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Abstract

In this paper, six new Redheffer-type inequalities involving circular functions and hyperbolic functions are established.
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1. Introduction

Redheffer [1] proposed the inequality

sin x 72— x2

=z —,
X 72 4 x2

x € (0, m]. (D

Chen, Zhao, and Qi [2] obtained the following three Redheffer-type inequalities

- 72— 4x2 E[O n] @)
COS)C_H2+4X2, X N 2 )

by < T4 e[O ”) 3)
COS X_n2_4x2, X 72 9

sinh 24 2

1 xSnz—i-xz, x €. 7). 4)
X e —X

Recently, some extensions of inequalities (2)—(4) for Bessel functions have been shown in Baricz [3].

In this paper, we shall extend and sharpen the inequalities (1) and (2) above, and show a new Redheffer-type
inequality for tan x as follows.
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Theorem 1. Let 0 < x < 7. Then

AN : 22N\
T X <smx< T X (5)
n24+x2) T x T \#?r+x?

holds if and only if « < 7%/12 and B > 1.

Theorem 2. Let 0 < x < /2. Then
72 — 452 p - - 72 —4x2\“ ©)
— cos x —
72 +4x2) ~ T \m? +4x?

holds if and only if « < w%/16 and g > 1.

Theorem 3. Let 0 < x < 7/2. Then

72 +4x2\%  tanx 72 4 4x2 b
< < (7N

w2 — 4x2 X 72 — 4x2

holds if and only if o < 7%/24 and B > 1.

Corresponding to Theorems 1-3, we show three new Redheffer-type inequalities for hyperbolic functions.

Theorem 4. Let 0 < x < r. Then

2+ x2\%  sinhx r2 4 x?2 B 8
r2 —x2 = X = r2 —x2 ®)

holds if and only if & < 0 and B > r?/12.

Theorem 5. Let 0 < x < r. Then

2 2\ ¢ 2 2\ B
<r +x2> §coshx§(r +x) )

r2—x r2 —x2

holds if and only if & < 0 and B > r?/4.

Theorem 6. Let 0 < x < r. Then

2 2\B 2 2\¢
r X < tanh x < r X (10)
r2 + x2 X r2 4+ x2

holds if and only if « < 0 and B > r?/6.

Remark 1. Let « = 0 in (8) and (10), then
tanhx < x <sinhx, x>0, (11)

which can be found in Bullen [4, p. 9].
2. Five lemmas

Lemma 1 (/5, Theorem 3.4]). Let By, be the even-indexed Bernoulli numbers, and ¢ (-) the Riemann’s zeta function.
Then

B (2]1)2"
T 2(2n)!

(For further comprehension of the even-indexed Bernoulli numbers By, refer to pp. 231-232 in [6].)

¢ (2n) |Boul, n=1,2,.... (12)
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Lemma 2. Let 0 < x < /2. Then

2n __
anr =Y 2Dy, (13)

n=1

Proof. The following power series expansion can be found in [7, 1.3.1.4 (3)]:

00 22n(22n _ 1) . _— 00 22n(22n _ 1) _— T
tanx:r;W(—l) Boyx =;W|3M|x <3 (14)
using the relational expression (12), we obtain (13). O
Lemma 3. Let |x| < 7. Then
2¢(2n) 2
xcotx =1— Z o n, (15)

n=1

Proof. The following power series expansion can be found in [7, 1.3.1.4 (2)]:

00 2n )
xcotx = 1 —; (2n)!|an|x x| < 7. (16)

using the relational expression (12), we obtain (15). O

Lemmad4 ([8-11]). Let f, g : [a, b] — R be two continuous functions which are differentiable on (a, b). Further, let
g #0on(a,b). If f'/g isincreasing (or decreasing) on (a, b), then the functions

fx)— f(b)

g(x) —g)
and

fx)— f(a)

g(x) —gla)

are also increasing (or decreasing) on (a, b).

Remark 2. This I’Hospital rule for monotonicity has become a standard tool and found wide application, reader can
refer to [11] and references therein.

Lemma S ([/12-14]). Let a, and b,, (n = 0, 1,2, ...) be real numbers, and let the power series A(x) = Z?,O:o apx"

and B(x) = Y 02 byx" be convergent for |x| < R.If b, > 0forn =0,1,2,..., and if a,/by is strictly increasing
(or decreasing) forn =0, 1,2, ..., then the function A(x)/B(x) is strictly increasing (or decreasing) on (0, R).

3. Proof of Theorem 1

Let f(x) = log —log =% S0X Then £(01) = 0, and

7T2+ 2
Flx) = sinx — x cos x i
V= xsinx 34— x%)
1 2 2 mix?
=——|(n 1 —xcotx) — ———|.
(@2 + 12 [( T mxeotn) = 2,
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By Lemma 3, we have

f/(x)z%[ﬂn + 2)25(2”) 2n_%z( ) ]
n=0

x(m? + x2)

o ) (M +¢@n—2) 4, 7, A& XM
= —x(n2+x2) |:2§(2)x +2Z —3 X 35 T3 ;n2n—2

n=

T x(n? +x2)

Z;(Zn)+§(2n—2)—n' /6 o

g2n—-2
Since ¢(2n) + ¢(2n — 2) — n2/6 > 141-— 712/6 > 0, we conclude that f(x) is increasing on (0, 7). Then
f(x) > f(OF) =0forx € (0, 7), and the following inequality
2
sin x - x2—x2\" /12 (17
x T \mZ4x2
holds for x € (0, ).
By Redheffer’s inequality (1) and the inequality (17), we have the double inequality as follows

2
ot _sinx _(n0-x o € (0, 7] (18)
, X ,].
2 4x2 7 x T \m?+4x2
Let F(x) = logn;fxz . Then F(0T) = ’17—;, and F(w~) = 1. So 1 and 717—; are the best constants in (18), the proof of
72422

Theorem 1 is complete.

4. Proof of Theorem 2

Let g(x) = ”—6 logZ 2+4 > — logcos x. Then g(0) = 0, and

7'[4)6

g'(x) =tanx — = ! (n% + 4x?) tanx — L
(w2 —4x2) (w2 +4x2) 72+ 4x2 w2 —4x2 |’

By Lemma 2, we have

1 2% — )¢ (2n) 2m=lg2
/ 2 2 1 2n—1
8 =570 |:(” +ax )Z 2 . Zﬂzn—z.zx !

n=1 n=1

1 2022 — 1)z (2n) + 822 — e @2n —2) ,,_
:ﬂ2+42|:6§(2) +n§ —3 x2nt
00 22}171 2
- (”2x+227t2n2%x2n1>]
222" — 1)e(2n) + 822 — He(2n —2) — (w?/2)2% 1, |
=7 +4x2 Z =2 *

Since 222" — 1)¢(2n) + 8% %2 — )¢ (2n — 2) — (w2/2)22 1 > 222" — 1) + 822 — 1) — (w?/2)2%"~ ! =
224 — ”Tz) —10 > 16(4 — ”Tz) — 10 > 0 for n > 2, we conclude that g(x) is increasing on [0, 7/2). Then
g(x) > g(0) =0 for x € [0, m/2), and the following inequality

2
72 —4x2\” /16
cosx < m 19)
holds for x € [0, /2).
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By inequality (2) and the inequality (19), we have the double inequality

2 — 4x? 2 4x?

72 4 4x2

T

72/16
m) , x €0, JT/Z] (20)

§cosx§<

72 —4x
) n244x2
of Theorem 2 is complete.

Let G(x) = llog%. Then G(0T) = ’f—é, and G(57) = 1. So 1 and 7{—; are the best constants in (20), and the proof
(¢}

5. Proof of Theorem 3

Let h(x) = log 0% — Z0 Jog T+ Then 4(0+) = 0, and

xsect x — tanx 2mtx

x tanx 32 4 4x2) (2 — 4x2)

1 _( 2 14 (i +xc0tx—1 2 4 X
= — an —_ ) -t —.
n2+4x2_n * x X &

' (x)

By Lemmas 2 and 3, we have

1| 2 222" — 1)¢(2n) X ¢(2n) 2 2= 52
/ _ 2 2 2n—1 2n—1 2n—1
W = G| @ +4x)(n;—ﬂz" X% —2};—712” X2 —;nZH?x"
1 f X, (22— )¢ (2n) + 4272 —2)c(2n —2) 4,
= g | K x +2X; —3 X"
L n=.

2, 22t
- (5” ) m
n=

2 X, (221 —2)¢(2n) + 42272 —2)¢(2n — 2) — (w?/6)22 1
2+ 4x? g

n—1

2n—2
> b4

Since (22" — 2)¢(2n) + 4272 — )1 (2n — 2) — (w?/6)2%" 71 > 22 — 2 4 4222 —2) — (7?/6)2" ! =
22 — 717—;) —10 > 162 — ’17—;) — 10 > 0 for n > 2, we conclude that h(x) is increasing on (0, 7/2). Then
h(x) > h(0") = 0 for x € (0, 7/2), and the following inequality

2
(n2+4x2)” /24 - tan x

- 21
w2 — 4x2 X 20
holds for x € (0, 7 /2).
In a similar way, the inequality
tanx w2+ 4x?
< 22
x T om?—4x? (22)
holds for x € (0, 7 /2).
Combining inequality (21) and the inequality (22), we have the double inequality as follows
2
2 2\ 7/24 2 2
T+ 4x tanx m°+44x
- < < , € (0, 7/2). 23
<7r2—4x2> x —m_ax2 7 ©.7/2) ()

log ‘anx
Let H(x) = —ort
log Zt4x

K 72 —4x2
of Theorem 3 is complete.

.Then H(0T) = g—:, and H (%_) =1.So 1 and g—j are the best constants in (23), and the proof
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6. Proof of Theorem 4

Let (x) = &5 _ fiw where f1(x) = log 1% and g;(x) = log - +x . Th
T T o 1(x og ,and g1 (x 0g en
I —Xz
fi)y 1 (r* —x¥(xcoshx —sinhx) 1 A(x)
gx)  4r? x2sinhx "~ 42 B(x)’
where

A(x) = (r* — x*)(x coshx — sinh x)

2r4 454 & 4 4 1 1
- Lx3+Lx5+Z|: r _ r _ 4 :|x2n+l
n=3

31 5! en)! Qu+ 1! Qn—4&)! " @2n-23)

o]

— ZanXZn—H’

n=1

1 1 e8] x2n+l
B(x) =x Zsinhx = —x> 4+ —x° + _—
1! 3! o 2n — 1!
o0
— anx2n+l
n=1
and
_ 274 . 4rt
a) = ?7 az ?,
ré ré 1 1
an = - — + ,
2n)! Cn+1! 2n—-4)! @2n-3)!
1 1
b1 =1, by = —, by=—— >0, n>3neN".
3! 2n — 1!
So Zﬂ > Z—Z > Z—3,andf0rn > 3 we have
1 2 3
i _ r4 _ 1 4 1
- a_n _ @m)! Q2n+1)! 2n—4)! (2n-3)!
n = - 1
bn @n—1)!
B 2nr* — 2n + 1)2n(2n — D(2n — 2)(2n — 4)
- 2n(2n + 1) ’
We conclude that ¢, is decreasing forn = 1,2, ..., and it Ex; = Lz Ag) is decreasing on (0, r) by Lemma 5. Thus
l

I(x) = 2 g; = 28_—282 is decreasing on (0, r) by Lemma 4.

Furthermore, lim,_, g+ I (x) = 1;, and lim,_,, I (x) = 0. So the proof of Theorem 4 is complete.

7. Proof of Theorem 5

Let J(x) = “’gC‘;i‘;‘ = ZIEX),where r1(x) = logcoshx, and 51 (x) = log T +x . Then
2 2

—X

rix) 1 (*—x%sinhx 1 R(x)

si(x)  4r2  xcoshx T 428k’

where

\ 4 & 4 1 2n—1
p— — - . "
R(x) = (r* —x )s1nhx— x+ X +’;|:(2n—1)' (2n—5)'i|x




528 L. Zhu, J. Sun / Computers and Mathematics with Applications 56 (2008) 522-529

00
— § :anx2n71
n=1

1 O x2
S(x) = xcoshx =x + —x3
() = + ; 2n —2)!
[o,0]
— anXZn—l
n=1
4 4
ar=rta =", a0 = gty — Gamsy b1 = 102 = 31, bn = gy > 0,1 = 3,and n € NY.
So ‘b’—: b—z > ‘b’—: and for n > 3 we have
S U
an @n—D! ~ @n=3)!
Cn = b =" 1
n 2n=2)!
B = Q2n—1)Q2n—=2)2n —3)2n —4)
- 2n —1 '
We conclude that ¢, is decreasing for n = 1,2,..., and ;} g; = # Ig((;‘)) is decreasing on [0, r) by Lemma 5.
1

Thus J(x) = ”&; = % is decreasing on [0, r) by Lemma 4. At the same time, lim,_, o+ J(x) = % and
limy_,, J(x) = 0. So the proof of Theorem 5 is complete.

8. Proof of Theorem 6

lg— — hx tdnhx _ r2—yx2
Let K(x) = 1 r[‘; = o where /1 (x) = log ==, and m(x) = log R Then
re+x
11 (x) _ 1 (r* — x*)(sinh 2x — 2x) _ 1L
mi(x) r? (2x)2 sinh 2x 16r2 M(t)’
where t = 2x,
16r* 5 16r x 1
L(t) = (16r* — t*)(sinht — 1) = I~ t5 — Rian
(1) = (16r" —17)( )= 73 +nZ; (2n+1)' 2n — 4]

00
— Z ant2n+l ,
n=1

3 1 s 00 t2n+1
M(t) = t*sinht = ¢ —t
() + +’;(2n_1),

o0
— Z bn[2n+l,
n=1

164 16r4 16r4
anda; = -3, ay = -3 ’an_(Znil)!_(Zn 4),,b1—1b2—3,,bn—(2n o > 0.n >3, andn € NT.
SOZ—:>Z—2>b—3 and for n > 3 we have
6rt 1
_Gn  TatD] T Tn—a)
n @2n—1)!

16r% — 2n+1)2n2n —1)2n —2)2n — 3)
2n(2n + 1) '
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We conclude that ¢, is decreasing forn = 1,2, ..., L(t)/M(t) is decreasing on (0, 2r) and ri‘,((xx)) is decreasing on
1
_ L™ _ h®=L0YH : .
(0,r) by Lemma 5. Thus K(x) = m'l(x) = ml(x)_”'”(oﬂ is decreasing on (0, r) by Lemma 4. At the same time,

lim,_ o+ K(x) = % and lim,_,, K(x) = 0. So the proof of Theorem 6 is complete.

Remark 3. New researches on Jordan’s inequality which is similar in theme to Redheffer-type inequalities are in
active progress, reader can refer to [15-32].
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