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Abstract This paper extends the scenario of the Four Color Theorem in the following
way. Let 77 i be the set of all k-uniform hypergraphs that can be (linearly) embedded
into R?. We investigate lower and upper bounds on the maximum (weak) chromatic
number of hypergraphs in .77 ;. For example, we can prove that for d > 3 there are
hypergraphs in .7, _3 4 on n vertices whose chromatic number is €2 (log n/ log log n),
whereas the chromatic number for n-vertex hypergraphs in #; 4 is bounded by
On@=2/@=y for g > 3.

Keywords Hypergraphs - Coloring - Chromatic number - Embeddings -
Four Color Theorem

1 Introduction
The Four Color Theorem [1,2] asserts that every graph that is embeddable in the plane

has chromatic number at most four. This question has been one of the driving forces
in Discrete Mathematics and its theme has inspired many variations. For example, the
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chromatic number of graphs that are embedabble into a surface of fixed genus has
been intensively studied by Heawood [17], Ringel and Youngs [24], and many others.

In this paper, we consider k-uniform hypergraphs that are embeddable into R? in
such a way that their edges do not intersect (see Definition 1 below). Fork =d =2
the problem specializes to graph planarity. For k = 2 and d > 3 it is not a very
interesting question because for any n € N the vertices of the complete graph K,, can
be embedded into R? using the embedding

o) = (i,i%,i%) Viell,...,n}. (1)

It is a well known property of the moment curve # > (z, 2, 3) that any two edges
between four distinct vertices do not intersect (see Proposition 14).

As a consequence, we now focus our attention on hypergraphs, which are in general
not embeddable into any specific dimension. Some properties of these hypergraphs (or
more generally simplicial complexes) have been investigated (see e.g. [10,11,19,20,
27,31]), but to our surprise, we have not been able to find any previously established
results which bound their chromatic number. However, Griinbaum and Sarkaria (see
[15,26]) have considered a different generalization of graph colorings to simplicial
complexes by coloring faces. They also bound this face-chromatic number subject to
embeddability constraints.

Before we can state our main results, we quickly recall and introduce some useful
notation. We say that H = (V, E) is a k-uniform hypergraph if the vertex set V is a
finite set and the edge set E consists of k-element subsets of V,i.e. E C (‘,:) For any
hypergraph H, we denote by V (H) the vertex set of H and by E(H) its edge set. We

define
k) .__ {1,2,...,1’!}
KW = ({1,2,...,n},( i )

and call any hypergraph isomorphic to K ,(lk) a complete k-uniform hypergraph of
order n.

Let H be a k-uniform hypergraph. A function k : V(H) — {1, ..., c} is said to
be a weak c-coloring if for all e € E(H) the property |« (e)| > 1 holds. The function
Kk is said to be a strong c-coloring if |k (e)| = k for all e € E(H). The weak/strong
chromatic number of H is defined as the minimum ¢ € N such that there exists a
weak/strong coloring of H with ¢ colors. The chromatic number of H is denoted by
xW(H) and xS(H), respectively. Obviously, for graphs, weak and strong colorings
are equivalent.

We next define what we mean when we say that a hypergraph is embeddable into RY.
Here, aff denotes the affine hull of a set of points and conv the convex hull.

Definition 1 (d-Embeddings) Let H be a k-uniform hypergraph and d € N. A (linear)
embedding of H into R is a function ¢ : V(H) — R?, where ¢(A) for A € V(H)
is to be interpreted pointwise, such that

e dimaff p(e) =k — 1foralle € E(H) and

e conv @(er) Nconvp(ey) =conv g (e Ney) forall ey, er € E(H).
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Table 1 Currently known lower bounds for the maximum weak chromatic number of a d-embeddable
k-uniform hypergraph on n vertices as n — 00

ANk 2 3 4 5 6 4
1 2 1 1 1 1 1
5 9 1 1 1 1
3 n (rogtogn) 21 ! ! ! !
4 n (rogoga) 21 ! ! ! !
5 n (/2] Q(m{&%)(m 1 ! !
6 n [n/2] 9(@%)(22> 1 ! !
7 n [n/2] [n/3] Q(ml;]%)(zz) 1 1
8 n [n/2] /31 Q(lolgol%)QZ) 1 1

The number in chevrons indicates the theorem number where we prove this bound

The first property is needed to exclude functions mapping the vertices of one edge
to affinely non-independent points. The second guarantees that the embedded edges
only intersect in the convex hull of their common vertices. Note that the inclusion
from left to right always holds. A k-uniform hypergraph H is said to be d-embeddable
if there exists an embedding of H into R4, Also, we denote by 75« the set of all
d-embeddable k-uniform hypergraphs.

One can easily see that our definition of 2-embeddability coincides with the clas-
sical concept of planarity [12]. Note that in general there are several other notions
of embeddability. The most popular thereof are piecewise linear embeddings and
general topological embeddings. A short and comprehensive introduction is given in
Sect. 1 in [19]. Furthermore, there exist some quite different concepts of generalizing
embeddability for hypergraphs in the literature, for example hypergraph imbeddings
[32, Chap. 13].

We have decided to focus on linear embeddings, as they lead to a very accessible
type of geometry and, at least in theory, the decision problem of whether a given
k-uniform hypergraph is d-embeddable is decidable and in PSPACE [23]. One can
show that the aforementioned three types of embeddings are equivalent only in the
less than 3-dimensional case (see e. g. [3,4]), although piecewise linear and topologi-
cal embeddability coincides if d — k > 2 or (d, k) = (3, 3), see [5]. Since piecewise
linear and topological embeddings are more general than linear embeddings, all lower
bounds for chromatic numbers can easily be transferred. Furthermore, we prove all
our results on upper bounds for piecewise linear embeddings (and thus also for topo-
logical embeddings if d — k > 2 or (d, k) = (3, 3)) except for one case (namely
Theorem 20).

We can now give a summary of our main results in Tables 1 and 2, which contain
upper or lower bounds for the maximum weak chromatic number of a d-embeddable
k-uniform hypergraph on n vertices. All results which only follow non-trivially from
prior knowledge are indexed with a theorem number from which they can be derived.
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Table 2 Currently known upper bounds for the maximum weak chromatic number of a d-embeddable
k-uniform hypergraph on n vertices as n — 00

d\k 2 3 4 5 6 7

1 2 1 1 1 1 1

2 4 2 1 1 1 1

3 no Om'ug  0n'?) s, 1 1 1

4 n n/2] 0wy 0@ 1 1

5 n [n/2] Om?/27) 19 Om3/*) 13, On3/3) 0 1

6 no n/2] (/31 O3 19y Om*3) g, On'/2) 59,
7 n [n/2] [n/31 OmI07/108) 1) O@*¥/45) 19, Om>/%) 15

8 n n/2] /31 /41 OmB3¥/135) 19y OMI/3%) 19

The number in chevrons indicates the theorem number where we prove this bound

Considering the strong chromatic number, the question whether embeddability
restricts the number of colors needed can be answered negatively by the following
observation.

Let n,d € Nsuchthatd > 3andn > d+ 1 andlet V = {1,...,n}. Let
¢ :R— R gx) = (x, ..., x%* 1) be the (d 4 1)-dimensional moment curve. Then
(V) are the vertices of a cyclic polytope P = conv (V) (see [6,7,21]). Asd > 3,
we have that P is 2-neighborly [13]. Define H(P) = (V, E(P)) to be the (d + 1)-
uniform hypergraph with E(P) = {e C V : e is the set of vertices of a facet of P}.
Then H (P) can be linearly embedded into R?: for example, one can take the Schegel-
Diagram [28] of P with respect to some facet.

Now, choose k € N such that 2 < k < d + 1. Following [14, §7.1], for any
hypergraph H = (W, E), we call

S (H)y =W, {{w, ..., wi}: {wi,..., wr} C eforsomee € E})

the k-shadow of H. As P is 2-neighborly we have that .5 (H (P)) = K, and thus
xS5(H(P)) = n. Obviously, (S (H(P))) = K, and x5(S(H(P))) = n, too.
Thus, we have demonstrated that for any 2 < k < d 4+ 1 < n there exists a k-uniform
hypergraph on n vertices that is linearly d-embeddable and has strong chromatic
number n.

Thus, from now on, we restrict ourselves to the weak case and will always
mean this when talking about a chromatic number. To conclude the introduction,
here is a rough outline for the rest of the paper. In Sect. 2 the general concept
of embedding hypergraphs into d-dimensional space is discussed. We also show
the embeddability of certain structures needed later on, hereby extensively using
known properties of the moment curve ¢ — (t, 283,19 ). Then, Sect. 3 presents
our current level of knowledge for the more difficult problem of weakly coloring
hypergraphs.
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2 Embeddability

The first part of this section gives insight into the structure of neighborhoods of single
vertices in a hypergraph H € %, ;. We will later use this information to prove upper
bounds on the number of edges in our hypergraphs. This will then yield upper bounds
on the weak chromatic number. However, we must first take a small technical detour
into piecewise linear embeddings. As our hypergraphs are finite and of fixed uniformity
we give a slightly simplified definition (for a more comprehensive introduction, see
e.g. [25]).

Definition 2 (Piecewise linear d-embeddings) Let H be a k-uniform hypergraph and
D,d € N.Let ¢ : V(H) — RP be a linear embedding of H and define ¢(H) =
UeeE(H) conv ¢(e).

We say H is piecewise linearly embeddable if there exists ¥ : ¢(H) — R? such
that v is a homeomorphism from ¢(H) onto its image and there exists a (locally
finite) subdivision K of ¢(H) (seen as a geometric simplicial complex) such that v
is affine on all elements of K. We call ¢ a piecewise linear embedding of H into
R? and we denote by %’} the set of all piecewise linearly d-embeddable k-uniform
hypergraphs.

Note that such a ¢ always exists, as H € %%,_1 x by the Menger—Nobeling Theo-
rem (see [20, p. 295] and [22]). Also, Definition 2 is independent of the choice of ¢.

Definition 3 (Neighborhoods) For a k-uniform hypergraph H and a vertex v € V (H)
we say the neighborhood of vis Ny (v)={w € V(H) : w # v and there is an edge in
E(H) incident with w and v}. We define the neighborhood hypergraph (or link) of
v € V(H) to be the induced (k — 1)-uniform hypergraph

NHp (v) = (Nu(v), {e\{v} e € E(H), v €e}).
The degree degy; (v) = deg(v) is the number of edges in E (H) incident with v.

Lemma 4 For a hypergraph H € %PII; on n vertices, d > k > 2, and for any vertex
v we have that NHy (v) € %P_I‘Lk_l.

Proof Letd > k > 2, H € %‘jfL, v € V(H), and V, = Ng(v) nonempty. Then
there exist ¢ : V(H) — R~ g linear embedding and ¥ : ¢(H) — RY a piecewise
linear embedding of H for some subdivision K of ¢(H) on whose elements i is
affine. Without restriction assume that ¢ (v) = 0;—1 and ¥ (024—1) = 04.

Let H, = (V, U{v}, {e € E(H) : v € e}) be the sub-hypergraph of H of all edges
containing v. Obviously, ¥ |¢(H,) (the restriction of ¥ onto ¢(H,)) is a piecewise
linear embedding of H, for some subdivision K;, C K. Let Kl} ={e € Ky:0p1_1 € e}.
Then there exists an & > 0 such that

e-pH) S ] e
eck}

i.e. all points in € - ¢ (H,) are so close to 02— that they lie completely in elements
of K, that contain the origin.
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Then ¢’ : V, U {v} = R*~ 1 w > ¢ ¢(w) is a linear and thus v|¢'(H,) a
piecewise linear embedding of H, for the subdivision Kg ={eNg'(Hy) :ec Kl}}.
Let ng D ¢’ (V,) be the set of all subdivision points of K 3 without 05— and let

6= min{ [ (x)] : x € conv(e N ng) for some e € Kf}

Obviously, we have that § > 0. We take a regular d-simplex 7 C R? centered at the
origin with sides of length 6 and set C = 97. Due to our choice of §, all ¥ (w) for
w € Vg2 lie outside of T'. Further, for all e € Kf the intersection {(e) N C is the
union ofvﬁnitely many at most (k — 2)-dimensional simplices and homeomorphic to
a (k — 2)-dimensional simplex. Also, as d > k, there exists a point x € C such that
x ¢ Y(e)foralle € K2.

Thus, there exists a subdivision K} of K2 such that for all e € K with dimension
k — 1 we have that ¥(e) N C is a (k — 2)-dimensional simplex and still 0y;_; € e.
We denote the set of subdivision points without 0;_1 by VK3 D) VKLg. Now, one can
find a retraction p : ¥ (¢’ (Hy)) — ¥ (¢'(H,)) that maps each ¥ (w), w € Vs, to the
intersection point of the line segment [0y, ¥ (w)] with C, such that p is linear on all
V(e) fore € K.

Set K = {conv(e N VKg) te € Kg} which is now a subdivision of ¢'(NHg (v)) €
¢'(H,). Then the image of p o (1//|I€) lies completely in C\{x}.

Finally, note that C\{x} is piecewise linearly homeomorphic to R?~! [25, 3.20].
Let y be such a (piecewise linear) homeomorphism . Then

¥ =y opo(¥l¢ (NHy(v)))

is a piecewise linear embedding of NH (v) into R?~! for some subdivision of K and
NHy (v) € 275 ). o

Note that it is quite plausible that a version of Lemma 4 for linear or general embed-
dings does not hold. Part (a) of the following result has previously been established
by Dey and Pach for linear embeddings [8, Theorem 3.1].

Lemma 5 (a) For a hypergraph H € t%’j{PkL on n vertices, k > 2, we have that

6nk—1 — 12pk-2

|E(H)| < 0

(b) For a hypergraph H € ‘%iil_lk 41 on n vertices, k > 2, and for any vertex v we
have that

6nk—1 — 12p0k—2

degy (v) < I

Proof 1If k = 2, then (a) is equivalent to the fact that for G planar |E(G)| < 3n — 6.
Given that (a) is true for some k > 2, we show that (b) holds for k as well. Let

H e %‘jﬁr’-} k41 v one of the n vertices. By Lemma 4, NHp (v) € %{PkL. By (a),
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6nk=1 — 12pk-2

|[E(NHp (v))] < 0

which implies

6nk=1 — 12pk-2

degy (v) < 0

Given that (b) is true for some k > 2, we show that (a) holds for k + 1. Let
H e L%’j(i"l 1 Since (b) is true for every vertex v;, we have

>0 degy (i) _ n(6n*=' — 12n%72)  en* — 12071

(B === = k + Dk! T (k+ 1)

m}

Corollary 6 For a hypergraph H € %{'} on n vertices, k > 3, and for any edge
e € E(H) there exist at most k% — k other edges adjacent to it.

Proof This follows from Lemma 5, since every edge has exactly k vertices and each
k=2 k-3
of them has degree at most %. As e itself counts for the degree as well, one

can subtract k. O

We need to bound the number of edges in a d-embeddable hypergraph to prove upper
bounds for the chromatic number. The following results will also help to do this. Note
that there exist much stronger conjectured bounds (see [16, Conjecture 1.4.4] and
[18, Conjecture 27]).

Proposition 7 (Gundert [16, Proposition 3.3.5]) Let k > 2. For a k-uniform hyper-
graph on n vertices that is topologically embedabble into R*~2 we have that
|E(H)| < nk=3"",

Corollary 8 For a hypergraph H € %’ZE ok onnvertices, k = £ > 2, we have that

k—1€+42)! —1-
() < EZEFDE sk
k!
Proof This follows from inductively applying Lemma 4 and Proposition 7. O

Corollary 9 For a hypergraph H € J‘IEEEK ¢ on n vertices, k > £ > 3, and for any

edge e € E(H) there exist at most (k(;ﬁ')z!)! k=13 ke other edges adjacent to
it.
Proof This fact follows analogously to Corollary 6 from Corollary 8. O

Theorem 10 (Dey and Pach [8, Theorem 2.1]) Let k > 2. For a k-uniform hyper-

graph on n vertices that is linearly embedabble into R, we have that |E(H)| <
knl(&k=1/21

@ Springer



670 Discrete Comput Geom (2014) 52:663-679

Corollary 11 For a hypergraph H € 5,1 x on n vertices, k > 2, and for any edge
e € E(H) there exist at most kn'®=D/21 _ 1 other edges adjacent to it.

Proof This fact follows obviously from Theorem 10. O

In order to find lower bounds for the chromatic number of hypergraphs later on, we
need to be able to prove embeddability. The following theorem from Shephard will
turn out to be very useful when embedding vertices of a hypergraph on the moment
curve.

Theorem 12 (Shephard [29]) Let W = {wq,...,wy} C R? be distinct points
on the moment curve in that order and P = conv W. We call a g-element subset
{wiy, wiy, . ..,wl-q} C Wwithiy <iz < --- < iy contiguous ifiy —iy = q — 1. Then
U C W is the set of vertices of a (k — 1)-face of P if and only if |U| = k and for some
t>0

U=YsUX1U---UX;UYpE,

where all X;,Ys, and Yg are contiguous sets, Ys = ¥ or wy € Ys,Yg = 0 or
wy, € YE, and at most d — k sets X; have odd cardinality.

Shephard’s Theorem thus says that the absolute position of points on the moment
curve is irrelevant and only their relative order is important. Furthermore, note that all
points in W are vertices of P. The following corollary helps in proving that two given
edges of a hypergraph intersect properly.

Corollary 13 In the setting of Theorem 12 assume that W = U U Uy where Uy and
U, are embedded edges of a k-uniform hypergraph. Then these edges do not intersect
in a way forbidden by Definition 1, if there exists j € {1, 2} such that

Ui=YsUXU---UX; UYEg

holds where at most d — k of the contiguous sets X; have odd cardinality.

Proof The two edges U; and U; do not intersect in a way forbidden by Definition 1
if at least one of them is a face of P = conv W, which is the case for U;. O

Proposition 14 Let A, B, C, and D be four distinct points on the moment curve in
R3 in arbitrary order. Then the line segments AB and C D do not intersect.

Proof This follows immediately from Corollary 13 for the case k =2 andd = 3. O

In the k = d = 3 case Corollary 13 allows zero odd sets X;. Thus, we can easily
classify all possible configurations for two edges.

Lemma 15 Let H be a 3-uniform hypergraph and ¢ = V (H) — R3 such that ¢ maps
all vertices one-to-one on the moment curve and for each pair of edges e and f sharing
at most one vertex, the order of the points ¢(e U f) on the moment curve has one of
the Configurations 1-12 shown in Table 3. Then ¢ is an embedding of H.
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Table 3 Possible configurations

for two edges ¢ and f on the No. Configuration No. Configuration
. 3 .
moment curve in R sharing at 1 EEEFFF 9 EIFFE
most one vertex
2 EEFFEF 10 EFIEF
3 EEFFFE 11 EFEIF
. 4 EFFEEF 12 EEFEFF
The vertices of e\ f are marked
with E, those of f\e marked 5 EFFEI 13 EFEFEF
with F, and a joint vertex is 6 EEIFF 14 EFEFFE
marked with . Equivalent cases, 7 EIEFF 15 EFEFI
ing th f th
one being the reverse of the 3 EEFFI 16 EFIFE

other, are only displayed once

Proof Note that the relative order of edges with two common vertices is irrele-
vant as they always intersect according to Definition 1. Configurations 1-11 fol-
low directly from Corollary 13 for k = d = 3. Thus, we are left with Config-
uration 12 and it is sufficient to prove the following: For xp0 < x10 < x01 <
X20 < x1,1 < x21 € Ry : R — R3,w(x) = (x,xz,x3) the moment curve,
and D; = {xo, X1, X2,;} we have that conv iy (Dg) N convy(D1) = . Assume
otherwise. Note that if two triangles intersect in R3 the intersection points must
contain at least one point of the border of at least one of the triangles. Thus,
without loss of generality, conv{y(x, 0), ¥ (x},,0)} N conv ¥ (D1) # <. However,
by Theorem 12 we know that conv{y(x;, 0), ¥ (xj,0)} is a face of the polytope
P = conv({y¥(x,,0), ¥(xj,,0)} U (D1)) which is a contradiction. O

Note that if we have two edges with vertices on the moment curve as in Configura-
tions 13—16 they generally do intersect in a way forbidden by Definition 1. Also, we
have presented above all possible cases for the relative order of vertices of two edges
on the moment curve. Not all of them will actually be needed in the proofs of the next
section.

3 Bounding the Weak Chromatic Number
Ford, k,n € N we define
xax(m) =max{x"(H) : H € Ay, |V(H)| = n}

to be the maximum weak chromatic number of a d-embeddable k-uniform hypergraph
on n vertices.

In this section, we give lower and upper bounds on X;?fk (n). Obviously, Xt\il\fk (n) is
monotonically increasing in n and in d and monotonically decreasing in k if the other
parameters remain fixed.

Remark 16 (a) For k = 2, the results in Tables 1 and 2 follow from the Four Color
Theorem and the fact that all graphs are d-embeddable for d > 3.

(b) Ford > 2k — 1, we have ', (n) = [n/(k — )] as K"’ is (2k — 1)-embeddable
for all k € N by the Menger—Nobeling Theorem (see [20, p. 295] and [22]) and
KV (K) = [/t = D).
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(¢c) Ford < k — 2, we again know X;?fk (n) = 1as H € J¢;; cannot have any edge.
Proposition 17 For all n > 3 we have X¥Y3 (n) < 2. (This bound is obviously sharp.)

Proof Let H € 563 and V = V(H). Then G = . (H) is a planar graph, thus
x(G) <4.Letk : V — {1,2,3, 4} be a 4-coloring of G. Define

k' V= {1,2},v— (k(v) mod 2) + 1.

In any triangle {u, v, w} of H under the coloring « these vertices have exactly three
different colors. Therefore, under the coloring «’ at least one vertex with color 1 and
one vertex with color 2 exists. Thus &’ is a valid 2-coloring of H. O

Theorem 18 Let d > 3. Then one has

1
6ed =T a2 d=2
Xia(n) < [(m) ndl—‘ =0 (ndfl) asn — o0o.

This result also holds for piecewise linear embeddings.

Proof Let H € %’3‘ D 3 4. By Corollary 6 we know that every edge is adjacent

to at most A = d(6n9=2 — 12n973)/(d — 1)! — d other edges.

We want to apply the Lovasz Local Lemma [9,30] to bound the weak chromatic
number of H.Let ¢ € N. In any c-coloring of the vertices of H an edge is called bad if
it is monochromatic and good if not. In a uniformly random c-coloring the probability
for any one edge to be bad is p = %. Moreover, let e be any edge in H and F be
the set of edges in H not adjacent to e. Then the events of e being bad and of any
edges from F being bad are independent. Thus the event whether any edge is bad is
independent from all but at most A other such events.

The Lovész Local Lemma guarantees us that with positive probability all edges are
goodife- p-(A+1) < 1. This implies that H is weakly c-colorable. Note that

d(6n?=? — 1273
e'p~(A+1)§1<:>e (n(d 1)'n )—ed—i—efcd_l

Choosing an integer

1

1
_ o 6ed \TT a2 ed(6n4=2 — 12n4-3) J a1
““\u-n1) "= d—1)! Tedte)

the hypergraph H is c-colorable and xV(H) < c. a
Theorem 19 Letd > ¢ > 3. Then one has

1
d—0+2)\dT e—1—d (—1—d
X%’gz—z,d(n) =< [(%) nl_zdfl —‘ =0 (n1_3d1 ) asn — oo.

This result also holds for piecewise linear embeddings.
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(d—0+2)!
d-nr -’

— d other edges. The rest of the proof is now analogous to the proof of
Theorem 18. O

Proof By Corollary 9 we know that every edge is adjacent to at most A =
d—1-3¢-1-d
n

Theorem 20 Let d > 2. Then one has

asn — OQ.

w 1 [@=Dy2 O (n'/?) ifd is odd
Xd—1,a(n) = {(ed)d—ln a1 —‘ —
: O (n"/2H/@4-DY i d s even

Proof By Corollary 11 we know that every edge is adjacent to at most A =
dn'@=D/21 _ | other edges. The rest of the proof is now analogous to the proof
of Theorem 18. O

By monotonicity, the upper bounds presented here also hold if the uniformity of
the hypergraph is larger than stated in Theorems 18 and 19. In the remaining part
of this section, we now consider lower bounds for the weak chromatic number of
hypergraphs.

Theorem 21 Forn > 2 we have

logn logn
s = 55 1 = (2

) asn — oo.
oglogn

loglogn

Proof We first define a sequence of hypergraphs H,, for m > 2 such that xV(H,,) >
m. Set Hy = K§3) which has 3 vertices. Define H,, for m > 2 iteratively, assuming

xV(Hp—1) > m — 1. Take m new vertices {vo, ..., Vy—1} and m(m — 1)/2 disjoint
copies of H,,_1, labeled H’LO;llj, o HYL"SZ’W*IJ_

The edges of H,, shall be all former edges of all H,B_’% together with all edges of
the form {v;, v, w} wherei < jand w € Hrs_j% Assume H,, is weakly (m — 1)-
colorable. Given such a coloring, one color must occur twice in {vp, ..., v —1}. Say,
these are the vertices v;; and v;, where i1 < i>. This color cannot occur anymore in
the coloring of H,Eyf]. Thus, H,L’ff] must be weakly (m — 2)-colorable. This is a
contradiction and H,, is at least (and obviously exactly) weakly m-chromatic.

We now claim that H,, € 733 for all m > 2. For that, we give a function f;, :
V(H,) — {1,...,n,;} where n,, is the number of vertices of H,,. This function
defines the order in which the vertices of H,, will be arranged on the moment curve
t — (t,1%,13). Lemma 15 on possible configurations then guarantees that H,, is
embeddable via arbitrary points on the moment curve. Note that the absolute position
of vertices on the moment curve is not important, only their relative order.

The hypergraph H, = K §3) can be embedded into R? via any three points on the
moment curve, so fo : V(Hz) — {1, 2,3} can be chosen arbitrarily. Assume that
fm—1 has already been defined and that the vertices of H,,_; arranged in that order
on the moment curve form an embedding. Look at the vertices of H,, as given before.
We define f, (v;) = npu—1-j(j—1)/2+ jfor0 < j <m—1andforany w € H}E;f}
withi < j weset fj(w) = np—1- (GG — D/2+10)+ j+ fim—1(w). This gives
exactly the order shown in Fig. 1.
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I
Fig. 1 Construction of Hy,
Table 4 Sub-cases of Case 3 in Relative order of v Additional condition Case number
the proof of Theorem 21
referring to the corresponding Fn) < fin(wy) _ 1
cases of Lemma 15 )
Jm(@) = fm(wy) - 6
fmwy) < fin() < fin(w2) - 12
Sm @) = fm(w2) - 7
Smw2) < fin() < fin(wz) - 2
fm (@) = fm(w3) - 8
Sm () > fm(w3) fm(vil) < fm(w3) 3
Sm @) > fm(w3) Sm i) > fm(w3) 1
Table 5 Sub-cases of Case 4 in . ..
the proof of Theorem 21 Relative order of i1, iz, ji, j2 Case number
referring to the corresponding j1 = jrandiy # i 10
cases of Lemma 15 )
Jj1=jrandiy] =iy Two shared vertices
1 <j1<ih<) 1

i1 <j1=i2<j2
i1 <i2<j1<]j2
ip=i2<j1<]2
2 <i] <j1<)2

W o0 N

Now, arrange the vertices of H,, on the moment curve in that order and pick any
two edges e and e;. By Lemma 15 we can assume that they do not share two vertices.

Case 1: ey and ey are from the same subhypergraph H IB_J% Then, by induction,
they can only intersect according to Definition 1 as their relative order reflects that of
fm—1. . o

Case 2: ey and e are from distinct subhypergraphs H,E,ZE{]] and H,Ez{ﬂ. Then we
are in Case 1 in Table 3 and thus they intersect according to Definition 1.

Case 3: e; = {v;, vj,, v} where v € HL’Z{'] and e is from some subhypergraph

leif]. Without loss of generality, let e = {w1, w, w3} and assume that f,, (w;) <
Jm(w2) < fn(w3). Then, by definition, i1 < j; and i» < j, and all the possible cases
of Lemma 15 are listed in Table 4.

Case4: ey = {v;,, vj, v}and e; = {v;,, vj,, w}. Again, iy < jj and i < j; holds.
Without loss of generality assume j; < j. We then have one of the cases listed in
Table 5.
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Thus, the order given by f;, provides an embedding of H,,. To estimate n,,, we use
the following recursion

ny =3,

N =m—+ny—1-m@m—1)/2 form > 2.
This can be bounded by n,, < m?" =: fi,,. Then

log 7ty logm
— =2m: <
loglogn,, log(2m log m)

and we finally get that

log iy log ny,

m > .
~ 2loglogn,, — 2loglogny,

Note that by monotonicity also

logn
)

w
—Q(—2="
Xa3() (log logn

holds.

Theorem 22 Letd > 3. Forn > d we have

logn d—1 ( logn

X%’ZJ%@(") = 1 ) asn — o0.

oglogn 2 loglogn
Proof Induction over d. The case d = 3 was shown in Theorem 21. Let d > 3.
Suppose we have constructed a family (Hg_l) meN of hypergraphs in J%,_5 4_1 such
that XW(H,‘,,J’l) > m and such that all hypergraphs H,‘n’l’1 are embeddable into R?~!
by vertices on the moment curve with edges intersecting according to Corollary 13
(or Lemma 15 if d = 4).

Let Hg = Kfid>. The hypergraph Hg has d vertices, one edge, and is weakly
2-colorable. Define H,le for m > 2 iteratively, given that XW(H,Z,l) > m — 1. For
that, take one copy of Hn‘ifl and one copy of (d — 1)-uniform H,fli_l.

The edges of Hi shall be all edges of Hrﬁ_l and all edges of the form ({v} U e) for
v e V(H;Z—l) ande € E(H,jf_l). Assume that there exists a weak (m — 1)-coloring of
H,ﬁ. Then there has to be at least one monochromatic edge e € E (H,’fl_l). No vertex
of Hlﬁ _; can be colored with this color, so its edges must be weakly (m — 2)-colored.
This is a contradiction and thus X""(H,ﬁ) > m.

We now claim that H,Z € J6 43,4 forallm > 2. Asin the proof of Theorem 21, we
give a function f,,(ld) : V(H,fl) - {1,..., n,(,'f)} where nf,‘,l) is the number of vertices of
H¢ . This defines the order in which the vertices of H¢ will be arranged on the moment
curve r > (¢, ..., 1%?3). We then use Corollary 13 to prove that Hlﬁ is embeddable
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Fig. 2 Construction of H,ﬁ
A

DR,

VvV,

via arbitrary points on the moment curve. As before, the absolute position of vertices
on the moment curve is not important. For a fixed uniformity d and dimension 2d — 3,
Corollary 13 guarantees that if for two given edges the vertices of at least one edge have
at most d — 3 odd contiguous subsets, they intersect properly according to Definition 1.

For d = 3 we can set f,f) = fp for all m > 2, where f,, is as in the proof of
Theorem 21. For d > 3 we have by assumption that there exists a corresponding
family of functions

(F9=D v I - (1, a0y

such that the vertices of H4~! arranged in that order on the moment curve form an
embedding. We then have to give an appropriate family of functions f,,sd) ford.

Hg can be embedded into R?¢~3 via any d points on the moment curve, so fz(d) :
V(Hg ) — {1, ...,d} can be chosen arbitrarily. Assume that fyfld_) | has already been
defined and gives an embedding of Hrﬁ_l. We define f,,sd)(v) = frfld_)l(v) for v €
V(H’ifl) and for any w € V(H,‘fl_l) we set f,,(fl)(w) = nfjil + f,ﬁ,dfl)(w). This is
also shown in Fig. 2.

Arrange the vertices of H,f,’ on the moment curve in that order and pick any two
edges g1 and g>.

Case I: Both edges are from the subhypergraph HZ—l' Then they intersect in
accordance to Definition 1 and Corollary 13 as their relative order reflects that of
Iy

Case 2: One edge is from Hn”i_l and the other of the form ({v} U e) where v €
V(Hz_l) and e € E(H,ﬁ‘l). Then both edges have at most one odd contiguous
subset (besides the first and last one), which is no problem for d > 3.

Case 3: g1 = ({v1}Uey) and go = ({va} Uez). Then the edges e and e; intersect
according to Corollary 13 (or Lemma 15 if d = 4) and g; and g, have at most one
more odd contiguous subset than the edges e; and e, had in the ordering of f,f,d_l).
The last number, by assumption, was bounded from above by (d — 1) — 3 for at least
onee;, i € {1, 2} (unless d = 4 and they intersect according to Case 12 in Table 3, see
below). So at least one g; has at most d — 3 odd contiguous subsets. Thus, the order
given by fn(fl) provides an embedding of H,ﬁ.

Note that there is one small exception to Case 3 when d = 4. Here, e; and e
could be in the relative position of Case 12 in Table 3 and consequently have more
than (d — 1) — 3 = 0 odd contiguous subsets. However, this is no problem as in all
possible extensions to g1 and g» at least one of the edges continues to have only one
odd contiguous subset (see Table 6).
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Table 6 All possible 4-uniform

extensions of Case 12 in Table 3 No. Configuration
as occurring in the construction 1 EFEEFEFEF
of H,‘,‘L
2 FEEEFEFF
3 IEEFEFF

To bound the number of vertices of HY we use

ngd) =d,
nD =n @ 4+ 09D form > 2.
Iteratively, we get that nﬁ,f) =d+> 4 nﬁd_l) <m- nﬁ,‘li_l) < <md=3.4
m2m+d=3 and thus
logn'® lo
8 < om4d—3)- gm) <2m+d-3.
loglogn' log (2m +d — 3)log(m))
Hence,
(d) i
. log ny, B d—-73

" 2loglogn'® 2

Note that by monotonicity also

logn
)

w
=Q(—————
X2d72,d (n) (log ]Og n

holds.

4 Conclusions and Open Questions

Starting from the Four Color Theorem we have shown that it has no direct analogon for
higher dimensions in general. Rather, in almost all cases, the number of colors needed
to color a hypergraph embedabble in a certain dimension is unbounded. However,
some questions still need to be answered.

Firstly, it would be very interesting to see whether the logarithmic-polynomial
difference between lower and upper bounds for the weak coloring case can be improved
substantially. If the conjectures by Gundert and Kalai mentioned in Sect. 2 were true,
the upper bound for weak colorings could be lowered as follows.

Conjecture 23 Letk — 1 < d < 2k — 2. Then one has

[(@-1)/2]
X(‘}Vk(n) =0 (n k=1 ) asn — oo.
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Further, in the weak coloring case, for k = d + 1 no examples with an unbounded
number of colors needed have yet been found and a finite bound is still possible. Also,
the question whether the maximum chromatic number for some fixed k, d, and n
actually differs for linear and piecewise linear embeddings, remains an open problem.
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