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Abstract

We give existence results for solutions of the prescribed scalar curvature equation on 53, when the cur-
vature function is a positive Morse function and satisfies an index-count condition.
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1. Introduction

Let $3 be the standard sphere with round metric go induced by $3 = dB;(0) C R*. We study
the problem: Which functions K on 3 occur as scalar curvature of metrics g conformally equiv-
alent to go? Writing g = g04g0 and k(9) := %(K (6) — 6) this is equivalent to solving for r = 1
(see [3])

—8Ag3¢ + 69 =6(1+1k(©))¢’, ¢>0inS>. (1.1)

An obvious necessary condition for the existence of solutions to (1.1) is that the function K has
to be positive somewhere. Moreover, there are the Kazdan—Warner obstructions [7,16], which
imply in particular, that a monotone function of the coordinate function X cannot be realized as
the scalar curvature of a metric conformal to gg.

Numerous studies have been made on Eq. (1.1) and its higher dimensional analogue and
various sufficient conditions for its solvability have been found (see [2,4,6,11,12,17,18] and the
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Table 1
Degree for K1, K2, K3.
K, K, K3
+E; A K (£E)) >0 A Ky (£E) >0 A K3(£ED) >0
ind(Ky,£E)) =0 ind(K,, £E1) =0 ind(K3,£E()=0
+E, A K (£E2) <0 A Ky (£E2) =0 A K3(£E2) >0
ind(Ky,+Ey) =1 ind(Kp, £E>) =1 ind(K3, £Ep) =1
+E3 A K (£E3) <0 A3 Ky(£E3) <0 A3 K3(£E3) <0
ind(K,+E3) =2 ind(Ky, £E3) =2 ind(K3, £E3) =2
+Ey A K (£E4) <0 A3 Ky(£E4) <0 A K3(£Eg) <0
ind(K{,+E4) =3 ind(Kp, £E4) =3 ind(K3, £E4) =3
d 1 ? -1

reference therein), usually under a nondegeneracy assumption on K. On S> a positive function
K is nondegenerate, if

AK@©®)#£0 if VK(©)=0. (nd)

For positive Morse functions K on $3 it is shown in [5,10,23] that (1.1) is solvable if K satisfies
(nd) and

d::—(l—i— ) (—1>i“d<’“9))7&0, (1.2)

VK (6)=0,
AK(6)<0

where ind(K, ) is the Morse index of K at 0, i.e. the number of negative eigenvalues of the
Hessian. For example the simplest possible positive Morse function K = 2 + X, where we
already know from the Kazdan—Warner obstructions, that there are no solutions, yields d = 0, as
the only critical point of K with negative Laplacian is the global maximum with Morse index 3.
Moreover, consider the functions K; € C*®(S3, R) defined by

Ki(X):=2X7 +6X3 +7X3 +8X3,
K»(X) :=3X? +6X3 +7X3 +8X7,
K3(X) :=4X? +6X? +7X3 4+ 8X2,

where X; for 1 <i <4 is the ith coordinate function of S C R*. Each K; is a positive Morse
function with critical points given by

[£E e S cR* 1<i <4,

where {E;, 1 <i < 4} denotes the standard basis of R*. The global maximum is attained at
+E4, the global minimum at +F, £F; and £E3 are saddle points. The sign of the Laplacian,
the Morse-index, and d are collected in Table 1 below. Thus, (1.1) is solvable for t = 1 and
K € {K1, K3}. The function K, does not satisfy the nondegeneracy assumption (nd) at £ and
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the above result is not applicable. For the special function K, a different approach leads to a
solution: K7 is symmetric with respect to reflections on the sphere S* and the problem may be
shifted to the projective space RP3. Since RP? is not conformal to 3 the result of [14] yields a
solution on RPP that may be shifted back to obtain a solution for K> on S3. But, the argument
breaks down for any nonsymmetric perturbation of K,. We are interested exactly in this case,
when the nondegeneracy assumption (nd) is not satisfied, and we shall give the required general
existence result.

In the following, unless otherwise stated, we will assume that K =6(1 +k) € C 5(83) is pos-
itive. To give our main results we need the following notation. We denote by Sy (-) stereographic
coordinates centered at some point 6 € S 3ie. Sy (0) = 6. We write kg = k o Sy and for a critical
point 6 of k with D?%ky (0) invertible we let

) i= (ko) = T2, o) 1",
R3
—1
a1(0) := A%k (0) + V(Akg(0)) - (D%*kg(0)) ™ V(Akg(0)),
15 2
a2(0) =k (0)a1 (0) — = / |D%ko (0)(x)*|,
3B1(0)
where all differentiations are done in R3, the mth Taylor polynomial of ky in y is abbreviated by
|
e () =Y =Dk (n(x — )",

s £!

and ¢ is the Cauchy principal value of the integral,

ff(X):rli_lj}) / fx).
R3

R3\B,(0)

The value ap(0) is well defined because of the cancellation due to symmetry. For instance ex-
panding Tk”; o in spherical harmonics we get

if m is odd,

0
m —
/ Tke’o(x)ds—{%mk@(m ifm=2.
dB1(0)

The value ag(0) will be of interest only in points where (nd) is not satisfied, that is when Vky (0)
and Akg(0) vanish simultaneously. In this case ag(0) is given by

ap(0) = f (ko (x) — ko (0)) x| 7°,

R3

and measures, weighted by |x| —6. the difference between kg and kg 0).
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Denote by Crit(k), M, and T the sets,
Crit(k) := {0 € §*: Vk(9) =0},
M :={0 € Crit(k): Akg(0) =ao(®) =0, and a2(9) # 0},
T:={-a1(0)/a2(0): 6 € M},

Theorem 1.1. Suppose 1+ k € C(S3) is a positive Morse function. Then (1.1) is solvable for
1€ 0, 1\T,if

0#d(t) = —<1 + ) (—1)i“d<’<’9>>, (1.3)
0eCrit_(k,t)
where

Crit_ (k. 1) := {9 €S3: Vk()=0 and

lim, sgn(Ak(8) + ao (@)t — (a1 9) + tay(0)) %) = —1}.
n—

The number d(t) is the Leray—Schauder degree of problem (1.1).

We note that set of critical points of K and k are equal and for any 6 € Crit(k) we have

sgn(AS3K(9)) = sgn(AS3k(9)) = sgn(ARakQ (0)),
ind(K, 0) =ind(k, ) = ind(ky, 0).
Hence, the nondegeneracy condition (nd) implies that the set M is empty and the formula in (1.3)

gives exactly the index-count condition in (1.2). In contrast to (1.2) the Leray—Schauder degree
now depends on ¢ and may change as ¢ crosses some value in 7. Indeed for any

fh=-"19 rq0.1

Ca(9)

there is a “blow-up curve” (z(s), ¢(s)) such that

sh_r)r(1)t(s) =1,, }i’%”‘”“) ”LOO(BE(G)) =+4oo foralle >0,

and ¢(s) solves (1.1) with r =(s) (see [21] and Fig. 1 below).

An inspection of the proof of Theorem 1.1 shows that the result remains valid, when k is
only in C 4(83). We state Theorem 1.1 for functions k € C3(S3), because we use the analysis in
[20,21], which is done in this setting.

To illustrate our results we will apply Theorem 1.1 when K equals K; for some i € {1, 2, 3}.
For i € {1, 3} the set M is empty, as the Laplacian does not vanish at any critical point, d(-)
is independent of 7 # 0 and given by (1.2). Concerning K>, the critical points with vanishing
Laplacian are {£FE>} and we need to compute a;(£E3) for j =0, 1,2 and the function

1 1 7 4
k=ky:= E(K2—6)=§X12+X%+EX§—|—§Xf—1.
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Fig. 1. Blow-up curves.

A straightforward computation (see [22]) shows

224
ao(£E2) =0, ai(£Ey) =0, ar(£E;) = -5

Hence, M = {+E,} C §3, T = {0}, and

-1 ifr>0,

d(t):{l ifr <0,

Thus, we may replace the question mark in Table 1 by —1. Moreover, for 0 # h €
Cé’O(S3 \ {£E>}, R>0) we consider kp &= sh, where s is a small positive parameter. Since

/hiEz(x)|x|_6dx >0,
]R3

the sets M and T are empty for k = k> & sh and 0 < s < 1, the degree for ¢ # 0 is given by
d(t)y=—1 fork=ky+ sh, dit)y=1 fork=ky—sh.
Furthermore, we consider for 0 < s <« 1
k=ky+s(7(1—x3)* —20(1 — x3)")

For small positive s the set of critical points of K is given by {£E;} with vanishing Laplacian
only at £F3, ap(+E>) =0, and

224
a1 (EEy) = 13405, a(EE) =~

Thus, M = {£E;}, T ={540s}, and for r # 0

—1 ifr > 540s,

d(r) =
® {1 if 1 < 540s.
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The change of the degree is due to the two blow-up curves r ), goi (r)), where t=(r) —
540s and ¢ (r) concentrates at £E; as r — 0. It is interesting to note that, although K is even
in this case, the solutions on the blow-up curve are not even as they concentrate in a single point.

To prove our main result we embed our problem into a two-dimensional family of problems.
We choose h € C®(S3, [0, 00)) such that

supp(h) N Crit(k) = @. (1.4)
We fix 0 < 79 € (0, 1]\ T and consider for s > 0
—8Ag¢ + 60 =6(1+1(k(0) +sh(0)))¢’, ¢>0inS>. (1.5)

Analogously as above, we define a; (0, s) for j =0, 1,2 and My by replacing k by k + sh in the
definition of a;(#) and M. We obtain for 6 ¢ supp(h)

ao(Q,S)=ao(9)+S/he(X)IXI_6, ai(0,s) =a1(6), ax(0,s) = az(0).
R3

From (1.4) there is sg > 0 such that for 0 < s < s¢:
e Crit(k) = Crit(k + sh),
o k + sh is a Morse function,
e ap(@)-ap(d,s) > 0,if Vk(#) =0 and ag(6) # 0.
The main reason for introducing the perturbation # is that the sets M, are empty, because

ap(®,s) #0 if Vk(9) =0.

By standard elliptic regularity the operator L, defined by

Ly (—8Ag +6) 1 (6(1 +10(k(©) + sh(9)))¢°),

is compact from CZ(S3) into CZ(S3). From the a priori estimates in [21], as fy ¢ T, there is
Ci, > 0 such that all positive solution to (1.5) with s =0 lie in BC,O ,

Be = {p € C*(5%): @253 < Cand €' < g}

Moreover, as Crit(k 4+ sh) does not change when s moves from 0 to sp, we may apply The-
orem 7.1 in [21]. Thus, for any 0 < § < sg there is Cs > 0 such that all positive solution to
(1.5) with s €[4, so] lie in Bc,. The Leray—Schauder degree deg(ld — Ly, B¢y, 0), which is
well defined and independent of s € [8, s9] by the a priori estimates, is computed in [20] and
equals

deg(ld — Ly, Bcy, 0) = —(1 + > (—1)i“d<k~9>>, (1.6)
O eCrit_ (k+sh)
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where the set Crit_(k + sh) is given by
Crit_ (k + sh) = {6 € Crit(h): lim, sen(AK(O) +ap(@. 5)u) = ~1}.
n—>

As h > 0, we have for 6 € Crit(k) that ag(0, s) < 0 if and only if ag(0) < 0. hence
Crit_(k + sh) = {6 € Crit(k): Ak(9) <0 or (Ak(#) =0and ag(P) < 0)}.

The constant Cg in [21] depends on

sup {|a0(9,s)|_1: Vk(0) =0, Akg(0) =0 and ap(9, s) # 0}.

s€[8,s0]

Consequently, we cannot assume that Cs remains bounded as § — 0. Indeed, we shall show that
as s moves to 0 the family of solutions splits into solutions, that remain uniformly bounded as
s — 0% and converge to solutions of (1.5) with s = 0, and solutions that blow up as s — 0.
When s moves to 0 the total degree, which is computed in (1.6), is given by the sum of
two degree’s, the degree of the “bounded solutions”, that we are interested in, and the degree
of the “blow-up solutions”. We will compute the degree of the solutions, that blow up when
s — 0T, as a sum of local degree’s. Subtracting the result from (1.6) leads to the formula
in (1.3).

2. Preliminaries
For fixed 6 € §3 in stereographic coordinates Sy (+) Eq. (1.5) is equivalent to
—Au = (1+19(kg(x) + sho(x)))u® inR?, u>0. 2.1
where hg = h o Sp and
u(x) = Ro(@)(x) =3 (1 + v ) T 0 Sy(x). 22)

The transformation (2.2) gives rise to a Hilbert space isomorphism between H'2(S%) and
DL2(R3), the closure of C2°(IR?) with respect to

flul|? :=/|Vu|2= (u, u).
]R3

Due to elliptic regularity (see [8,19]) and Harnack’s inequality it is enough to find a weak non-
negative solution of (1.5) in H'2(S3), or of the equivalent equation in D"2(R3). Although
we take advantage of both formulations, we mainly consider (2.1) to analyze the blow-up be-
havior and to compute local degrees. Weak solutions to (2.1) correspond to critical points of
fros : DV2RY) - R

1 1
Fros () ::/§|Vu|2—6(1+t0(k9(x)+sh9(x)))u6dx.
]R3
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We denote by fy the unperturbed functional with #) = s = 0. The positive solutions of (2.1) for
to = s =0, i.e. the positive critical points of fy, are completely known (see [9,13,15]) and given
by a noncompact manifold

1

2\ 2
Z:= {Zﬂ’y(x) ::M23}t<l+‘x—y > : ye]R3, /,L>0},
"

We state some properties of the critical manifold Z and fj (see [2,21] for details). We define for
p>0and y € R? the maps Uy, 7, : DI2(R?) — DI2(R3) by

Uy (u) = ,u_%u<¥> and 7T,(u) :=u(-—y).
n
With this notation the critical manifold Z is given by
Z={zuy =Ty olUu(z10): y eR?, pu>0}.

The dilation {,, and the translation 7, are automorphisms of DL2(R3?) and for every pu > 0,
y € R?, and v € D2 (R?)

U =U)' =U,r, (T =(T) =T,
fo=fooldy=fooT, and
fo ()= (T, oUy) o o (Ty oUu (V) o (Ty o Uy, 2.3)

where (-)' denotes the adjoint. The tangent space T,
orthonormal functions,

.,Z atapoint z, y € Z is spanned by 4

To Z={Euy)ini=0...3),
—1 N

(éu y)i = “ %Z“’y” ﬁzu,y ifi =0,

) “ dLy,‘ZM»YH_I diy,-zﬂ’y if1<i<3.

The maps U/, and 7, are isomorphism of the tangent spaces, and moreover

Epuy)i =Ty oUyu(E10)i),

Ty olUy  (T.2)F —> (T1, 04,0 2)* (2.4)

We consider ft:),s(u) as an element of D2(R3) and ftg”s(u) as a map in £(D"?(R?)). With this
identification f,g ¢ (u) is a self-adjoint, compact perturbation of the identity map in DV2(R3). The
spectrum o (fy'(z,y)) consists of point-spectrum accumulating at 1 and is computed together
with the eigenspaces in [21]. Since Z is a manifold of critical points of f;, the tangent space 7,Z
at a point z € Z is contained in the kernel N (' (z)) of f{'(z), knowing the eigenspaces we see

T.Z=N(fy(z)) forallzeZ. (2.5)



2848 M. Schneider / Journal of Functional Analysis 257 (2009) 2840-2863

If (2.5) holds the critical manifold Z is called nondegenerate (see [1]). The operator f(;/ (z) maps
the space DL2(R3) into T,Z* and is invertible in £(7,Z"). From (2.3) and (2.4), we obtain in
this case

H (f(;/(ZLO)) HE(T 0ZH T ”( (Z)) HE(TZZi) VzeZ. (2.6)
Moreover, 77, |, 7+ splits orthogonally into (see [21])
Ty 27 = (2uy) ©F (@5 i, jeNo, 2<i+j<n, 1<I<q), 2.7

w,y . . 17 . ops .
where &; ;o are eigenfunctions of f'(z,,y) with positive eigenvalue

B 15
@+20+j—-D) =1

Aij =

The dimension of the eigenspace corresponding to A; ; is denoted by c;. The functions q)“ y
are smooth and given in terms of Jacobi polynomials and spherical harmonics. The operator
f¢ (zy,y) has precisely one negative eigenvalue —4 with one-dimensional eigenspace (z;,.y)-

3. The blow-up analysis

Based on the results in [17,23] we have the following lemma (see [21, Corollary 3.2])
Lemma 3.1. Suppose 1 + tpk € cl(sd) is positive and h € C®(83) is nonnegative. If (si, ¢;) €
[0,1] x C2(S3) solve (1.5) with s = s;, then after passing to a subsequence either (¢;) is uni-
formly bounded in L>®(S3) (and hence in C*>%(S>) by standard elliptic regularity) or there exist

6 € 3 and sequences (i) € (0,00), (yi) € R? satisfying lim;_, o0 ti = 0 and lim; o0 y; = 0,
such that (in stereographic coordinates Sy (-))

_1
Ro(pi) — (1 + l()(k@ (i) + sihg (yi))) *Zu;y: s orthogonal to TZM% Z,
_1
|Ra (i) — (1 + t0 (ko (30) + 5iho (50))) ™ * 2y | przgny = 0(1).
4. The finite dimensional reduction

For the rest of the paper, unless otherwise indicated, integration extends over R3 and is done
with respect to the variable x.

Lemma 4.1. Suppose 1 + k € C3(S3) is a positive Morse function, ty € (0, 11\ T, h € C*®(S>)
satisfies (1.4), and 6 € S3. Then there exist so = so(ty, k, h) > 0, o = uo(to, k, h) > 0 and two
functions w : 2 — DV2(R3) and & : 2 — R* depending on to, k, h, and 0, where

={(s, 1, ¥) € (=50, +50) x (0, o) x R3}
such that for any (s, i, y) € 52,

w(s, K, y) isorthogonaltoT;, Z, 4.1)

Zu,y
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Fiys (Zuy +w(s, w,y)) =als, w, y) Euye r,,z,
lw(s, i, y) — wols, w, Y)|| + [|as, . )| < po.

where {(“g‘.,i,y)l-: i =0...3} denotes the basis of T,, ,Z given in (1.3) and

n,y

wo (s, 14, ¥) := (14 to(ke () +sh9<y)))’% —1)zuy-

2849

4.2)
4.3)

The functions w and & are of class C* and unique in the sense that if (v, 5) satisfies (4.1)—(4.3)

for some (s, 1, y) € 2 then (v, B) is given by (w(s, i, ), &(s, 4, y))-
Moreover, we have as ;1 — 0

4
G5, oy) = 3 @G, e y)| = O(u*H + 42| Vho(9) + sVhe ()]}
j=1

+ 0(1°|Vko () + s Vho ()| + 1*| Ak () + s Mg ()

where a1, oy are given by

. _5 fom 0
LU, = — 1 k h f o ’
a1 (s, o y) 1= =1+ t0(ko () + sho (1)) 3;¢§<Vke(y)+th9(y)>
) s tom [A(kg +5he)(y)
aa(s, i1, y) = —p* (1410 (ko (v) + sho (») 41—< 0 >
2 ( O( 0 0 )) 31\/5 0
for 1 <i <3,
- 3 -i_fom 9
az(s, w, )i =—w (1 +10(ko (y) + sho(»))) oy A(kg + shg) (),
5 10318
auls, i, )i = —pt (1 +to(kg + sho)(y)) ™ * ;(;\/3

.
x (o + s+ ) - Ty st o0 T

and
3
] 3519334
&3 (5. o o = = (1 + 1o (ko + sho) (1))~ /5
5 1
x @ (kg + shg)(x + y) — T(k9+she)(-+y>~°(x))W’

,%toﬁnﬁ
30

au(s, jt, )0 .= (1 + to (ko + she) (1)) A2(ko + she)(y)

—tg,u43%x/§
16(1 + to(kg + sho) (¥) 1

9B1(0)

| D (ko + sh) (y)()?| d Sx.

).
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Replacing k by k + sh the existence part, uniqueness, and the asymptotic estimates as & — 0
follow directly from Lemmas 4.2—4.7 in [21]. It only remains to show the C2-dependence on s,
which we omit, since it is analogous to the proof given in [21].

Concerning the derivatives of @ with respect to © and y we may apply the results in
[21, Lemma 5.1] and [20, Lemma A.4—A.5] to obtain the following two lemmas.

Lemma 4.2. Under the assumptions of Lemma 4.1 we have for all (s, u,y) € 2 and 1 <i, j <3

dor(s, i, ¥)i 5 3% (kg + sh
als, i1, y) =_t01/ur (1 + to(ko + 5ha) () 3 90°(ko +she)(y)

dy; 315 0x;0x;

+ O(|Vky + sho) )P+ u2+),

dar(s, p, ) top*m -39
2l — 2 (1 toka + sho) (1)~ = Ak + sho) ()
J

9y; 3345
+ O(|V ko + sho) ()| 1 + u+).

Lemma 4.3. Under the assumptions of Lemma 4.1 we have for all (s, u,y) € 2 and 1 <i <3

3
da(s, u, y)i Ao (s, (L, ¥)i 2 2
TZ;]T‘FO((’V]@(}))’ +‘Vht9(}7)‘ )M+M3)a
4
da(s, i, daj (s, u, 1
R0 _ 5 BCII0 (k)] + ko) )i +13H)
j=2

+ 0(([Vke)|” + [Vho W[ 1 + (| Vhs 0| + [ VAo () ) ).
In order to compute the derivative of & with respect to s one has to mimic the lengthy calcula-

tion of the 7-derivative in [21, Lemma 5.2-5.3]. We will again just state the result and refer to [22]
for details. This will be the last point where we are less precise concerning the s-dependence.

Lemma 4.4. Under the assumptions of Lemma 4.1 we have for all (s, iu,y) € 2 and 1 <i <3

3

da(s, w,y)i oaj(s, b, )i 2 2

e :,2:; ’T + 0((|Vke(y)| + }Vha(y)| )M2 +M4),
4

da(s, i, y) daj(s, (b, ¥)o 1

e =§2JT+ O((| ko )] + | Mg (1))t + )

+0((|Vhs ) + Va0 P i + (| VA )] + [Tho )] ) 12?).
Lemma 4.5. Under the assumptions of Lemma 4.1 suppose

Vkg(0) =0 and Ake(0)=0.
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Consider the function & : 2 — R3, defined by

1

R 3145 3. - T
als, i, y) :=W(1+tok(9)) (G(s, s 1o eees (S, 1, Y)3)

Then there are py = 1 (ty, k, h) > 0and a Cz-function B :(—s0,50) X (0, u1) = R3 depending
on toy, k, and h, such that

1 _
Bls. ) = =12 (D7ky () ™' VAks (0) + O(11%).

as u — 0 and
a(s, pw, B(s, ) =0 forall (s, n) € (—s0,50) X (0, j11).

Moreover, B is unique in the sense that, if y € B, (0) satisfies &(s, u,y) =0 for some s €
(—s$0,80) and 0 < . < w1, then y = B(t, ).

Proof. Lemma 4.2 suggests to apply the implicit function theorem, but unfortunately @ may

not be differentiable for u = 0. Instead we apply directly Banach’s fixed-point theorem to the
function

F(s, 11, y) =y + (D% (0) ' &ls, 1, y)

in B;s(0), where 0 < § < dist(0, supp(hg)) will be chosen later.
For y € Bs(0) we use the fact that Vky (0) = 0 and get

5
1+ t9kg (0) \ 4 5
v =14 0O(5§°). 4.4
(1+t0k9(y)) +ol) @9

Fix y1, y2 € Bs(0) and (s, i) € (—so, s0) x (0, o), then by Lemmas 4.2 and (4.4)

|F (s, i, y1) — F(s. 1, y2)|

(s, 1, y2 +1(y1 — y2)) (1 — y2) dt

|
< |

1
= 1 = y2) + (Do (®) ! /
0

N

1
1 —y2) — ( / (D2kg(0)) ™ D?kg (y2 + 1 (31 — y2)) dr) 01— )
0

1
+0(8+ sup [Vho(n)|+u* )y = 2|
y€Bs(0)
1
SO+ u)lyi =yl

For y € Bs(0) we estimate using Lemma 4.1
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|Fs. 1. 9)| =y + (D*ko(0) ™ (@(s. 1. ) |

y = (D*ke(0) ™ (Vo () + O(8% + 112))]

v — (D%*k4(0)) ' (D?ka (0)y + O(8> + %))
<O(8* +u?).

N

Consequently, there is w1 > 0 such that F (s, i, -) is a contraction in B, (0) for any 0 < . < 1

and s € [—sp, so]. From Banach’s fixed-point theorem we may define 8 (s, i) to be the unique

fixed-point of F (s, i, -) in By, (0). After shrinking 1 if necessary we may apply Lemma 4.2 and

the usual implicit function theorem to see that the function g is twice differentiable for u > 0.
To deduce the expansion for small u we fix p > 0 and

yeU,:=B, <—u2%(D2k9 (0))_1VAI<9(O)>.

Then, by Lemma 4.1 and (4.4)
) -1
F(s, b, y) + 1 E(D kg (0)) "V Akg(0)

_ 1
< ‘y +(D%k5(0)) (&<s, . y) + M2§VN<0(O)> ‘

_ 1
< ‘y + (DKo (0)) " (—Vke () = 1?5 (V ko () = V Aky (0))

+0(ulyl* + 21yl +u3)>)
<O(p* + 1o+ 1),
Consequently, we may choose for small 0 < p a radius 0 < p = O(u?) such that F maps
U, C By, (0) into itself. Consequently, the unique fixed-point B(s, ) must lie in this ball. This

ends the proof. O

Hence, to exclude or to construct blow-up sequences, which blow up at a nondegenerate crit-
ical point 6 of k with Akg(0) = 0 it suffices to study «(s, i, B(s, 1))o-

Lemma 4.6. Under the assumptions of Lemma 4.5 and k € C>(S>) we have

s 334
(ae(s. 1 Bs. 1))y = —t0r® (1 + 10k ©)) n“ﬁ <a0(9) +s / he(x)|x|6>

R3

4 73343

+top 9
30(1 + 1ok (9))*

(a1(6) + 10a2(6)) + O (1*+4).
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Proof. In view of Lemma 4.5 and because Vky(0) = 0 we may estimate functions of B(s, )
and of k(B(s, u)) as follows

1 —
F(B)=F(0) = 11’ F'(0)5 (D*ks(0) "' VAks (0) + O (12%),
F(k(B)) = F (ko (0)) + O(u*). (4.5)

To prove the claim of the lemma we expand «(s, i, B(s, i))o according to Lemma 4.1 and
use (4.5). O

Lemma 4.7. Under the assumptions of Lemma 4.5 suppose

apg(0) =0 and a1(0)+ rhar(0) >0,

and define
1 érr\/g
V(S» /’L) = _m(l +tk(0))4 3%4 (X(S, M, /8(8’ /'L))O
Then as u — 0
W = / ho ()% 78 + O (), (4.6)
dy(s,p) w2 . !
B —g(l + 10k(0)) " (a1(0) + t0a2(0)) + O(u?). 4.7)

Proof. As Vky(0) =0 we get from (1.4) that dist(0, supp(hg)) > 0. As B(s, n) = 0(,u,2) as
u — 0 we get that any term which depends only locally on shy is independent of s for small
w>0.

We have

d(a)o
as

il

J(x
(S,M,/S(S,,LL))

By Y

d —
%d(s, Mn, IB(Sv M))O -

(s,p0)

The derivatives of a(-)o are given in Lemmas 4.2—4.4. To compute the derivative of 8 we use the
fact that a(s, u, B(s, u)) =0. By (4.5) and Lemmas 4.2-4.4 we have

~ (a&
(5.10) dy 212,85 10))

= (D)~ + 0(' %)

1
3145 5 (s, i1, Bi
x ——— (1 +10k(®)* [Z JT + 0(M4)]i=1

fop =

134

9B >
B/ 98

as

=0(n).
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where we used that a; (s, u, y); is independent of s for small |y|, 4 > 0. From Lemma 4.2 we
get

d(@)o B

=0(iw).
Y s B, 95 s,
Furthermore, by Lemma 4.4
4 .o
da(svl’l" /3)0 aaj(sv Ms 13)0 4+l
—_— = _— 4
ds Z as + O(M )
Jj=2
5 334 1
3 3 4+1
=—t 1+ t9ky (0)) *# hg(x)— + O 1),
o’ (14 10kg (0)) o3 o )|x|6 (™)

The definition of y, (4.5), and Lemma 4.6 yield (4.6).
Concerning (4.7) we get

d d(at)o d(a)o B
d—oz(s,u,ﬁ(s,u))0= 5 + = 5ol
H KA, BGsam)) Yo s Bls.w)) OH s, )
By (4.5) and Lemmas 4.2—4.3 we have
B B (a& )—1 A&
Il s, Y B/ O s, Bis, )
= (D)o ()" + 0 ("))
1 3
34\/5 3 a’(‘LMaﬁ)i 3
x 1 + t0k(9))* AL RN 10T
to,un( ) ng I ( ) i=1..3

= (D) ™"+ 0(' %)

1 3
1
x (—MVAke(O) MR [— D (s B+ 0(u3)] )
foumt | 15 i=1.3

= —u(D(0)) ' VAkG(0) + O (12).
Hence, by Lemmas 4.2 and 4.3

d(a)o
dy

op
(5.1 B(s.p0)) I

3
= ?‘li/j; (1 + toke (0) T V Ak (0)(Dke (0) ™'V Aks (0) + 0 (113 1),
i

(s,10)

and
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dy(s.p) 3 s/5
S = Al k@) . a(s, 1, B(s, ),

1 5 7T/5 o B0t (s, i1, B)o
- +tk(® J
fop? it ()) 314 ;; o

2 1
- %VAke(O)(Dzkg ©)) ' VAk(0) + O (13H4)

ZO‘ 6. B — (1 4 tk(0)) 75

opt 334

> (+k(9)‘§‘
u?

4
x (3Zaj(s,u,ﬂ)o—az(s,u,ﬂ)o+a4(s,u,ﬂ)o)

j=2

2 1
- %VAkg(O)(Dzkg ©)) ' VAK(0) + O (u#)

1 5 5
= ——(1+1k@)} Y3 (Car(s, 0. Blo + s 1. o)

o 334
2
- BVAk@(O)(DZkg ©) 'V Ak (0) + O (u3).

If we use (4.5) and the expansion in Lemma 4.1 we find

1 s /5
——— (1 +1tk(6))*
a1+ k@)

33

(—aals, w, Bo + aals, i, Bo)

2
- 721—4VAk9 (0)(D%*kq(0)) ™'V Akg (0)

i1
——Azke( 0) + —

24 mm f | D?kg (0)(x)2 | dSix.

3B1(0)
Summing up yields the claim of the lemma. 0O
Lemma 4.8. Under the assumptions of Lemma 4.1 we define M, C S by
= {6 € Crit(k): Akg(0) =0=ao(0), a1(0) + toaz(p) > 0}. (4.8)
Then there is 8 > 0 such that for any 6 € M, there exists a unique C'-curve
0<p<8sur (500, ¢ (1, ) € 0,8) x C>*(S%),

such that as i — 0
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2 -1
s =p> </h9(x)|x|6> WO | o utth).

24 1 + tok(9)
o5’ a2 6\ a1®) +10ax(6) ]
E(M)—g(/he(mlxl ) 10k ®) +0(ut).

and goe (u, -) solves (1.1) for s = s? () and blows up like

1
0 o 2
HR9 (¢ (. 0)) = (1 +10k(®)) AZMvO(x)||D1~2(R3)OC2(BI(O)) =0(u).
The curves are unique, in the sense that, if (s;, ¢;) € (0,8) x C>*(8%) blow up at some 6 € S>
then 6 € M, and there is a sequence of positive numbers (l;) converging to zero such that

(sir 1) = (s (i), o7 (i, ) for all but finitely many i € N.

Proof. We fix 6 € M,. To construct s (1) we proceed as in Lemma 4.5 and use Banach’s fixed-
point theorem applied to

—1
Fa(s, ) i=s — </h9(x)|xl6> y (s, ).

Since we know the expansion of y and %—}; as u — 0 itis easy to see that F>(-, i) is a contraction

mn
2 » L a1(0) + 10a2(6)
Br<uﬁ(/h9(x)lﬂ ) Tok(@)>

for any 0 < constu”é < r < rp and the existence part of the claim follows from that. The
differentiability of s with respect to u follows from Lemma 4.7 and the usual implicit function
theorem.

Assume (s;, ;) blow up at some 6 € S3. Then we apply Lemma 3.1 and find in stereographic
coordinates Sy sequences y; — 0, u; — 0 such that

Ro () (6) = (1 +16(k() + 5k (®))) 230, ()
is orthogonal to 7},; y, Z and converges to 0 as i — oo. Consequently, if we set
w(i) :=Ro(@i) = 2p;.y,
we find as z,,; y, is orthogonal to T, . Z,
w(i) isorthogonalto Ty, \,Z and w() — wolsi, Ui, yi) —>i-so0 0,

where wy is defined in Lemma 4.1. Moreover

0= f;;,s(Re(fﬁi)) = f,g,s(zu,), + w(i)).
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The uniqueness part of Lemma 4.1 shows for large i
w(i) = w(si, i, yi) and a(s;, i, yi) = 0.
As u; — 0 the expansion of & of order u and p? in Lemma 4.1 shows
Vkg(0)=0 and Akg(0)=0.
From Lemma 4.5 we infer that

yi = B(si, i)

and the expansion in Lemma 4.6 gives

0= —tou (1 —i—tok(@))%§%<a0(9)+si/h9(x)|x|6>

3

_9mw3%
+ topi (1 + tok(9)) ™

R3

1

< \
(@16) + 10a2®) + O (4 7).

Consequently

(ao(9)+si/h9(x)|x|_6> -0 asi— oo,

R3
and from the choice of %, assuming 0 < § < sg, we deduce that ag(6) = 0. Hence

2 1

5 /hg(x)|x|*6 = (1 +t0k(0))_1§—4(a1(9) +10a2®)) + 0 (i 7).

R3

Thus, a;(6) + tpaz(0) has to be positive, which shows 6 € M., and for large i

2 a0 o
si € By, <Mi;—4</he(x)lx|—6) %)

The uniqueness of the fixed point implies s; = sf (i) and the claim follows. 0O
5. The Leray-Schauder degree

From Section 1 we know that the degree deg(Ild — Ly, Bc;, 0) of the problem (1.5) is inde-
pendent of s € [§, so] and equals

deg(ld — Ls, Bc;, 0) = — (1 + Z (_l)ind(k,9)>’

QeCrit_ (k-+sh)
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where the set Crit_ (k + sh) is independent of s and given by

Crit_(k + sh) = {6 € Crit(k): Ak(9) <0 or (Ak(®) =0and ag(F) < 0)}.

By Lemma 4.8 and the a priori estimate for s = 0 the set of functions

Ly := {go solves (1.5) for some s € [0, so], ¢ ¢ U {goe(se(,u), ) O<p< 8}}
0eM,

is uniformly bounded from above and by standard elliptic regularity also in C>%(S3). By
Sobolev’s and Harnack’s inequality this gives a uniform lower bound, thus there is C; > 0 such
that L, C B, .

Again from Lemma 4.8 and since %‘LM is uniformly positive, there is s; > 0 small, such that

for any 0 < s < 51 and any 6 € M, there exists exactly one w?(s) € (0, 8) satisfying

50 (/1,0 (s)) =s.

Moreover, we may assume, shrinking s

[¢° (1), ) oo =2C1 VO € M.,

lo? (17 (). ) =™ (1. )| = C1 V61 # 62 in M.

Hence, there are two types of solutions to (1.5) as s — 07: the solutions in L, C B¢, remain
uniformly bounded as s — 07 and the solutions {¢®(1f(s),-): 6 € M.} that blow up as s — 07
and are uniformly isolated for each fixed small s > 0. Consequently, using the additivity of the
degree, we find for any 0 < s < 51

deg(ld — Ly, Bc,, 0)

=deg(ld — Ly, Bc,,0) + Y degy,(Id — Ly, ¢ (11 (5). )
feM,

= deg(ld — Lo, B¢, 0)+ Y degy,(Id — Ly, ¢” (1% (s). -)).
0eM,

Together with (1.6) we get for any 0 < s < 51
deg(ld — Lo, Bc,, 0)

B _(1 + Y (—1)“"“’"9)) — Y degye(ld— L, ¢ (17 (5), ).

0 eCrit_ (k+sh) OeM,

It remains to compute the local degree deg;,.(Id — Ly, <p9 (,ue (s), -)) for any 6 € M,. We use the
transformation Ry in (2.2) to define the weighted space
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C*(R?, Ry) := {u € C*(R?): u e Ro(C*(5%))}.

lullc2@s myy = || (RG)_I(M)||C2(S3)'

Note that C2(R3, Rg) < D2(R3), because Ry is an isomorphism between H'2(S3) and
DL2(R3). Using Ry we obtain

degjo.(Id — Ly, ° (19 (s), -)) = degype(Id — R Ls(Ro) ™", ug,)
= degjoc (fry.5- U0,5);

where ug s = Ry @’ (1 (s), ) € C2(R3, Ry). Note that by duality we consider f,i),s as a map
from the Hilbert space DY2(IR3) into itself.

Lemma 5.1. Under the assumptions of Lemma 4.8 there holds for 0 < s < s1

Z deglocl(.ft/o,sa ugs) = Z (_1)ind(k,9).

0eM, eM,

Proof. Fix 8 € M,. The solution up s € C 2(R3, Rp) is given in notation of Lemmas 4.1 and 4.5
by

ug,s = Zﬂe(s),yo(s‘) + U)(S, I’Le (5)7 }’9 (S)),

where y?(s) = B9 (s, u? (). (u?(s), y?(s)) is the only zero of (s, -, -) for u and |y| bounded
above by a small fixed constant. As y?(s) = O(s%) we may replace y? by 0 (in various expres-
sions below) and get an addition O (s?)-error.

We drop the s-dependence of ¢ and y? in the notation when there is no possibility of con-
fusion. Moreover by Lemma 4.8 we have s?(u) ~ u and we may estimate the errors in terms
of s.

As seen above by Lemma 4.8 the solution ug ¢ remains uniform isolated in C%(R3, Ry) as well
as in DV2(R3) for s € (0, s1]. From (4.2) and regularity results [8,19] we infer that w(s, i, y) €
C?(R3, Ry) depends continuously on (s, /¢, y).

To compute the local degree, we first show that ft0 s (g s) is nondegenerate. To this end we
let

1 0

= ” (2 pe +wls w B, 10))] 0.

9(s,0)0 :=pnc;
(s, 0); ':,uoc 9 (z 0 +w(s u?, y))’ i=1...3
’ - é ay nv, e e e

The derivatives of § and w with respect to u are computed in [20, Appendix A] the derivatives
of w with respect to y; are given in [21, Lemma 5.1]. We have

‘ 9 =0(s),
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ow

dw 0 .0 0 0 .0

~ ) 3 - a4 3 3 = O )
” p (5. 17.%) o (5.47.5%) DI2(R3) ©
— s, u, Ny VAN = 0(s).
H ayi (5. 1%.5%) ayi (5. 7%.57) DI2RY) ©

Therefore we get

_1
ug,s = (14 10kg (0)) " * 2,0 0 + O(s%) praggs)s
1. )
@(s,0)0 = (14 10kg (0)) " * (€0 )0 + O(s )DLZ(R3)a
1 )
9(5,0)i = (14 10ko (0)) " * (€0 10)i + O(s )'Dl,z(RB),
By Lemma 4.8 and Lemma 4.1 we find

S s @ +w(s, . BGs. w)) = (s, . Bs. 1))g (Enpis.)o-

Differentiating with respect to n by Lemma 4.7 leads to

-1
f;{)/ss (MQ,S) (/1'9) Cg(p(s, 9)0
3
31

(IO( ) (1 +1ks (0)) %6\/—(01(9)+t002(9))+0(53+‘1_‘))(€'w,ye)0-

Moreover, differentiating

3
fos(zuy Fw(s, ) =D (s, 1, y)i i

i=0

with respect to y; we get from Lemma 4.2

top’' 7 Z?:l (a)a:]a(fc, )+ O(S))(éﬂe’yg)"
3551 + tokg (0)) 3
0 (%) Gy, y0)o.

43
fo. s(ue,s)ﬁfp(s,é’)j =-—

Orthogonal to Tzﬂg 0 Z we use

s us.0) = fo o yo) + O(Jwls, 1%, %) = wols, 1%, Y) ) pragesy)

4
m/ (ko + sho)(x) — ko () (2,0 yo)" - - dx

= fo (2,6 y0) + O(“ )L(DLZ(R3))' G.D
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The O(u)-estimates are given in [21, Lemma 4.1] or can be obtained using Holder’s and
Sobolev’s inequality and the fact that kg (x) — kg (y) is bounded in R3 and of order O(x —yl|)
for |x — y| <K 1.

To obtain a contradiction assume there is a function v € C2 (]R3, Ro)\ {0} with ftgv (up,s)v =0.
We may assume ||v||p1.2g3) = 1. Then by (5.1)

" .
O(s)= || o (Zu(’,y")v”Dll(Rh 2 c||Projy, . ezlv||D1.2(R3),
un?,y
because f;(z,6 ,0) is an isomorphism of Tz,te 0 Z+. Moreover,

0= ftg,s(”&s)csﬁl’(s’ 0)ov

3
_ ( 3410(p”)*
6+/5(1 + tho(0)) 7

(@0 +0020) + 06 )00, Vs
and

0= (1, (wo.s)csp(s. 0)v),
to(u?)?m

- _3%«/5(1 T 1ok (0) 1

+0(s*) (o 3005 V)i s,

(D?*ks () + 0®) ({Gr i v)piaes));

Since D2k9 0) is invertible, we see that Proj v = 0, contradicting the fact that
IT. y 4 Z g
0

vl prags) = 1. Since f;  (ugs) is of the form id-compact in C2(R3,Rg) (as well as in
DLY(R3)) we get

” ftg,s (Me,s)v ||C2(R3,Rg) 2 C||v||C2(R3,R9)'

For fi, o) = fif (uo,) (= ttg.5) + Ol =t |20z o, )

degpo. (fr - tg.s) = degg,e(fil (ug.5). 0).

To compute deg;,,.( f,g’s(ug,s), 0) we consider the finite dimensional spaces (see (2.7))

Xn,s = (ug.s) ® (9(s,0)0) ® (@(s,0)i: 1 <i <3)

[,Lg y9 . . . .
619(45[.,].”1 10, jeNp, 2<i+j<n, 1<l<c,->.
The functions, spanning X, s, are a basis, as they are orthogonal in DL2(R3) up to an O (s?)-
error. The linear operator Projy, f,g’s(ug,s) restricted to X, s is given by, up to a multiplication
of the elements in the diagonal by positive constants
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—4 0 0 0
0 u*a1(0) +10a2(0)) 0 0
0 0 —u?D?%kg (0) 0
0 0 0 fg(z/t"ﬁ”'(dj,}ye)

ow) O O O
0w oW oW 0w
owhH ow owdH oW
ow) O Ok O

Thus, we find for large n and small s

dego. (fy s (we.s),0) = sgndet(Projy,  fi (ua.s))
= sgndet(Dsz (O)) = (—1)nd*.6)

which proofs the claim. O

Remark 5.2. From the proof of Lemma 5.1 we see that f,:)” s(g s) is nondegenerate and the
Morse-Index of uy ¢, i.e. the number of negative eigenvalues of ft’o’Y (up.s), 1s given by

ind(f,.s. 1g.s) = 1 + ind(—k, 0) =4 — ind(k, 6).

References

[1] A. Ambrosetti, M. Badiale, Homoclinics: Poincaré—Melnikov type results via a variational approach, Ann. Inst.
H. Poincaré Anal. Non Linéaire 15 (2) (1998) 233-252.
[2] A. Ambrosetti, J. Garcia Azorero, 1. Peral, Perturbation of Au + u(N+2)/(N=2) _ 0, the scalar curvature problem
in RV, and related topics, J. Funct. Anal. 165 (1) (1999) 117-149.
[3] T. Aubin, Some Nonlinear Problems in Riemannian Geometry, Springer Monogr. Math., Springer-Verlag, Berlin,
1998.
[4] T. Aubin, A. Bahri, Une hypothese topologique pour le probleme de la courbure scalaire prescrite, J. Math. Pures
Appl. (9) 76 (10) (1997) 843-850.
[51 A. Bahri, J.-M. Coron, The scalar-curvature problem on the standard three-dimensional sphere, J. Funct. Anal. 95 (1)
(1991) 106-172.
[6] G. Bianchi, Non-existence symmetry of solutions to the scalar curvature equation, Comm. Partial Differential Equa-
tions 21 (1-2) (1996) 229-234.
[7] J.-P. Bourguignon, J.-P. Ezin, Scalar curvature functions in a conformal class of metrics and conformal transforma-
tions, Trans. Amer. Math. Soc. 301 (2) (1987) 723-736.
[8] H. Brezis, T. Kato, Remarks on the Schrodinger operator with singular complex potentials, J. Math. Pures Appl.
(9) 58 (2) (1979) 137-151.
[9] L.A. Caffarelli, B. Gidas, J. Spruck, Asymptotic symmetry local behavior of semilinear elliptic equations with
critical Sobolev growth, Comm. Pure Appl. Math. 42 (3) (1989) 271-297.
[10] S.-Y.A. Chang, M.J. Gursky, P.C. Yang, The scalar curvature equation on 2- and 3-spheres, Calc. Var. Partial Dif-
ferential Equations 1 (2) (1993) 205-229.
[11] C.-C. Chen, C.-S. Lin, Prescribing scalar curvature on SN LA priori estimates, J. Differential Geom. 57 (1) (2001)
67-171.
[12] W. Chen, C. Li, Prescribing scalar curvature on S$", Pacific J. Math. 199 (1) (2001) 61-78.
[13] W.X. Chen, C. Li, Classification of solutions of some nonlinear elliptic equations, Duke Math. J. 63 (3) (1991)
615-622.
[14] J.F. Escobar, R.M. Schoen, Conformal metrics with prescribed scalar curvature, Invent. Math. 86 (2) (1986) 243—
254.



M. Schneider / Journal of Functional Analysis 257 (2009) 2840-2863 2863

[15] B. Gidas, WM. Ni, L. Nirenberg, Symmetry of positive solutions of nonlinear elliptic equations in R", in: Mathe-
matical Analysis and Applications, Part A, in: Adv. Math. Suppl. Stud., vol. 7, Academic Press, New York, 1981,
pp- 369—402.

[16] J.L. Kazdan, F.W. Warner, Existence conformal deformation of metrics with prescribed Gaussian and scalar curva-
tures, Ann. of Math. (2) 101 (1975) 317-331.

[17] Y.Y. Li, Prescribing scalar curvature on S” related problems. 1, J. Differential Equations 120 (2) (1995) 319-410.

[18] Y.Y. Li, Prescribing scalar curvature on S” related problems. II. Existence and compactness, Comm. Pure Appl.
Math. 49 (6) (1996) 541-597.

[19] S. Luckhaus, Existence regularity of weak solutions to the Dirichlet problem for semilinear elliptic systems of
higher order, J. Reine Angew. Math. 306 (1979) 192-207.

[20] M. Schneider, Prescribing scalar curvature on § 3, Ann. Inst. H. Poincaré Anal. Non Linéaire 24 (4) (2007) 563-587.

[21] M. Schneider, A priori estimates for the prescribed scalar curvature equation on §3, Calc. Var. Partial Differential
Equations 29 (4) (2007) 521-560.

[22] M. Schneider, Prescribed Scalar Curvature on §3 , Habilitationsschrift, Ruprecht-Karls Universitit Heidelberg, 2008.

[23] R. Schoen, D. Zhang, Prescribed scalar curvature on the n-sphere, Calc. Var. Partial Differential Equations 4 (1)
(1996) 1-25.



	The scalar curvature equation on S3
	Introduction
	Preliminaries
	The blow-up analysis
	The finite dimensional reduction
	The Leray-Schauder degree
	References


