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Spinor fields reflecting plates for fields up to spin-2. We use the two-spinor
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results for spin-1/2 (Dirac) and spin-1 (Maxwell) fields. We then
use our unified framework to derive new results for the spin-3/2
and spin-2 fields, which turn out to be the same as those for spin-
1/2 and spin-1. This is part of a broader conclusion that there are
only two different Casimir forces for perfectly reflecting plates—
one associated with fermions and the other with bosons.
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1. Introduction

In 1948 Casimir and Polder published a long, technically complex paper about the influence of re-
tardation on the van der Waals force [ 1]. The stated goal of their work was to account for discrepancies
between experiments and theory concerning colloidal suspensions of large particles [2]. However, the
work took on a whole new significance when, after discussing the results with Bohr, Casimir was in-
spired to try and re-explain his and Polder’s results using the relatively new idea that the quantised
electromagnetic field undergoes vacuum fluctuations. A short time later, Casimir published his now-
famous paper [3] on the force of attraction between two infinite perfectly conducting parallel plates,
whose presence modifies the quantised electromagnetic vacuum field. This force came to be known as
the Casimir force. The calculation in [3] reproduces the results of the much more involved calculation
in[1], butis remarkable in its simplicity and elegance, while also providing one of the very few macro-
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scopic manifestations of quantum field theory. The Casimir force is extremely weak so was initially
nothing more than a theoretical curiosity, but as experimental methods improved the effect became
measurable, and this led to rapidly increasing attention from the 1970s onwards. Since then there
has been a profusion of extensions of Casimir’s original work, which look into imperfectly conducting
plates and different physical geometries [4-8]. There have also been a number of experimental con-
firmations of the effect [9-11]. The existence of the Casimir effect is often cited in standard quantum
field theory textbooks as the primary justification for the reality of vacuum fluctuations, though such
interpretations carry some controversy [12].

A fluctuating vacuum is a general feature of quantum fields, of which the free Maxwell field con-
sidered in [1-12] is but one example. Fermionic fields such as that describing the electron, also un-
dergo vacuum fluctuations, consequently one expects to find Casimir effects associated with such
fields whenever they are confined in some way. Such effects were first investigated in the context
of nuclear physics, within the so-called “MIT bag model” of the nucleon [13]. In the bag-model one
envisages the nucleon as a collection of fermionic fields describing confined quarks. These quarks are
subject to a boundary condition at the surface of the ‘bag’ that represents the nucleon’s surface. Just
as in the electromagnetic case, the bag boundary condition modifies the vacuum fluctuations of the
field, which results in the appearance of a Casimir force [ 14-18]. This force, although very weak at
a macroscopic scale, can be significant on the small length scales encountered in nuclear physics. It
therefore has important consequences for the physics of the bag-model nucleon [19].

The Maxwell and Dirac fields are both spinor fields, though the former is not usually described as
such. It is possible to write Maxwell’s equations in a form identical to the Dirac-Weyl equation that
describes massless spin-1/2 fermions [20]. This naturally leads one to the question as to whether it is
possible to use a spinor formalism to describe the Casimir effect for the Dirac (spin-1/2) and Maxwell
(spin-1) fields in a unified way. We have shown [21] that such a unification can be accomplished using
the two-spinor calculus formalism introduced by van der Waerden [22]. Moreover, this unification
naturally lends itself to a generalisation, which is applicable to confined higher-spin fields. These fields
include the spin-2 field associated with the so-called graviton, which appears in linearised quantum
gravity, and its supersymmetric partner the spin-3/2 gravitino.

In this paper we will present specific results for the Casimir force associated with the fields up to
spin-2. We organise our work by noting that calculations of Casimir forces broadly follow the following
three steps:

1. The statement of one or more boundary conditions governing how the considered field behaves
at material surfaces. These can be mathematically convenient (examples include Dirichlet [23],
Neumann [24], Robin [25] and periodic [26,27] BCs) or physically-motivated (those imposed by
electromagnetism [4] or by the bag model [ 13] for example).

2. The determination of a set of field solutions that obey the boundary conditions specified in step
1. In the simplest cases this can be achieved by direct solution of the equations of motion. How-
ever, this step is usually non-trivial, and has resulted in the development of numerous techniques
including the so-called macroscopic QED [28], worldline numerics [29], the “proximity-force ap-
proximation” [30,31], certain scattering theory based methods [32], and many more.

3. The substitution of the field solutions found in step 2 into an expression for the vacuum energy
of the relevant field. Upon suitable regularisation and the dropping of any boundary-independent
terms, one is left with the Casimir force for some combination of: a field (Maxwell, Dirac, etc.), a
boundary condition, and a physical geometry.

We will begin in Section 2 by reviewing the generalised, physically-motivated boundary conditions
presented in [21]. We then find explicit field solutions for the parallel-plate geometry, and hence
accomplish steps 1 and 2 given above. In Section 3 we will carry out the final step above by computing
specific values for the Casimir force associated with the massless fields up to spin-2.

2. Generalised physical boundary conditions

In this section we review our generalisation of the boundary conditions (BCs) employed in the
calculation of the Casimir effect associated with the spin-1/2 and spin-1 fields. To do this we use the
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Fig. 1. Infinite parallel plates located at x> = 0 and x> = d > 0. The outward pointing normals to the plates are shown.
Note that since the two normals point in opposite directions their components differ by a minus sign at each plate; —n>(0) =
n3(d) = 1 = n3(0) = —n3(d). The physical constraint that at the plates there is no current normal to the surface is illustrated.

two-spinor calculus formalism presented in Appendix A. Further details of the two-spinor calculus
formalism can be found, for example, in [33-35] and the references therein.

2.1. Unified physical boundary conditions for massless spin-1/2 and spin-1 fields

2.1.1. Spin-1/2

We begin by considering the simplest spin field—the spin-1/2 massless Dirac-Weyl field. We adopt
the two-spinor calculus formalism laid out in Appendix A. The spin-1/2 massless field is described by
a pair of square-root Klein-Gordon equations, which in the massless case are decoupled;

O-M&aau'(//a =0, 6Maaau¢ﬁ =0 (1)

where ¢ and ¢; are spin-1/2 massless quantum fields describing right and left-helicities respectively.
The usual Dirac bispinor can be constructed through a direct sum of fields proportional to ¥ and ¢.
We wish to calculate the Casimir effect associated with the massless spin-1/2 field due to the pres-
ence of two perfectly reflecting parallel plates orthogonal to the x>-axis. We assume that one plate is
located at x> = 0 and that the other is located at x> = d > 0 as shown in Fig. 1. The physical constraint
we impose on the fields is that there be no particle-current normal to the surfaces at x> = 0, d [17];

(0, d)j*(0,d) =0 (2)

where n*(0, d) = (0, 0, 0, 1) are components of the outward-pointing unit normals to the surfaces
at 0 and d respectively, and j* are the components of the spin-1/2 particle-current vector. In terms of
the two-spinors in Eq. (1), Eq. (2) reads [c.f. Eq. (A.13)]

N3a(0, d)j*(0, d) = ng(0, d)y* (0, d)y* (0, d) = 0. (3)
This condition will hold if we impose the BCs [17]
1,0, d)o"34(0, )y (0, d) = £0°3,9°(0, d) = ¥a(0, d), (4)

where the (normalised) Pauli matrices {c*} are defined in Eq. (A.10). The 4 sign in Eq. (4) corresponds
to the case x> = 0, and the — sign to the case x> = d. To prove that Eq. (4) implies Eq. (3), one first
multiplies Eq. (4) through by 1%(0, d). The left-hand-side then equals n,(0, d)j*(0, d) while the right-
hand-side equals v (0, d)y(0, d) = &y (0, d), (0, d)) = 0, where @ is the symplectic form on the
spinor-space S [c.f. Appendix A]. This completes the proof. We note that the BCs in Eq. (4) are nothing
but the usually employed BCs in the calculation of the spin-1/2 Casimir effect [13,17].



A. Stokes, R. Bennett / Annals of Physics 360 (2015) 246-267 249

We now Fourier-expand the fields ¢ and ¢; in plane-wave superpositions as follows:
Vi = / dku (k) (bR(k)e*"kux" +d} (l()eikux“)

da(x) = / Pz (k) (d,g(k)e*”W + b{(k)e"’w). (5)

Here k° = w := |k|, and the label R (for right) corresponds to the helicity A = 1/2 while the label L
corresponds to the helicity A = —1/2. The function u“(k) and its charge-conjugate uz (k) are (suitably
normalised) momentum-space single-particle right and left-helicity wavefunctions respectively. The
b, (k) and b:{ (k) are annihilation and creation operators for particles with momentum k and helicity
A, and the d; (k) and di (k) are the corresponding anti-particle operators. Altogether these operators
satisfy the fermionic anti-commutation relations

{10, b}, (K)} = {dy (K), d],(K)} = 8,8 (k — K). (6)

The expansions in Eq. (5) and anti-commutation relations in Eq. (6) allow us to express the total energy
of the spin-1/2 massless field (including both helicities) as

Hyp = f Pk > o (bl ok 0 + d] dody () — 1) (7)
A=%1/2

In order to deduce the values of momentum k allowed by the BCs in Eq. (4) it suffices to consider the

following positive-energy single-particle plane-wave solution of the Dirac-Weyl equation (1) for ¢¢;

Yix) = e Ylx),  Yi(x) = u(k)e. (8)

If this solution is to be non-trivial, i.e., such that u®(K) is not identically zero, then it cannot satisfy the
BCs in Eq. (4). In other words the possibility of a completely free solution is negated by the presence
of the plates, which evidently must modify the free solution in some way. We make the ansatz [13,17]

w (x) ( Oaa lkL X +o 3aa —th) a(l() (9)

where v, := (v', v%, 0) denotes the projection of the three-vector v onto the x'-x? plane. Making
this ansatz constitutes the physically reasonable assumption that the effect of the plates is to flip the
sign of x* in Eq. (8). The modified solution (9) satisfies the BC in Eq. (4) at x> = 0 identically. It will
also satisfy the BC corresponding to x> = d provided that

cos(k>d) = 0. (10)
Thus, given the solution in Eq. (9) the BCs in Eq. (4) restrict the values of k> and hence k to
n n
e =" k=(k1,k2,—”), n=1,35,.... (11)
2d 2d

When used in conjunction with Eqgs. (7) and (11), the above restricted values of k yield the usual
Casimir force associated with the spin-1/2 field between two perfectly reflecting parallel plates
(c.f. Section 3.1.1). In Section 2.2 it will be shown that with a straightforward generalisation of the
BCs in Eq. (4), the above values of k turn out to be the same for any fermionic field.

2.1.2. Spin-1

The massless spin-1 field is the familiar field of Maxwell electrodynamics. In the two-spinor
calculus formalism the Maxwell field is described by a pair of symmetric spin-tensors * and Yap
corresponding to the right and left-helicity states of the photon respectively. The equations of motion
analogous to those in (1) are the square-root Klein-Gordon equations

0" ad ¥ =0, M9,y = 0. (12)

The relation of the spin-tensors above to the more conventional electromagnetic three-vectors is
most easily achieved through the complex Riemann-Silberstein vector F := E + iB, where E and
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B are the electric and magnetic fields respectively. The vectors F and F* can be viewed as complex
three-vectors corresponding to the right and left-helicity states of the photon [36]. If one replaces
the imaginary unit i in these definitions with the volume form I on Minkowski spacetime E'3 and
views the fields E and B as bivectors E and B over E'-3, then one obtains the familiar electromagnetic
field tensor F = E + IB and its reverse FT = E — IB. Here the juxtaposition IB denotes the Clifford
(geometric) product of I and B [37]. One can also describe the electromagnetic field in terms of the
dual tensor G := *F = —IF where * denotes the Hodge-dual. Clearly each of the objects **, Fand F
(or G) constitutes a different organisation of the six real degrees of freedom (including gauge degrees
of freedom) that describe the physical electromagnetic field.
Relating the Maxwell spin-tensor ¥ ? to the Riemann-Silberstein vector F we have [36]

—F' +iF? F?
ab
— 1
v ( F? F'+iF? )’ (13)
and relating ¥ to the electromagnetic bivector F*” we have [c.f. Eq. (A.13)] [33]

FHv — U’Laadv;;bl:aabﬁ, FaabB _ wﬁl_)wab + wabwat_w. (14)

Although either of the above relations suffices in order to relate the two-spinor treatment of elec-
trodynamics to the more widely-known approaches, we choose to make use of the former relation
(13). Using Eq. (13) it is straightforward to show that the equations in (12) are equivalent to the free
Maxwell equation

i3F =V x F (15)

and its complex-conjugate.

In determining the appropriate BCs to impose for the calculation of the Casimir effect in the spin-1
case, one must contend with the fact that there exists no local particle-current vector for massless
fields with spin greater than 1/2 [38]. Thus, for the Maxwell field in particular, an alternative physical
current j* must be chosen in order to obtain a condition analogous to Eq. (2). As is well-known, one
of the few local observables associated with photons is their energy-density [39,36]. A natural choice
for j* in the spin-1 case is therefore the energy-current

j=TH = % (F-F*,iF x F*)

(% (E? + B?) , E x B) (16)

where T*" are the components of the symmetric energy-momentum tensor of the Maxwell field. The
physical constraint expressed by Eq. (2) with j* given by Eq. (16) is ensured if one assumes that

n(0,d)-B(0,d) =0, n(0,d) x E0,d) =0 (17)

where as before n(0) and n(d) are normal to the surfaces at x> = 0 and d respectively. The analogy
between the spin-1/2 and spin-1 cases becomes obvious when Eqs. (16) and (17) are written in terms
of the Maxwell spin-tensor . To this end we note that using Eq. (13) the energy-momentum tensor
T*" can be written [c.f. Eq. (A.13)]

TH — O_/.LaaavaTaﬁbB, TaabB _ wabwél}' (18)

Within the two-spinor calculus formalism there is a clear analogy between the spin-1 energy-mome-
ntum spin-tensor T%?? = %% and the spin-1/2 particle-current j** = %%, As such, substituting
the expression for T*? given by Eq. (18) with v = 0, into Eq. (2) yields

n,(0, d)j* (0, d) = nz(0, )%, TP (0, d)
= 130(0, d)0%, (0, d)y (0, d) = 0, (19)
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which is the spin-1 version of Eq. (3). This condition will necessarily hold if we impose the BCs
1,0, ), (0, )" 500 5, ¥ (0, d) = 03005, (0, d)
Va5(0, d) (20)

which is clearly the spin-1 version of Eq. (4). To see that Eqs. (17) and (20) are equivalent one need
only expand the sums in Eq. (20), which gives

20, d) = ¥g50,d),  ¥°(0,d) = — 5 (0, d). (21)

Using Eq. (13) it is easy to show that these conditions are equivalent to Eq. (17). The BCs in Eq. (20)
written in terms of ¥ %, are therefore completely equivalent to the usual BCs [in Eq. (17)] employed
in the calculation of the electromagnetic Casimir effect [3].

There still remains the proof that the BCs in Eq. (20) imply n, (0, d)T*°(0, d) = 0. This proof is
not as straightforward as the proof given in the spin-1/2 case. There we were able to make use of the
anti-symmetry of the symplectic form on the spinor space S, but such a strategy will obviously fail if
the field under consideration is bosonic, i.e., is described by an evenly ranked spin-tensor. However,
a more brute force proof involving the use of Eq. (21) is available in the spin-1 case. In Section 2.2 we
specify generalised BCs associated with an arbitrary spin-m/2 field [Eq. (29)], and prove in Appendix B
that they imply the vanishing of the normal component of the relevant local current [Eq. (28)]. In this
context the Maxwell field simply corresponds to the special case m = 2.

Before moving on to determine the allowed values of k for the spin-1 field, we note that a signif-
icant difference between Eqs. (20) and (4), is that Eq. (20) involves an even number of factors of n,,
rather than an odd number. Thus, the boundary condition is the same for both the x> = 0 and x> = d
cases, rather than differing by a minus sign as is the case in Eq. (4) for the spin-1/2 field. We will see
quite generally in Section 2.2, that this is the crucial difference between the BCs for fermionic (half
odd-integer spin) and bosonic (integer-spin) fields.

Now, using Eq. (20) the determination of the allowed values of k* in the spin-1 case exactly mirrors
the procedure used above for the spin-1/2 field. We employ the usual expression for the quantised
energy of the Maxwell field

=T = f Pl o <a:{(k)ax(k)+%> (22)

A==%1

where a, (K) and aj\ (K) are bosonic annihilation and creation operators satisfying the commutation
relation

[a, (&), al, (K)] = 8, 8(k — K). (23)

In order to determine the values of k allowed by the BCs in Eq. (20), we consider in exact analogy to
the spin-1/2 case, the following modified positive-energy solutions of the Maxwell equations (12)

Y x) = ey (x),
wab (x) — <0,0a500blaeikl<XL + 0_30(_10,3bBe—ik3X3) Uz (k) (24)
where u® (k) is a momentum-space right-helicity single-particle spin-tensor, analogous to u?(k) for

the spin-1/2 field. As in the spin-1/2 case the modified solution satisfies the BC in Eq. (20) at x> = 0
identically. It will also satisfy the BC at x> = d provided

sin(k*d) = 0, (25)
which is the case if and only if
3_ nmw _ 1 g2 N _
kK = 1T k= (k' k", 1) n=0,1,2,.... (26)

These values of k are usually found by more conventional means involving the electric and magnetic
fields and the BCs in Eq. (17). Along with Eq. (22) they can be used to obtain the well-known electro-
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Is|
3 Field(s) 3 : P :
0 1 Trrep { Label 1> (07 (]) :
: Dimension : ! 1 )
L -~ | L ,,,,,, !
YR, Y* YL, ¢a
12 (V/2,0) (0,3/2)
2 2
R, Fr e Ak g P,
1 (1,0) (Y2, %/2) (0,1)
3 4 3
pabe (/)FLBE
3/2 (3/2,0) (1,1/2) (1/2,1) (0,3/2)
4 6 6 4
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2| (2,0) (3/2,1/2) (151) (1/2,3/2) (0,2)
5 8 8 5

Fig. 2. A diagrammatic layout of the irreducible representations (irreps) of Sp(2, C) for massless fields with discrete spin.
Each irrep is labelled by a pair of numbers (i, j) where i,j = 0, 1/2, 1, 3/2, . ... The spin values corresponding to the (i, j)th-
representation are £|s| where |s| = i + j. An (i, j)-irrep for whichi = 0 orj = 0 is called an “outer” irrep, otherwise it is
an “inner” irrep. Fields belonging to the outer irrep (i, 0) directly describe a spin i particle, whereas those belonging to the
outer irrep (0, i) directly describe a spin —i particle. The number directly below each (i, j)-irrep equals the complex-dimension
d = (2i+ 1)(2j + 1) of the irrep immediately above it. Directly above the relevant (i, j)-irreps is a list of fields. Under a Lorentz
transformation, each of these fields transforms in some way according to the irrep below it (c.f. Appendix A.2). For example, in
the two-spinor calculus formalism a field belonging to the (i, j)th-irrep is denoted 1//(ﬂ1-~ﬂzl'>(ﬁl_ﬁzj> where (a;...a,) denotes total
symmetrisation of the indices ay, . . ., a, (c.f. Appendix A.2). Since lower spins have been studied more extensively than higher
spins, lower spin values possess more corresponding fields. This is particularly evident in the electromagnetic case |s| = 1 (c.f.
Section 2.1.2). For s = 0 the only corresponding field is the scalar field . For |s| = 1/2 we have in addition to ¥* and ¢3, the
Dirac-Weyl two-column spinors ¥ and v, which make up the usual Dirac bispinor. The irreps of the form (i, i) correspond
to totally symmetric traceless rank (;;)-tensors over Minkowski spacetime (c.f. Appendix A.3). Such tensors represent field

potentials. The first of the (i, i) irreps is the (1/2, 1/2) vector irrep occurring for |s| = 1. It has corresponding field potential A*,
which denotes the electromagnetic four-potential. The next is the (1, 1) irrep occurring for |s| = 2, and corresponding to which
h"¥ is the field potential describing linearised gravity (c.f. Section 3.2.2).

magnetic Casimir force first found in [3] (c.f. Section 3.1.2). In the following Section 2.2 we generalise
the BCs in Eq. (20) to show that the above values of k turn out to be the allowed values for any bosonic
field.

2.2. Generalised physical boundary conditions for massless fields with higher spin

Given the analogy between the spin-1/2 and spin-1 fields described above, the extension of the
physical BCs in Eqgs. (4) and (20) to higher-spin fields now naturally presents itself. Initially for higher
spin fields the identification of a local physical current to use in conjunction with Eq. (2) may seem
problematic, but we have effectively already tackled this problem in adapting the spin-1/2 BCs to the
spin-1 case. The BCs for any massless higher spins should evidently involve the physical fields directly
involved in the description of the right and left-helicity states. These fields belong to the (carrier spaces
of the) “outer” (rather than the “inner”) irreducible representations of the symplectic group Sp(2, C).
This terminology is clarified by Fig. 2. The physical fields belonging to the outer representations are
those that appear explicitly in the square-root (massless) Klein-Gordon equations, which describe the
physical dynamics of the free system. For a spin-m/2 field these equations read

a1a20a3...qa ~juard
Uualal altl/f 1725 = Oa O'u ! 1a/l.¢(_11(_12(_13.“am = O' (27)
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Fig. 3. A schematic representation of the field solutions corresponding to the first few allowed values of k* from Eq. (32).
Fermionic field solutions corresponding to the three values k* = nx/2d, n = 1, 3, 5 are represented by solid orange curves,
while bosonic field solutions corresponding to the three values k* = nm/d, n = 1,2, 3 are represented by dashed blue
curves. The aperiodic orange curves clearly illustrate that periodic BCs cannot be used in conjunction with fermionic fields. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Specifying the appropriate BCs in terms of the outer field %1% clearly avoids any discussion
regarding the use of unphysical inner field potentials, which are often used in the description of higher
spins.

Generalising the local currents encountered in the spin-1/2 and spin-1 cases, we begin by defining
for a spin-m/2 field the local current

; . 0 0 a...a
Ju(m) = auﬁlala (_12(12 ... 0 amamllfal amw(h am, (28)

which due to the first equation of motion in (27), satisfies the local continuity equation 9,,j* (m) = 0.
Generalising now the spin-1/2 and spin-1 BCs in Egs. (4) and (20), we impose for a spin-m/2 field the
BCs

My (0,d) . .1y, (0, )0 Mayq, - . 0G0, Y9 (0, d) = Vg6, (0, ), (29)

which are the same generalised BCs first given in [21]. We prove in Appendix B that these BCs imply
that j* (m) satisfies the physical constraint given in Eq. (2), i.e., n, (0, d)j* (0, d; m) = 0. For fermionic
fields m is odd, which implies that the BCs in Eq. (29) contain an odd number of factors of n,, (0, d) =
(0, 0, 0, +1). This means that when x> = d the BC differs by a minus sign compared with when x> = 0.
In contrast, for bosonic fields m is even, so the BC is the same for both the x> = d and x> = 0 cases.

To determine the allowed values of k* due to the BCs in Eq. (29), we use in analogy to the spin-1/2
and spin-1 cases, the following modified single-particle positive-energy solution to the first of the
equations in (27)

I/fm...am (X) — e*iwt,(//lh ...am (X),
1'[/_01.4.(1m (x) — (0,00161 . O,Oﬂmﬁmeikl-XJ_ + O,3a1ﬁ1 . U3Gmﬁme—ik3x3>ualmam (k) (30)

where u®-%n (k) is a momentum-space single-particle positive-energy spin-tensor. In complete
analogy to the spin-1/2 and spin-1 cases, substituting the solution above into Eq. (29) implies

cos(k*d) = 0, m odd
sin(k*d) = 0, m even. (31)

This gives the allowed values of k*> and k as

=" k:(kl,kz,"—”), n=1,3,5,... modd
2d 2d
n n
k3:§, k= (kl,kz,g), n=0,1,2,... meven. (32)

In Fig. 3 we give a schematic representation of field solutions corresponding to the first few allowed
values of k> specified above.
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According to the generalised BCs in Eq. (29) the two sets of energy-momentum values in (32) are
the only two possible, and they correspond to fermionic and bosonic fields respectively. A significant
implication of these general results is that periodic BCs cannot be applied to a physically confined
fermionic field between two parallel plates, because for fermionic fields the BCs are necessarily dif-
ferent at the two surfaces as is lucidly illustrated in Fig. 3. This means for example, that the approach
adopted in [26] where periodic BCs were imposed on the spin-3/2 field, is unphysical.

3. The Casimir effect for arbitrary spin fields

Having obtained according to the BCs in Eq. (29), the allowed values of energy-momentum for a
field with arbitrary spin, we now look to calculate the resulting Casimir force.

3.1. The Casimir effect for spin-1/2 and spin-1 fields

Calculating the Casimir forces associated with the spin-1/2 and spin-1 fields is a textbook exercise,
so we review it here only very briefly, with an eye towards extending the calculation to the case of
higher spin fields.

3.1.1. Spin-1/2

The energy associated with the massless spin-1/2 field is given in Eq. (7). Our strategy in calculating
the Casimir force is to initially restrict the field to a fictitious cavity upon which we impose periodic
BCs. We will take the continuum limit in the k! and k?-directions after having employed the allowed
values of k given in Eq. (11). The vacuum energy inside the quantisation cavity is given by

EYy = — Z > o (33)
A==£1/2

where w = |K|. Substituting into Eq. (33) the allowed values of k given in Eq. (11) and taking the
continuum limit with respect to the k! and k?-directions one obtains [17]

vac d*k1 2
era@=-2y | o )2\/<ll>2+<k2)2 +(55)

n odd

-l o0
=—— Z/ dxx?. (34)
7 n odd Y n/2d

The integral above is divergent and requires regularisation. We adopt a conventional regularisation,
which yields the finite vacuum energy

-1 82 00
E/¥(d) = lim — E / dxe ¥
v ﬂ =0 dar? n odd Y17 /2d

1 i 92 (nd T LA 7730 + o)
=——lim—(— - —
7T a—00a? \ a2 24d = 5760d3
77
N - 35
2880d3 (35)

In the last line above a term linear in d, which gives a constant contribution to aE"ac(d) /dd has been
ignored. The final result for the Casimir force associated with the massless spin-1/2 ﬁeld between two
perfectly reflecting parallel plates is therefore

PER()  7m?
Fa(d) = ——— = — . (36)

which is well-known [13].
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3.1.2. Spin-1
For the massless spin-1 field in a box with periodic BCs, the vacuum energy according to Eq. (22)

EV¢ = Z Y o (37)

A=%£1

is

It must be understood in the above expression that when any of the components k' vanish, there
is only one independent polarisation A. Substituting into Eq. (37) the allowed values of k given in
Eq.(26), and as in the spin-1/2 case taking the continuum limit with respect to the k! and k?-directions,
one obtains [17]

d*k 2
E;/aC(d) _ on ;-2\/(,(1)2_*_(]{2)2_'_(”;[)

J— dXXZ (38)
2 %‘ /mr/d

where following [17] we use a prime on the summation to indicate that for the value n = 0 a factor
of 1/2 must be inserted. The vacuum energy is as expected divergent, and we adopt the same regular-
isation as in the spin-1/2 case. This yields the finite vacuum energy

1 32 / © JTZ
EV(d) = — lim —Z / dxe ™ ~ — (39)
27'( a—0 80{2 nr/d 720(13

where as in the spin-1/2 case a term linear in d has been ignored. Thus, the final result for the Casimir
force associated with the massless spin-1 field between two perfectly reflecting parallel plates is

IEY(d)  w?
ad ~ 240d%’

which is well-known [3].

The calculations above pertaining to the spin-1/2 and spin-1 fields reveal that the only ingredients
necessary in order to obtain a value for the Casimir force, are an expression for the vacuum energy of
the field under consideration, and a set of energy-momentum values allowed by the BCs.

Fi(d) = - (40)

3.2. The Casimir effect for spin-3/2 and spin-2 fields

To calculate the Casimir force associated with a higher spin field, one must first obtain an expres-
sion for the associated vacuum energy. This is much more problematic for higher spin fields than it
is for the fields with spin s < 1. Higher spin fields possess additional gauge freedom, and the local
energy-momentum tensors associated with such fields are generally gauge-dependent. Fortunately
the total energy may still be gauge-invariant, and this is the working assumption we will make here.

3.2.1. Spin-3/2

The most common description of massless spin-3/2 particles is through the Rarita-Schwinger
field [40], which consists of four four-component Dirac bispinors v,, where the index p labels the four
distinct bispinors. The Rarita-Schwinger field belongs to the reducible representation R = (1/2, 1/2)®
[(1/2, 0) & (0, 1/2)], which is build from the two outer spin-1/2 irreducible representations and the sin-
gle inner spin-1 irreducible representation of Sp(2, C) [41] (c.f. Fig. 2). The representation & has (com-
plex) dimension sixteen, whereas the two outer irreducible representations (3/2, 0) and (0, 3/2), that
directly correspond to the right and left-helicity states of the physical spin-3/2 field, have dimension
four (c.f. Fig. 2). This gives a total of eight degrees of freedom, but not all of these are dynamically inde-
pendent. Gauge-fixing reduces the total number of physical degrees of freedom to four, which is pre-
cisely the number required to describe the right and left-helicity states of a massless spin-3/2 particle
and its anti-particle. The Rarita-Schwinger field contains some twelve redundant degrees of freedom,
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and accordingly the associated equations of motion are invariant under the gauge transformation

1/@2 = W;L + 3#5- (41)
Although largely redundant the Rarita-Schwinger field is advantageous, because it can be manipu-
lated in much the same way as the familiar Dirac field for spin-1/2 particles. It is for this reason that
we use it to obtain an expression for the energy of the massless spin-3/2 field.

The Rarita-Schwinger Lagrangian can be written

1 _ paS
Ly = _Eeuvpawuysyp oy (42)

wheref(g,lg = f3,8 — (3,f)g, the €#*P° are totally anti-symmetric with €°12* = 1, the set {y#, y°}
consists of the usual Dirac matrices with y° = iy%y'y?y?, and v, := v/} y° denotes the relativistic
adjoint of ¥,,. Under the gauge transformation in Eq. (41) the Lagrangian varies by a total divergence.

The twelve redundant degrees of freedom are eliminated using constraints. In particular, the
generalised Coulomb gauge is obtained by imposing the constraints [42]

vy =04, ", = 04, Yo = 04 (43)

where 04 denotes the four-column with all zero entries. Using the identity

E”WMJ/S)’ =i@"y” —g"%v" —g"y" + v y7y") (44)
it is a straightforward exercise to verify that for the Lagrangian in Eq. (42) along with the constraints
n (43), the Euler-Lagrange equations yield the Dirac equation iy*d,¥, = 04 and its adjoint

(0, Yyt = OZ. This in turn ensures that ¥, (and its adjoint) satisfy the correct relativistic wave
equation

Dwu =04 (45)
where O := 9,,0".
The constraints in (43) reduce the number of (complex) physical degrees of freedom to the four

required in order to describe the right and left-helicity states of a massless spin-3/2 particle and its
anti-particle. As an ansatz for v, in Eq. (45), we therefore make the following Fourier expansion [42]

Y (x) = / &’k Z by (K)u, (K, A; x) + df (K)v,, (K, A; x)] (46)

A=13/2

where the b, (k), b; (k) and d, (k), dl (k) are annihilation and creation operators for particles and anti-
particles respectively, which as in the spin-1/2 case satisfy the anti-commutation relations in Eq. (6).
It is of course possible to invert Eq. (46) and its Hermitian-conjugate, and this means it is possible to
define the by (Kk), bi(k) and d; (k), di (k) in terms of ¥, (x). The single-particle positive and negative-
energy wavefunctions u, (K, A; x) and v,, (K, A; x) are defined by

1 I
U, (K, Ay X) = ——u, (k, A)e %
g V2@ "
. — 1 iky XV
Uy (k, )\‘, X) = mvu (k, )\‘)e (47)

where u, (k, A) and v, (k, A) satisfy the momentum-space counterparts of the constraints in (43).
The positive and negative-energy wavefunctions are not linearly-independent and are related by
vu(k, &; %) = iy®y%ul (k, A; x). The orthonormality requirements for u, (k, ») and v, (k, 1) can
be deduced from the required properties of u, (k, A; x) and v, (K, A; x) under a Lorentz boost, and
read [42]

U (K, M)y u, (K, A) = 0 (K, M)y v, (K, V) = =2k,
" (k, 1)y v, (—k, 1) = 0. (48)
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Using the Lagrangian in Eq. (42) and the constraints in (43) we obtain the energy-density
0%,
a(0y)

Using this expression together with Egs. (6), (46) and (48), the total energy can be written as in the
spin-1/2 case as

Hs, = fd3Xﬁi”3/z

— / @k Y w(bi(k)bk(k)+d1(k)dk(k)— 1). (50)

A==£3/2

i- JRES
My = (Y’ — Ly = —EI/fu}/'Bﬂ/fv~ (49)

Since the spin-3/2 field is fermionic, according to Eq. (32) the allowed values of k for the calculation
of the Casimir force, are the same as in the spin-1/2 case. Moreover, because the vacuum energies in
Egs. (7) and (50) are identical, the calculation of the Casimir force from Eq. (50) is also the same as in
the spin-1/2 case, with the final result given by Eq. (36).

3.2.2. Spin-2

The spin-2 field is most commonly described using a symmetric traceless tensor field h*”, which
corresponds to the inner (1, 1) irreducible representation of the symplectic group Sp(2, C) [c.f. Ap-
pendix A.3 and Fig. 2]. This field can also be viewed as the first-order gravitational correction to the
components of the Minkowski inner-product. If we expand the general “metric” tensor of curved
spacetime as gV (u) = g"” + uh"” + - - -, then Einstein’s vacuum equations yield an equation for
h*¥ which coincides with the correct relativistic wave equation for a massless spin-2 particle (the so-
called graviton). As expected, gauge-fixing constraints are required to reduce the number of degrees
of freedom present in h*" to those describing the physical right and left-helicities of the graviton.

These helicities are more directly described by symmetric spin-tensors 1*“ and 553, which be-
long to the outer irreducible representations (2, 0) and (0, 2) respectively, and which satisfy the usual
equations of motion (27). As in the spin-1 and spin-3/2 cases, it is these fields which belong to outer
representations of Sp(2, C), that are in many ways more physically relevant than the gauge-dependent
inner field potentials such as h,,, (c.f. Fig. 2).

A significant property of the field 1% is that it can be used to define the so-called Bel-Robinson
tensor T#"#?, which is one of many possible gravitational versions of a local energy-momentum ten-
sor [33]. As expected of an energy-momentum tensor, T#*"#? is totally symmetric, traceless and pos-
sesses certain positivity properties. It is also the natural analog of the energy-momentum tensor T+"
found in electrodynamics [33]. This last property is most easily seen using the two-spinor calculus
formalism, whereby

THVPO — O,,uaao,vao,pECO,Uad,(/fabcd,(//ﬁbEd. (51)

Thus, the local current T#%% is the natural analog of the currents encountered in the spin-1/2 and
spin-1 cases, and as such the generalised BCs in Eq. (29) imply that for the spin-2 field, it is the normal
component of T#%% that vanishes at each plate.

In order to obtain an expression for the energy associated with the spin-2 field, we build on
the early approach of [43] for the quantisation of linearised gravity. The starting point in [43] is
Schwinger’s action principle [44], which is stated in terms of a Lagrangian of an extremely general
form. This form includes the so-called Platini general-relativistic Lagrangian as a special case. The
use of the Platini-Lagrangian formulation of general relativity turns out to be a crucial feature of the
approach adopted in [43], because it circumvents a number of problems pertaining to the highly non-
linear nature of general relativity.

From here on we will employ the shorthand notation f; x := 9df; and f; iy := 9;9xfj;. This allows
us to write the linearised (first-order) approximation to the Platini-Lagrangian as

1
& =h"’ |:FMU/)-,M - 5 (Fuvu,p + Fﬂpu,V)i| -gv [I““m, : FJ/JM - 1“"(,“ ’ FUU/J] (52)
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where 2f - g = fg + gf, the h,, = h,, are the first-order corrections to the components g,,,, of the
Minkowski inner-product, and the I'*,, = I'**,, are the components of the Levi-Civita connection
over spacetime. To first-order in h,,, the connection coefficients can be written

1
Fﬂup ~ Eg/ur (hav,p + hop,v - hvp,a) . (53)

The (constrained) fields h; and I"%; serve as canonical fields in the Hamiltonian formulation of
linearised gravity given in [43], which we review presently.

The variational principle used in conjunction with the Lagrangian in Eq. (52) yields the linearised
equations of motion [43]

dchy = —2I% 4 hoij + hoji,
Ochyo = =0, (hoo,i - Fioo) + 280,
1
8% = -3 (hik + P — hiijre — higix — Koo,ij) (54)

where it is understood that all repeated indices i, j, k are to be summed over 1, 2, 3. The entire theory
is invariant under the coordinate (gauge) transformations [43]

h/uu = h;w + Sv,u + gu,v _guvé}_p,p’
F/Mvp — Fﬂvp + ‘i:u,v,o (55)

and as such the variational principle also yields the following equations of constraint [43]

Fi‘k=1
K2

1
I = 8" (=hoi + ') + 55”%00,:‘,

ij, ki) s
(h]k+h1k]+hjk1)

% = i, hij.ii = hiijj. (56)

The constraints arise due to the presence of redundant gauge degrees of freedom, which must be elim-
inated via gauge fixing. A common choice of gauge in general relativity is the transverse traceless (TT)
gauge, which is analogous to the Coulomb gauge in electrodynamics. In the TT-gauge the field hy,,
satisfies

W, =0, W, =0, =0, (57)

and the equations of motion (54) take on the following simple harmonic form, which is synonymous
with the free dynamics generated by quadratic Hamiltonians;

1
dchy = —2r%  8.1% = =5 My (58)

Together the constraint h,,o = 0 and the equations of motion (58) ensure the correct relativistic wave
equation

Ohy,, = 0. (59)

In order to proceed it will be helpful to count the number of physical degrees of freedom with which
we are dealing. The TT-gauge constraints in (57) reduce the number of physical degrees of freedom in
h,,, from ten to two. To see this note that there are nine separate equations in (57), but that only eight
of these are independent, because the first constraint with v = 0 is implied by the last. Thus, in total,
we are left with four real degrees of freedom, two of which are contained in h;;, and two of which are
contained in d;h; = —21"0,-j. This is precisely the number of physical degrees of freedom required to
describe the two independent helicities of the graviton. As an ansatz for h,,, in Eq. (59), we therefore
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make the following Fourier expansion

0 = [ @K Y [t 200,00 + i k.2 0] (0] (60)
r==32
where the single-particle wavefunctions u*”(k, A; x) are defined by
U (K, 45 X) == e (k, 1)e~kox’ (61)
2w(2m)3

in which e, (k, 1) denotes a transverse traceless polarisation tensor. In Eq. (60) we have used ai (k)
to denote the complex-conjugate of the complex number a, (K) in anticipation of the quantum
mechanical expression for h,,,.

The polarisation tensors e, (K, 1) in Eq. (61) possess the orthonormality and symmetry properties

e (K, M (K, 1) =28, g"eun(k, ) =0,
eij(_kv )") = eij(k» )‘)s eiO(_ks )") - _eio(kv )")» (62)

which can be deduced from the required properties of u,, under a Lorentz boost. If we now define
the following inner-product over the Hilbert space of solutions to Eq. (59)

i _ P
(h,hy = = / dExh (x) 3.0, 0| (63)
2 " t=0
we see that the normalisation of the polarisation tensors e*’(k, A) has been chosen such that the
wavefunctions u*’ (K, A; x) satisfy the orthonormality conditions

(u(k, 1), u(k', 1)) = 8,0 8(k — K,
(u(k, 1), u(K', 1)) = —=8,,8(k — K). (64)

The mode expansion in Eq. (60) is consistent with the TT-gauge constraints in (57) provided we
impose the following further restrictions on the polarisation tensors

ke, (k, 1) =0, et (k, 1) =0, e ok, 1) =0. (65)

The first two constraints above are consistent with the required behaviour of h,, under a Lorentz
boost. The third however, clearly shows that h,, cannot transform in a Lorentz-covariant way. This
situation is analogous to the one encountered in electrodynamics. Like the components A, of the elec-
tromagnetic four-potential, the components h,,, are to be viewed as the components of a geometric
field that is physically invariant under a larger transformation group including both Lorentz transfor-
mations and gauge transformations. The constraint h,,o = 0 is consistent with this broader notion of
physical invariance.

Using now Eq. (58), we obtain from h,,, in Eq. (60) the following expression for FOU-, which is the
(negative of the) canonical momentum conjugate to h;

' = / d*k

Z a, (K)e;i(k, Me %" — af (ke (k, A)e"‘pX”). (66)

3
2(2 )’ =5

It is of course possible to invert the expressions for h;; [in Eq. (60)] and Fo,j given above. This means
the a; (k) and ai (K) can be defined in terms of the Fourier transforms of the canonical fields.
The energy-density can be calculated from the Lagrangian in Eq. (52) and after making use of the
constraints (57) can be written (in the TT-gauge) [43]
0%

My = ———Jh*" — & = (I'%)* + 1(h~ )2 (67)
2 = 8(3[}1’”) t 2 — ij 4 ij,k
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where the indices i, j, k are each summed over 1, 2, 3. This yields the total energy [43]
1
Hy = /d&% = /d3x [(r",,)2 + 4(hij,,<)2} . (68)

When the fields h;; and I'%; are interpreted as operators on some suitably defined Hilbert space, the
above Hamiltonian together with the Heisenberg equationid; @ = [¢, H,] yields the correct equations
of motion (58), provided the canonical fields satisfy the following equal-time commutation relation,
consistent with the TT-gauge constraints [43]

[hy (), Ia(x)] = —if(x — X))

. T
= % [(35,—,—ak, — b — 31-,5,-,(> 5(x — x/)] . (69)
The right-hand-side of the above equality attains meaning when the expression within the brack-
ets is contracted with a suitably chosen three-dimensional symmetric test tensor fi;(x’) and is then
integrated over a fixed time-slice. This procedure will yield some symmetric tensor g;(x), which in
general, will not be transverse or traceless. The notation [-]™ signifies that the transverse traceless
component of g;;(X) must then be taken, and it is this projection onto the TT subspace, which ensures
Eq. (69) is consistent with the TT-gauge constraints in (57). In short, the distribution 8;},(x —X)is
defined by the integration condition

/d3x/ 8 (X = X)fi(x) = fig' (%) (70)

where f,}l'r (x) is the transverse traceless component of the symmetric tensor fi;(x). This situation is

of course quite familiar from quantum electrodynamics in the Coulomb gauge whereby the right-

hand-side of the canonical commutation relation that is analogous to Eq. (69), involves the transverse

delta function 8; (x —Xx') [45]. In the spin-2 case however, one is dealing with three-dimensional sym-

metric tensors rather than three-dimensional vectors, and the appropriate distribution is therefore
ukl IT (x — X). In terms of an integral in momentum-space 8uk, (x — X') admits the representation

3k , ,
sT(x—x) = / - eii(K, M)en(k, 1)e* x> (71)
ijkl 2(27_[)3 )L;Z ij ki

which is also reminiscent of the well-known Fourier transform representation of the transverse delta
function & (x — x') [46].

To verify that the expression on the right-hand-side of Eq. (71) possesses the property specified in
Eq. (70) we first note that any (suitably well-behaved) real transverse traceless symmetric tensor can
be decomposed as

(l () elk X

o= [ o ﬁ
) / \/ﬁ Z ei(k, 1)f; (K)e™™ N
r=%£2

where f]Tr denotes the (three-dimensional) Fourier transform of fIT i and f,\(k) denotes a complex
Fourier coefficient labelled by helicity A and momentum k. We also make use of the following more
complicated scalar-vector-tensor decomposition of a (suitably well-behaved) real symmetric three-
dimensional tensor

fi(x) = fi(kye™™ (73)

| o
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with [47]

1. P T
ﬁ.j:Efs,jJr(kikj—§8U>f5+l<g;"+k,ﬁ+ 5 (74)

Here k := k/ K| andf denotes the trace of fu The scalar quantityfS and the vector quantity f* are de-

fined in terms of the fq,f,»,- andf, but their precise form need not be given in order to prove that Eq. (71)
holds. Now, due to the constraints in (65), we have using Eqs. (72) and (74) that

3 ey, Mtk Mf 0 = i), (75)

A=%2

Thus, substituting Eq. (71) and the complex-conjugate of Eq. (73) into the left-hand-side of Eq. (70),
one readily obtains by making use of Eq. (75), the complex-conjugate of the right-hand-side of Eq. (72).
This proves that Eq. (71) holds when used in conjunction with any (suitably well-behaved) real
symmetric tensor.

Having established that Eq. (71) holds we can now check that our canonical formulation of lin-
earised gravity is consistent with the mode expansions in Egs. (60) and (66). Consistency is ensured
if when the mode expansions are substituted into the commutation relation i[h;;(x), % (x)], one

obtains the right-hand-side of Eq. (71). This will be the case provided the a, (k) and a} (K) obey the
bosonic commutation relation in Eq. (23). Thus, imposing the bosonic commutation relation between
a; (k) and ai (K), and substituting Egs. (60) and (66) into Eq. (68), we obtain using Eq. (62) the expected
expression for the energy of the massless spin-2 field;

Hy = /d3k Z w <a;(k)ak(k) + %) . (76)

A=%2

This Hamiltonian together with the Heisenberg equation yields the correct equations of motion (54).
Since the spin-2 field is bosonic, according to Eq. (32) the allowed values of k for the calculation
of the Casimir force, are the same as in the spin-1 case. Moreover, because the vacuum energies in
Egs. (22) and (76) are identical, the calculation of the Casimir force from Eq. (76) is also the same as
in the spin-1 case, with the final result given by Eq. (40).

Having obtained the Casimir forces associated with both the spin-3/2 and spin-2 fields, we are
in a position to consider what might be called the super-gravitational Casimir force. In supergrav-
ity the graviton is paired with its supersymmetric partner—the spin-3/2 gravitino. The Lagrangian can
be taken as a sum of uncoupled Lagrangians associated with the spin-3/2 and spin-2 fields respectively,
plus a term involving additional auxiliary fields. In the case of pure gravitation these auxiliary fields
vanish on the space of solutions to the equations of motion [48]. We can therefore conjecture that
the super-gravitational Casimir force is the sum of the fermionic and bosonic Casimir forces given in
Egs. (36) and (40) respectively.

4. Conclusions

In this paper we have used general physical BCs to calculate the Casimir force between two per-
fectly reflecting parallel plates for the massless quantum fields up to spin-2. For each spin value
the generalised BCs imply that at the plates the normal component of a physically appropriate
local-current vanishes. For the spin-1/2 (massless Dirac-Weyl) field the appropriate current is the
particle-current. For the spin-1 (Maxwell) field no particle-current exists, so the electromagnetic en-
ergy-current occurs in its place. For the spin-2 (linearised gravitational) field neither a local particle-
current nor a local energy-current exists, so a current defined in terms of the Bel-Robinson tensor
occurs instead.

We have shown that the generalised BCs imply that the allowed values of energy-momentum be-
tween two perfectly reflecting parallel plates are the same for all fermionic fields and the same for all
bosonic fields. We have verified that these allowed values of energy-momentum lead to two distinct
Casimir forces, one associated with fermions and one associated with bosons. This has been achieved
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through the explicit calculation of the Casimir forces associated with the fields ranging from spin-1/2
up to spin-2. A significant implication of these general results is that periodic BCs cannot be applied
to a fermionic field confined between two parallel plates. This renders certain previous investigations
unphysical.

The results we have obtained open up numerous avenues for further investigation into Casimir
forces, both for the more familiar spin-1/2 and spin-1 fields, and for higher-spin fields as well. An ob-
vious extension of the present work lies in the diversification of the surface geometries and reflection
properties assumed in the calculations. We have also already mentioned at the end of Section 3.2.2
a further possible extension of the present work into the arena of supersymmetric field theories. Yet
another extension lies in the consideration of confined interacting massless fields, such as coupled
spin-1/2 and spin-1 fields. In this case, in order to determine the allowed values of energy-momentum,
one would need to find modified single-particle solutions to the coupled equations of motion, which
satisfy the physical constraints of giving no local spin-1/2 or spin-1 current normal to the surfaces.
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Appendix A. Two-spinor calculus

A.1. Elementary symplectic spinor spaces

The two-spinor calculus provides a means by which to build arbitrary irreducible representations

of the (proper orthochronous) Lorentz group GCIL. Representations up to a phase of QCTF are in one-to-
one correspondence with representations of its universal covering group SL(2, C), which is identical
to the complex symplectic group Sp(2, C). Spinors are built using the two-dimensional complex
symplectic vector spaces S and S where a bar is used to denote the complex-conjugate space. The
space S is the pair (V, w), where V is a two-dimensional complex vector spaceandw : V xV — Cisa
complex symplectic (non-degenerate) form. Choosing a basis {f,} C V and employing the summation
convention for repeated upper and lower indices we have

v =9y eS, Y=y"fesS (A1)
where we use bars rather than the more commonly used dots to distinguish between a spinor in-
dex and a conjugate-spinor index. Furthermore we rely entirely on the different indices in order to
distinguish between the components of ¥/ and ¥ as well as between the basis vectors {f,} and their

conjugates. With these index conventions matrix operations become particularly simple. If a matrix
v has elements v®, then we have the following representations

v < v?, v < v, TR vl o P (A2)
where T and T denote matrix transposition and Hermitian conjugation respectively. A Hermitian ma-
trix clearly has components v® (or v*). _

In order to construct arbitrary spinors one also uses the dual spaces S*, S*. The dual V* of the
(complex) linear space V is defined as the space of linear maps from V to C. Given a basis {e,} C V,the
corresponding dual basis {e,} C V* is defined by the orthonormality condition e*(e,) = /. Every
finite-dimensional linear space is isomorphic to its dual, because the two spaces necessarily have the
same dimension. However, the identification of V and V* is not canonical, and one has considerable
freedom in pairing vectors with dual vectors using some form of bilinear mapping. In Minkowski
spacetime E'-3 for example, the map used is a symmetric bilinear inner-product g : E»® x E'? — R,
which with respect to some basis {e,, } can be written g = g,,,e* ® e". For a given vector v = vte, €

E' one defines the corresponding dual vector v* := v,e* € E"3" such that v, := g,,v". This pairing
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means that the contraction of a vector v with its dual v* gives the g-norm of v, i.e., v*(v) = g(v, v).
In the two-spinor calculus formalism the analogous vector-dual vector pairing is defined with respect
to the symplectic structures on S and S. The dual of an element ¢ € S is an element ¢* : S — C
belonging to S* such that

V(@) = o, §). (A.3)

Obviously the same relation holds between elements of S and §*. The symplectic maps * : V*xV* —
Cand 0* : V* x V* — C associated with the dual spaces are non-degenerate bivectors. To build
spinors one uses distinguished canonical (a.k.a. Darboux, a.k.a. spin) bases {f;}, {fz}, {f“} and {f“},
which belong in V, V, V* and V* respectively, and which satisfy the relations f*(fy) = f,(f%) = &}
and f4(f;) = f;,(f% = 6; In the canonical bases the symplectic maps w, @, ®w* and @* can be written

w=owaf A" D= wyf NS

o =" fnfy, @ =0"f NS (A4)
where A denotes the exterior product. The sets of components wgp,, @z, *® and @*® each support
the matrix representation

Waps Wg5, P, W' < <_01 é) (A.5)

As we remarked above Sp(2, V) is the symmetry group associated with w, that is, given any T €
Sp(2, V) we have that w(Tyr, Tp) = w(yr, ¢) forall ¢, ¢ € V.In components this condition along
with the analogous conditions pertaining to @, »* and @*, can be written

T Td, = o, TanbETdE = o

=y = =5 ,

T wpc T = Wad, T iz ac = w3 (A.6)
where a tilde has been used to denote the matrix contragradient T = (TH~1,
A.2. Lorentz transformations and spinor index gymnastics

We have now all of the ingredients necessary in order to define arbitrary higher order spinors (spin-
tensors) and to be able to perform spinor index gymnastics. Denoting the r-times Cartesian product
of a set S with itself by S™, we define a spin-tensor of type—(’: ;’) as a multilinear map ¢ : S*P x §*1 x

S" x §° — C, which in the canonical bases can be written
1,010, aj...q
1/f - ‘// ! pbl...b,— ql_al,,,l_)sfﬂl Q- ®fap
M@ R Rfe, ®®fs, fT @ @f. (A7)
When viewed as a spin-tensor field over Minkowski spacetime, the components of i are to be viewed
as functions of x € E'3,
A Lorentz transformation A € £1 has two elementary two-dimensional nonequivalent com-
plex representations, one on S, which is denoted T(A), and the complex-conjugate representation

on S, which is denoted T(A). These representations correspond to right-helicity and left-helicity two-
spinors respectively. The representation T(A) on S* is equivalent to T(A) on S, while the representa-

tion T(A) on §* is equivalent to T(A) on S. The carrier space of the (i, j)th irreducible representation
of Sp(2, C) can be taken as the collection of spin-tensors with components 1 @1-+%@ &) \here the
notation v (“1--%) means that 1 is totally-symmetric in the indices as, . . ., a,. In this case the carrier
space of the (i, j)th representation has clearly been built out of the spaces S and S. Alternatively we
could, in the obvious way, take any one of the three elementary combinations S* and S*, or S and S*,
or S and S*, as the building blocks for the carrier spaces of the various (i, j) representations. In this
paper we choose the pair (S, S*), which means that right-helicity spinors are labelled by unbarred
upper indices while left-helicity spinors are labelled by barred lower indices.
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Under a Lorentz transformation A € ,)Cl each unbarred upper index of the components of a
spin-tensor ¥4 - transforms through multiplication by a matrix T?,(A). An unbarred lower index

Y, transforms through multiplication by Tab (A). Obviously the barred indices transform in the

same way through matrices T?;(A) and Tab (A). In the case of a spin-tensor field the argument x € E'-3
transforms to A~ 'x. More generally under a Poincaré transformation (A, a) with (A, a)x = Ax + a,
the argument x transforms as (A, a) " 'x = A7 'x — A7 a.

To carry out spinor index gymnastics the symplectic maps are used, because these are the maps
we have used to define the dual spaces. We use w to denote the components of these maps in keeping
with the common convention in symplectic geometry. The symbol € is more commonly found in the
two-spinor calculus literature. Because the components of the symplectic maps are anti-symmetric
one must be careful in raising and lowering indices, for example w®v, = —, # ;. We adopt the
convention that wg, can only be used to lower an index when the repeated index is in the first slot.
Similarly »® only raises the index when the repeated index is in the second slot. The same rules apply
for barred indices, so altogether

wa¥t =Yy, 0PYp=v0  egY=v5 oYy =y (A8)
In what follows we will specify how spinor index gymnastics relates to the usual spacetime index
gymnastics.

A.3. Spinor indices and spacetime indices

Minkowski spacetime E'-* will be viewed as a pair (R, g) where R is a real four-dimensional vec-
tor space and g : R x R — R s a symmetric indefinite inner-product. In an orthonormal basis {e,,}
of R with dual basis {e#} C R* (s.t e“(e,) = 6/) the inner-product g can be written g = g, e’e’,
where the juxtaposition e”e’ denotes the symmetric tensor product of e# and e”. Similarly one de-
fines the inner-product g* = g*"e, e, on R*. The components g,,, and g"*” have the matrix represen-
tation diag(1, —1, —1, —1) and can be used to raise and lower spacetime indices in the usual way;
g, = v* etc.

To relate spinor and spacetime indices we use a representation [ ] : EV3(E"3*) — H(2, C) of
vectors (dual-vectors) v € E3 (v* e E3*) as two-dimensional Hermitian matrices [v] ([v*]) €
H(2, C). The representation [-] is defined by

[v] == 6"y, = 6,0", [v*] == o"v, = o, 0" (A.9)

where o, and 6, denote the following normalised Pauli spin-matrices

O_NO_L 1 0 1__~1_i 0 1
G_G_ﬁ 0 1) o = U_ﬁ 1 0/’

~ 1 /0 —i ~ 1 /1 o0
2 2 3 3
0°=—06"= \/»(l 0), 0’ =—-06"= f(O 1). (A.10)

The components of the Minkowski inner-product have numerous representations in terms of the nor-
malised Pauli spin-matrices;

tr(0,,6,) = tr(6,0,) = g, tr(c”6") = tr(6%c") = g"’, (A11)
which enable one to define the Minkowski inner-product on H(2, C) as
g, w) = gv*tw” = tr(o,6,)v"w’
= tr([v*][w]) =: [v] - [w]. (A.12)
With the elements of the matrices [v] and [v*] we can associate components of spin-tensors via
Vag = 0" qaVy = opaav’, 0™ =", =5, "
V* = o 5qv™ = 4%, v, = 0,50" = 6ﬁﬁvaa. (A.13)
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The Minkowski inner-product can be written in terms of spin-tensor components in numerous ways,
for example g(v, w) = v*wg,. The hybrid so-called van der Waerden symbols are defined as

aa .__ aa aa ,__ aa
g =0,", gt = ogh%,

250 = (6"t Guaa = (G gq- (A.14)

These symbols can be consistently manipulated according to the rules of both spinor and spacetime
index gymnastics. In order to obtain the numerical values of the van der Waerden symbols, and when
translating expressions into expressions involving matrix operations the identifications in Eq. (A.14)
must be used. Given this recipe for converting spinor indices to spacetime indices and vice versa, we
obtain the following useful relations

aa, bb aa
v = 8 & WapWgp = uaadv s

guv — guﬁagvi)bwa wﬁb — guﬁagvﬁa’
&aabb = gﬂaagMBb = WabWgp»
gaabh guaﬁgﬂbb — % (A15)
where the above expressions involving the symbols g; 5, and g"‘_’b’_J can be viewed as definitions.
In general a spacetime index w will correspond to a composite spinor pair of indices aa or aa. It
should therefore be evident how spacetime tensors can be constructed from spin-tensors. Regarding
the representation theory of the Lorentz group £I_, the carrier space of the (i, i)th representation of
Sp(2, C) can be viewed as the space of totally symmetric tensors over spacetime with components
h(#1--#20 or h,, ... Given the above translation scheme it is clear that this is consistent with the
specification given previously for the general (i, j) representations of Sp(2, C) in terms of spin-tensors.

Appendix B. Proof that the generalised BC implies there is no current normal to the plates

We wish to prove that for an arbitrary spin-#/2 field there exists a BC, which implies
n,(0, d)j*(0,d; n) = 0 where the local current j*(n) is defined in Eq. (28). We consider the plate

at x> = 0 for simplicity. The outward pointing normal to the surface x> = 0 has components
n* = (0, 0, 0, —1). The generalised BC we choose (for x> = 0) is according to Eq. (29)

a0 aa VM = Vay s (B.1)
and we wish to show that this implies

1,(0)j*(0) = 63,0,0 %0y - - - 0 anay WY1 = 0. (B.2)

Now, Eq. (B.1) holds if and only if

wa]a’lgaaaa] ---wa"a;‘03a;an‘ﬁa]”'a" — (B.3)

Substituting in place of the factor y% - contained in j*(0) the left-hand-side of Eq. (B.3), we obtain
1, (0)7(0) = 0a,0,0 30 - - - 0 an (00 g1 . (0 ) gy - -0

= (0°00%) 0,0 (00 ) gyq - (@O ) g, Y10 1 (B4)

3T oy

3 1

where 63 = (6®)T and 6° = (6%7 = I have been used. Using 263wo3 = —w and wo® = —o,

Eq. (B.4) gives
. 1 1 [ ..
ZHM(O)]”(O) = :Fa)ala’la ayadl - - - o ana;wal o Wa‘ o
1 1 ...,
=70 aydy -+ 0 anaﬁ,wa1 n wa’] 2

= %0 1yqp - 0 Y, YA (B5)
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where the — sign on the top line corresponds to n-odd (fermions) and the + sign to n-even (bosons).
Relabelling the indices a; <> a}, i = 2,...,nand usingo! = (o!)" the last line above gives

20, (0)/(0) = £0 g0 - - 0 g, WM P N, (B.6)

which is the negative of the second line in Eq. (B.5). This proves that the generalised BC in Eq. (B.1)
implies n, (0)j*(0) = 0.
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