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1. Introduction

Let f (x, y) be a matrix-valued formal power series in x and y

o0 o0
fxy) = Z Zc,-jx'y’, cj € CT9.
i=0 j=0
The problem of 2-D matrix-valued Padé approximants to f(x,y) has been studied for a long time and has wide
applications to many fields, such as scattering physics, multiport network synthesis, design of multi-input multi-output
digital filters, ARMA model, reduction of a high degree multivariate systems, signal processing and systems with the number
of inputs different from the number of outputs [1-3,20]. Bose and Basu [4] introduced the classical 2-D matrix-valued Padé
approximant and discussed the existence, uniqueness and recursive computation of the approximant. By denoting

ng np mp  mp
Py) =Y > aXyY,  Qxy) =YY mx¥, & mjec,
i=0 j=0 i=0 j=0

the classical 2-D matrix-valued Padé approximant is defined as P(x, y)(Q (x, y)) ! such that

FOYQxy) =P y) =Y Y &ixy

i—0 j=0
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withe;j =0fori=0,1,...,n1,j=0,1,...,mandi=n;+1,...,m+m+1, j=m+1,...,np+my+1; excluding
the 2-tuple (i,j) = (ny +my + 1, ny + my + 1).
Zheng and Li [5] presented a 2-D matrix-valued Padé approximant with matrix-valued generating polynomial V (x, y) =
Lo 2120 BiX'y, Bij € R, B, = I. By giving a matrix linear functional y:
y(Bu'v) =cj, BeR™ i,j=0,1,...,
the bivariate associated matrix polynomial W of V is defined by

Vx,y) +V(u,v) — V(x,v) — V(u,y))

W“’””( W —x)w—y)

and the bivariate matrix polynomials V and W are defined respectively as
Vxy) =x"ymvehy ™), Wy =x"TlyRTweety™h.

Thus the approximant in [5] is defined by W (x, y)(V (x, y)) ™.

By means of the direct inner product of two matrices and the generalized inverse of a matrix, Gu [6] defined a practical
2-D matrix-valued Padé approximant with branched Thiele-type continued fraction with scalar denominator polynomials.
However, the denominators of the approximants in [4,5] are matrix-valued polynomials, thus left-handed and right-handed
aproximants are defined respectively in the construction process. On the other hand, the rational approximant in [6] has its
restriction, that is, the degree of the denominator polynomial is always even.

The problem of scalar Padé-type approximants was introduced in [7] and has been studied for a long time by
many authors, for example, Brezinski [8,9], Sablonniere [10], Arioka [11] and Draux [12]. Following the Padé-type
approximants [7], Gu [13] gave a matrix-valued linear functional on the scalar polynomial space and defined the 1-D matrix
Padé-type approximants. Motivated by the idea of [7] and [13], in this paper we define a bivariate matrix-valued linear
functional on the bivariate scalar polynomial space. By giving a scalar generating polynomial, we construct a general 2-D
matrix Padé-type approximant (BMPTA) in the inner product space. As compared to the existing 2-D matrix-valued Padé
approximants [4,5], the BMPTA in this paper doesn’t need multiplication of matrices in the construction process, and hence,
we don’t have to define left-handed and right-handed approximants. Moreover, its denominator polynomials can have
general degrees.

This paper is organized as follows: Section 2 reviews the definition of 1-D matrix-valued Padé-type approximationin[13].
Section 3 presents the definition of BMPTA and a recursive algorithm for BMPTA with given generating polynomials. Section 4
gives three choices of the index set in the remainder formula and the determinants expressions for BVIPTA. In order to
avoid the computation of the determinants, Section 5 proposes two efficient recursive algorithms: Sylvester type algorithm
derived from Sylvester theorem [14] and E-algorithm extended from Brezinski’s algorithm [ 15]. Section 6 applies the method
of BMPTA to partial realization problems of 2-D linear systems.

2. 1-D matrix Padé-type approximation

Let f (x) be a given power series with p x g matrix coefficients, i.e.,
0 .
fx) = Zcix', ¢; € CP4,
i=0

Let P denote the set of scalar polynomials in one real variable whose coefficients belong to the complex field C. Let
¢ : P — CP*9be a generalized linear functional on P:
ot =¢, i=0,1,...,

where ¢; = 0 fori < 0. Let |tx| < 1, it follows that

cx = f(x).

o

Il
<)

P(1—t0 ) =c(l+x+@)>+--) =

Let v,(x) € P be a scalar polynomial of degree n
Un(x) = bg + b1x+ --- + bpx,
where b, # 0. Define a matrix-valued polynomial w,(x) by

tm7n+1 Un (t) _ Xm7n+1 Un (X)
t—x )

wn(x) =@ (

It is clear that w,, (x) is of degree m. Set

Up(x) = X"vp(x7 ), Wm(x) = X" we(x ).
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Definition 1 ([13]). Let v,,(0) # 0, then the following rational function

() = l:’m—((:)) (1)

is called an MPTA of order (m/n) with the generating polynomial v,(x) and is denoted by (m/n) (x).

3. 2-D matrix Padé-type approximation

Consider a bivariate matrix-valued function f (x, y) which has formal series in two variables x and y

fxy) = X'y, ¢ e P 2)

o0
i=0

o0
i—0

J

Let P denote the set of scalar polynomials in two real variables whose coefficients belong to the complex field C. Let
¢ : P — CP*?be a generalized linear functional on P, acting on s, t, defined by

oGt =cy, ,j=01,..., 3)
where ¢; = 0fori < 0orj < 0. Assume that |sx| < 1, [ty| < 1, we have

(1=sx)""=14sx+(x)>+---,

4
A=) =1+ty+ )+ @
For the given power series (2), we obtain from (3) and (4) that
~ 1 ~
O ———— ) = (A +sx+ 0+ A+ ty+ @)+ )
1—=sx)(1—ty)
o0 o0 L
=YY Xy =f(xy). (5)
i=0 j=0
Let Vi, m, (%, y) be a bivariate scalar polynomial of degree (my, m,)
mp my o
Vimm, %, ) = Y > byx'y/, (6)
i=0 j=0
and assume that the coefficient by, m, 7 0. Define the bivariate matrix-valued polynomial Wy, , (x, y) by
[ b 8.0 4 5
A | XTI RTIRT I (X, £) — s YR TR o (S, )
Wiyn, (%, Y) = ¢ = — : (7)
(s=x)(—y
where $ actson s and t, and x, y are parameters.
Set
~ M2 . .
Vmﬂnz x,y) = Xmlymz Vmﬂnz (X_l , y_l) = Z Z bijxml_lymz_]’ (8)
i=0 j=0
and
Wiy (%, Y) = XY Wiy (L y 1), 9)

Lemma 2. Let Wnlnz (x, y) be defined by (7) and (9), then it can be written as

mp My

Wnlnz x,y) = Z Z bijxml_iymz_jfnl7m1+i,n27m2+j(x, y)

i=0 j=0

n

= inzzaaﬂxo‘y‘3 (10)
a=0 =0



where

mp  mp
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Qup = Z Z Ciemy+aj—my+pDij

i=0 j=0

and

k [
fa®,y) =Y ey

i=0 j=0

Proof. It follows from (7) that

Wn1n2 (Xs y) =

xn1—m1+1yn2—m2+1vm1m2 (X, y) + Snl—m1+1tn2—m2+1 Vm1m2 (S, t)
(% _an_m1+ltn2_m2+1vm1m2 (X, t) _ Snl—m1+1yn2—m2+1vm1m2 (s,y)
(=20 —-y)
m m3 . . : .
(Y —mp+i+1 _ onp—mqp+i+1 ny—my+j+1 __ ¢np—mp+j+1

bi(x s )IC% t )
~ | i=oj=0
¢

(s=x(—-y)

ZZbij Z Z Satﬂx”1m1+iay"2m2+jﬂ)

my my ny—mq+iny—my+j
i=0 j=0 a=0 B=0

mp my ny—my+iny—my+j

ZZbU Z Z Caﬁxnl_m1+i_ay"2_m2+j_/3.

i=0 j=0 a=0  p=0

It is found from (9) that

Wnlnz (X! Y) =

XYW k7 YT

my my ny—mq+iny—my-+j
§ :2 :bij § : 2 : Caﬂxm171+aym27j+ﬁ
i=0 j=0 a=0 p=0
myp myp
§ : § : my—i, my—j
bin ! y 2 an1—m1+i,n2—m2+j(x7y)
i=0 j=0
m_m mp  my
§ § § :E : o
Ci7m1+a,j7m2+ﬁbij X yﬂ
=0 =0 \i=0 j=0
m_ m
aupx®y?. O
a=0 =0

Definition 3. Let lemz (0, 0) # 0, then the matrix-valued rational function

Ruy.np;my,my x,y) ==

Wy, (%, Y)
Vinymy (X, ¥)

683

(11)

(12)

(13)

is said to be a BMPTA of degree (ny,ny/mj, my) with the generating polynomial Vi, ,(x,y) and is denoted by
(ny, np/my, my)r(x, y).

Remark 4. If x = xq ory = yo, the 2-D approximants in (13) becomes the 1-D approximants.

The structure of Vin,m, (x, ¥) and Wy, ,, (x, y) immediately implies the following Padé approximant property.

Theorem 5 (Remainder Formula). Let lemz (x,y) # 0, then

- - (o] 00 . 00 ny .
Vinmy G Nf ) = Wxoy) =D D Y dlbxy® + Y Y dlbxy”

a=0 B=ny+1 (i,j)eD a=n1+1 p=0 (i,j)eD
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S @by £ 3 S Y by

=

I
2

a=0 B=ny+1 (i,j)eD a=ny+1 B=0 (i,j)eD
nq ) - o) n . 0 S s

DIPIP LTI WP I ILIISED SIS M BN (4
a=0 B=ny+1 (i,j)eD a=n1+1 B=0 (i,j)eD a=n1+1 B=ny+1 (i,j)eD

where afiﬂ = Ciomy+ajomy+p and D = {(i,j) € N*: 0 < i < my, 0 < j < my} with m elements: (i1, j1), (i2, j2). - - -, (im, jm)+
Card(D) = m.

We now give an error formula of Ry, ny:m,,m, (X, y) with functional form.

Theorem 6 (Error Formula).

Wayny %, ) = Vingm, %, 9)f (%, )

ny{—mqi4+1,np—my+177 my—nq—1,ny—my+177 -1
st g2 V,,w,,z(s,t)—x T TR Y my (X, )
ny—mq+1,,my—ny—1 —1
! ! y 2 2 Vm1m2(say )

. 15
(1 =001 —ty) 1>

—S
o1 np41 {
=x"1Ty?T ¢

Proof. It is obtained from (9) that
anz x,y) = anynz Wn1n2 (Xi1 , yil)

X7n1+m]71y7n2+mzflvmlm2 (Xfl’yfl) _ X*H1+m171tn27m2+1vm1m2 (X717 t)
np—mq+1,,—ny+my—1 —1 ny—mq+1,np—my+1
—S ! ! y 2 2 VTT!]TTIZ (Say ) +S ! ! t 2 2 Vm1m2 (Sa t)

=xne G—x -y

my ,,m -1 ,,—-1 myq,np+1np—my+1 -1
X 1y ZVI’I’I]mZ(X Y ) —X ].V R A j Vﬂ;]mZ(X at)
ni—mi+1,n1+1,,m -1 ny+1,,np+1np—my+1,ny—my+1
—S ! ! X ! y ZVm1m2(Say )+X ! y 2 S ! ! t 2 2 lemz(ss t)

(sx =Dty —1)

=¢

ni—mq+1,.ny—mo+1 mq—ni—1,ny—my+1 —1

ST T Yy (8, £) — XTI TR TR (X, )
np—mqy+1,my—ny—1 -1

—s! ! y 2 Vmﬂle(Say )

(1—=sx)(1—1ty)

= Vinymy (%, W (%, y) 4 X" Tym2H gy

Denote gy (x) = Zl;:o agx*, k=10,1,...,nq, I =0,1,...,n,. From Lemma 2 we can present a recursive algorithm
for the numerator polynomials. O

Algorithm 7.

goi(x) = ag
guX) = ga(x) + ayx

20X = Ze11(0) + apx* (16)
Wio(x, ¥) = gro(X)
Wi (x,¥) = Wio(x, y) + g (X)y

W%, y) = Wi_1(X, y) + gy’

Remark 8. Dividing every equality in (16) by lemz (x,y), we can get a complete recursive algorithm for BMPTA.

Example 9. Find a BMPTA of degree (1, 1/1, 1) for

|:cos(); +) sin(Xy + W] / (1— 01—y

1 0], 11 11 0 2
=[0 0]+[0 1]y+[1 0]’“{1 1]"3’+"'

F&xy)
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Note that f (x, y) is singular if x = 1 or y = 1 and then choose Vn(x, y) = (1 —x)(1 —y) where bgg = b11 = 1,bg1 =
b1 = —1. By Algorithm 7 we have

1 0 1
Zoo(X) = agy = |:0 Oi| , g10(X) = Zoo(X) + ajox = |:x Si| ,

0 1 —x 1
g01(X) = ag; = [0 ]:| , g11(X) = go1 () +anx = [ 0 1] ,

~ ~ ~ 1—xy x
Wio(x, y) = 810(x), Wn(x,y)=W1o(x,y)+gn(><)y=[ X Y Jyry}

Thus
aanayen =" 5] fasva-p.

We find that (nq, n/my, my)s(x, y) depends on the generating polynomial Vi, 1, (%, ¥) which is given in advance. In the
next section we will represent the determinantal expressions for BMPTA.

4. Determinantal expressions for BMPTA

In this section we will first discuss two choices of the index set E, which lead to different sequences of approximants, and
then give the expressions for BMPTA.

4.1. The choices of the index set E

In the definition of BMTPA (13), the set of index E which indicates that the indices of the polynomials presents in the
remainder term only needs to satisfy the conditions

Card(E) = Card(D) — 1, (17)

where E is the set of indices of null terms in the expansion of the remainder with Card(E) = m — 1. So E can be a very
general set. We can choose E in such a way that:

(i) the two variables x and y are symmetric;
(ii) if x = x9 or y = yo, BMPTA will become the case of 1-D matrix-valued Padé approximant.

We consider from (14) three cases of E as follows.

Case 1.
E=5US,,
Si={@,B)eN:0<a<m,n+1<p<n+m},
52:{(a,ﬂ)eN2:n1+1§a§n1+m1,ﬂ:0}.
Case 2.
E=5,US,,
Si={@,B)eN:a=0m+1=<p <n+m},
S={@.pfeN:m+l<a<n+m,0<p<mh.
Case 3.

E=S5SUS,US3,
Si={@.p)eN:n+1=<a=<n+my,p=0}
S={peN:a=0n+1<B<n+m,},
Ss={@,BeN:m+l<a<m+m,m+1=<p<n+m}

Figs. 1-3 illustrate the case 1 case 2 and case 3 respectively. In the following the examples given are only discussed in
terms of Case 1.

4.2. Determinantal expressions for BMPTA

LetA = (a;), B = (b;) € CP*9.In[6] the matrix direct inner product is defined by

P4

ABy=A-B=) Y ajby. (18)

i=1 j=1
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B
ny+my
S1
np+1
n, t E=5:1JS,
my r
S
O |
my n;+1 ni+mg
Fig. 1. Index set E for Case 1.
B
np+my
le— sS4
E=5:US2
np+1
ny
ma
Sy
,
m; ny+1 ni+mp
Fig. 2. Index set E for Case 2.
B E=5;0Js2US3
ny+my
je— S5 Sy
np+1
nz
mz
S1
o R
my ni+l ni+mp
Fig. 3. Index set E for Case 3.

For convenience, we let N = {(i,j) € N> : 0 < i < m;,0 < j < my} with Card(N) = n and reorder E
as {(ax, B) € N> : k = n+1,n+2,...,n+ m — 1}. To obtain higher approximants, we cancel the coefficients
Z(U)eD dgﬁbij, («, B) € E and solve the following matrix-valued system:

pij
> diybi=0, (. p)€E. (19)

(i,j)eD

Lete = (e;) € CP*? be the matrix whose elements are equal to 1, that is, e; = 1. We take the direct inner product to
both sides of the system of matrix equations (19) such that it becomes the scalar system in the form

> dlyby=0, (. p)€E, (20)

(i.)eb

where d}; = (e, ;) = e - dj.
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We now construct the Hankel-like matrix

i1j1 diziz ik—1jk—1 ikik
on41Bn+1 o 11Bn+1 on1Bn+1 nt1Bn1
111 12]2 tk—1Jk—1 Uk
1,k nt2Pn+2 nt2Bn+2 ant2Bn+2 ant2Pn+2
Hyp = . . . . ’
i1 i2)2 ik—1k—1 ikjk
nt1Bn+i 1Bt 1Bt 1Bt

(21)

where for convenience, fix (i, jm) = (my, my). On the basis of Cramer rule we can obtain the following determinantal

expressions.

Theorem 10 (Determinantal Expression). If the Hankel-like matrix ]flln”;:} is nonsingular, the solution of the system (20) exists,
and the numerator and denominator of BMPTA can be expressed as

i1

i2)2

im—1jm—1

on+1Bn+1

Im—1Jm—1

on42Bn+2

im—1jm—1
“nﬂ—m—lﬁn-ﬁ—m,—l
x™ *lm—lymz —Jm-1

im—1jm—1
‘_1n+1f3n+1
Im—1Jm—1
on42Bn+2

im—1jm—1
ntm—1Bntm—1

i rjm—1 X ¥)

ant1Bnt1 ant1Bnt1
i1 i2)2
_ n+2Bn+2 n+2Bn+2
Vm1m2 (Xs y) =
i1 i2)2
Ontm—1Bn+m—1 ntm—1Bn+m—1
xmlfllymzﬂl xmlflzymzﬂz
and
i1 i2J2
A1 Bnt1 A1 Bnt1
11J1 12]2
- n+2Bn+2 n+2Pn+2
WTT!]TTIZ (X’ y) =
ij1 422
ntm—1Bn+m—1 ntm—1Pn+m—1
i1 %, ¥) Pirjr (X, )
where
n ..
N _ ) B d'dk ey, Bl
%d,((xa y) = § Ca—my+ig. p—my+jX Y~ = Zdazﬂlx Y
(@,B)eN =1

imim
on41Bn1
imim
ont2Bn+2

imjm
ntm—1Bn+m—1

1

imjm
on 1Bt
ImJm
nt2Bn+2

imjm
ntm—1Bntm—1

Dimjn %, Y)

Remark 11. Here the condition that det(#,," ") # 0 is only just sufficient. In fact, if rank(#, ) = rank(#,m_,) <

m — 1, we can also obtain the (11, ny/my, my)s (x, y).

Example 12 ([16]). Find a BMPTA of order (1, 2/1, 2) for

cos(x+y) sin

fxy) = [ X

1 0] [o 1
2[0 0]+[01

x+y
y

~12 ©
P 8

For convenience, we rearrange the elements in D and E here as follows

<

1
0

J+l

0o —1/2] ,
]xy+[0 0 ]xy 4+

D = {(ikamy+1)+1+1- Jkmy+n441) = (K, D, k=10,1,...,my,1=0,1,...,m},
St = {@nykmy+1s Bavkmy+) = (K, +D, k=0,1,...,m,[=1,2,..., mz} ,

S2 = (an+m2(m1+l)+kv ﬂn+m2(rn1+1)+k) = (nl + k5 O)a k = 13 27 e m]} )

and E = S; U S,. Then the corresponding Hankel-like matrix is

0
0

1,m—1 1,5
*}fl,nn:q =H5 = 2
1
2
L O

0 0 2
1
0 0 —-
2
11
—— = -1
2 6
1 1 1
6 24 2
0 2 0
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where rank(ﬁ’f;s5 ) = 5. Thus, the denominator and the numerator of (1, 2/1, 2);(x, y) are given respectively by

1 1
0 0 0 2 - —=
2 6
1 1 1
0 0 0 —_ - =
2 6 24
1 1 1 1
~ 2 S [ —
Via(x,y) = 2 6 2 6|,
1 1 1 1 1 1
2 6 24 2 6 24
1
0 0 0 0 ——=
2
xy2 Xy X y2 y 1
and
1 1
0 0 0 2 - —=
2 6
1 1 1
0 0 0 —_ == —
2 6 24
1 1 1 1
~ 2 e _
Wia(x,y) = 2 6 2 6|,
1 1 1 1 1 1
2 6 24 2 6 24
1
0 0 2 0 0 —=
2
$oo Yo1 P2 P10 P11 P12

where oo, o1, 02, P10, P11, P12 are respectively

X2
xy2 0 Xy xy2 v Xy
0o ol 0 X2 02 )

2 2
yooxy y—xy* xy+y’ T—xy—L x4y-2L
xy} 0| Xy y:o 2 2 |

X y

5. Two recursive algorithms for BMPTA

To avoid to compute the determinants of BMPTA, in this section, we present two recursive algorithms: Sylvester type
algorithm and E-algorithm.

5.1. Sylvester type algorithm

We now only give the recursive algorithm for the computation of lemz (x, y), then the computation of VA\J/n],12 (x, y) follows
the coefficients of Vi, m, (%, ¥) by means of the relation (10).

Denote
ikik im—I+1jm—14+1 . im—lim—1 imjm

. ‘“n+hﬁn+h ,U‘n+hﬁn+h . ‘Xq+hﬂn+h . f¥n+h/5n+h
Uk Im—I+1Jm—I+1 . Im—Um—1 lmJm

k,h nth1Bn+h+1 Ontht1Bnth+1 Onth1Bn+h+1 Onth1Bnth+1

H = . . . . : (24)

ikik im—I+1m—1+1 . im—tm—1 imjm
nth+1Bnth+l ot h1Bnth+l Onth+1Bnth+l ot h1Bnth+l

We will begin by giving the recursive relations satisfied by the quantities Hm For this, we need the following lemma.

Lemma 13 (Sylvester Theorem [14]). Let A be a matrix, and let A, be the matrix with the r-th row and u-th column deleted. Also

let Ay iy denote the matrix A with the r-th and s-th rows and the u-th and v-th columns deleted. Provided r < sand u < v, then
there holds

det(A) det(Ars ) = det(An) det(As,) — det(Ay,) det(Ag).
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Then we have the following theorem for H,’fﬁ:

Theorem 14.
m—I+1,h+1 k,h kh+1 ;m—I+1,h
Hk,h _ Hl Hl _Hl Hl (25)
+1 = o2 ’
-1
with the initializations Hy" =1, H{'' = di% k> 1.
Proof. Let us apply Lemma 13 to Hm withr=1,s=h+L, u=1, v=2:
HII:,L};HIni;IJrZ,hH — Hlmfl+1.h+1Hlk,h _ H[I{,thllenflJth’
and the result is true. O
Denote
ikik im—l+1jm—l+1 . im—1Jm—1 imjm
on+1Bn+1 n+1Bn+1 n+1Bn+1 on+1Bn+1
~ . . . .
Lk Im—I4+1Jm—1+1 . Im—1Jm—1 ImIm
nt1Bntl 1Bl “on1Bntl on1Bn+i
xml_lkymZ_]k Xml_lm—l+1ym2_]m—l+1 .. Xml_lm—lymz_]m—l 1

where k <m — I, | > 1.1t is clear that V,;_](x,y) = lemz x,y).

Again applying Sylvester’s theorem to Vl" (x, y) with the choice of the last two rows and the first two columns, we get the
following theorem.

Theorem 15.

VI o HE = T Gy H

Tk
Vixy) = [T
-1

; (27)

with the initialization V{‘(x, y) = x™M~ikymak,

Algorithm 16 (Sylvester type algorithm for BMPTA).

Step1.forl=1tom — 1do
fork=1tom—1+ 1do
compute H,k’1 using (25)
end do
end do
Step2.forl=1tom — 1do
fork = 1tom~—l—|—1do
compute V/(x, y) using (27)
end do
end do
Step3.fork =1tom — 1do
compute b;j,
end do
Step 4. fork =1 to ndo
compute Wy, n, (%, ) using (10)
end do

Example 17. Find a BMPTA of degree (1, 1/1, 1) for

__ |cos(x+y) sin(x+y)
f(m)-[ " ) }

S O R Y R O
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__ We first solve the system of equations (20) corresponding to f(x, y) and then obtain the determinantal expression of
Vin(x, y):

0 0 2 —1/2
2 -1/2 -1 —-1/2
0 2 0 —-1/2|°
Xy X y 1

VH(X, y) = V; x,y) =

Applying Algorithm 16 to the determinant, we have

V2(x, y)H)" = V) (x, y)H2"!

Vix,y) = - :
Hy
where
~, V3(x, y)HZ" — V2(x, y)HZ"! y 3 w1 HPPH)' — H)?PHD!
Vz(xd/): 41 =1+-—-—, H3 = 4,2 =2,
Hy 4 2 Hy
~, V3(x, pHI = V] (x, y)H3"! 3xy o HPPHZ' —H}'HD! 7
Vy(x,y) = I =—4-y—-—, Hy = " =—c.
Hy 2 Hy 2
Thus
~ 142 -3x)2—(—4—y— ) (-2 7x
Vgl(x,y)=( b ) (3 2) 2)=8+2x+2y+7y.
2
We normalize V; (x, y) as follows
~ x y Txy
Vi y)=1+=+=+ —,
sV =14+t g
and from (10) obtain
X X
~ 1+-+ y_ +y+ d
WH(X,.V) = ;ly 4 16 Xy
x —_— —_—
+ 2 y+ 2

5.2. E-algorithm

In this part, we will give a different recursive process from the above Sylvester type algorithm. Rewrite (21) and (22) as
follows:

n n n
i e Br Fi2i2 yar . Br Simjm y0r o Br
Z darﬁrx y Z darﬁrx y o Z dOlrﬁrx y
r=1 _ r=1 r=1
i1 i2j2 o imjm
n+1Bn+1 n+1Bn+1 nt1Bn+1
1J1 122 . ImJm
ont2Pn+2 o2 B2 on42Pn+2
i 111 12]2 imJm
Wainy (*,) . daner—lﬁner—l dan+m—lﬂn+m—l Y dan+m—1ﬂn+m—1
Vmﬂﬂz *, ) Xmlfhymz*jl Xm1*i2ym2*jz .. Xm1*imym2*jm
i1 422 . imjm
ont1Bn+1 ont1Bn+1 ont1Bn+1
11 122 . ImJm
nt+2Bn+2 ont+2Bn+2 nt+2Bn+2
i1j1 422 ... imim
ntm—1Bntm—1 ntm—1Bntm—1 ntm—1Bntm—1

Following the ideas developed in [17] for the recursive computation of multivariate matrix Padé-type approximants,
we will do some row and column manipulation in the numerator and denominator. Let us divide the first column by
xM~iiym=i1 " the m-th column by x™~imy™2=im and multiply the second row by x®n+1yfrt1,  the m-th row by
x%n+m-1yPrim-1_then we obtain
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Z d'm ary,Br

xml i1yma—j1
X9n+1 Bn+1

i1 Y
n1Pn+1 ymy i1 ymy—i
”n+2yﬂn+2

Wnlnz (xa Y) =

i1
on2Bn+2 XM 11ym2 —j1

.. Ontm—1yBn+m—1
111 X Y
ntm—1Bn+m—1 xml_ilymZ_jl

and

1

Xx%n+1yPnt1

i1 Y
nt1Pnt1 ymy llymz—h
x9n+2 Bn+2

i1 y
ant2Pnt2 ymy l]ymz —j1

Vm1m2 (X7 .V) =

L. Ontm—1yBn+m—1
i1 X Yy
ntm—1Bn+m—1 xml—flymz—jl

Set

Z d'2]2 ary/gr

Xml i yma—f>
. Xxn+1yPnt1
inin n+ y n+
n1Bn+1 ymy —iyma—j2

X%
iaj> n+2 yﬂn+2

on2Bn+2 x™M lzymz —Jj2

. 1y Bntm—1
inio X9+ y n-+m
ntm—1Bn+m—1 xml—izymz—jz

1
ini O‘n+1yﬂn+1
2 - -
nt1Pnt1 ymy zzymz —j2
Dl
2 n+2yﬁn+2

an+2Pn+2 ymy— lzymz —ja

L On+1yBntm—1
ini X9+ y n+m
ntm—1Bntm—1 xml—fzymz—jz

Z dlmjm oy yﬂr

xml ‘mymz —jm

ini an+1yﬂn+1

m

n+1Pn+1 xM1— zmymz—]m
O‘n+2yﬂn+2

imjm

n42Bnt2 ymy— 1mym2 —jm

. Onpm—1yBn+1
[mlm X n+m y n
ntm—1Bn+m—1 Xml—imymz—jm

1
o X%n+1yPnt1
imim ey
O‘n+1l3n+1xm1 zmymz—]m
an+2y,3n+2
imjm

ont2Bnt2 ymy— 1mym2 —jm

L ntm—1yBn+1
lmjm X n+m y n
ont+m—1Bn+m—1 xml—fmymz—jm

5,(v) = Z d'ulu Xﬁtryﬂr/xm1*iu-ym2*ju’
(28)
su(v) = trace(e -Su(v)),
Asy(v) =s,(v+1)—s,(v), u=1,...,muv=>1.
Then we have
$1(n) $2(n) Sm (1)
Asq(n) Asy(n) Asp(n)
Asi(n+1) As,(n+ 1) Asp(n+ 1)
Wnlnz(x,y) _ As1(n—|;m—2) Asz(n—i—.m—Z) Asm(n—i.—m—Z)
Vooxy) 1 1 1
ma(4.9) Asi(n) As, () Asn(n)
Asi(n+1) As,(n+ 1) Asp(n+ 1)
As1(n—+;m—2) Asz(n—f—'m—Z) Asm(n—i'—m—Z)
$1(n) $2(n) —31(n) Sm(n) — Sp—1(n)
Asq(n) Asy(n) — Asy(n) Asp(n) — Asp—1(n)
Asi(n+ 1) As;(n+1) — Asy(n+ 1) Asp(n+1) — Asp_i(n+ 1)
_ Asq(n —}-.m —2) As;(n+m—2) - Asi(n+m—2) Asp(n+m—2) —.Asm,1(n+ m—2)
- 1 0 0
As(n) Asy(n) — Asy(n) Asm(n) — Asm_1(n)
Asi(n+ 1) As;(n+ 1) — Asy(w + 1) Asp(n+ 1) — Asp_1(n+ 1)
Asq(n —l— m—2) As;(n+m-—2) _ Asi(n+m —2) Asp(n+m—2) —.Asm,l(n +m-—2)
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$1(n) 5p(n) — $1(1) s Sm(n) —Sm_q(n)
Asq(n) Asy(n) — Asi(n) Asp(n) — Asm_1(1)
Asi(n+ 1) As;(n+ 1) — Asy(n+ 1) Asp(n+1) — Asp_1(n+ 1)
_ Asl(n—|;m—2) Asz(n+m—2);Asl(n+m—2) - Asp(n4+m—2) —.Asm,1(n+m—2)
B Asy(n) — Asy(n) Asp(n) — Asp—1(1) ’
As;(n+1) — Asy(n+ 1) Aspy(n+1) — Asp_1(n+ 1)
Asz(n+m—2);As1(n+m—2) e Asp(n+m—2) —.Asm,1(n+m—2)

We set

gu(v) - §u+1 (v) - §u(v),
&) =su11(v) —s,(v), u=1,2,....,m—1, (29)
Ag () =g(v+ 1) —g,v), v=1,2,...,n+m—1.

Then
$1(n) S(n) —5q1(n) e Sm(n) — Spm—1(n)
Asq(n) g(n+1) —gi(n) gn-1(n+1) — gun1(n)
Asi(n+1) gi(n+2)—gi(n+1) gn-1(n+1) —gn_1(n+1)
Wy %,9)  |Asin+m—2) gin+m—1)—gin+m=2) - gu (i+m—1)—gn (n+m—2)
Vo, (,9) gi(n+1) —gi(n) - En1(M+ 1) — gn1(n)
g(n+2)—gi(n+1) Sn-1(n+2) —gn_1(n+1)
gin+m-—1) ;gl(n+m—2) oo gmoaa(n+m— 1);gm71(n+m—2)
51(n) g1(n) 8m—1(n)
Asq(n) Agi(n) Agn_1(n)
Asi(n+1) Agi(n+1) Agm_1(n+1)
_asmim-2 ag4m-2) - Ageaitm-2) 0
B Agi(n) e Agm_1(n) ‘
Agi(n+1) e Agn_1(n+1)
Agl(n¥m—2) Agm_l(n.+m—2)

It is well-known that this quotient of determinants can be computed by the E-algorithm [14] with the initializations:

B =50), v=12...,n4+m—1,

g =8, u=12..,m-1 1)

Set E\" = trace (e ~E,5”)) .2 = trace (e g )

(v+1) (v)
R DN S M S W)

e ) o Sk-1ke k=1,2,....m—1lu=k+1,k+2,...,
il e
v v
~() _ ~(v) Ek—1,u ~ k-1.u ~(v) .
Sku =8 1u T i ) Skl U= 1,2,....,n+m-—1.
k—1,k — Sk—1,k

Lut us define forn > 1, m > 1 the BMPTA

En,m—l(x» y) = Wmnz (x, .V)/lemz x,¥).
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Using the E-algorithm with the initializations:

v
oy e
v r=
EO =m, U=1,2,...,
XM —iyma—ji
v . . v P
Flut+Jut1 ryPr Tlulu T T
Z d;:l—sr i Xa yﬂ Z dﬂlrﬂrxa yﬂ
~(v)=r:1 _r:l U.v=0.1
0,u Xml—iu+1ym2—ju+1 xml—iuymz—ju ’ ? >
we get the following result.
Theorem 18.
Samo1(y) =Ew’, form,n > 1. (32)

Based on the discussion above we give the following algorithm:

Algorithm 19 (E-algorithm for BMPTA).

Stepl.foru=1tom,v=1ton+m— 1do
compute S, (v) using (28)
end do
Step2.foru=1tom,v=1ton+m— 1do
compute g, (v) using (29)
end do
Step3.foru=1tom—1l,v=1ton+m— 1do
compute E” and &', using (31)
end do
Step4.fork = 1tom — 2 do
foru=k+1tom—1,v=1ton+m— 1do

compute &) = &, , — tme(e'(gd'ii'lgig&'”))g(u)
k,u k—1,u tface(f'(gé"j,lﬁ—gﬁ?l_k)) k—1,k
end do
end do

Step5.fork = 1tom — 2 do
foru=k+1tom—1,v=1ton+m— 1do

ool (B 2))
trace (e- (g,ﬁ”jlk) 7§IEK)1,I<)) 8k—1.k

compute £\ = E”, —

end do
enddo _
Step 6. compute Wy, (X, ¥)/Vin;m, (%, y) using (32).

Remark 20. If some Ag{(v) = 0forv = n,...,n+ m — 2, we call that the algorithm has a breakdown. In this case, we
have to reorder the elements in D such that there is no breakdown in the process.

Example 21. Let f(x, y) be the same as the matrix-valued function given by Example 17. Find a BMPTA of degree (1, 1/1, 1)

for f(x, y).
Using Algorithm 19 we get

B [16+4x+4y— 9%y 16x + 16y+8xy}
Wi, (X, ) —Zay) = EY = 16x + 4xy 16y + 4xy
Vinymy (X, ) A 3 16 + 4x + 4y + 7xy

6. An application to 2-D systems

Let K be the complex plane C or real plane R. Let the state equation of 2-D linear discrete time invariable system for
Fornasin-Marchesini model (F-M system) in [18,19] be ¥ = (Ao, A1, A3, B, B):

X(h+1,k+1) = AX(h, k) + A X(h + 1, k) + A X (h, k + 1) + BU(h, k),

Y(h, k) = CX(h, k), (33)
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where X(h, k) € K is the local state vector, U(h, k) is the input vector, Y (h, k) is the output vector, Ag, A1,A; €
K24, B, CT e K. Boundary conditions for (33) are given by X (h, 0), X(0, k), h, k = 0, 1, 2, ... .. By acting bivariate Z-
transform on the both sides of (33) we obtain the transfer function of F-M system

G =G(x,y) = C(I — Agxy — A1x — Ayy) " 'B. (34)
Assume that the matrix-valued polynomial (I — Agxy — A1x — A,y) have the inverse matrix given by

f&xy) = (I —Awxy — Aix — Ayy) ™!

ic,jx (35)

j=0

M8

- Z(Ao Xy A+ Agy) =
k=0

Il
<)

where c; € K79 Thus the output vector Y can be written as

Y(x,y) =C Y > X(h X'y = Cf(x,y)BU. (36)

h=0 k=0

Definition 22. Let (ny, ny/my, my)r(X,y) = Wnlnz (x, y)/lemz (x,y) be a BMPTA for f(x,y) in (35). Replace f(x,y) by
(n1, np/my, my)s(x, y) in (34) and (36) respectively, such that

G(nl,nz/m1,m2)(X, y) =C(ny, ny/my, mz)f(X,J/)B,
Yo, ny/mymy (X, ¥) = C(ny, ny/mq, my)s(x, y)BU.

Thus X, my;ngn, = (Ao, A1, Az, B, C; (ng, ny/mq, my)s(x, y)) is called a 2-D partial realization of type (ny, ny/mq, my) for
F-M system.

Example 23 ([16]). Find a 2-D partial realization of type (1, 1/2, 2) for the bivariate matrix-valued function (35), where
0 0 0 O 1 2 0 -1
0 0 0 O -1 0 1 O
Ao=0A=11 9 2 0| ®F10 00 o]
01 1 1 0 0 0 O

s_|1 1 10 _[1t o 0 1
=l-1 0 2 1| =11 -1 1 -1

Let us write the system of equations (20) as

0 0 0 0 0 0 4 27 [be] F 0 ]
00 0 OO O 2 O bo1 4
o0 0 42 0 6 2 bo> -8
o o0 0 2 0 -4 2 8 bw| _|—10
4 2 0 6 2 8 12 12| |byy |~ | —-14|"
2 0 -4 2 8 10 12 14| |by 0
00 4 00 6 0 O byo —-12
10 0O 6 0 0 12 0 0 Lby | —24 |

where rank(e}l(’1 8) =38.
Thus we obtain by Algorithm 16 or Algorithm 19 that

Wi (x, y)
G122 = C(1,1/2,2);(x, y)B = C=—— =
VX, J/)
1—y—32xy 3x — 2y — 8xy
1—x—y—28xy —5y —xy

T 1 2x— 4y — 16xy — 156x2y + 22 + 5xy2 + 85x2)2
and Y1y]/2,2(X, y) = C(l, 1/2, Z)fBU
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