
International Journal of Solids and Structures 49 (2012) 2394–2403

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 
Contents lists available at SciVerse ScienceDirect

International Journal of Solids and Structures

journal homepage: www.elsevier .com/locate / i jsolst r
Transverse loading of cellular topologically interlocked materials

S. Khandelwal a, T. Siegmund a,⇑, R.J. Cipra a, J.S. Bolton b

a School of Mechanical Engineering, 585 Purdue Mall, Purdue University, West Lafayette, IN-47907, USA
b School of Mechanical Engineering, Ray W. Herrick Laboratories, 140 S. Martin Jischke Drive, Purdue University, West Lafayette, IN-47907, USA

a r t i c l e i n f o a b s t r a c t
Article history:
Received 7 March 2012
Received in revised form 26 April 2012
Available online 22 May 2012

Keywords:
Topologically interlocked materials
Cellular materials
Hybrid materials
Structural analysis
0020-7683/$ - see front matter � 2012 Elsevier Ltd. A
http://dx.doi.org/10.1016/j.ijsolstr.2012.04.035

⇑ Corresponding author. Tel.: +1 765 494 9766.
E-mail address: siegmund@purdue.edu (T. Siegmu
Topologically interlocked materials (TIMs) are a class of materials made by a structured assembly of an
array of identically shaped and sized unit elements that are held in a confining framework. The assembly
can resist transverse forces in the absence of adhesives between the unit elements. The present study
focuses on topologically interlocked materials with cellular unit elements. The resulting materials
achieve their properties by a combination of deformation of the individual unit elements and their con-
tact interaction. Drop tower tests were conducted to characterize the mechanical behavior of the cellular
TIMs made of an intrinsically brittle base material. The TIMs were found to exhibit perfect softening,
independent of the relative density of the cellular units. The analysis of the experiments revealed a posi-
tive correlation between strength and toughness in contrast to more conventional materials. An analyt-
ical model for the prediction of the observed material behavior is developed. Model predictions are in
agreement with experimental data. The implications of the present findings for the design of these novel
materials are discussed.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The search for materials offering previously unavailable combi-
nations of material properties is an ongoing pursuit. In the recent
past, the concept of hybrid material systems has been successfully
applied to create materials exhibiting novel property combinations
(Ashby, 2005; Ashby and Brechet, 2003; Bouaziz et al., 2008) there-
by expanding the existing material property space. Hybrid materi-
als are defined as materials that obtain their properties by the
simultaneous use of at least two of the fundamental concepts of
material design: i.e., composition, shape optimization, or segmen-
tation (Ashby, 2005). Research on hybrid materials has been fur-
ther fueled by the desire to create multi-functionality whereby a
material, apart from satisfying its basic mechanical property
requirements also provides an additional functional property, such
as thermal protection, energy absorption or acoustical damping.

The aim of the present study is to demonstrate a novel hybrid
material concept, to develop the mechanics base for the property
predictions of the proposed material and to suggest potential use-
ful characteristics of the material. The newly proposed cellular
topologically interlocked materials emerge by simultaneously
employing the concepts of segmentation and assembly, and, shape
optimization as guiding principles. Motivation for such materials
stems not only from considerations of possible combinations of
fundamental material design principles but also from observations
ll rights reserved.
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of natural structures. For example, the spine of vertebrates is a load
carrying structure (Chen and Ingber, 1999) composed of unit ele-
ments (vertebrae) each possessing a cellular character with a dense
shell and a low-density core (Goel et al., 1993; Rho et al., 1998) and
connected by constraining ligaments (Levin, 2002). Similarly, a tur-
tle’s armor can be considered as a planar assembly of unit elements
(plates), which again consist of a dense outer shell and a low-den-
sity core (Krauss et al., 2009).

The first design principle applied is that of segmentation and
assembly whereby materials are created from a base set of unit ele-
ments. Such principles underpin designed materials (Zhang, 2003).
Given only a few base unit elements, combinatory principles indi-
cate that a large number of structures can be created. Also, individ-
ual elements can be optimized for particular functions. Such
materials have attracted considerable attention in the context of
bio- and nano-technology (Gracias et al., 2000; Fernandez and Kha-
demhosseini, 2010; Mueggenburg et al., 2007; Stupp et al., 1997).
At these small scales, the interactions between unit elements
emerge from van der Walls, electrostatic and hydrogen bond
forces. At larger scales, such forces are not effective and alternate
forms of interactions are needed. Throughout history, structures
such as arches, domes and stone walls (Block et al., 2006a,b; Block
and Ochsendorf, 2007; Boothby et al., 2007; Casapulla and D’Ayala,
2001; Heyman, 1966; Huerta, 2001; Livesley, 1992; O’Dwyer,
1999) have been erected by the assembly of unit elements (stone
or brick). In these structures, load transfer among unit elements
is by contact; still in conventional stone and brick structures one
relies on gravity and curvature to enable stable load-carrying
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Fig. 1. Cellular tetrahedra unit elements of various wall thicknesses. Parts of the
tetrahedra were removed to expose the interior of the cells for illustrative purposes.
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capability. Planar assemblies of unit elements were also considered
in the past. Of particular interest are the flat vault designs follow-
ing from the work of Abeille at the end of the 17th century as re-
cently reviewed in Fleury (2009) and expanded upon in Brocato
and Mondardini (2012). In these assemblies a square tiling is ob-
tained through translation and rotation of a single type of a poly-
hedron having two orthogonal cross sections (both vertical and
passing through the centroid) in the shape of isosceles trapezia
with the longer bases at opposite sides. These assemblies can carry
transverse loads, but due to their geometric characteristics can be
loaded only in one direction. Glickman (1984) suggested another
specific forms of contact-based assemblies of unit elements (G-
blocks) into monolayers which can carry transverse loads but do
not require self-weight. Such assemblies are enabled by the use
of unit elements in the shape of regular (truncated) polyhedrons
such that the unit elements interact with each other by multiple
and complementary contacts. These structures no longer need
gravity to satisfy stability, but continue to require abutments to
provide external confinement of the monolayer assembly. Dyskin
et al. (2003a) expanded and generalized this concept, and intro-
duced the term topologically interlocked materials (TIM) for this
class of low-dimensional materials created from individual unit
elements interacting with each other by contact and embedded
within a constraining framework. It has been demonstrated that
TIMs can possess attractive mechanical properties including: (i)
high damage tolerance (Dyskin et al., 2003b; Khor, 2008; Schaare
et al., 2008), (ii) negative stiffness characteristics under certain
loading conditions (Estrin et al., 2011; Schaare et al., 2008), (iii)
variable stiffness as adjusted by control of constraint (Brugger
et al., 2009; Dyskin et al., 2003b), (iv) quasi-ductile response ob-
tained from brittle constituent materials (Dyskin et al., 2001,
2003a,b,c) and (v) remanufacturability (Mather et al., 2012).

The second material design principle employed here is that of
shape optimization. This concept underpins the design of low-den-
sity cellular materials (foams and honeycombs) (Evans et al., 1998;
Gibson and Ashby, 1997). Cellular solids commonly possess advan-
tageous specific mechanical properties, such as high specific mod-
ulus, high specific strength or toughness. In addition, cellular solids
are an ideal departure point for the development of multifunc-
tional materials (Gibson and Ashby, 1997).

Motivated by naturally occurring structures and the opportuni-
ties in hybrid material design, it is hypothesized here that the com-
bination of segmentation and cellularity would allow for the
design of a biomimetically-inspired material possessing attractive
mechanical properties. In order to verify the hypothesis, experi-
ments on a low dimensional (monolayer) model material were
conducted, and a theoretical framework for the analysis of the
mechanical properties of these materials was developed. Specifi-
cally, it was hypothesized that the resulting cellular topologically
interlocked materials would possess favorable strength, damage
tolerance and energy absorption under impact conditions particu-
larly when such properties are expressed as specific properties.

First, experiments were conducted to measure the mechanical
properties of the proposed cellular topologically interlocked mate-
rials over a range of relative densities. A low velocity impact exper-
iment was considered in which inertia terms remain negligible. By
following considerations also employed in the analysis of other low
dimensional materials (Lee et al., 2008), such as carbon nanotubes,
graphene, nanoparticle sheets and monolayers, the mechanical
characteristics of TIMs are given in terms of elastic stiffness, load
carrying capacity, and energy absorption. In order to be able to pre-
dict the mechanical properties of the proposed hybrid material,
predictive models for the prediction of the mechanical behavior
are needed. Finite element models have successfully been used
to analyze individual TIM configurations (Ashby, 2005; Brugger
et al., 2009; Schaare et al., 2008), however, such models only pre-
dict the properties of one specific material configuration and are
not sufficient when designing materials. One attempt to develop
an analytical model for the prediction of the elastic properties of
TIMs was undertaken in (Dyskin et al., 2003c). In that approach
(Timoshenko) plate theory was used, and TIM specific characteris-
tics were incorporated by adjusting the second area moment. How-
ever, by employing a plate bending theory appropriate for a
continuous solid, one does not account for the fact that no tensile
stresses can be transmitted across the contact surfaces between
the individual unit elements in a TIM. Also, a model for the charac-
terization of the damage evolution in TIMs was developed in
(Mather et al., 2012) by expanding previously developed models
for prestressed mortar walls. This model explains the local condi-
tions in the element-to-element contact, but fails to predict the
overall characteristics of the TIMs. Furthermore, Molotnikov et al.
(2007) explored the failure behavior of TIMs using percolation the-
ory. Here, a model for the mechanical behavior of TIMs is devel-
oped in the context of thrust line analysis; a technique well
established in the analysis of stone structures such as arches and
domes where self-weight is required for structural stability (Block
et al., 2006a,b; Block and Ochsendorf, 2007; Boothby et al., 2007;
Casapulla and D’Ayala, 2001; Heyman, 1966; Huerta, 2001; Lives-
ley, 1992; O’Dwyer, 1999). The thrust line analysis and its associ-
ated limit load considerations comprise a strictly geometry-based
analysis and do not take into consideration material properties.
Only a few models have taken account of material properties in
the analysis (Loo, 1995; Ma et al., 1995; Molins and Roca, 1998).
By combining the concepts of thrust line analysis, and recognizing
the static indeterminacy of the deformation problem at hand, an
analytical framework for the predictions of the mechanical proper-
ties of cellular TIMs are derived here. The model predictions are
verified against the experimental data, and provide the basis for
a discussion of application opportunities arising from the novel hy-
brid material proposed in this study.

2. Experiments

2.1. Materials and Methods

Monolayers of topologically interlocked materials were assem-
bled from unit elements in the shape of regular tetrahedra. The
edge length of a unit tetrahedron was a0 = 25.00 mm. Both dense
as well as cellular (i.e., hollow) unit elements were considered.
The cellular unit elements possessed wall thicknesses of t = 1.00,
1.50, 2.00, and 3.00 mm. The relative density, q�, of the cellular unit
elements is defined as the material volume of the cellular unit ele-
ment divided by the volume of the dense unit tetrahedron:

q� ¼ q
qs
¼ 1� 2

ffiffiffi
6
p t

a0

� �� �3

ð1Þ

where q is the overall density of the cellular tetrahedron under con-
sideration, and qs that of a corresponding dense unit element. Con-
sequently, the relative densities of the cellular unit elements
considered were q� = 0.48, 0.65, 0.78, 0.93 and 1.00, respectively
(Fig. 1).



Fig. 3. Cross-section drawing of (a) dense TIM and abutments, (b) cellular TIM
(q� = 0.78) and abutments.
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Unit elements were manufactured in a 3D printer, Dimension
SST 1200 (Stratasys Inc.), by fused deposition processing. A poly-
mer (ABS P400) was deposited layer-by-layer with a print layer
thickness of 0.25 mm. The room temperature elastic modulus of
the printed polymer is Es = 1827 MPa, and the glass transition tem-
perature is Tg = 104 �C (matweb., 2012). For experiments con-
ducted at room temperature, time dependent deformation
processes will thus be negligible. Under mechanical loading,
printed parts fail by debonding along fusion lines between individ-
ual print layers, and parts created by the present 3D printing pro-
cess possess fail brittle and exhibit low toughness. The surface of
one representative printed tetrahedron was characterized by a pro-
filometer. The surface roughness was found to be Ra = 33 lm.

Monolayers of topologically interlocked materials were created
by assembling 49 identical tetrahedra, Fig. 2(a), in a square lattice
pattern (Dyskin et al., 2001, 2003a,c) such that each tetrahedron is
supported by four tetrahedra, two in each lateral direction pre-
venting motion in either transverse direction, Fig. 2(b). The thick-
ness of the monolayer is equal to the edge-to-edge distance in
the unit tetrahedron: i.e., h = a0/

p
2.The assembly process was

facilitated by the use of a template consisting of 8 � 8 = 64 square
pyramids arranged on a square grid. Subsequently, the assembled
monolayer was confined by the use of abutments placed along
its edges, see Fig. 2(c). The abutments were also made in the 3D
printer from ABS P400. The abutments are of prismatic shape
and possess a wedge shape cross-section such that they engage
with the sides of the monolayer as demonstrated in the cross-
sectional views of Fig. 3(a) and (b). The assembled monolayer spec-
imen possessed an edge length at its top and bottom surface of
(a) (b)

(c)

25.00mm

Fig. 2. (a) Individual unit elements before assembly. (b) Sequential assembly of unit ele
downward motion of the interlocked element, while tetrahedra 3 and 4 prevent the upw
similar manner. (c) Monolayer of topologically interlocked material with abutments and
LT = [a0 + (N � 1) (a0/2)] = 100.00 mm. Its mid-plane was a square
of edge-length L = (N + 1)(a0/2) = 87.50 mm. The specimen was
placed into a test frame machined from aluminum. The frame
1
23

41
2

ments to create topologically interlocked material. Tetrahedra 1 and 2 prevent the
ard motion of the element. The boundary elements are supported by abutments in
placed in test fixture.
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supported the abutments. Two adjacent abutments were fixed in
space and the remaining two abutments could be displaced in a
single in-plane direction. Two screws per abutment were used to
adjust the position of the abutment, thereby controlling the con-
finement. The confinement pressure was measured by using a thin
film force sensors (FlexiForce, range 0–110 N and a linearity error
<±3%) inserted between the constraining abutments and the sur-
rounding fixture. A condition of zero pre-load was considered for
all experiments. This condition was controlled by sequentially
tightening the screws step-by-step until the force sensor returned
a signal just above the noise level.

A total of 30 TIM specimens were prepared. The number of
experiments per density was n = 6 for q⁄ = 0.48, n = 4 for
q⁄ = 0.65, n = 8 for q� = 0.78, n = 5 for q⁄ = 0.93, and n = 7 for
q⁄ = 1.00. Each specimen tested was made out of previously un-
used tetrahedra. The response of the specimens to impact loading
was evaluated. Impact tests were conducted in an instrumented
drop tower test system (InstronDynatup 9250HV). The drop tower
system conforms to the impact testing standard ASTM D5628.The
impactor tip (tup) had a semi-spherical shape with a diameter of
10.00 mm and is equipped with a strain gauge load cell with full-
scale capacity of 200 lb. The impactor position transducer is an
optical encoder with accuracy of ±0.02 mm. All experiments were
performed using a drop mass of m = 6.21 kg and a drop height of
HD = 36.58 mm resulting in an impact energy of U = 2.23 J. During
the impact event the loading experienced by the specimens is dis-
placement controlled with a displacement rate of 0.925 m/s. Such
constant displacement rate is maintained as the drop mass is much
larger than the weight of the specimen. The specimens were placed
in the test system such that the centrally located tetrahedron was
loaded at the midpoint of its upper edge: see Fig. 2(c). The cross-
sectional views in Fig. 3(a) and (b) depict the internal structure
of the TIM monolayer for the case of dense and cellular unit ele-
ments, respectively. Force, F, and displacement, d, data were ac-
quired for the duration of 40.00 ms at a rate of 204.80 kHz. The
impactor displacement was interpreted to be the deflection, d, of
the TIM monolayer when subjected to the mechanical load.
2.2. Experimental results

The (F–d) response of TIM monolayers assembled from dense
unit elements is shown in Fig. 4(a), and selected (F-d) curves for
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Fig. 4. (a) Force deflection curves for TIM monolayers with dense unit elements. (b) Force
density one representative experiment is depicted.
TIM monolayers with cellular unit elements are depicted in
Fig. 4(b) for all densities considered. All specimens exhibit (F–d)
curves with qualitatively similar features: an initial linear elastic
response, a peak load followed by a softening regime in which load
continuously drops to zero. Such a type of behavior has been doc-
umented in previous studies (Brugger et al., 2009; Dyskin et al.,
2003c) for systems made of dense metallic unit elements and qua-
si-static loading conditions. Here, it was found that such an advan-
tageous mechanical response also extends to TIMs with cellular
unit elements that individually fail brittle, and also persists under
low velocity impact loading conditions. To summarize the experi-
mental data quantitatively, mechanical properties derived from
the experiments were documented as: (1) the initial stiffness, K,
defined as the slope of the (F-d) curve between d = 1.50 mm and
d = 5.00 mm, as a measure of elastic properties; (2) the maximum
force, F⁄, as a measure of strength;(3) the critical deflection values,
d� and df , defined as the deflection at peak load and at zero load,
respectively; and (4) the work to failure, W, defined as the area un-
der the (F–d) curve as a measure of toughness. From inspection of
Fig. 4, it is evident that the characteristic deflection values are of
very similar magnitude for all specimens and nearly independent
of relative density.

In all cases, the peak load, F⁄, was reached near a value of
d� = 10.00 mm, and the load carrying capability finally vanished
near a deflection of df = 30.00 mm. TIM monolayers assembled
from dense unit elements exhibited the largest values of F⁄, and
F⁄ declined with the decrease in relative density. Similarly, K was
found to be largest for monolayers assembled from dense unit ele-
ments and to decline with decreasing relative density.

The normalized mechanical property values of the TIM mono-
layers (K/Ks, F⁄/Fs

⁄, W/Ws) in their dependence on the relative den-
sity q� are depicted in Fig. 5, and compared to the Voigt upper
bound.

Experimental data for densities q⁄ = 0.48 and q⁄ = 0.65 are well
approximated by the upper bound estimate. Experimental data for
q⁄ = 0.78 consistently exceed the upper bound but depict increased
scatter, while for q⁄ = 0.93 property data are again close to the
bound. A representative TIM monolayer in its deformed configura-
tion after testing is shown in Fig. 6(a). Even after being subjected to
the external load, individual unit elements remain essentially in-
tact. The residual opening of contacts between unit elements was
observed to be the major contributor to the deformation of the
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deflection curves for TIM monolayers with cellular unit elements. For each relative
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Fig. 5. The dependence of normalized mechanical properties, (a) K/Ks, (b) F�=F�s ,
and, (c) W/Ws on relative density (mean and ± standard deviation). Comparison to
the Voigt upper bound.
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TIMs. In particular, for the configuration in which the load was ap-
plied centrally to the specimen, it was observed that contact open-
ing was present in a cross-shape with the two arms of the cross
intersecting in the center of the TIM monolayer, thus separating
it into four quadrants in which contact opening was significantly
less. From Fig. 6(a) it is deduced that the deformation field in the
TIM monolayer can be approximated by linear functions possess-
ing a maximum value at the indenter location and declining to zero
at the supports.

Under the given experimental conditions, the maximum accel-
eration achieved by any unit element in the tests was found to
be of the order of 10.00 m/s2. The solid tetrahedra possess a mass
of 1.75 g, so that the inertia force per unit element is 0.0175 N.
Thus, inertia contributions were small compared to the average
peak forces for all specimens considered.
3. Analysis

3.1. Analysis approach

The analysis via the thrust line method and its extension re-
quires knowledge of the load transfer characteristics between the
unit elements in the TIM monolayer. In order to obtain such in-
sight, a finite element (FE) model of the TIM monolayer was con-
structed. Details of the FE-model are provided in the Appendix.
This FE-model serves not to predict the force-deflection response
but rather to illustrate the location of the thrust lines in the TIM
monolayer. The deformed configuration of the TIM monolayer as
predicted by the FE model together with the vectors of the mini-
mum principal stresses is shown in Fig. 6(b). The external load
was found to flow from the tetrahedron to which the load was ap-
plied (i.e., the keystone) to the abutments predominantly along
three planes, L1, L2, L3, and their symmetric counterparts. For
these planes, the cross-section of the TIM monolayer corresponds
to that depicted in Fig. 3. The distribution of the maximum com-
pressive principal stress vectors in planes L1, L2 and L3 are de-
picted in Fig. 7 at two stages of the loading process for the case
of dense unit elements. At both the low and high load, a well-de-
fined main path of load transfer is present in which the magnitude
of the compressive principal stress is high. This path is the line-of-
thrust. It consists of three segments: segment 1 extends from the
contact point between the abutment and the adjacent unit element
across neighboring unit elements to the central tetrahedron, seg-
ment 2 proceeds along the upper edge of that tetrahedron, and seg-
ment 3 connects to the second abutment.

Initially, the two lateral segments of the line of thrust are in-
clined to the reference plane of the TIM, but as loading progresses
these segments of the thrust line rotate towards the horizontal.
The processes of rotation of line of thrust is most advanced along
plane L1, lags some in L2, and is more delayed in L3.

Such a configuration for the thrust lines is similar to that occur-
ring in an arch at collapse. However, in the TIM the deformation is
constraint such that symmetry with regard to the z-axis is en-
forced. Then, mechanical characteristics of this configuration can
be characterized as rigid, following from Maxwell’s rule. For this
analysis consider that the configuration at hand possesses three
bars (b = 3), four joints (j = 4), with one constraint imposed
(k = 1). Then, Maxwell’s rule, b � 2(j � k) + 3 = 0, is fulfilled, which
indicates that the thrust line system can carry load. As deformation
progresses and the thrust lines rotate into a collinear position and
form an infinitesimal mechanism. Thus, the load carrying capacity
vanishes once this configuration is reached (Calladine, 1978).
Based on this argument, it is proposed that the mechanical behav-
ior of the TIM can be captured by analyzing the load transfer and
the deformation in planes L1, L2, L3 in the lines of thrust. Fig. 8 de-
picts the configuration to be analyzed, representative of the situa-
tion in L1, L2 and L3, respectively. Three truss elements placed
along the segments of the thrust line are considered as shown in
Fig. 8. The two lateral trusses (X1X2 and X3X4) possess initial and
current lengths of r0 and r, respectively, while the central truss



Fig. 6. (a) A TIM in deformed state after loading. (b) Deformed shape of TIM as predicted by the finite element model together with vectors of minimum principal stress.

S. Khandelwal et al. / International Journal of Solids and Structures 49 (2012) 2394–2403 2399
(X2X3) initially is of length a0 and of current length a, Fig. 8. The
points X1 and X4, i.e. the thrust line end points at the abutments,
at the supporting abutments, remain at distance h1 from the upper
surface of the TIM during loading as seen from the results of the FE
model. As the central unit element is displaced vertically by ~d, a
statically indeterminate configuration arises. Fundamental
mechanics of material principles can be used to solve the problem
at hand, and to correlate ~d to the horizontal and vertical compo-
nents of the thrust force, fH and fV. The sum of all vertical compo-
nents of the thrust forces in all planes then equals the force F for
an applied displacement d. The compatibility conditions for the
configuration is

2rcosbþ a ¼ 2l0 þ a0 and 2r þ a ¼ 2r0 þ a0 � D ð2Þ

with l0 the horizontal component of r0, and the angle b characteriz-
ing the inclination of the thrust lines relative to the xy-plane. Com-
bined with the force-elongation relations for the three trusses
Fig. 7. Vectors of the minimum principal stress for the planes L1, L2 and L3 of the TIM m
(c,d) along L2 at low and high load; (e,f) along L3 at low and high load, respectively.
2D ¼ 2Dr þ Da ¼
2ðfH=cosbÞr0

AsEs
þ fHa0

AsEs
ð3Þ

the horizontal and vertical components of the thrust force in depen-
dence are determined:

fH ¼ EsAs
ð2r0 þ a0Þ � ð2r � aÞ

2r0=cosbþ a0

� �
ð4aÞ

fv ¼ fHtanb ð4bÞ

The angle b can be computed from

cosb ¼ l0 þ Daffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh1 � ~dÞ2 þ ðl0 þ DaÞ2

q ð5Þ

Here, As is an equivalent cross-sectional area of the thrust line in
the dense TIM and Es is the Young’s modulus of the material of
which the unit elements are made. Experimental observations,
onolayer assembled from solid unit elements: (a,b) along L1 at low and high load;
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Fig. 8. A schematic of a representative TIM monolayer cross-section, and the proposed truss model.
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Fig. 6(a), indicate that a linear displacement field can be used to
approximate the deflection of the TIM monolayer with the deflec-
tion at the center equal to the applied displacement d and zero
deflections at the abutments. Consequently, for cross-sections L1,
L2 and L3, the corresponding local displacement values of the
central tetrahedron in the local planes are

~dðL1Þ ¼ d; ~dðL2Þ ¼ 1� a0=2
LT=2

� �
d ¼ 3

4
d;

~dðL3Þ ¼ 1� 2a0=2
LT=2

� �
d ¼ 1

2
d ð6Þ

The total vertical reaction force, F, is obtained as the sum of the
vertical components of the thrust forces in all planes:

F ¼ 2f V ðL1Þ þ 2� ½ð2f V ðL2Þ þ 2f V ðL3ÞÞ� ð7Þ

where the factor two for contributions from planes L2 and L3 ac-
counts for the presence of two of each of these planes in the current
7 � 7 assembly.

3.2. Model predictions

Fig. 9 depicts the vertical thrust force components fV for planes
L1, L2, and L3 individually, together with the resulting overall force
F, all normalized by (EsAs), in dependence of the applied displace-
ment d. All subsequent model predictions assume that the distance
h = h1, i.e. that the contact between abutment and adjacent unit
tetrahedron occurs at the most extreme position. For each of the
planes L1, L2, and L3 the model predicts a similar skewed parabolic
force-deflection response. The maximum values of fV are identical
for all three cases, but the deflection to reach the peak load, or sub-
sequently zero load, vary from plane to plane due to the different
lags in the local loading conditions, Eq. (6).

Fig. 10 shows a representative force-deflection curve for the
experiments on TIMs with dense unit elements in comparison to
the model prediction. Force data F are all normalized to the peak
force value F⁄ of each respective data set. The model captures the
experimental data well. By accounting for the contribution of loads
carried by the various cross-sections, the model predicts a three
tiered softening response as denoted by intervals I, II and III in
the (F–d) response. This behavior emerges from the sequentially
staggered local load response in planes L1, L2 and L3. For region
I:F = 2fV(L1) + 2 � [2 fV(L2) + 2 fV (L3)], for region II:F = 2 � [2
fV(L2) + 2fV(L3)] since fV(L1) = 0, and, similarly for region III:
F = 2 � [2 fV (L3)]. Load transfer ceases to occur once the truss sys-
tem in planes L3, the planes furthers removed from the central tet-
rahedron, becomes an infinitesimal mechanism. The applied
displacement at which the TIM monolayer collapses, d = df, is
reached at df ¼ 2h ¼

ffiffiffi
2
p

a0.
In order to quantitatively compare model predictions and

experimental data, the value of the product EsAs needs to be deter-
mined. By comparison of the maximum force value in Fig. 4(a) to
that in Fig. 9, this factor was obtained to be approximately
2000 N for the present experiments. With the present value for
Es the equivalent cross section area of the trusses representing
the thrust lines is estimated as approximately 1.00 mm2. Conse-
quently, the value of strains along the thrust lines are
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Fig. 10. Normalized force deflection curves as obtained from the present model in
comparison to experimental data.
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e(X1X2) = (fH/cosb)/(EsAs) and e(X2X3) = fH/(EsAs). In the present case,
the compressive strains at maximum value of fV are e(X1X2) = 0.044
and e(X2X3) = 0.042, while the maximum values of compressive
strains arise at fV = 0 where e(X1X2) = e(X2X3) = 0.064.

From the results of Fig. 10 and the model equation it can be
seen that the applied displacement d� necessary to reach the
peak load F� is independent of EsAs. The model predicts
d� ¼ 10:61 mm ðR2 ¼ 0:96Þ. This value also has significance in an
overall interpretation of the experimental data in the form of a
cross property plot of F�vs: K , Fig. 11(a). Experimental data shows
indicate a positive relationship between F� and K which is well
approximated by a linear slope of 8.40 mm. Considering that
d� = F⁄/K the model prediction for d� overpredict the experimental
data somewhat.

The cross property relationship between strength F⁄ and tough-
ness W are shown in Fig. 11(b). Again a positive relationship be-
tween F⁄ and W is found in the experimental data, well
approximated by a linear slope of 66:32m�1ðR2 ¼ 0:94Þ. The model
predictions of Fig. 10 can again be used to determine this slope
from the area under the (F/F� � d)record. The model predicts this
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Fig. 11. Cross-property plots for cellular TIMs: (a) strength, F⁄ vs. stiffness, K; (b) stren
together with a linear regression fit to the experimental data, comparison to model pre
value to be 53.43 m�1, such that the model somewhat underpre-
dicts the experimental data.

In order to account for the cellular characteristics of the TIM,
relationships for F⁄, K, and W need to be considered in terms of
their dependence on the relative densityq�. As seen from the model
equations, F / As. The present model describes the deformation
response of the TIM monolayer due to uniaxial deformation of
the material in the thrust line. Consequently, properties F⁄, K, and
W are to scale linearly with the relative density of the unit ele-
ments, as the relative density can be considered to modify the
cross section area (A = As q⁄). Then, the following property-density
relationships emerge

F�ðq�Þ ¼ C1q� ð8aÞ

Kðq�Þ ¼ F�ðq�Þ
d�

¼ C2q� ð8bÞ

Wðq�Þ ¼
Z df

0
Fdd ¼ C3q� ð8cÞ

where C1, C2, C3 are constants for a given material type and specified
number of tetrahedra, and are equal to the corresponding property
values for the TIMs made of dense unit elements. This result is in
agreement with experimental data, Fig. 5.
4. Discussion

In the present paper, experimental results on the mechanical
properties of a new class of microarchitectured materials have
been presented. The material is termed cellular topologically inter-
locked materials. The results obtained in this study demonstrate
that these materials possess several advantageous properties. It
was found that the force–displacement response for the TIM mon-
olayers exhibited an ideal softening response. In all cases, softening
was gradual and the load dropped continuously to zero. Following
from definitions of damage mechanics, such behavior represents
an ideal damage response in which the critical damage value is
equal to one. While such behavior has been demonstrated in the
past for TIM monolayers made of dense unit elements, here it
was demonstrated that TIM monolayers with cellular unit ele-
ments behave the same way. From the viewpoint of weight reduc-
tion in materials this behavior is clearly attractive. For closed cell
cellular solids, stretch-dominated behavior ideally predicts a linear
W [J]
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variation of stiffness, strength and toughness with relative density
(Evans et al., 1998; Gibson and Ashby, 1997; Sugimura et al., 1997).
However, such a dependency is seldom achieved (Grenestedt,
1998; Grenestedt and Bassinet, 2000; Grenestedt and Tanaka,
1998; Simone and Gibson 1998), and mechanical properties are in-
stead found to be dependent on relative density by a power law
relationship of power two to three. The cellular topologically inter-
locked materials of the present study were found to exhibit a linear
dependence of mechanical properties on relative density. This is
explained by the dominantly uniaxial compression of the material
elements in the thrust line model. The resulting model analysis
predicts a linear variation of mechanical properties with relative
density even though the mechanism is very different from com-
mon cellular solids.

In the analysis, the deformation of material located in the thrust
lines is used to predict the thrust forces, and hence the load re-
sponse and reaction to an applied out-of-plane displacement. By
accounting for the contributions of all the planes wherein the
thrust lines exist a model can be created, which is able to capture
the force-deflection response as observed in the experiments. In
particular it is noted that the development of the thrust forces in
the load carrying planes is not synchronous but planes further re-
moved from the load point lag. Once the thrust line reaches a con-
figuration in which all its three segments are co-linear and
orthogonal to the applied displacement, a situation equal to an
infinitesimal mechanism emerges and load transfer ceases. Even
in the presence of in-plane compressive loads this configuration
is unstable (Calladine, 1978). The present model only considers
elastic deformation in the unit elements. As shown in Mather
et al. (2012), and based on the estimates of strain, this assumption
can indeed be violated. Assuming an ultimate stress for ABS of
50.00 MPa and consequently an ultimate strain of 0.03, the model
presented would at least predict the peak loads well, but would
overestimate the amount of deflection to failure. This seems indeed
to be the case when considering Fig. 10. An extension of the model
to include plastic deformation or damage to the unit elements is
straightforward as the elastic modulus can be substituted by the
hardening modulus (or a damaged modulus) past the point of a
critical strain.
5. Conclusions

Topologically interlocked materials offer a new way of design-
ing materials with tailored material properties. These materials
have several unique features that make them structurally sound
and useful for various applications where strength and toughness
are key criteria. Here, the idea of making TIMs with cellular unit
elements has been proposed. The hypothesis that such materials
would possess advantageous mechanical properties was corrobo-
rated by the experimental data, which exhibited linear and positive
relationships between strength and toughness. These results are in
contrast to findings on almost all other materials in which strength
and toughness are negatively correlated. The proposed cellular
TIMs also suggest the possibility of creating materials for which
the mechanical properties are at the upper bound of material prop-
erty variation with relative density. The attractive characteristics of
the cellular TIMs considered arise from the fact that these materi-
als are not true continua, but rather are formed of discrete ele-
ments interacting by contact. To account for these characteristics,
an analysis was applied that extended ideas of the thrust line anal-
ysis approach together with concepts of basic statics. The proposed
analysis framework can serve as a starting point to optimize and
expand the properties of topologically interlocked materials. These
materials are unique in that they are made by the assembly of indi-
vidual unit elements. When it is considered that a library of unit
element types is available, with each type of unit element poten-
tially possessing different properties, one can readily envision that
combinatory-based approaches to the design of novel properties
and property combinations can open the door to exciting new
materials.

6. Appendix

A finite element model of a TIM monolayer made of solid tetra-
hedral unit elements arranged in a 7 � 7 assembly was developed.
The model was created in commercially available software ABA-
QUS v6.11. Each of the unit elements was discretized by the use
of 229 tetrahedral shaped elements with 10 nodes and a modified
element formulation. The model was exercised only for the initial
(hardening) load response in which elastic deformation and con-
tact opening dominate. Thus, no further mesh convergence studies
were required. Since the inertia effects in the experiments were
found to be negligible but contact dominates the numerical prob-
lem, the implicit dynamic algorithm with the quasistatic option
was used together with the General Contact feature. The abut-
ments were given the same shape as in the experiments, and were
fixed in space by applying rigid body constraints. A flat indentor
with diameter equal to 1/10 of the in-plane dimension of the
TIM was used to apply the load under displacement control condi-
tions. The material characteristics of the solid were considered as
linear elastic. Two important modes of deformation for TIMs are
contact opening and slip between contacting elements, but in the
FE computation only, the case of near zero slip was considered.
This condition was imposed by selection of a very high coefficient
of friction (l = 100.00).
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