2

= Ks = gimym

f e 1t T(s)u, ds. 9
Indeed, the only nonobvious alteration needed is in the estimation of

ft I evbt/2]1(l'b(t2 — 52)1/2/2) t(t2 — 52)—1/2 l ds,

3

occasioned by the singularity of the integrand at s = ¢. But by using (8) we see
that this integral is bounded by

ot t
’ tebRAY g2 _ @)1 s o ge-bit/n J‘ (12 — s2)~172 ds
0

Jan

mw
_ E te»bt1/2/4,

which tends to zero as t — oo.
From (5) and (9) follows at once the desired result that the solution of (3)
tends to the solution of (4) as t — co.

3. Tee HomoGeNEOUS Cask
Here we shall show that the solution of the nonhomogeneous wave equation
u' + bu' = A% + f(2), #(0) = u,, #'(0) = u, (10)
tends to the solution of

bU' = AU +f(t),  U(0) = n, +11,u1 an)

as § — 00, provided f satisfies certain restrictions. The presence of the driving
term f in (10) or (11) means that energy is being pumped into the system. If no
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restriction on the growth of f is made, the energy in the system is unbounded
and hence the solutions u and U cannot be expected to remain bounded. For
unbounded U one anticipates a result of the form lim,_, || #(¢) — U@ U(#)l| =0,
rather than a stronger result of the form lim,.,. || #(t) — U(t)l| = 0. We therefore
assume that f, besides being a continuous function from [0, oc) to &, satisfies
the growth requirement

IF@I<gt), where [Tg)dt<o and supgln) <oo. (12)
8 t20
We may use Duhamel’s principle in the standard way to solve for u, U:
ut) = o(0) 45 [ [ el — gt — o),
(t—u
T ) dsdu,  (13)

U = V) +5 [ [ Imble = e 0T ()£ o) de i, (14)

where v, V solve the homogeneous problems (3), (4), respectively. Since we
showed earlier that o(t) — V() as t — o0, it is enough to show that the integral
of (13) approaches the integral of (14) as t — oo,

Following [1], we introduce the notations

Ki(t, p, §) = PR J(ab[(t — p)® — #12(2),
Ky(t, p, 5) = [=b(t — ,;.)]-1/29—bs2/[4(t—m]'

To show that the integral of (13) approaches that of (14), it will be enough
to show that

_ U f: g fou_m K, T(s) F () ds — fo * KaT(s) f(w) ds$ du 111

tends to zero as t — co. Since for some &, Erfc(x) < ke~ and || T()| <
we can estimate _fo Tty I K T(8) f ()]l ds dp as follows.

[ 17 IET6 ) dsd
kj f (t — )~V bs M=) o) ds dpe
=& jﬂ Exfe (5 (bt — W) glu) dp

t—-N t
<h[ erewndu k| g
[1] t—N

¢
— R[eONA — obis] 4k L_N &(p) du,
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which can be made arbitrarily small by choosing N large and then ¢ N
sufficiently large. Thus to show that I goes to zero it is enough to show that

o af-p

JO Y0

| Ky — Ky | g(u) ds du— 0.

Now

j:fot‘“lKl—Kgag(wsdu=ft

0

—N st—u-N . ~
f., | Ky — Ky | g() ds du

t t—u =N st—-u

+[ [ 1K= Kelewdsde -+ [ [ 1 K—K,|gu)dsdu
t~N>v0 4] t—~u—~N

=6L +L+1,.

We estimate I, as follows.

t t—u t t—u
L=< | IKIIg(#)dsdqufl_Nfo Kog(w) dsdp;  (15)

Yt-N Yo

the first of these integrals is bounded by

t t—u
B j‘ { o~ 083/ [Ht-m)] g(y,) ds d{l«
t-N 0

Y

k| (= ) BB — )]) gli) die

i
< RNY2 Erf3BNT) [ g(u) d,
t—N

which tends to zero as t — oo for any fixed N. Here we have used (8) with ¢
replaced by ¢t — pu to estimate K, . The second integral of (15) can be estimated
in a similar fashion.

I, is handled in much the same way. Set

t—n

t-N pt—u t-N
Iy = Iy -+ Iy == L J‘F - | Ky | g(p) ds dp + L [; v Kog(p) ds dy;

e
we shall show only that I, — 0 as ¢ — o0, as the argument for [, is similar.

We have

t—-N ES
I, <k fo #(p) f e b Mat=) ds dy

t—u—N

N ' ) N
<k J; (f — ph'2 g(w) Erfc(%b”z [(t — )i — zt__#)m]) dp.
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Now if p is restricted to satisfy p <{ # — N2, then (f — p)*/2 > N and, since
- . . . 2
Erfc is a decreasing function of its argument and Erfe(x) < ke

Erfe(3b[(t — )% — N(t — p)- 1))
< Exfe(pe((t — " — 1)
< ke blti—u)-2(t—u)t/?]/a < ke dt-w)1s
provided N > 4. It follows that for p <t — N2

(t — )72 Exfc(3012[(t — )12 — N(t — pu)~12]) < ke bt /16,

We can now estimate I, by
t-N*? t-N
In<k[ = g@e 5 du + kN [ glu) dy
0 t—N*

<he N8 [ g(u) du + kN [ g(u) dp.
t-N?

0

The first term can be made small by choosing N large; the second can then be
made small by choosing ¢ large. Thus I; — 0 as £ — oo.
There remains to show that I; — Q as ¢ — oc. Since there s <t —pu — N £
t — p. for sufficiently large N, we may employ arguments similar to those of
Section 2 to show that
Ki(t, p, 8) = Kyft, i, )1 +o(1)] as t —

in the domain of integration of I, . Thus
t—N at—u—N
L=o)[ [ Kt ms) gl dsdp

[ 1]
t—N o

< o(1 Ky(t, u, s ds' d,

o) [ [ Kutt w9 d| ) de

<o(1) [ glw) du = o(1),

0

since the inner integral is a constant.
We have established the following result.

THEOREM. Let the continuous function f:[0, c0) — B satisfy the growth
restriction of (12), and let the problems (10), (11) be well posed. Then the solution
of (10) tends in the norm of the Banach space & to the solution of (11).

409/63/1-12
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Under additional restrictions, the solution of the parabolic equation (11)
is known to tend to a limit itself [3, p. 153]. Combining this result with the
theorem, we get the following corotlary.

COROLLARY. In addition to the hypotheses of the theorem, assume that

(1) f is uniformly Holder continuous and lim,_., f(¢) = 0;

(1) A2 has an inverse.
Then the solution of (10) tends to zero as f — 0.

Note, for example, that the corollary cannot be applied to the initial boundary
value problem with boundary conditions of the form &u/dn = 0, where n
denotes the normal to the boundarv, since 42 is not then invertible. The theorem
is, however, applicable.
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