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A simple proof is given for the fact that the number of nonsingular similarity relations on
{1,2,... n}, for which the transitive closure consists of k blocks, equals (**;2"")~ (" 2,
1<k = n/2. In particular, this implies a recent result of Shapiro about Catalan numbers and
Fine’s sequence.

A similarity relation on the set [n] = {1.2, .., nlis a reflexive and symmetric, but
not necessarily transitive, binary relation R with the property

x<y<zand xRz imply xRy and yRz, forx,y,z €[n]. (1)

A similarity relation R will be called nonsingular, if for every x € [a] there is at
least one y # x such that x Ry. Let A.. denote the set of similarity relations on [n]
for which th- transitive closure consists of k nonempty classes, 1 < k < n; let B,
denote the subset of those members of A, which are nonsingular. It is obvious that
B.. # 9 if and only if 1 <k <n/2.

Similarity relations may be coded as integer sequences in the following manner:
if R is any similarity relation on [n}], then an integer sequence ar = a;a;* " - @, is
defined by:

x -- @, is the smallest y € {n] such that yRx, for x €[n]. )
ag will havs the following property:
m=0, 0€c1,+16a,+1, forlsx<sn-1. (3)
Conversely, for every integer sequence @ = asa: - - - a. with property (3) there is
a unique similarity relation R on [n] with @z = a: R is completely specified by rule
(2), refiexivity, symmetry and property (1).
Note that the number of classes in the transitive closure of a similarity relation R
equals the rnumber of zero-components in the corresponding sequence ax; further-

more, R is nonsingular if and only if every 0-component of ax is followed by a
1-component, in particular: a.# 0.
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Theorem. For n =1, 1<k =t n/2, there is a bijection between B, and A, .

Proof. Take any sequence B = B:8;- - - B, which represents a member of B,.;
this sequence contains k components equal to zero. Let

=5, <x,<- <t <n-1
denote the indices of these components, and put x.,=n+1 for convenience.
Define y, to be the largest index y such that x, <y <x,,;arnd §, =1, 1= i<k. By
the above remark about nonsingularity the y; are well defined. Now a sequence
a = aa; -, is defined as follows:

Ay = Brey ifogj'(y,-—xh 1€si<k;
Ay j =By;+[—l if0$j<xi,l—y‘, 1<is<k * (4)

The sequence a certainly has property (3) and has 2k componcnts equal to zero,
thus it represents a member o1 A, . .
Conversely, given any A.x-sequence a = a,a.- - - a., let

yl=x1<}‘<x2<y2<"'<x& <}’k$n

denote the iadices of the zero-componenis, and again put x.,,:=n+1. Use
equations (4; to define a B,.-sequence 8 = 3,8, -+ B. — this is just the inverse
mapping. Th:s proves the thecrem.

Let now
ni . = card A« (1<k =<n),b,.: = card B, (I<k=<n/2).

Lemma.
O ae=(TE)-(R Y isksm
(ii) b",k=(2";fk1"1)*(2""i"“’), 1<k <n/.
Proof. First note that
Ak = Qupert Auor -1y n=2 5)

wilere it is understood that @.. =0 if k€ [n].

This can be seen as follows: let a@ = a1, - a. be any A,.-sequence; either
a, =0, then a:a; - @n-y is @ A,.y,i-1-S€quence, or a, # 0, then let m denote the
largest index such that @, = 1 and replace a. by a, — 1 for m < x < n, which yields
a A.;.-sequence. Both procedures are invertible, hence (5) holds. Now (i) follows

by induction, starting with a,,= 1. {ii) is a consequence of (i) and the theorem.
In particular, note that
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the (n — 1 -th Caraian number; from this ocbservation and (§) it is immediate that

Qni = Cu. (6)

tmk<n
Let d. denote the number of nonsingular similarity relations on [n], n = 2. The first
few values of the d,-sequence are: 1,2, 6,18, 57, 186, 622, 2120, . .. . This sequence is
called Fine': sequence, [i, p. 352}, {2, p. 89), {3, entry 635].
Corollary.

o a=3 ()0

(li) Zd., + dn-'l = Cny n=3

v
1

Proof. (i) follows from the lemma; this is precisely Shapiro’s result about the
diagonal-sums in his “Catalan-triangle”, {2].

(i) has already been noted by Shapiro; here it is a simple conseqence of (S) and
(6), in loose notation:

Cn = 2 Qp,2j + E Az 1=2 z Qn .y t+ E Gn 1.25-2= 20dn + dy-.
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