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1. Introduction
1.1. Image denoising

The long history of image denoising is testimony to its central importance in image processing. A wide range of algo-
rithms have been developed, ranging from simple linear convolution and median filtering to total variation denoising [14]
and sparsity exploiting algorithms such as wavelet shrinkage [7]. Due to the sensitivity of human visual system to edges,
the ability to preserve sharp edges is an important criterion for noise removal algorithms. Therefore Korostelev and Tsy-
bakov proposed a framework to characterize the performance of image denoisers on edges [10]. Based on this framework,
we aim to characterize the performance of several denoising algorithms that represent the current state of the art image
enhancement techniques. In particular, we will focus on the popular and powerful nonlocal means (NLM) algorithm.

1.2. The minimax framework

In this paper, we are interested in estimating a function f :[0,1]> — R from noisy pixel level observations. Define

Pixel(i, j) = [%, ”71) X [%, j%]), and let x; ; = Ave(f | Pixel(i, j)) be the pixel level averages of f. We observe the samples

Yiij=Xij+Zj,
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where, z; ; is iid N(0, 0%). The goal is to recover the original pixel values x;,j from the observations y; j, based on some
information about the function f. For a given function f and an estimator f we define the risk function as

N 1 N
Rn(f, ) =E(n—2 Z;m,; - ﬁ-,;)z). (1)

i

The risk can also be written as
~ 1 A 1 ~ o
Ru(F. ) = <n—2 S iy —Efi j)2> n ]E(n_z S Gy~ Ef j>2), 2)
i j i j

where the first and second terms correspond to the bias and variance of the estimator f respectively.

Let f belong to a class of functions F, e.g., a class of edge-like images that represent edges with different shapes and
orientations. The risk defined in (1) depends on the specific choice of f. We define the risk of an estimator f on the class F
as the risk of the worst-case signal, i.e.,

Rn(F, f) = sup Rn(f, ).
feF
The minimax risk over functions in F is then defined as the risk of the best possible estimator, i.e.,

R%(F) = inf sup Ru(f, f).
f feF

The minimax risk is a lower bound for the performance of all measurable estimators for signals in F.

In this paper we are interested in the asymptotic setting where the number of pixels n — oo. For all of the estimators
we consider, R,(F, f’) — 0 as n — oo. Therefore, we consider the decay rate of the risk as the performance measure. We
will derive the minimax risk for several popular image denoising techniques below.

We will use the following asymptotic notation in this paper.

Definition 1. f(n) = 0(g(n)) as n — oo, if and only if there exist ng and ¢ such that for any n > ng, |f(n)| < c|g(n)|.
Likewise, f(n) = £2(g(n)) as n — oo, if and only if there exist ng and c¢ such that for any n > ng, | f(n)| > c|g(n)|. Finally,
f) =6 (gmh)), if f(n)=0(gm)) and f(n) = 2(g(n)). We will interchangeably use f(n) =< g(n) for f(n) =O(gn)).

Definition 2. f (1) = o(g(n)) if and only if limy .. £ =0.

1.3. Horizon edge model

Several different image edge models have been developed in the image processing and denoising literature. Here we will
use the Horizon model that contains piecewise constant images with edges that are smooth in the direction of the edge
contour but discontinuous in the direction orthogonal to the edge contour [10,6]. Specifically, let Holder® (C) be the class of
Holder smooth functions on R, defined as follows: h € Holder® (C) if and only if

n® @) —h® (&)] < cla

where k = |«]. Given a one-dimensional smooth edge contour function h, we define the image f, :[0,1]> - R as
fn(t1,t2) = 1y, <)), where 1y is the indicator function. Based on this construction, we define the Horizon class of func-
tions as

H*(C) = {fa(t1,t2): h € Holder* (C) N Holder! (M}, (3)
where « is the smoothness of the edge contour. Fig. 1 plots a representative function from this class.
The following theorem, proved in [10], specifies the minimax risk of the class of all measurable estimators on H(C).
Theorem 1. (See [10].) For o > 1, the minimax risk of the class H* (C) is
—2a
a+1 |

Ri(H¥(C)) < na+t (4)

We are particularly interested in the case of o =2 edges, for which the optimal rate is n=%/3

above theorem is the Holy Grail of image denoising algorithms.

. The rate provided in the
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Fig. 1. An example of a Horizon function, a piecewise constant image containing an edge that is Holder” smooth in the direction of the edge contour but
discontinuous in the direction orthogonal to the edge contour.

1.4. A menagerie of denoising algorithms

We will perform a minimax risk analysis of not just nonlocal means but a number of other popular image denoising
algorithms.

14.1. Linear filtering
The classical denoising method is the linear convolution filter, which estimates the image via

FEEG =" gneyiom it (5)
m ¢

where g is a two-dimensional filter impulse response that satisfies > ;" i8ij= 1.1 When all the weights gij are equal,
the algorithm is called the running average or the box filter. Most of the linear filters used in practice are symmetrical and
approximately isotropic.

Definition 3. Let g be a real and symmetric filter response, i.e., g j=g_ij = gi,—j, and let G(w1, w2) represent its two-
dimensional Fourier transform. The filter is isotropic if and only if there exists a function F : R — C, such that

@(wl,wz):F(,/w%+w§> VT <wi, w2 <TT.

Isotropic filters are popular, because they treat image features similarly regardless of their directions. Let grad(-) be the
gradient operator. The following theorem, proved in Section 4.1, provides the decay rate of the risk of linear convolution.

Theorem 2. Consider the linear convolution filter (5) and suppose that g is real, symmetric, and isotropic. Furthermore, assume that
|lgrad(G (w1, w2))l|l2 < C for a fixed constant C. Then,

inf sup Rn(f,fg)xn*%.
& feH*(C)

Castro and Donoho [1] have proved a similar result for the special case of the box filter. While the Horizon model used
in [1] is slightly different from our model, their proof works in our setting as well.

1.4.2. Yaroslavsky/SUSAN filter
While linear filters are popular in image processing due to their simplicity, they unfortunately blur images with sharp
edges. One popular alternative is to adapt the weight of each pixel in the average (5) according to the distance between its
noisy value and the value of the pixel we aim to estimate. Let Cf}' Lim O |i—Ap<m<i+ Ay, j—A<LLj+ Ap)
denote the A,-neighborhood of the pixel (i, j). One popular approach for setting the weights is
_ Ume ’Yi,j)z
wl im0 =e 27

1 For simplicity of analysis, we use a periodic extension of y at the image boundaries.
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from which we calculate the estimate

i+An jtA Y
Zm:ifAn Z(:]‘EA" wi’j(m, OYm.e

i+A J+A y '

D meiea, ZK:]’—"A,, w; (m, £)
Only the pixels in the Ap-neighborhood of (i, j) contribute to the estimate of that pixel. Parameter T controls the im-
portance of the pixel value difference in setting the weights. As T — oo this estimator converges to the linear estimator
discussed in the last section. This algorithm is called the Yaroslavsky Filter (YF) or SUSAN filter [18,15]; slight modifications
are known as the bilateral filter [17] and o -filter [12].

To calculate the risk of the YF, we consider a slightly different, oracle-based algorithm. Suppose that in setting the

weights lej(m,ﬁ) of the YF we have access to the actual (and not the noisy) value of the pixel (i, j). Using this oracle
information we can set the weights according to

FX LG =

(6)

Om,e=xi, )

wf}’(m,@) —e 22

Intuitively, the oracle weights are “less noisy” than the actual filter weights. Plugging these weights into (6) we obtain what
we call the semi-oracle Yaroslavsky filter (SYF). The following theorem, proved in Section 4.2, shows that, as far as the decay
rate is concerned, the SYF’'s performance is the same as the linear filter and box filter.

Theorem 3. The risk of SYF algorithm satisfies

inf sup Rn(f,fsy):.Q(n’zB).
T.An feHe(C)

1.4.3. Sparsity based denoising

Another popular class of image denoising methods exploits sparsity in some transform domain via thresholding. Wavelets
are often used as the sparsity domain for natural images. Let YW (y) represent the separable two-dimensional wavelet trans-
form of the image, let Z)V represent the inverse wavelet transform, and let 7 be the hard thresholding function, i.e.,
T (x) = x1yx>0). Then wavelet thresholding denoising corresponds to

Y =7W(Ts(WW))).

Donoho and Johnstone have proven that sup ey cy Rn(f, fW) = 2(n~") [6,13]. Even though this rate is an improvement

over the above algorithms, is still far from the optimal achievable rate of n=3 for a = 2.

This suboptimality spurred the development of other sparsity-inducing transformations, including curvelets [4], wedgelets
[6], shearlets [8,9,11], and contourlets [5]. Among these transforms, wedgelet denoising provably achieves the optimal rate
of n=3% for @ =2 [6]. However, wedgelet denoising performs poorly on textures, which has limited its application in practice
to date.

2. Nonlocal means denoising

The YF estimator sets its weights according the noisy pixel values and their spatial vicinity; however neither of these two
features are reliable for noisy, edgy images. In contrast, the nonlocal means (NLM) algorithm sets its weights according to the
proximity of the image patch surrounding each noisy pixel with other patches in the image [3]. Define the §,-neighborhood
distance ds, (¥i,j, Yn,p) between two observations as

) )
-l n n
dgn(.Viﬁj,.Vn,p):? Z Z |.Vi+l,j+m_J’n+lZ,p+m|2_ |.Vi,j_.Vn.,p|2,

M m=—8, t=—5n

where pﬁ = (28, + 1)2 — 1. Note that, in contrast to the definition in [3], we have removed the center element lyi,j— yn,p|2
from the summation. Since we assume that §, — oo as n — oo, the effect is negligible on the asymptotic performance. But,
as we will see in Section 4, removing the center element simplifies the calculations considerably. NLM uses the neighbor-
hood distances to estimate

N

N _ 2 m.oyes Wi j (M OYm.e

e ¥ ’ 7)
Z(m,Z)eS Wi,j(ma £)

where S ={1,2,...,n} x{1,2,...,n} and w; j(m, £) is set according to the 8,-neighborhood distance between y; j and ypm_¢.
For simplicity of notation, in cases where both the reference pixel (i, j) and the algorithm are obvious from the context,
we will omit the superscript and subscript of the weight and use the simplified notation wy, ¢ instead of wf’j(m,é). It is
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straightforward to verify that E(d%ﬂ Vi j» Ym,e)) = d%ﬂ (Xi,j, Xm,e) + 202, which suggests the following strategy for setting the
weights:

1 ifd} (yij, yme) <207 +tn,
0 otherwise,

wim, €)= { (8)
where t;, is the threshold parameter. Soft/tapered techniques for setting the weights have been explored and are often used
in practice [3]. However, the above untapered weights capture the essence of the algorithm while simplifying the analysis.
We postpone the discussion of tapered weights until Section 5.

There are two main differences between the NLM and YF algorithms. First, the pixels that contribute in the NLM averag-
ing are not necessarily in the local neighborhood of the reference pixel (hence the monicker “nonlocal”). Second, the NLM
weights depend not on the difference between the pixel values but on distance between the pixel neighborhoods. In other
words the pixel neighborhood is even more important than the pixel value.

To derive a lower bound for the risk of NLM, we will analyze two algorithms that set the weights using some degree
of oracle information regarding the true value of the signal. The full oracle NLM (FNLM) has access to ]E(dgl1 (Yi,j» Ym,e)) in
setting the weights wp,; in (7) and thus sets them using the noise-free values of the pixels

£ A2 (w: -
WlF](my e) = { 1 lfd(Sn (xl~]’ Xm’z) g tn’ (9)
’ 0 otherwise.

The semi-oracle NLM (SNLM) differs only slightly from the standard NLM in that it uses the semi-oracle neighborhood
distance

Sn Sn
- 1
d3 (yij ynp) 2 ;( D) Kipejem — Ynreptml® — i j— yn,p)z), (10)

N \m=—8, t=—8,
and then sets the weights in (7) according to

Py R 2

ws m, =11 1d5,0ijyme) <o+, (11)

ij
’ 0 otherwise.

Unlike FNLM, SNLM assumes that just one-half of the noise is removed from the distance estimates. Therefore, the distances
calculated in the SNLM are more accurate than in the standard NLM but less accurate than in the FNLM. In the rest of the
paper, we will use fN, S, and fF to denote the NLM, SNLM, and FNLM estimators, respectively.

3. Main results

Our first result, proved in Section 4.3, establishes an upper bound on the risk of NLM.

Theorem 4. Fix € > 0 and consider NLM denoising with 8§, = Zlog%+€ nandt, = 12"; . The risk of this algorithm over the class
og2n
H®(C) is
1
. logz™€n
sup R(f,fN):O<7). (12)
feH(©) n

Before we discuss the implications of this theorem, it is important to note that, while we can improve the decay rate as

close as we desire to O(n‘llog% n), the constants that are involved in the big-O notation grow as € decreases. Therefore, in
practice very small values of € are not desirable.

Comparing the upper bound (12) with the optimal minimax risk (4) indicates that NLM is suboptimal for o > 1. In other
words, NLM cannot exploit the smoothness of edge contours in images.

The bound in Theorem 4 is for a specific choice of parameters, and it is natural to ask whether NLM can achieve the
optimal rate with some other choice of parameters. To answer this question, we consider SNLM, which outperforms standard
NLM in general. We make the following mild assumptions:

Al: The window size 8, — oo as n — oo. This assumption is critical to ensuring good performance of any NLM estimator.

A2: The threshold is set to 02 +t, as explained in (11) with t, > 0. This ensures that if the neighborhood of pixel (m, £) is
exactly the same as the neighborhood of pixel (i, j), then wp ¢ =1 with high probability.

A3: The threshold ¢, is set such that, if the noise-free neighborhoods are different in more than half of their pixels, i.e., if
d?(xi j, Xm,e) = 3, then P(wf ;(m, &) =1) =o(™").

A4: 8, = 0(n#), for some B <0.3.
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Fig. 2. The simple image Horizon 1y, -o.5) used for proving the various lower bounds.
The following theorem provides a lower bound on the performance of SNLM.

Theorem 5. Suppose that 8, and t, satisfy assumptions A1-A4. The risk of the SNLM over the class H* (C) is

inf sup R(f,f5)=2(@m").

dn.tn feHe(C)

This bound is still suboptimal compared to the n~%/3 minimax rate for e = 2. In the words of John Cornyn III, the junior
United States Senator for Texas, “The problem with a mini-deal is we have a maxi-problem” [2].

Remarkably, this lower bound is achieved on a very simple image on which NLM would be assumed to work very well:
1y, <05 (see Fig. 2). Here is what goes wrong. Consider the estimation of an “edge" pixel (i, j) that satisfies j = [nh(ni)].
Define the set ] ={(m,¢) |{ = th(%)J} as the set of pixels just below the edge. We will prove the probability that a pixel
in J contributes to the NLM estimate (w; j(m, £) = 1) is larger than po, where po does not depend on n. This happens due
to the low “signal to noise ratio” in the distance estimates. Hence ®(n) pixels of ] will contribute to the NLM estimate.
Since these pixels have x, ¢ =1, they introduce a large bias in the estimate. In fact, we show below that the bias, as defined

in (2), will be larger than Jﬁ. Here npo corresponds to the pixels below the edge that pass the threshold. This shows

that the bias is clearly ®(1). Since there are n edge pixels, the risk of the estimator over the entire image is $2(n~1).
4. Proofs of the main theorems
4.1. Proof of Theorem 2

The proof has two main steps. The first step is to prove that there exists a linear filter for which the supremum risk is
upper bounded by 0 (n=2/3). For this step we use Theorem 3.1 and Theorem 3.2 from [1], which establish the same upper
bound for the box filter. The second and more challenging step is to prove that no other linear filter can improve on this
decay rate. The rest of this section is dedicated to the proof of this fact.

Consider the function fj(t1,t2) for h(t) = % and suppose that n is even. This function is displayed in Fig. 2. Let

1 .21k 4 . 2mky by
X(kl,kz)ZEZZle,zzeﬂ noel T

0 b
represent the Discrete Fourier Transform (DFT) of a discrete two-dimensional signal x. Since y = x+ z, the DFT of ]‘g equals
Fif k1, ka) = Y (k. k2) G k1, ko) = X (k1, k2)G (K1, k2) + Z (K1, k2) G (K1, k2),
where Z is again iid N(0,02). For fx(t1,t2) with h(t;) = % X(kqy, ky) satisfies

0 ifky 0,
Xk k2) = 17e7.127;kk2—2 ifk; =0. (13)

1—-eJ™n

It is easy to see that R,(f, fgLF) = ,:—ZIE(HX - ﬁéﬂl%). where [|Y[[z £, 4, |V (k1. k2)[%. If we define B(J) as the bias of the
estimator f then we have
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N 1 2 1 1 2 1
Bz(fg):n_2 > |[1-G.k)] eI > 16O,k JCEIT

1<ky <n, odd == 1<ky <n2/3, 0dd n

The variance of the estimator is
A 1 5
var(fgf) = 3 |Glki. k)"0,
k],kz

We know that

1 A

n—z Z |G(k1,k2)|2 = //!G(a)], a)z)|2da)l dwy + O(n_]), a4

l(],kz

where G is the continuous Fourier transform of g and satisfies ||grad(f?)||2 < C. Since g is isotropic, there exists F : R — C
such that

C(an,a)z) = F(,/w% +a)§)

Changing the variables of integration in (14) to polar coordinate radius r =, /a)% + a)g and angle 6, we have

27 27
//|G(w1,w2)|2dw1dw2>2n/r|F(r)|2dr=2n / 3|60, )| davy. (15)
r=0 wr=0

Combining (14) and (15) we have

ALF 1 2 5 4772 ) -1
Var(f; )=n—ZZ|G(I<1,k2)| o =n—22k2|6(0,k2)| o’—0(n™").

k] ,kz k2

Summing the lower bounds for the bias and variance of this estimator, we obtain the following lower bound for the risk
of linear filtering:

Ra(f, F¥) =B*(F§") + Var ()
1
sin? ”Tkz

4 2
+ nlz Y ka|G(0.kp)[Po? — 0 (n ")

k 2

1 2
> Y [1-60.ky)|
1<k <n2/3, 0dd

1 2 4 2
== L =60kl S5+ Yklcok|’e? — 0(n7).
1<k, <n?/3, odd 2 ky

Minimizing the dominant term of the lower bound over the filter weights provides

* —
G0, kz) = 4r4o2k3

14 2

for odd values of k, and zero for even values of k. To find a lower bound we calculate the bias term with these optimal
weights:

2

. 1 2 amio’ig/m’ \*
- T hecewfla-k ¥ (M)

21,2 4,213 /12 21,2
w4k 1+4nd0%k3/n w4k
1<k <n2/3, odd 2 1<k, <n2/3, odd + 2/ 2

1 4mio2k3 /> \?* n? 1( 4mio? \? 4
Z Z 4.2 2 4 4.2 Z k>
n 1+4nto 2k n*\1+4n%o
1<ka <n2/3, 0dd 2 1<ka<n2/3, 0dd

4m4o? \?/n~2/3 23
~\T+arto2 20 Tom ).

This completes the proof.




A. Maleki et al. / Appl. Comput. Harmon. Anal. 33 (2012) 370-387 377

4.2. Proof of Theorem 3

In this section, denote the pixel to be estimated as x; j. For clarity we use the notation wp, , instead of wf}'(m, £). We
first characterize some of the properties of the SYF weights.

Lemma 1. Suppose that x; j = 0. If xm ¢ = X; j, then E(Wp ¢ym ) = 0. Furthermore, if |X; j — xm¢| = 1, then E(Wp ¢Ym,¢) >
1

T e 2(02+12) .

Vo2+t?

Proof. The first claim is clear from symmetry. To prove the second claim, we observe that E(Wm ¢Ym.¢) = E(Wm ¢Xm ¢) +

E(Wm ¢Zme). Since xme = 1, we calculate E(wp,) and E(Wpzme). It is clear that E(WpZme) = —— X
(m,e=1? Zﬁw
ffooo Zmge 212 202 dzp ¢ > 0. Therefore we calculate
o0 2 2 1, 2 oo
1 @m,e—1 Zin,e e 212 " 2(02+12)72 —022+'§2 (22 - %azzzm -+ 2542 2)
E(Wnme) = e 2?2 22wldzpy=——— e 202¢2 Ymb o242 T 0240227 7
' o2 ’ o2 ,
—o0 —00

-1 S B
e 202+12) o272 Te 202473
- o 0'2+T2_4/()’2—|—‘[2'
This completes the proof. O

Let S=1{1,2,...,n} x {1,2,...,n} and define the A-neighborhood of a pixel (m,¢) as Crﬁ.[ ={@,j): li—m| <A,
=€l <AINS.

Lemma 2. Let 2, = (2A, + 1)%. We then have

1
Pa( X wil- X mwll)se)<2ee

(m,0)ecn (m,0)ecn
The proof is a simple application of the Hoeffding inequality.

Proof of Theorem 3. The first claim is that the optimal neighborhood size satisfies A, = §2(logn). We prove this by contra-
diction. Suppose that A, = O (log(n)) and consider the performance of the SYF on the image x; ; =0 for every (i, j). It is

clear that the bias is zero. However, the variance is lower bounded by Q(log%n). This is far from the optimal performance

of the linear filters analyzed in Theorem 2. Therefore A, = £2(log(n)).
Now consider the example image shown in Fig. 2 with fj(tq,t2) = 1y, <0.5). For notational simplicity we assume that
n is even so that the value of each pixel is either 0 or 1. Define the two regions Py = {(i,j): 5§ <j<5+ %} and
Py ={(, j): j> % + Ap}. At least 1/4 of the pixels in the neighborhood of the pixels in P; have the noise-free value
of 1. All pixels in the neighborhood of the pixels in P, have the noise-free pixel values equal to 1. Over each region we will
find a lower bound for the risk of SYF and then sum them to obtain a lower bound for the risk over the entire image.
Casel - (i, j) € P1: From the Jensen inequality we have

Z(m,l)eCiAj" WmeYm. e\ 2 Z(m,l)eCiAj" WmeYm. e\ 2
E{ xi,j — : >E : .
Z(m,é)ecf}’ Wm,e Z(m,é)ecf}?’ Wm
Define the following two constants:
mo =E(w; ¥ (m, £) | xi,j =0, xm ¢ =0),
my =E(w; ¥ (m, 0) | %, =0, Xm ¢ =1).
It is clear that mg > m. Let the event A be
A:{ o Wme— Y JEwm,ggA,i*} (16)
(m,f)ecfjﬂ (m,@)ecfjﬂ

for some € > 0. We have
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Z(m,[)EClA" Wm,[}’m,l Z(m’z)ecAn Wm,l.Vm,l
E B >E =

@ (Z(m,e)ecfjn Wm,¢Ym,¢
Z(m,@)eciéjn Wm,e

(A)]P(A) SE _ ‘A)IP’(A)
4AZmo + A27€

Z(m,e)ecf]!‘ Wm,e

(b) AZco
—P(A) > (M) — P(A%).

Inequality (a) uses Lemma 2 and the fact that mg > my. Inequality (b) uses Lemma 1, and therefore ¢y =

E<Z(m,oecfjn Wm,U’ml)
4AZmgy + AZ€
T
—
[62412e 2002+12)
Since C,.Aj" has (2A, + 1) pixels, at least A2 of them have the noise-free pixel value 1. Since A, = $2(logn), Lemma 2

proves that P(A®) =o(1) and, therefore, the bias is lower bounded by ©®(1) for all of the pixels in P;.
Case Il - (i, j) € P»: As mentioned before, all pixels in the neighborhood of the pixels in P, have the noise-free pixel
values equal to 1. Hence, we have

2 m.oyectn WmeYij 2 > (m.yectn Wm eZm,e\ 2
E( y > =]E( » > -
2 mpeciy Wt Lmpyecty Wt

Defining the event A as in (16), we have

Z(m,Z)EC-AU Wm,KZm,K 2 Z(m’[)ec_A(l Wm,ezm,é 2
(S (S s

Z(m,é)ecfj!1 Wm,¢ 4AZmg + AFE

P(A°).

If the neighborhood size is larger than clog(n) for some constant c, then Lemma 2 will imply that P(A¢) < o(n]—z). Therefore,
the dominant term in the above expression is of the form %. Combining the lower bounds for P; and P,, we obtain a

n 2
E(Z(m,l)ecfj meezm.z) - ]P(Ac) _ 4A%E(Wm,zlm_e)2 .
4AZmgy + AZ€ (4mgAZ + A27€)2

lower bound of the form of ﬂnﬂ + Al%. Optimizing over A, proves that

: 2SY ~2/3
Al?,er"(f’f ) > 2(n~*7).

This completes the proof. O

It is clear from the proof above that the neighborhood size is the main parameter that controls the decay rate of the
risk of the YF. The Gaussian term in the YF weights enables an improvement in the constants but does not play any role in
the decay rate. In the extreme case of A, =n, when all of the image pixels can potentially contribute to the estimation of
a pixel, the decay rate of YF degrades to @ (1). This algorithm is called the range filter, and [17] observed in practice that
it performs much worse than even linear filters, as the above analysis confirms. Interestingly, NLM addresses this issue and
therefore its search space could be the entire image. This is the main reason for its improved performance.

The lower bound proved in Theorem 3 is the same as the upper bound we derived for the performance of linear filtering.
Therefore, we have the following theorem.

Theorem 6. The risk of the SYF satisfies

inf sup Rn(f,fsy)xn’zﬂ.
AnT feHY(0)

4.3. Proof of Theorem 4

The proof has two main steps. First, we show that the risk of the pixels far from the edge is 0 (log!*2¢(n) /n%). Second,
we show that the risk of the pixels whose 8,-neighborhood senses the edge is constant; however there are at most O (né,)
of these pixels. The following two lemmas will play key roles in our analysis.

Lemma 3. Let Z ~ N(0, 62). For A < we have

1

202’
1

V1=2)02

E(e*?) =
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29

by | 26,
(i, /)

Fig. 3. An example of a Horizon image. The §,-neighborhood of pixel (ig, jo) € S4 does not intersect the edge contour, while the §,-neighborhood of pixel
(ip, jp) € S3 intersects the edge contour.

Proof. The proof is a simple integral calculation:

o0

1 _ 1,z 1
—2 e()L 262)2 dZ:i_
1
o T[,oo O’,/ﬁ—Z)\,

Lemma 4. Let Z1, Z>, ..., Zy be iid N(0, 1) random variables. The X,f random variable defined as Z?=1 Zl.2 concentrates around its
mean with high probability, i.e.,

1 2 — 2 (t—In(14t
1

1 2 —2(t+In(1—t
]P’(HZZI-—1<—t><e 2 (HIn(-6)
1

IE(e’\ZZ) = O

Proof. Here we prove just the first claim; the proof of the second claim follows along very similar lines. From Markov’s
Inequality, we have

1o MAp ok Y0 72 R N
Pl - Zi )| —1>t)| <e " "E(en~i=1% ) =e " (E(e =—. 17
D E7 (eh X1 B = 55y (7)
i=1 n
The last inequality follows from Lemma 3. The upper bound proved above holds for any A < 5. To obtain the lowest upper
bound we minimize E_M_Aﬂ over A. The optimal value of A is A* = arg min,, LHQ = % Plugging A* into (17) proves
(-2 1243 20D
the result. O
Proof of Theorem 4. We will consider the following partition of the image pixels. Let S ={1,2,...,n} x {1,2,...,n}. For

a given Horizon function fy(ty,t2), define Sy ={(i,j) | & > h(L) + 22}, S; = {G. ) [h(}) < L <h(D) + Zn}, S3={(, j) |
h(%) - Znﬂ < % < h(%)}, and S4={(, j) | % < h(;—') - %}. These regions are displayed in Fig. 3. The §,-neighborhood of the
pixels in S; and S4 do not intersect the edge, while the §,-neighborhood of the other pixels may have pixels from both
sides of the edge. For the notational simplicity we write Z(,-’ j)es, for the double summation over i, j where j satisfies the
constraints specified for Sy.

Consider a pixel (i, j) € S1. The risk of NLM at this pixel is

2
w
E<Xi,j— > m,[}’m,é) 7

Z Wm,e
where x; j =0, since (i, j) € S1. Define the set of oracle weights
if £ m
W%e={1 1fn>h€n), (18)
' 0 otherwise.

Define U £ (W)2 and let the event A = {wp ¢ =W}, ,, V(m, £) € S USa}. We then have

Wm,e
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E(U) =E(U | AYP(A) + E(U | A9)P(AS) <E(U | A)P(A) + P(A°), (19)

where the last inequality is due to the fact that the risk of the estimator is bounded by 1. We now calculate each term of
(19) separately. Define S14 = S1 U S4 and S»3 = S U S3. Then we have

2 m,0esis Wi e¥m.t + D m,0esys Wm.eYm.e )2 ‘ A)]P’(A)
2 myesis Wme T 2 m e)es,; Wm.e
< E<Z(m,€)6514 Wi o Ym.e + 2 . 0)esy; Wim,eYm, ¢ )2
2 m0yesis Wme T 2 m.0)esy; Wt
< E(Z(m,z)esH Wi o Xm,e 2 m.0)esy; Wm,eXm. e )2
2 m0yesia Wme T 2 m.0)esy; Wt
N E(Z(m,e)esm Wi oZm,e + D m 0)esy; Wm,eZm, e )2
2o moresia Wme T 2m )esy; Wm.e

EWU |APA) = E((

2
42 E(Z(m,z)esm Wi oXm e+ 2 m.)eSas Wml"lﬂl)

*
2 m.oesis Wine T 2am.0esy Wt

* 2
x E<Z<m,Z>eslus4 Wi eZmt + 2 m.pesy Wmv“’”) _ (20)

*
2 m.oesis Wine T 2m.pyesy Wt

The last inequality is due to Cauchy-Schwartz. In the next two lemmas we bound the last three terms of (20).

Lemma 5. Let wp, ¢ be the weights of NLM with &, = log%“ nand t;, = 26 for € > 0. Also, let wy;, , be the oracle weights
log2 n ’

introduced in (18). Then

2
E(Z(m,i)esm Wi o Xm,e + Z(m,g)gsB Wm,me,Z) _0 (8%)
2 moesia Wme T 2 m e)esy; Wm.e

Proof. Define Sy as the set of indices of the pixels whose noise-free value is neither zero nor one. Since the images are
chosen from the Horizon class, the cardinality of this set is at most 2n. Plugging in the values of xp, ¢, we have

E(Z(m,i)esm Wi o Xm.e + D m 0)esy; WmeXm, ¢ )2
2 m0esie Wime T 2 pes,; Wm.e
@ IE( 2 m0es1s Wi, eXm.t T 2 m.oess\s; Wt + 2 m.oyes; Wm.eXm,¢ >2
2 myesis Wme Z(m,e>e53\sf Wm,e + Z(m,e)esz\sf Wm,e + Z(m,z)esf Wme
(2) E(Z(m,ﬁ)esm Wy o Xm,e + D mopyes, 1+ Z(m,l)esf WmeXm,¢ )2
2m0esis Wie t 2moess 1+ 2m.pes; Wm.e
E(Z(m,l)esm Wh o Xme + 2 mopyesy 1+ 2”>2 _0o <ﬁ>
2 m.esis Wie T 2m.oes; 1 n? )’

where inequality (b) is due to the fact that the expression after equality (a) is an increasing function of Z(m,()653\5f Wy
and a decreasing function of Z(m,@)esz\sf Wme. Therefore, we set wy, ¢ =1 for (m, £) € S3 and wy ¢ =0 for (m, ) € S,. O

IN

Lemma 6. Let wp, ¢ be the weights of NLM with &, = log%+€ nand t, = 26 for € > 0. Also, let wy, , be the oracle weights
log2 n ’
introduced in (18). Then we have

2
E(Z(m’f)esm Wi, eZmt + 2 mpesn Wm,ezml> =0 <i>
2 m0esie Wie T 2m.pes,; Wm.e

n2

Proof. Since Z(m, DeSy; Wmye 20 and we are interested in the upper bound of the risk, we can remove it from the denom-
inator to obtain
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2
E((Z(m,@)esm Wi oZme 2 m.0)esys Wm,lzml) )

*
2 m.0yesia Wine T 2am.pyesy Wime

2
< E((Z(m’@esm W:",lzm"f + Z(m.£)€523 Wm,zzm,l) )
X

2 m0)esis Wit
2 2
_ E((Z(m,@)esm W%,ﬂﬂﬂ) ) n E((Z(m,Z)GSB Wm,lzm,l) )
2 m.0)esia Wne 2 myeSia W
N 2E<< 2o m.e)eSia Win.eZm,t > <Z(m,z)esz3 Wi, eZm.e >> 21)

* *
2 m0)esia Wi 2 m0)eSia Wi

. Wi eZme . . . - Wi o Zme\2 2
Since Zm0esia Mmfm oo average of iid random variables, it is not hard to prove that E(M) =0(%).To

Z(m.()ESM W:n,éi Z(m.()esm W:n,[,
bound the other two terms in (21) we use the notation defined in the last section: C,ﬁz ={G,j): li—-m| <A, |j—4L]l <

A}NS. We also define E(- |Crﬁ’ ;) as the conditional expectation given the variables in Cnf. - We then have
2
E((Z(m,@)ESB Wm,lzm,Z) )
> (m,0)es1s Wi

2
_ E<E(<Z(m,£)6523 Wm*eZm*e) ‘ C?n))
2 m,0eS1a Wit l’]

)
_ E<]E(Z<mxz/>eszs 2 m.0)esy5 Wi eZm e W ¢/ Zn ¢ | C"’nj)>
- 2
Qo m.0)es1a Win.e)

1
]E(Z(mr K’)ECZ‘S'} Z:(mg)es23 WmZm Wi ¢/ Zm 0/ |Cln])
- E( | . | )
o mpesis Wme)?
Z(m’,é’)ecgf’} Z(m,l)esn E(Wm,eZm,e Wiy ¢/ Zny ¢) 53
. s <0 .
Qm,0es14 Win.e)

For the last inequality we have used the Cauchy-Schwartz inequality to prove that E(Wm ¢zZm ¢ W ¢'Zm ¢) < 302, Although
Z(m,mesB W, eZm, ¢

2 m.oesiq Wit
since we have to use it in the proof of Theorem 7. The last term we have to bound in (21) is

E(( Yo m.0)eSia Wim.eZm,t ) (Z(m,é)eSB Wm,eZm.e ))
2 m0eS1a W 2 m0eSia W
2 2
< IE( 2 m, 0514 Win,oFm.¢ ) IE( 2 (m.0)eSy; Wm.eZm,e >
~

* *
2 m.0yesis Wit 2 m.0es1s Wit

1
gOn—z.

This proves the lemma. O

n3

we could derive a loose bound for E(( )2) and still draw the same conclusion, we used the above technique

Using Lemma 5 and Lemma 6 in (20) proves that

52
E(U | APA) =0 (n—g) (22)

Finally, using Lemma 4 and the union bound it is easy to show that
P(A) =0 ( > (23)
= )
It is important to note that the constants of this probability are hidden in the big-O notation. These constants depend on €
and increase as € decreases. Therefore, we cannot set € = 0.
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Plugging in (23) and (22) in (19) results in

2 1+2¢
1
E(,m_ M) :o(u) Vi, ) € 1.

D W n?

Now consider (i, j) € Sy U S3. In this region we can bound the error by the worst possible risk, which is 1. We will discuss
the sharpness of this bound in the next section where we develop a lower bound for the risk.

Using the bounds provided above for the risks of the pixels in Sq, Sy, S3, and S4, we can now calculate the final upper
bound for the risk of the NLM as

1+2€ lie
2 (n)(|S1|+|S4|) [S2] +1S3] log2""(n)
sup R(f, fN) = 22 E E(xi,j — < <O< )

feH*(C) rl4 n2 n

In order to derive the last inequality we noted that since h(ty) € Hiilderl(l) the cardinality of S, and S3 are O(ndy). This
completes the proof of Theorem 4. O

4.4. Proof of Theorem 5

Suppose that the parameters of SNLM satisfy Assumptions A1-A4. To derive a lower bound we consider the performance
of the SNLM algorithm on the simple image in Fig. 2. For notational simplicity we assume that n is even, and hence all of
the pixel values are either 0 or 1. The proof follows four main steps:

1. We consider the pixels that are just above the edge, i.e., (i, [%]). and prove that the risk of the NLM on these pixels is
lower bounded by a constant that does not depend on n.

2. Using asymptotic arguments we prove that the probability a pixel just below the edge passes the threshold t, > 0 is
larger than pg, where pg is a non-zero probability independent of n. Based on this, we use a concentration argument
to prove that ®(n) of the pixels just below the edge will pass the threshold with high probability. See the formal
statement in Theorem 1.

3. Using symmetry arguments we prove that the probability that a pixel £ < 8,/2 rows? above the edge or below the edge
passes the threshold is equal. This is formally stated in Lemma 8.

4. Combining the outcomes of Steps 2 and 3 we show that the risk is minimized if all the pixels just above the edge pass
the threshold and the probability that the other pixels pass the threshold is as low as possible. If more zero pixels above
the edge pass the threshold, then more pixels with noise-free value 1 will also pass the threshold, and this makes the
bias large. Therefore we assume that pj ¢, the probability that a pixel at distance ¢ of the edge passes the threshold, is
equal to zero for ¢ > 1. However, we have already proven that for £ =1 the probability is larger than py. Theorem 5
uses this fact to show that the risk of this estimator is larger than a constant independent of n.

Proposition 1. Let j* = [%]. For any pixel with coordinates of the form (i*, j*), there exists a non-zero constant probability po such
that for any 8, and t,

2

t
P(Z W, j*—1 —NPo < —t) < 48,8 Tmn
m

Proof. For notational simplicity we use i =i* and j = j* in the proof. We have
P(afn Vi js Ym,j—1) <02 +ty)

1
_P<p (Z|Xz+pJ+K_J’m+p] 1+Z| — (Xi,j — ¥Yp,j- 1)) o +fn)

Lp
=F( 5 Y6y 0?) - 5 Yo <1 +4)
pr P pR T Pn
>P<lZ(S? —62)—12510<—i>
pr P R Pn

where S¢; = Zm4¢, j—1+4p. According to the Berry-Esseen Central Limit Theorem for independent non-identically distributed
random variables [16], we know that

2 The ¢th row of an image is the set of all pixels of the form (i, £).
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P( : DD (stp,—0?) - % > se0< —i> SPG<-1)- <,
1011 Vi Ln

,O%Z D Pn

where G is a Gaussian random variable with mean zero and bounded standard deviation. In fact, it is not difficult to confirm
that

8028, — 20*

2\ _ 4
E(G*)=20%+ 25, 112

Since P(G < —1) > 2po (2po is P(G' < —1) where G’ ~ N(0,20%)) is non-zero, for large values of n we can ensure that
C/n < po and therefore ]P’(dgn Vi j» Ym,j—1) < o2 +ty) > po. We now prove that even though the weights are correlated, @ (n)
of the weights will be equal to 1 with very high probability. Define u; as w; j_1 and define the process U = (uq, ..., up).
Break this sequence into 28, subsequences U; = (uj, Ujt+2s,, Ui+4s,, - - - » Un—2s,+i)- Each U; has iid. elements. Therefore,

28,
according to the Hoeffding Inequality, we have P(| Zujeui uj —E(uj)|>t)<2e L9 . On the other hand we know that

E(u;) > po. Therefore,

n —t28,
P Ui<—po—t)<2e n .
<Z 1= 25,70 )

ujeU,-

Finally we use the union bound to obtain

P(Zu,-—npog—t) <IF’(Z Z uj—%poé—t>
n

i LleU]

n t 2
<P : Uj— ——pPo < —-—( | <4bpe %, ]
(U{w 2 uj 25, D0 28,1}) "

i ujeU;

Define the set | ={(i,j)|j= Ljh(%)]}. It is clear that | J| =n. The following corollary to Proposition 1 shows that NLM
sets the weights of most of the pixels in J to 1.

Corollary 1. Consider the image displayed in Fig. 2, and let §; = O (n%) for & < 1. For any 8, and t, > 0, ® (n) of the pixels in ] will
pass the threshold t, with very high probability.

3 . .
Proof. Set t = n’%" in Proposition 1. O

Remarkably the above corollary holds in a very general setting even if the assumptions A1-A4 do not hold. In other
words, NLM in its most general form is not able to distinguish between the pixels right above the edge from the pixels right
below the edge. This is due to the fact that the “signal to noise ratio" in the §,-neighborhood distance estimates is too low
at the edge pixels. This is the result of the isotropic neighborhoods used to form the weight estimates.

Lemma 7. If |m — i*| > 8,/2 and |m’ — i*| > §,/2, then

P(c’iﬁn (Yie j#s Ym,j—t) <02 +1n) = P(afn Vir o, Y jo—e) <O+ ty)

forany ¢,m,m’.
The proof of this lemma is obvious and is skipped here.
Lemma 8. For £ < 6,/2,
P(d, (Vir j#» Ym.jo—e) < 02 +tn) =P(d5, (Vie j*. Ym,jote) < O +tn).

The proof of this lemma is also obvious from symmetry and is skipped here. We can now prove Theorem 5, which
provides a lower bound for the risk of SNLM.

Proof of Theorem 5. We derive a lower bound for the risk of SNLM on the image displayed in Fig. 2. To do so, we consider
the pixels just above the edge and prove that the SNLM algorithm has risk @ (1) at these pixels. Since there are ®(n) of
these pixels, the risk over the entire image is larger than ®(n~1).
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Consider a pixel (i*, j*) with j* = (%1. The risk of the SNLM is

() - () -

Note that wp,, is independent of the yn ¢ according to the construction of the SNLM weights in (10). Let p,, be the
probability P(w,; =1) for £ € {j* —&n, j* —n + 1,..., j* + n}. We can partition the row {(i,£¢) | 1 <i<n} into 28, + 1
subsequences and apply Hoeffding inequality on each subsequence. We combine the results of different subsequences with
the union bound to prove that

IP’( > Wine —npn
m

Define the event A as

A= { Z Wm,¢e —NPn,¢
m

Using the union bound and (25) we have

2
- t> < 48, e (25)

<n%ve, e — ¥ gan}.

_pl.32
P(A°) < 852e

Any lower bound on the bias of the estimator leads to a lower bound on its risk. Therefore, we find a lower bound for the
bias as follows:

>E( 22 Wm.t¥mt A)P(A»E( 22 WmtYmt )_p(Af),

> Mpne+ n0-665, > Npue+ n0-66,

where for the last inequality we have used the fact that the risk of SNLM is bounded by 1. Since, from the construction of
SNLM in (10), wp ¢ is independent of z;, ¢, we have

ZZWm.eJIm,e Zzwm,lxm,i
E<—0.66 —P(A) =E( &= ) — P(A)
> npn,¢ +n0-65, Y npn ¢ +n0665,

D i< je P, A6) > D i< j* P, Ac
= 0665 (A°) > 0665 P(A°).
anl‘l,[ +n (Sn n+22e<]* NPn,e +n 8”

‘ A)IP(A)

Proposition 1 proves that both the numerator ) ,_ P, and the denominator ) npn¢ +n%66s, are §£2(n). Therefore,

according to Assumption A3, we can ignore the summations Zkﬁ_a_n npnp¢ and Zz>]’*+5—ﬂ npn,¢. By combining this fact
2 2

with Lemma 8, we obtain

Zeq’*nl)n,e NS Zg<j*npn.i P(AC
0665 (A49) > 42 ) 0665 (A°)
> npn¢ +n06s, MPn,j* + 23 ¢ je MPn,e + 1208,
o< MPn P(A°).

> —
n "F 2 Z[<]* Tlpn,[ + n0668n

ij* Npn.¢
n+2 qu'* ”Pn,(?LnO'GG(Sn

In the last inequality we assumed that p, j+ = 1. To find a lower bound for it is enough to note that

D¢ j* MPn.e
n+23",_ jx pp,+n0-665,
minimum value. However, according to Proposition 1 the minimum value of this term is ® (). Therefore, we have

is an increasing function of ij* npn,¢ and therefore is minimized if and only if ij* npp. ¢ takes its

Zﬁ<j* npn,l _
n+2 ij* npn.¢ + n9-66¢,

c Npo _ «oy_ _bo
P(A) > npo 4 065, p(A°) = —p0+1(1 +o(1)).

This completes the proof. O
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5. Tapered NLM weights

In this section we show that the upper bound we provided for the NLM in Theorem 4 holds in the more general setting
of tapered weights. We now allow the weights to be a smooth function of the §,-neighborhood. We assume that the weight
assignment policy satisfies the following properties:

B1: The neighborhood size &, = 2log(n).

B2: The weights are non-negative and bounded, i.e, 0 < wp ¢ < .

B3: If d? (xi,j, Xm,¢) =0, then the assigned weight satisfies E(w; j(m, £)) > c, for some constant ¢ independent of n.

B4: If dz(x,;j, Xm,¢) = 1, then E(w; j(m, £)) = O(i) Note that slower decay rate in this expectation, results in slower decay

NG
in the rate of the NLM algorithm.

Theorem 7. If the weight assignment policy in NLM satisfies properties B1-B4, then

sup R(f,fN) = O(loﬁ)

feH®(C) n

Proof. Consider the four partitions S1-S4 defined in the proof of Theorem 4. Our goal is to obtain an upper bound for
the risk of the pixels in each region. The risk of the pixels in S; and S3 will be bounded by the strategy we employed in
Theorem 4. Here, we just explain how we bound the risk of the pixels in S; and S4. Since the proof for S4 is the same as
the proof for Sq, we consider just Sy. Let (i, j) € Sq. Therefore x; j =0 and

+N\2 > Wm.eYm.e 2
E(xij— fi;) =E

Z Wm,e

_ ZWm,le,Z 2 ZWm,ZZm,Z 2 ZWm,ZXm,Z ZWm,ZZm,Z
_E( D Wme >+E< > Wme )+E<< D Wme )( > Wme )) (20)

To obtain an upper bound for the risk, we will find upper bounds for the last three terms in (26). Lemmas 9 and 10 below
summarize the upper bounds.

Lemma 9. Let wy, ¢ be the weights of NLM satisfying properties B1-B4. Then

2
Wi eX 1
() o G)
> W n
Proof. Define Sy as the set of the indices of the pixels whose noise-free value is neither 0 nor 1, and plug in the actual
values of xp, ¢ to obtain

E(Z(m,i)e&u&; W, eXm,¢ + Z("“,Z)ESZUSg,\Sf Wi, eXm.¢ + Z(m,e)esf Win.eXm. >2
2 m €510y Wm.t + 2m,0)es,085\5; Wt + 2m yes, Wit
< E(Z(m,l)es4 Wm,e + Z(m,@)es3\sf W + Z(m,l)esf Wi, eXm.¢ >2
Z(m,£)551u54 Wm,e + Z(m,l)eszu53 Wme + Z(m,l)esf Wit
Do m)es USs Wm e + 2 (m,pyes, &

To derive the last inequality we use the following facts, which are easy to check:

Lm,0esy Wm et Xam ess\sp Wm et pesp Wm.eXme 2 . . .
A )" is an increasing function of ), es\s; Wm.e-

2 m.0esyusy Wme L. es,us; Wm et m es; Wm.e

2 moyesy Wmttm pess\s  Wm et m.oes p WmeXm,e | 2
2. " AR e ~)” is a decreasing function of Wne.
( Em.0es,Usg Wt S m 0es,053 Wt S tres Wt ) g Z(m,@)esz\sf m,¢

3. |Sf| <2n, ie, Sy contains at most 2n pixels.

Our next claim is that } ", pcs, Wm.e and 3 o5, Wm,¢ concentrate around their means. We establish this in a manner

very similar to the proof of Theorem 5. We first break the Z(m,2)654 W ¢ into (48, + 2)? subsequences such that each
subsequence contains only independent random variables. In other words if x;; ¢ is in one summation, then no other element
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of Cf‘j.”” will be in the summation. Therefore, for each summation we can apply the Hoeffding inequality. Finally, we use

the union bound as explained in the proof of Theorem 5 to show that

—2r2
P( Z Wm,e — Z E(Wm,e)| > t) < 2(46, 1 2)2e @+t Emoes;

(m,0)eSy (m,£)eSy
212
]P’( D wme— Y. EWmo) >t><2(4an+z)2e<45n+2)4<2<m,aesl“2>.
(m,l)eSy (m,£)eS,

It is straightforward to prove that by setting t to 32anlog?>(n), we have

2
P( D Wme— Y EWmo) >32anlog2~5(n))<o<2—g>,

(m,0)eSy (m,£)eSy
82
]P’( > Wme— Y EWme) >32anlog2-5(n)><o<n—g>.
(m,L)eSy (m,£)eSq

(28)

Define the event F as {| Z(m,l)esl W — Z(m,()esl E(Wm,e)| < 32anlog”n} N {| Z(m,l)es4 Wm.e — Z(m,e)esl E(Wne)| <

32anlog?’ n}. It is clear from (28) that

P(F) = o(i_'z).

Using (27), (28), and (29) we have
E(Z(m,i)e&, Wm,¢ + Z(myg)GSS\Sf o+ 2na>2
Z(m,é)eslus4 W, + Z(m,e)es3\sf o
< E((Z(m,@)e&: Wm,e + Z(m,f)es3\sf o+ 2no
X
Z(m,l)eslus4 Wm¢ + Z(m,e)esg\sf o
1
<0l -).
n

The last inequality is due to properties B3 and B4. This completes the proof of the lemma. O

)2 ’ F)IP’(F) +P(FF)

(29)

Lemma 10. Let wy, ¢ be the weights of NLM with &, = log(n). Also assume that the weights are set according to B1-B4. We then have

E(Z WineZm.¢ )2 o <log2<n>>
Z Wm,e a Tl2 '

Proof. We first condition on the event F introduced in the proof of Lemma 9.

ZWm,ZZm,Z 2 ZWm,ZZm.Z 2 c

(S ) <=((S) [e)eeer+ete)
Zwm,fzm,f )2 ) c
<E F |P(F) +P(F
<<ZE<wm,e)—32anlog2-5<n> ‘ (F)+F(F)

2

E<< 2 Wn.tZm. ) )—i—IP’(FC)
> E(wWme) — 32an 10g2'5(n)

<log2 <n)>

0o 5 .
n

The last inequality is due to the fact that

2
)
]E( Z wm,gzm,g‘cif‘j) =E< Z Z Wm, eZm eWm' 0 Zm' ¢/

Sn
)
(m.£)€S14 (m,£)€S14 (M ,€)S14
= Z Z ]E(ijzm’gwm/yyzm/l/ ! C:S"]) = O(nz(sg)

(M.OES14 (' g1y eC2n

IN
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Therefore,
Ym.0yesy; Wm.eZm e \? 5
E <o(5) o (30)
Z(m,f)eSM Wm,e n

Using the bounds derived in Lemmas 9 and 10, we can complete the proof of the main theorem:

2
sup R(f, FN) = 12 ZZE(Xi,j—ff',vj)2< log"M)(IS11 +1SaD  [Sal +153] O<log(n)>_
i

feHY(C) n 114 Tl2 n

6. Discussion

We have provided the first asymptotic risk analysis of the nonlocal means (NLM) algorithm on smooth images with sharp
edges. In contrast to most other filtering approaches, NLM does not consider the spatial vicinity of the pixels as a feature
for setting the weights. Instead, it exploits more global features, which leads to improved performance.

In spite of this success, we have shown that the performance of NLM is within a logarithmic factor of the performance
of the wavelet thresholding and still significantly below the optimal achievable rate. This is due to the fact that the isotropic
nature of the NLM neighborhoods does not allow the algorithm to discriminate the pixels that are close to but below the
edge from the pixels that are close to but above the edge. This leads to a blurring effect that results in high bias along
the edge. Exploring the performance of NLM with anisotropic neighborhoods may address this issue and is left for future
research [19].

Acknowledgments

This work was supported by the Grants NSF CCF-0431150, CCF-0728867, CCF-0926127, DARPA/ONR N66001-08-1-2065,
N66001-11-1-4090, N66001-11-C-4092, ONR N00014-08-1-1112, N00014-10-1-0989, AFOSR FA9550-09-1-0432, ARO MURI
W911NF-07-1-0185 and MURI W911NF-09-1-0383, and by the Texas Instruments Leadership University Program.

References

[1] E. Arias-Castro, D.L. Donoho, The curvelet transform for image denoising, Ann. Statist. 37 (3) (2002) 1172-1206.
[2] J.M. Broder, Two republicans open door to increases in revenue, New York Times (July 2011).
[3] A. Buades, B. Coll, J. Morel, A review of image denoising algorithms with a new one, SIAM ]. Multiscale Model. Sim. 4 (2) (Jan 2005) 490-530.
[4] E. Candes, D.L. Donoho, Curvelets: a surprisingly effective nonadaptive representation of objects with edges, Tech. rep., 1999.
[5] M.N. Do, M. Vetterli, The contourlet transform: an efficient directional multiresolution image representation, IEEE Trans. Image Process. 14 (12) (2005)
2091-2106.
[6] D.L. Donoho, Wedgelets: nearly minimax estimation of edges, Ann. Statist. 27 (3) (Jan 1999) 859-897.
[7] D.L. Donoho, L.M. Johnstone, Minimax estimation via wavelet shrinkage, Ann. Statist. 26 (3) (Jan 1998) 879-921.
[8] K. Guo, D. Labate, Optimally sparse multidimensional representation using shearlets, SIAM J Math. Anal. 39 (2007) 298-318.
[9] G. Easley, D. Labate, W. Lim, Sparse directional image representations using the discrete shearlet transform, Appl. Comput. Harmon. Anal. 25 (2008)
25-46.
[10] A. Korostelev, A. Tsybakov, Minimax Theory of Image Reconstruction, Lecture Notes in Statist., Springer-Verlag, 1993.
[11] G. Kutyniok, D. Labatte, Construction of regular and irregular shearlet frames, J. Wavelet Theory Appl. 1 (2007) 1-10.
[12] ].S. Lee, Digital image smoothing and the sigma filter, Comput. Vis. Graph. Image Process. 24 (2) (1983) 255-269, http://www.sciencedirect.
com/science/article/B7GXG-4D8FS7F-2X/2/dca0500b89d839b8d67a0c34f6ed676¢.
[13] S. Mallat, A Wavelet Tour of Signal Processing, Academic Press, San Diego, CA, 1997.
[14] LI Rudin, S. Osher, E. Fatemi, Nonlinear total variation based noise removal algorithms, Phys. D 60 (1-4) (1992) 259-268.
[15] S.M. Smith, J.M. Brady, Susan - a new approach to low level image processing, Int. ]. Comput. Vis. 23 (1997) 45-78, doi:10.1023/A:1007963824710,
http://dx.doi.org/10.1023/A:1007963824710.
[16] C. Stein, Approximate Computation of Expectation, Institute of Mathematical Statistics, 1986.
[17] C. Tomasi, R. Manduchi, Bilateral filtering for gray and color images, in: International Conference on Computer Vision, January 1998, pp. 839-846.
[18] L. Yaroslavsky, Digital Image Processing — An Introduction, Springer-Verlag, 1985.
[19] A. Maleki, M. Narayan, R.G. Baraniuk, Anisotropic nonlocal means, http://arxiv.org/abs/1112.0311.


http://www.sciencedirect.com/science/article/B7GXG-4D8FS7F-2X/2/dca0500b89d839b8d67a0c34f6ed676c
http://www.sciencedirect.com/science/article/B7GXG-4D8FS7F-2X/2/dca0500b89d839b8d67a0c34f6ed676c
http://dx.doi.org/10.1023/A:1007963824710
http://dx.doi.org/10.1023/A:1007963824710
http://arxiv.org/abs/1112.0311

	Suboptimality of nonlocal means for images with sharp edges
	1 Introduction
	1.1 Image denoising
	1.2 The minimax framework
	1.3 Horizon edge model
	1.4 A menagerie of denoising algorithms
	1.4.1 Linear ﬁltering
	1.4.2 Yaroslavsky/SUSAN ﬁlter
	1.4.3 Sparsity based denoising


	2 Nonlocal means denoising
	3 Main results
	4 Proofs of the main theorems
	4.1 Proof of Theorem 2
	4.2 Proof of Theorem 3
	4.3 Proof of Theorem 4
	4.4 Proof of Theorem 5

	5 Tapered NLM weights
	6 Discussion
	Acknowledgments
	References


