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Abstract In this paper we consider a charged rotating black
hole in three dimensions with a scalar charge and discuss
the energy loss of a heavy particle moving near the black-
hole horizon. We also study quasi-normal modes and find the
dispersion relations. We find that the effect of scalar charge
and electric charge increases the energy loss.

1 Introduction

The lower-dimensional theories may be used as toy mod-
els to study some fundamental ideas which yield a better
understanding of higher-dimensional theories, because they
are easier to study [1]. Moreover, these are useful for appli-
cation of the AdS/CFT correspondence [2–5]. This paper
is indeed an application of the AdS/CFT correspondence to
probe a moving charged particle near the three-dimensional
black holes recently introduced by Refs. [6] and [7], where
a charged black hole with a scalar hair in (2+1) dimensions
and a rotating hairy black hole in (2+1) dimensions were con-
structed, respectively. Here, we are interested in the case of
a rotating black hole with a scalar hair in (2+1) dimensions.
Recently, a charged rotating hairy black hole in three dimen-
sions corresponding to infinitesimal black-hole parameters
was constructed [8] and this will be used in this paper. Also,
the thermodynamics of such systems was recently studied by
Refs. [9] and [10].

In this work we would like to study the motion of a heavy
charged particle near the black-hole horizon and calculate the
energy loss. The energy loss of a moving heavy charged parti-
cle through a thermal medium is known as the drag force. One
can consider a moving heavy particle (such as a charm and
bottom quark) near the black-hole horizon with a momen-
tum P , mass m, and constant velocity v, which is influenced
by an external force F . Thus, one can write the equation of
motion as Ṗ = F −ζ P , where in the non-relativistic motion
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P = mv, and in the relativistic motion P = mv/
√

1 − v2,
and ζ is called the friction coefficient. To obtain the drag
force, one can consider two special cases. The first case is
the constant momentum which yields F = (ζm)v for the
non-relativistic case. In this case the drag force coefficient
(ζm)will be obtained. In the second case, the external force is
zero, so one can find P(t) = P(0) exp(−ζ t). In other words,
by measuring the ratio Ṗ/P or v̇/v one can determine the
friction coefficient ζ without any dependence on the mass m.
These methods enable us to obtain the drag force for a mov-
ing heavy particle. The moving heavy particle in the context
of QCD has a dual picture in string theory, in which an open
string is attached to the D-brane and stretched to the horizon
of the black hole.

Similar studies have already been performed in several
backgrounds [11–22]. Now, we consider the same problem
against a charged rotating hairy 3D background. Our moti-
vation for this study is the AdS3/CFT2 correspondence [23–
25].

This paper is organized as follows. In the next section, we
review a charged rotating hairy black hole in (2+1) dimen-
sions. In Sect. 3, we obtain the equation of motion and in
Sect. 4 we try to obtain a solution and discuss the energy
loss. In Sect. 5, we give a linear analysis and discuss quasi-
normal modes and the dispersion relations. Finally in Sect. 6,
we summarize our results and give the conclusion.

2 Charged rotating hairy black hole in (2+1) dimensions

The (2+1)-dimensional gravity with a non-minimally cou-
pled scalar field is described by the following action:

S = 1

2

∫
d3x

√−g

[
R − gμν∇μφ∇νφ − ξ Rφ2

−2V (φ)− 1

4
FμνFμν

]
, (1)
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where ξ is a coupling constant between gravity and the scalar
field, which will be fixed as ξ = 1/8, and V (φ) is the self-
coupling potential. The metric background of this is given
by Ref. [7],

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2(dψ + ω(r) dt)2, (2)

where [8]

f (r) = 3β − Q2

4
+

(
2β − Q2

9

)
B

r
− Q2

(
1

2
+ B

3r

)
ln(r)

+ (3r + 2B)2a2

r4 + r2

l2 + O(a2 Q2) (3)

where Q is the infinitesimal electric charge, a is the infinites-
imal rotational parameter, and l is related to the cosmological
constant by	 = − 1

l2 . Also, β is the integration constant and
depends on the black-hole charge and mass as follows:

β = 1

3

(
Q2

4
− M

)
, (4)

and the scalar charge B is related to the scalar field as follows:

φ(r) = ±
√

8B

r + B
. (5)

The rotational frequency is obtained as follows:

ω(r) = − (3r + 2B)a

r3 , (6)

and

V (φ) = 2

l2 + 1

512

[
1

l2 + β

B2 + Q2

9B2

(
1 − 3

2
ln

(
8B

φ2

))]
φ6

+ O(Q2a2φ8). (7)

Also one obtains the following Ricci scalar:

R = −36r6−3l2 Q2r4+2Bl2 Q2r3+216Bl2a2r +180l2a2 B2

6l2r6 ,

(8)

which is singular at r = 0. Finally, in Ref. [8] it is found that

r2
h = B

3Q2

(
7

6
Q2 − 2M

)(
−1 +

√
1 + 216a2 Q2

B( 7
6 Q2 − 2M)2

)
,

(9)

where rh is the radius of the black-hole horizon.
Finally, the black-hole temperature and entropy are

obtained by the following relations:

T = f ′(rh)

4π
,

s = 4πrh .

(10)

3 The equations of motion

The moving heavy particle near a black hole may be
described by the following Nambu–Goto action:

S = − 1

2πα′

∫
dτdσ

√−G, (11)

where T0 = 1
2πα′ is the string tension. The coordinates τ

and σ correspond to the string world-sheet. Also, Gab is the
induced metric on the string world-sheet with determinant G
obtained as follows:

G = −1 − r2 f (r)(x ′)2 + r2

f (r)
(ẋ)2, (12)

where we used the static gauge in which τ = t , σ = r ,
and the string only extends in one direction: x(r, t). Then the
equation of motion is obtained as follows:

∂r

(
r2 f (r)x ′
√−G

)
− r2

f (r)
∂t

(
ẋ√−G

)
= 0. (13)

We should obtain the canonical momentum densities associ-
ated with the string as follows:

π0
ψ = 1

2πα′√−G

r2

f (r)
ẋ,

π0
r = − 1

2πα′√−G

r2

f (r)
ẋ x ′,

π0
t = − 1

2πα′√−G
(1 + r2 f (r)(x ′)2),

π1
ψ = 1

2πα′√−G
r2 f (r)x ′,

π1
r = − 1

2πα′√−G

(
1 − r2

f (r)
ẋ2

)
,

π1
t = 1

2πα′√−G
r2 f (r)ẋ x ′.

(14)

The simplest solution of the equation of motion is a static
string, described by x = const., with a total energy of the
form

E = −
rm∫

rh

π0
t dr = 1

2πα′ (rh − rm) = Mrest, (15)

where rm is an arbitrary location of the D-brane. As we
expect, the energy of the static particle can be interpreted
as the rest mass.

4 Time-dependent solution

In the general case, we can assume that a particle moves with
constant speed ẋ = v; in that case the equation of motion (13)
reduces to
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Fig. 1 Drag force in terms of v
for M = 1. a B = a = 1,
Q = 1.6 (dotted line), Q = 2
(solid line), and Q = 2.4
(dashed line). b a = 1, Q = 2,
B = 0.5 (dotted line), and
B = 1 (solid line), B = 2
(dashed line)

(a) (b)

∂r

(
r2 f (r)x ′
√−G

)
= 0, (16)

where

G = −1 − r2 f (r)(x ′)2 + r2

f (r)
v2. (17)

Equation (16) gives the following expression:

(x ′)2 = C2(r2v2 − f (r))

r2 f (r)2(C2 − r2 f (r))
, (18)

where C is an integration constant which will be determined
by using the reality condition of

√−G. Therefore, we find
the following canonical momentum densities:

π1
ψ = − 1

2πα′ C,

π1
t = 1

2πα′ Cv.
(19)

Canonical momentum densities given by the equation (19)
gives the following expressions,

dP

dt
= π1

ψ |r=rh = − 1

2πα′ C,

dE

dt
= π1

t |r=rh = 1

2πα′ Cv.
(20)

As mentioned before, the reality condition of
√−G gives

constant C . The expression
√−G is real for r = rc > rh . In

the case of small v one obtains

rc = rh + r2v2

f (r)′

∣∣∣∣
r=rh

+ O(v4), (21)

which yields

C = vr2
h + O(v3). (22)

Therefore we can write the drag force as follows:

dP

dt
= − vr2

h

2πα′ + O(v3). (23)

In Fig. 1 we can see the behavior of the drag force with
the black-hole parameters. We draw the drag force in terms
of velocity and, as expected, the value of the drag force is
increased by v. Figure 1a, b shows that the black hole electric
charge as well as the scalar charge increases the value of the
drag force. We find a lower limit for the black-hole charge,
which is for example Q ≥ 1.4 corresponding to M = a =
B = 1. In this case we find that a slow rotational motion has
many infinitesimal effects on the drag force, which may be
negligible.

5 Linear analysis

Because of the drag force, the motion of the string yields a
small perturbation at a late time. In that case, the speed of
the particle is infinitesimal and one can write G ≈ −1. Also,
we assume that x = e−μt , where μ is the friction coefficient.
Therefore one can rewrite the equation of motion as follows:

f (r)

r2 ∂r (r
2 f (r)x ′) = μ2x . (24)

We assume outgoing boundary conditions near the black-hole
horizon and use the following approximation:

(4πT )2(r − rh)∂r (r − rh)x
′ = μ2x . (25)

This suggests the following solutions:

x = c(r − rh)
− μ

4πT , (26)

where T is the black-hole temperature. In the case of infinites-
imal μ, we can use the following expansion:

x = x0 + μ2x1 + · · · . (27)

Inserting this equation in (26) gives x0 = const. and

x ′
1 = A

r2 f (r)

rm∫

rh

r2

f (r)
dr, (28)
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Fig. 2 μ in terms of rm . B = Q = a = 1.6 (dashed line), and B =
Q = a = 2 (solid line), B = Q = a = 2.4 (dotted line)

where A is a constant. Assuming the near-horizon limit
enables us to obtain the following solution:

x1 ≈ A

4πT r2
h (r − rh)

(
−rm + r2

h

4πT
ln (r − rh)

)
. (29)

Comparing (26) and (28) gives the following quasi-normal
mode condition:

μ = r2
h

rm
. (30)

It is interesting to note that these results recover the drag force
(23) for infinitesimal speed. In Fig. 2 we can see the behavior
of μ with the black-hole parameters. We find that the black-
hole charges increase the value of the friction coefficient.

5.1 Low-mass limit

The low-mass limit means that rm → rh , and we use the
following assumptions:

f (r) ≈ 4πT (r − rh) (31)

and

r2 = r2
h + 2rh(r − rh)+ · · · , (32)

so by using the relation (24) we can write

x(r) = (r − rh)
− μ

4πT (1 + (r − rh)A + · · · ). (33)

We can obtain the constant A as follows:

A = μ

2πT rh − μrh
. (34)

It tells us that μ = 2πT yields a divergence; therefore we
call this the critical behavior of the friction coefficient. We
obtain Fig. 3.

Fig. 3 μc in terms of B for M = 1, l = 1 and a = 2. Q = 1.6 (dotted
line), Q = 2 (solid line), and Q = 2.4 (dashed line)

5.2 Dispersion relations

Here, we would like to obtain the relation between the total
energy E and the momentum P in the low-velocity limit. In
that case we obtain

π0
ψ = − μ

2πα′
r2

f (r)
= − 1

2πα′μ
∂r (r

2 f (r)x ′), (35)

which gives the total momentum

P =
∫
π0
ψ dr = 1

2πα′μ

(
r2

min f (rmin)x
′(rmin)

)
, (36)

where we use rmin > rh as an IR cutoff to avoid a divergency.
In a similar way we can compute the other momentum den-
sity,

π0
t = − μ

2πα′

[
1 + 1

2
r2 f (r)(x ′)2 + 1

2

r2

f (r)
v2

]
, (37)

to evaluate the total energy as follows:

E = −
∫
π0

t dr

= 1

2πα′
(

rm − rmin − r2
min f (rmin)x

′(rmin)x(rmin)
)
,

(38)

where we used the equation of motion and the boundary
condition x ′(rm) = 0. Assuming the following near-horizon
solution:

x ∼ (r − rh)
− μ

4πT (39)

and combining Eqs. (36) and (38) give the following relation:

E = Mrest + P2

2Mkin
, (40)
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Fig. 4 η in terms of Mkin . Q = B = 1.6 (dotted line), Q = B = 2
(solid line), and Q = B = 2.4 (dashed line)

where Mrest is given by Eq. (15) with the replacement rh →
rmin and

Mkin ≡ r2
h

2πα′μ
. (41)

It is the usual, non-relativistic dispersion relation for a point
particle in which the rest mass is different from the kinetic
mass. In Fig. 4, we draw the re-scaled η ≡ 2πα′μ in terms of
kinetic mass and show that the black-hole charges increase
η as expected.

6 Conclusions

In this work we considered the recently constructed charged
rotating black hole in three dimensions with a scalar charge
and calculated the energy loss of a heavy particle moving
near the black-hole horizon. First of all, the important prop-
erties of the background were reviewed and then appropri-
ate equations obtained. We have as motivation the AdS/CFT
correspondence, and we use a string theory method to study
the motion of the particle. This is indeed in the context of
AdS3/CFT2, where the drag force on the moving heavy par-
ticle is calculated. We found that the black-hole charges, both
electric and scalar, increase the value of the drag force, but the
infinitesimal value of the rotation parameter has no important
effect and may be negligible. We also discussed the quasi-
normal modes, obtained the friction coefficient and found that
black-hole charges increase the value of the friction coeffi-
cient, which coincides with increasing the drag force. Finally,
we found the dispersion relation between the total energy and
the momentum of the particle.
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reproduction in any medium, provided the original author(s) and the
source are credited.
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