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1. Introduction

Throughout this paper, let L ≥ 0 and a < b in R.
The inequality

f

a + b
2


≤

1
b − a

 b

a
f (x) dx ≤

f (a) + f (b)
2

(1.1)

which holds for all convex functions f : [a, b] → R, is known in the literature as Hadamard’s inequality [1].
See [2–14], the results of which are the generalization, improvement and extension of the famous integral inequality

(1.1).
Recently, Tseng et al. [9] have established the following Hadamard-type inequality which refines the inequality (1.1).

Theorem A. Suppose that f : [a, b] → R is a convex function on [a, b]. Then we have the inequalities:

f

a + b
2


≤

1
2


f

3a + b

4


+ f


a + 3b

4


≤

1
b − a

 b

a
f (x)dx

≤
1
2


f

a + b
2


+

f (a) + f (b)
2


≤

f (a) + f (b)
2

. (1.2)

∗ Corresponding author.
E-mail addresses: kltseng@mail.au.edu.tw (K.-L. Tseng), hsru@cc.cust.edu.tw (S.-R. Hwang), hsukaichen@gmail.com, victor8@mail.au.edu.tw

(K.-C. Hsu).

0898-1221/$ – see front matter© 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2011.12.076

http://dx.doi.org/10.1016/j.camwa.2011.12.076
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
mailto:kltseng@mail.au.edu.tw
mailto:hsru@cc.cust.edu.tw
mailto:hsukaichen@gmail.com
mailto:victor8@mail.au.edu.tw
http://dx.doi.org/10.1016/j.camwa.2011.12.076


652 K.-L. Tseng et al. / Computers and Mathematics with Applications 64 (2012) 651–660

The third inequality in (1.2) is known in the literature as Bullen’s inequality.

In what follows we recall the following definition.

Definition 1. A function f : I ⊂ R → R is called an L-Lipschitzian function on the interval I of real numbers if

|f (x) − f (y)| ≤ L |x − y|

for all x, y ∈ I .

Dragomir et al. [5] and Matić and Pečarić [8] established the following Hadamard-type inequalities for Lipschitzian
functions.

Theorem B. Let f : I ⊂ R → R be an L-Lipschitzian function on the interval I of real numbers and a, b ∈ I . Then, we have the
following inequalities f (a) + f (b)

2
−

1
b − a

 b

a
f (x)dx

 ≤
L (b − a)

4
(1.3)

and f 
a + b
2


−

1
b − a

 b

a
f (x) dx

 ≤
L (b − a)

4
. (1.4)

In this paper, we shall establish some Hadamard-type and Bullen-type inequalities for Lipschitzian functions and give
several applications for special means.

2. Hadamard-type inequalities for Lipschitzian functions

Throughout this section, let I be an interval in R, a ≤ A ≤ B ≤ b in I and let f : I → R be an L-Lipschitzian function.
In the next theorem, let α ∈ [0, 1] , V = (1 − α) a + αb, and define Vα as follows:

(1) If a ≤ V ≤ A ≤ B ≤ b, then

Vα (A, B) = (A − a)2 − (A − V )2 + (B − V )2 + (b − B)2 .

(2) If a ≤ A ≤ V ≤ B ≤ b, then

Vα (A, B) = (A − a)2 + (V − A)2 + (B − V )2 + (b − B)2 .

(3) If a ≤ A ≤ B ≤ V ≤ b, then

Vα (A, B) = (A − a)2 + (V − A)2 + (b − B)2 − (V − B)2 .

Theorem 1. Let A, B, α, V , Vα and the function f be defined as above. Then we have the inequalityαf (A) + (1 − α) f (B) −
1

b − a

 b

a
f (x)dx

 ≤
LVα (A, B)
2 (b − a)

. (2.1)

Proof. Using the hypothesis of f , we have the following inequalityαf (A) + (1 − α) f (B) −
1

b − a

 b

a
f (x)dx

 =
1

b − a

 V

a
[f (A) − f (x)] dx +

 b

V
[f (B) − f (x)] dx


≤

1
b − a

 V

a
|f (A) − f (x)| dx +

 b

V
|f (B) − f (x)| dx


≤

L
b − a

 V

a
|A − x| dx +

 b

V
|B − x| dx


. (2.2)

Now, using simple calculations, we obtain the following identities
 V
a |A − x| dx and

 b
V |B − x| dx.

(1) If a ≤ V ≤ A ≤ B ≤ b, then we have V

a
|A − x| dx =

(A − a)2 − (A − V )2

2
and

 b

V
|B − x| dx =

(B − V )2 + (b − B)2

2
.
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(2) If a ≤ A ≤ V ≤ B ≤ b, then we have V

a
|A − x| dx =

(A − a)2 + (V − A)2

2
and

 b

V
|B − x| dx =

(B − V )2 + (b − B)2

2
.

(3) If a ≤ A ≤ B ≤ V ≤ b, then we have V

a
|A − x| dx =

(A − a)2 + (V − A)2

2
and

 b

V
|B − x| dx =

(b − B)2 − (V − B)2

2
.

Using the inequality (2.2) and the above identities
 V
a |A − x| dx and

 b
V |B − x| dx, we derive the inequality (2.1). This

completes the proof. �

Under the assumptions of Theorem 1, we have the following corollaries and remarks:

Corollary 1. (1) In Theorem 1, let λ ∈
 1
2 , 1


, A = λa + (1 − λ) b and B = (1 − λ) a + λb. Then, we have the inequalityαf (λa + (1 − λ) b) + (1 − α) f ((1 − λ) a + λb) −

1
b − a

 b

a
f (x)dx

 ≤
LM (α, λ) (b − a)

2
(2.3)

where

M (α, λ) =


2 (1 − λ)2 + (λ − α)2 − (1 − α − λ)2 as α ≤ 1 − λ

2 (1 − λ)2 + (α + λ − 1)2 + (λ − α)2 as 1 − λ ≤ α ≤ λ

2 (1 − λ)2 + (α + λ − 1)2 − (α − λ)2 as λ ≤ α.

(2.4)

(2) In Theorem 1, let A = B. Then, we have the inequalityf (A) −
1

b − a

 b

a
f (x)dx

 ≤
(A − a)2 + (b − A)2

2 (b − a)
L. (2.5)

Corollary 2. We have the following weighted Hadamard-type inequalities for Lipschitzian functions.

(1) In the inequality (2.1), let A = a, B = b. Thenαf (a) + (1 − α) f (b) −
1

b − a

 b

a
f (x)dx

 ≤
α2

+ (1 − α)2

2
L (b − a) . (2.6)

(2) In the inequality (2.5), let α ∈ [0, 1] , A = αa + (1 − α) b. Thenf (αa + (1 − α) b) −
1

b − a

 b

a
f (x)dx

 ≤
α2

+ (1 − α)2

2
L (b − a) . (2.7)

Remark 1. (1) In the inequality (2.6), let α = 1/2. Then the inequality (2.6) reduces to the inequality (1.3).
(2) In the inequality (2.7), let α = 1/2. Then the inequality (2.7) reduces to the inequality (1.4).

Remark 2. In the inequality (2.3), let α = 1/2 and λ = 3/4. Then, we have the inequality12

f

3a + b

4


+ f


a + 3b

4


−

1
b − a

 b

a
f (x)dx

 ≤
L (b − a)

8
(2.8)

which is the second inequality of (1.2) for L-Lipschitzian functions.

3. Bullen-type inequalities for Lipschitzian functions

Throughout this section, let I be an interval in R, a ≤ A ≤ B ≤ C ≤ b in I and let f : I → R be an L-Lipschitzian function.
In the next theorem, let α + β + γ = 1 (α, β, γ ∈ [0, 1]) , V1 = (1 − α) a+ αb, V2 = γ a+ (α + β) b, and define Vα,β,γ

as follows:

(1) If V1 ≤ V2 ≤ A ≤ B ≤ C , then

Vα,β,γ (A, B, C) = (A − a)2 − (A − V1)
2
+ (B − V1)

2
− (B − V2)

2
+ (C − V2)

2
+ (b − C)2 .

(2) If V1 ≤ A ≤ V2 ≤ B ≤ C , then

Vα,β,γ (A, B, C) = (A − a)2 − (A − V1)
2
+ (B − V1)

2
− (B − V2)

2
+ (C − V2)

2
+ (b − C)2 .
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(3) If V1 ≤ A ≤ B ≤ V2 ≤ C , then

Vα,β,γ (A, B, C) = (A − a)2 − (A − V1)
2
+ (B − V1)

2
+ (V2 − B)2 + (C − V2)

2
+ (b − C)2 .

(4) If V1 ≤ A ≤ B ≤ C ≤ V2, then

Vα,β,γ (A, B, C) = (A − a)2 − (A − V1)
2
+ (B − V1)

2
+ (V2 − B)2 + (b − C)2 − (V2 − C)2 .

(5) If A ≤ V1 ≤ V2 ≤ B ≤ C , then

Vα,β,γ (A, B, C) = (A − a)2 + (V1 − A)2 + (B − V1)
2
− (B − V2)

2
+ (C − V2)

2
+ (b − C)2 .

(6) If A ≤ V1 ≤ B ≤ V2 ≤ C , then

Vα,β,γ (A, B, C) = (A − a)2 + (V1 − A)2 + (B − V1)
2
+ (V2 − B)2 + (C − V2)

2
+ (b − C)2 .

(7) If A ≤ V1 ≤ B ≤ C ≤ V2, then

Vα,β,γ (A, B, C) = (A − a)2 + (V1 − A)2 + (B − V1)
2
+ (V2 − B)2 + (b − C)2 − (V2 − C)2 .

(8) If A ≤ B ≤ V1 ≤ V2 ≤ C , then

Vα,β,γ (A, B, C) = (A − a)2 + (V1 − A)2 + (V2 − B)2 − (V1 − B)2 + (C − V2)
2
+ (b − C)2 .

(9) If A ≤ B ≤ V1 ≤ C ≤ V2, then

Vα,β,γ (A, B, C) = (A − a)2 + (V1 − A)2 + (V2 − B)2 − (V1 − B)2 + (b − C)2 − (V2 − C)2 .

(10) If A ≤ B ≤ C ≤ V1 ≤ V2, then

Vα,β,γ (A, B, C) = (A − a)2 + (V1 − A)2 + (V2 − B)2 − (V1 − B)2 + (b − C)2 − (V2 − C)2 .

Theorem 2. Let A, B, C, α, β, γ , V1, V2, Vα,β,γ and the function f be defined as above. Then we have the inequalityαf (A) + βf (B) + γ f (C) −
1

b − a

 b

a
f (x)dx

 ≤
LVα,β,γ (A, B, C)

2 (b − a)
. (3.1)

Proof. Using the hypothesis of f , we have the following inequalityαf (A) + βf (B) + γ f (C) −
1

b − a

 b

a
f (x)dx


=

1
b − a

 V1

a
[f (A) − f (x)] dx +

 V2

V1

[f (B) − f (x)] dx +

 b

V2

[f (C) − f (x)] dx


≤
1

b − a

 V1

a
|f (A) − f (x)| dx +

 V2

V1

|f (B) − f (x)| dx +

 b

V2

|f (C) − f (x)| dx


≤
L

b − a

 V1

a
|A − x| dx +

 V2

V1

|B − x| dx +

 b

V2

|C − x| dx


. (3.2)

Now, using simple calculations, we obtain the following identities
 V1
a |A − x| dx,

 V2
V1

|B − x| dx and
 b
V2

|C − x| dx.
(1) If V1 ≤ V2 ≤ A ≤ B ≤ C , then we have V1

a
|A − x| dx =

(A − a)2 − (A − V1)
2

2
,

 V2

V1

|B − x| dx =
(B − V1)

2
− (B − V2)

2

2

and  b

V2

|C − x| dx =
(C − V2)

2
+ (b − C)2

2
.

(2) If V1 ≤ A ≤ V2 ≤ B ≤ C , then we have V1

a
|A − x| dx =

(A − a)2 − (A − V1)
2

2
,

 V2

V1

|B − x| dx =
(B − V1)

2
− (B − V2)

2

2

and  b

V2

|C − x| dx =
(C − V2)

2
+ (b − C)2

2
.
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(3) If V1 ≤ A ≤ B ≤ V2 ≤ C , then we have V1

a
|A − x| dx =

(A − a)2 − (A − V1)
2

2
,

 V2

V1

|B − x| dx =
(B − V1)

2
+ (V2 − B)2

2

and  b

V2

|C − x| dx =
(C − V2)

2
+ (b − C)2

2
.

(4) If V1 ≤ A ≤ B ≤ C ≤ V2, then we have V1

a
|A − x| dx =

(A − a)2 − (A − V1)
2

2
,

 V2

V1

|B − x| dx =
(B − V1)

2
+ (V2 − B)2

2

and  b

V2

|C − x| dx =
(b − C)2 − (V2 − C)2

2
.

(5) If A ≤ V1 ≤ V2 ≤ B ≤ C , then we have V1

a
|A − x| dx =

(A − a)2 + (V1 − A)2

2
,

 V2

V1

|B − x| dx =
(B − V1)

2
− (B − V2)

2

2

and  b

V2

|C − x| dx =
(C − V2)

2
+ (b − C)2

2
.

(6) If A ≤ V1 ≤ B ≤ V2 ≤ C , then we have V1

a
|A − x| dx =

(A − a)2 + (V1 − A)2

2
,

 V2

V1

|B − x| dx =
(B − V1)

2
+ (V2 − B)2

2

and  b

V2

|C − x| dx =
(C − V2)

2
+ (b − C)2

2
.

(7) If A ≤ V1 ≤ B ≤ C ≤ V2, then we have V1

a
|A − x| dx =

(A − a)2 + (V1 − A)2

2
,

 V2

V1

|B − x| dx =
(B − V1)

2
+ (V2 − B)2

2

and  b

V2

|C − x| dx =
(b − C)2 − (V2 − C)2

2
.

(8) If A ≤ B ≤ V1 ≤ V2 ≤ C , then we have V1

a
|A − x| dx =

(A − a)2 + (V1 − A)2

2
,

 V2

V1

|B − x| dx =
(V2 − B)2 − (V1 − B)2

2

and  b

V2

|C − x| dx =
(C − V2)

2
+ (b − C)2

2
.

(9) If A ≤ B ≤ V1 ≤ C ≤ V2, then we have V1

a
|A − x| dx =

(A − a)2 + (V1 − A)2

2
,

 V2

V1

|B − x| dx =
(V2 − B)2 − (V1 − B)2

2

and  b

V2

|C − x| dx =
(b − C)2 − (V2 − C)2

2
.
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(10) If A ≤ B ≤ C ≤ V1 ≤ V2, then we have V1

a
|A − x| dx =

(A − a)2 + (V1 − A)2

2
,

 V2

V1

|B − x| dx =
(V2 − B)2 − (V1 − B)2

2

and  b

V2

|C − x| dx =
(b − C)2 − (V2 − C)2

2
.

Using the inequality (3.2) and the above identities
 V1
a |A − x| dx,

 V2
V1

|B − x| dx and
 b
V2

|C − x| dx, we derive the inequality
(3.1). This completes the proof. �

Under the assumptions of Theorem 2, we have the following Bullen-type inequalities for Lipschitzian functions:

Corollary 3. In Theorem 2, let ρ ∈
 1
2 , 1


, A = ρa+ (1 − ρ) b, B =

a+b
2 and C = (1 − ρ) a+ρb. Then, we have the inequalityαf (ρa + (1 − ρ) b) + βf


a + b
2


+ γ f ((1 − ρ) a + ρb) −

1
b − a

 b

a
f (x)dx

 ≤
LN (α, β) (b − a)

2
(3.3)

where N (α, β) is defined as follows:

(1) If α + β ≤ 1 − ρ , then

N (α, β) = 2 (1 − ρ)2 − (1 − ρ − α)2 +


1
2

− α

2

−


1
2

− α − β

2

+ (ρ − α − β)2 .

(2) If α ≤ 1 − ρ ≤ α + β ≤
1
2 , then

N (α, β) = 2 (1 − ρ)2 − (1 − ρ − α)2 +


1
2

− α

2

−


1
2

− α − β

2

+ (ρ − α − β)2 .

(3) If α ≤ 1 − ρ ≤
1
2 ≤ α + β ≤ ρ , then

N (α, β) = 2 (1 − ρ)2 − (1 − ρ − α)2 +


1
2

− α

2

+


α + β −

1
2

2

+ (ρ − α − β)2 .

(4) If α ≤ 1 − ρ ≤
1
2 ≤ ρ ≤ α + β , then

N (α, β) = 2 (1 − ρ)2 − (1 − ρ − α)2 +


1
2

− α

2

+


α + β −

1
2

2

− (α + β − ρ)2 .

(5) If 1 − ρ ≤ α ≤ α + β ≤
1
2 , then

N (α, β) = 2 (1 − ρ)2 + (α − 1 + ρ)2 +


1
2

− α

2

−


1
2

− α − β

2

+ (ρ − α − β)2 .

(6) If 1 − ρ ≤ α ≤
1
2 ≤ α + β ≤ ρ , then

N (α, β) = 2 (1 − ρ)2 + (α − 1 + ρ)2 +


1
2

− α

2

+


α + β −

1
2

2

+ (ρ − α − β)2 .

(7) If 1 − ρ ≤ α ≤
1
2 ≤ ρ ≤ α + β , then

N (α, β) = 2 (1 − ρ)2 + (α − 1 + ρ)2 +


1
2

− α

2

+


α + β −

1
2

2

− (α + β − ρ)2 .

(8) If 1
2 ≤ α ≤ α + β ≤ ρ , then

N (α, β) = 2 (1 − ρ)2 + (α − 1 + ρ)2 +


α + β −

1
2

2

−


α −

1
2

2

+ (ρ − α − β)2 .

(9) If 1
2 ≤ α ≤ ρ ≤ α + β , then

N (α, β) = 2 (1 − ρ)2 + (α − 1 + ρ)2 +


α + β −

1
2

2

−


α −

1
2

2

− (α + β − ρ)2 .
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(10) If ρ ≤ α, then

N (α, β) = 2 (1 − ρ)2 + (α − 1 + ρ)2 +


α + β −

1
2

2

−


α −

1
2

2

− (α + β − ρ)2 .

Corollary 4. In Corollary 3, let ρ = 1, α = γ =
δ
2 and β = 1 − δ with δ ∈ [0, 1]. Then, we have the weighted Bullen-type

inequalityδ f (a) + f (b)
2

+ (1 − δ) f

a + b
2


−

1
(b − a)

 b

a
f (x)dx

 ≤
δ2

+ (1 − δ)2

4
L (b − a) (3.4)

for L-Lipschitzian functions.

Remark 3. In the inequality (3.4), let δ = 1/2. Then the inequality (3.4) reduces to Bullen-type inequality12

f

a + b
2


+

f (a) + f (b)
2


−

1
(b − a)

 b

a
f (x)dx

 ≤
L (b − a)

8
(3.5)

for L-Lipschitzian functions.

Remark 4. In the inequality (3.4), let δ = 1/3. Then the inequality (3.4) reduces to Simpson-type inequality16

f (a) + 4f


a + b
2


+ f (b)


−

1
(b − a)

 b

a
f (x)dx

 ≤
5L (b − a)

36
(3.6)

for L-Lipschitzian functions. The inequality (3.6) was proved by Dragomir [15].

4. Some applications for special means

Let us recall the following special means of the two nonnegative number u and v with α ∈ [0, 1]:

(1) The weighted arithmetic mean

Aα (u, v) := αu + (1 − α) v, u, v ≥ 0.

(2) The unweighted arithmetic mean

A (u, v) :=
u + v

2
, u, v ≥ 0.

(3) The weighted geometric mean

Gα (u, v) := uαv1−α, u, v > 0.

(4) The unweighted geometric mean

G (u, v) :=
√
uv, u, v > 0

(5) The weighted harmonic mean

Hα (u, v) :=


α

u
+

1 − α

v

−1

, u, v > 0.

(6) The unweighted harmonic mean

H (u, v) :=
2uv
u + v

, u, v > 0.

(7) The logarithmic mean

L (u, v) :=


v − u

ln v − ln u
if u ≠ v

u if u = v,

u, v > 0.

(8) The identric mean

I = I (u, v) :=


1
e


vv

uu

 1
v−u

if u ≠ v

u if u = v,

u, v > 0.
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(9) The p-logarithmic mean

Lp (u, v) :=




vp+1
− up+1

(p + 1) (v − u)

 1
p

if u ≠ v

u if u = v,

u, v > 0, p ∈ (−1, ∞) \ {0} .

To prove the results of this section, we need the following lemma:

Lemma 1. Let f : [a, b] → R be differentiable with
f ′


∞

< ∞. Then f is an L-Lipschitzian function on [a, b]where L =
f ′


∞
.

Proof. The result is obvious by the Mean-Value theorem. We shall omit the details. �

Using Corollaries 1, 3 and 4, Theorem A and Lemma 1, we have the following propositions and remarks about the above
special means:

Proposition 1. In Corollary 1 and Lemma 1, let r ≥ 1, a, b ≥ 0 and f (x) = xr on [a, b]. Then we have the inequalityAα


Ar

λ (a, b) , Ar
1−λ (a, b)


− Lrr (a, b)

 ≤
rbr−1M (α, λ) (b − a)

2
(4.1)

where M (α, λ) is defined as in (2.4).

Proposition 2. In Corollary 2 and Lemma 1, let r ≥ 1, a, b ≥ 0 and f (x) = xr on [a, b]. Then we have the inequalities

Aα


ar , br


− Lrr (a, b)

 ≤
α2

+ (1 − α)2

2
rbr−1 (b − a) (4.2)

and Ar
α (a, b) − Lrr (a, b)

 ≤
α2

+ (1 − α)2

2
rbr−1 (b − a) . (4.3)

Remark 5. Let α = 1/2 in the inequalities (4.2) and (4.3). Then, using Hadamard’s inequality (1.1), we have Hadamard-type
inequalities

0 ≤ A

ar , br


− Lrr (a, b) ≤

rbr−1 (b − a)
4

(4.4)

and

0 ≤ Lrr (a, b) − Ar (a, b) ≤
rbr−1 (b − a)

4
. (4.5)

Proposition 3. In Corollary 4 and Lemma 1, let r ≥ 1, a, b ≥ 0 and f (x) = xr on [a, b]. Then we have the inequality

Aδ


A


ar , br


, Ar (a, b)


− Lrr (a, b)

 ≤
δ2

+ (1 − δ)2

4
rbr−1 (b − a) . (4.6)

Remark 6. Let δ = 1/2 in the inequality (4.6). Then, using Bullen’s inequality in the inequality (1.2), we have Bullen-type
inequality

0 ≤ A

A


ar , br


, Ar (a, b)


− Lrr (a, b)

≤
rbr−1 (b − a)

8
. (4.7)

Proposition 4. In Corollary 1 and Lemma 1, let a, b > 0 and f (x) = − ln x on [a, b]. Then we have the inequality

|Aα (ln Aλ (a, b) , ln A1−λ (a, b)) − ln I (a, b)| ≤
M (α, λ) (b − a)

2a
(4.8)

where M (α, λ) is defined as in (2.4).
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Proposition 5. In Corollary 2 and Lemma 1, let a, b > 0 and f (x) = − ln x on [a, b]. Then we have the inequalities

|Aα (ln a, ln b) − ln I (a, b)| ≤
α2

+ (1 − α)2

2a
(b − a) (4.9)

and

|ln Aα (a, b) − ln I (a, b)| ≤
α2

+ (1 − α)2

2a
(b − a) . (4.10)

Remark 7. Let α = 1/2 in the inequalities (4.9) and (4.10). Then, using Hadamard’s inequality (1.1), we have Hadamard-
type inequalities

0 ≤ ln I (a, b) − A (ln a, ln b) ≤
b − a
4a

(4.11)

and

0 ≤ ln A (a, b) − ln I (a, b) ≤
b − a
4a

. (4.12)

Proposition 6. In Corollary 4 and Lemma 1, let a, b > 0 and f (x) = − ln x on [a, b]. Then we have the inequality

|Aδ (A (ln a, ln b) , ln A (a, b)) − ln I (a, b)| ≤
δ2

+ (1 − δ)2

4a
(b − a) . (4.13)

Remark 8. Let δ = 1/2 in the inequality (4.13). Then, using Bullen’s inequality in the inequality (1.2), we have Bullen-type
inequality

0 ≤ ln I (a, b) − A (A (ln a, ln b) , ln A (a, b)) ≤
b − a
8a

. (4.14)

Proposition 7. In Corollary 1 and Lemma 1, let a, b ∈ R and f (x) = ex on [a, b]. Then we have the inequalityAα


eAλ(a,b), eA1−λ(a,b)

−
eb − ea

b − a

 ≤
M (α, λ) eb (b − a)

2
(4.15)

where M (α, λ) is defined as in (2.4).

Proposition 8. In Corollary 2 and Lemma 1, let a, b ∈ R and f (x) = ex on [a, b]. Then we have the inequalitiesAα


ea, eb


−

eb − ea

b − a

 ≤
α2

+ (1 − α)2

2
eb (b − a) (4.16)

and eAα(a,b)
−

eb − ea

b − a

 ≤
α2

+ (1 − α)2

2
eb (b − a) . (4.17)

Remark 9. Let α = 1/2 in the inequalities (4.16) and (4.17). Then, using Hadamard’s inequality (1.1), we have Hadamard-
type inequalities

0 ≤ A

ea, eb


−

eb − ea

b − a
≤

eb (b − a)
4

(4.18)

and

0 ≤
eb − ea

b − a
− eA(a,b)

≤
eb (b − a)

4
. (4.19)
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Proposition 9. In Corollary 4 and Lemma 1, let a, b ∈ R and f (x) = ex on [a, b]. Then we have the inequalityAδ


A


ea, eb


, eA(a,b)

−
eb − ea

b − a

 ≤
δ2

+ (1 − δ)2

4
eb (b − a) . (4.20)

Remark 10. Let δ = 1/2 in the inequality (4.20). Then, using Bullen’s inequality in the inequality (1.2), we have Bullen-type
inequality

0 ≤ A

A


ea, eb


, eA(a,b)

−
eb − ea

b − a

≤
eb (b − a)

8
. (4.21)
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