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1. Introduction

Throughout this paper, letL > 0anda < binR.
The inequality

b
f <a+b> < / foodx< (@O (1.1)
2 —aJ, 2

which holds for all convex functions f : [a, b] — R, is known in the literature as Hadamard’s inequality [1].

See [2-14], the results of which are the generalization, improvement and extension of the famous integral inequality
(1.1).

Recently, Tseng et al. [9] have established the following Hadamard-type inequality which refines the inequality (1.1).

Theorem A. Suppose that f : [a, b] — R is a convex function on [a, b]. Then we have the inequalities:
a+b 1 3a+b a+3b
< —
(557) =3l (7)o (597))
‘l b
— / fx)dx
b—al,

1 [f<a+b> +f(a)+f(b)] <f(a)+f(b)_

2 2 2 = 2

IA

(1.2)
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The third inequality in (1.2) is known in the literature as Bullen’s inequality.

In what follows we recall the following definition.

Definition 1. A functionf : I C R — Ris called an L-Lipschitzian function on the interval I of real numbers if
Fx) —fOMI <Llx—yl
forallx,y e I.

Dragomir et al. [5] and Mati¢ and Pecari¢ [8] established the following Hadamard-type inequalities for Lipschitzian
functions.

Theorem B. Let f : I C R — R be an L-Lipschitzian function on the interval I of real numbers and a, b € I. Then, we have the
following inequalities

f(@ +f(b) 1P
‘ 5 — b—a/a fx)dx

a+b 1 b
(550) -5 [ s

In this paper, we shall establish some Hadamard-type and Bullen-type inequalities for Lipschitzian functions and give
several applications for special means.

<L(b—a)
- 4

(1.3)

and

L(b—a)
< — (1.4)

2. Hadamard-type inequalities for Lipschitzian functions
Throughout this section, let I be an intervalinR,a <A <B < binlandletf : I — R be an L-Lipschitzian function.
In the next theorem, let @ € [0, 1],V = (1 — «) a + ab, and define V,, as follows:
(1) Ifa<V <A <B<b,then
V,(ABy=A—a)>—(A—V)2+B—-V)2+(b—B)>.
(2) Ifa <A<V <B<b,then
Vo,(ALB)=A—a)’+ (V=A% +B-V)>+(b—B)>.
(3) Ifa<A<B<YV <b,then
VoA, B)=(A—a)?+ (V—A?%+ (b—B)?—(V—B)>.

Theorem 1. Let A, B, o, V, V,, and the function f be defined as above. Then we have the inequality

LV, (A, B)

‘1 b
of )+ (1= @) - - f(X)dX‘ e @)

Proof. Using the hypothesis of f, we have the following inequality

-l b -l 14 b
af(A)+(1—a)f(B)—ﬁf foode| = f [f(A)—f(x)]dx+f [FB) — ()] dx
- a - a |4
1 r oV b
< / lf(A)—f(X)IdX+/ lf(B)—f(X)IdX}
—a LJa Vv
L r Vv b
< / |A—x|dx+/ |B—x|dx:|. (22)
b—all, v

Now, using simple calculations, we obtain the following identities fav |A — x| dx and ff |B — x| dx.
(1)Ifa <V <A < B < b, then we have

14 A — Z_A_VZ b B—V2 _BZ
/ A—xdx= 479 2( )" and /IB—xldx:( );(b )"
a v
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(2)Ifa <A <V < B < b, then we have

v A—a)? 4+ (V—A)? b B— V)2 + (b—B)?
/ A—xdx= 479 J;( " and / B—xjdx= BV ;L( .
a v

(3)Ifa <A <B <V < b, then we have

v Y A2 b _ R\ _ _ RB)2
/ |A—x|dx = @-o +V-4 and / |B—x|dx = Chl) V-5 .
a 14

2 2
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Using the inequality (2.2) and the above identities fav |A — x| dx and f‘f |B — x| dx, we derive the inequality (2.1). This

completes the proof. O

Under the assumptions of Theorem 1, we have the following corollaries and remarks:

Corollary 1. (1) In Theorem 1, let A € [% 1] ,A=xa+ (1 —A)bandB = (1 — A) a + Ab. Then, we have the inequality

b —
af(xa+(1—A)b)+(1—a)f((1—x)a+xb)—b71af f(x)dx‘ < w

where
20-20) 4+ —a)—-(10—-a—1)72 asa<l-—2A
M@, M)=321=2)24+@+r=-124+0—-a) asl—-r<a<ai
20 - 4+ @+r—-1D —(@—21)? asr<a.
(2) In Theorem 1, let A = B. Then, we have the inequality
(A—a)?+ (b—A)
2(b—a)

‘1 b
‘f(A) ~ 4 / f(X)dX‘ <
— a a

Corollary 2. We have the following weighted Hadamard-type inequalities for Lipschitzian functions.
(1) In the inequality (2.1), let A= a, B = b. Then

1 b 2 1— 2
of @+ (1)) ~ / f(X)dX‘ <60,

(2) In the inequality (2.5),let « € [0, 1] ,A = @a + (1 — «) b. Then

2 — 2

‘l b
‘f(aa—l—(l—a)b)—b_a/f(x)dx 5

Remark 1. (1) In the inequality (2.6), let « = 1/2. Then the inequality (2.6) reduces to the inequality (1.3).

(2) In the inequality (2.7), let « = 1/2. Then the inequality (2.7) reduces to the inequality (1.4).

Remark 2. In the inequality (2.3),let « = 1/2 and A = 3/4. Then, we have the inequality

1 3a+b a+3b 1 b
(=2 ()] o

which is the second inequality of (1.2) for L-Lipschitzian functions.

L(b—a)
8

=

3. Bullen-type inequalities for Lipschitzian functions

(2.3)

(2.5)

Throughout this section, let I be an intervalinR,a <A <B < C < binlandletf : I — R be an L-Lipschitzian function.
In the next theorem, leta +8+y =1(a, B,y €10,1]),Vi = (1 —a)a+ab, V, = ya+ (o + B) b,and define V,, 4 ,,

as follows:
(1) IfV; <V, <A <B<C,then
Vapy (AB.C) = (A—a)> —(A—V)’ + B—V1)> — (B— Vo)’ + (C— V)’ + (b —C)*.
(2) IfVy <A<V, <B=<C,then
Vapy (AB.CO) = (A=)’ —(A—V))> + (B— V1)’ — (B— V)’ + (C = Vu)* + (b — O)*.
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3)IfVy <A<B=<V,<(then

Vapy A B CO)=A—-0a)—A—V))>+B—V1)> + (V2 =B’ + (C — V»)* + (b — O)*.

(4) IfV; <A <B < C < V,, then

Vapy A B CO)=@A—-a)’—A-V)>+B-V)>+ (Vo —B)>+(b—C)* — (V, — C)>.

(5) IfA<V; <V, <B<C(,then

Vapy ABCO)=A—a)’+Vi—A>+B—-V)>—B—V,)> +(C— Vo)’ +(b—0)°.

(6) fA<V; <B<V, <(,then

Vapy A BCO)=A—0a’+ (Vi —A’+B—V1)>+ (V2 =B’ + (C — V»)* + (b — O)*.

(7) IfA<V; <B=<C<V,,then

Vapy A BCO)=A—a+(Vi—A’+B—V)>+ (V, =B’ + (b—0)* — (V, — O)*.

(8) IFA<B <V, <V, <C, then

Vagpy AB,C)=A—a)+ (Vi —A? + (V, —B)> — (V; =B + (C — Vo)* + (b — C)*.

(9) IfA <B< V] < C < Vz,then

Vapy (AB,C) = (A—a)* + (Vi —A? + (V, —B)> — (V; =B’ + (b — C)* — (V, — O)*.

(10) IfA<B<C <V; <V, then

Vg, (AB,C)=A—a)+ (Vi —A? + (V, —B)> — (V; =B’ + (b — C)* — (V, — 0)*.

Theorem 2. Let A, B, C, o, B, y, V1, V2, V, g, and the function f be defined as above. Then we have the inequality

LV4 ., (A, B,C)

1 b
af (A) + f(B) + vf (C)‘m/ f(X>d><’ = T 2 0-0

Proof. Using the hypothesis of f, we have the following inequality

] b
af ) + 1)+ f (©) — 1 / F(x)dx

IA

Vi

L r rVi Vo b
< / |A—x|dx—|—/ |B — x| dx + |C—x|dx].
L/a v

1 V2

Now, using simple calculations, we obtain the following identities fav1 |A — x| dx, ‘):2 |B — x| dx and f‘z |C — x| dx.

(1N IfVy <V, <A <B < (,then we have

Vi Vo b
_ / U(A)—f(x)]dx+f U(B)—f(x)]dx+/ F(C) — F ()] dx
a Vi \Z]

1 v Vs b
/ |f<A>—f(x)|dx+/ |f(B>—f<x>|dx+/ |f<c>—f<x)|dx]
LJa Va2

i A—a)?—(A-V;)? V2 B—V))? — (B—Vy)?
/ |A_dexz( a)” —( 1)7 / |B—x|dx=( )" —( 2)
a 2 Vi 2
and
bIC—xlalx=(C_VZ)ZJr(b_C)2
Vo 2 .

(2)IfV; <A <V, <B < C, then we have

& A—a)? —(A-V)? Y2 B —V1)* — (B — V,)?
/ |A—x|dx:( a)” —( 1), / |B_X|dX:( )" —( 2)
a Vi

2 2

and
b _(C=V)?+ (b —0)?

|C —x|dx =
Va 2

(3.1)

(3.2)
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(3)IfVy <A <B <V, <(,thenwe have

Vi —a)? — (A — V)2
[ e A0 = A=W

2
and
b 2 2
C—-V b—C
|C_dexz( 2)" +( ).
Vo 2

(4)IfVy <A < B < C < V,, then we have

Vi A—a)? — (A— V)2
/ |A—x|dx:( a)” —( 1)
a 2

and

b (b—0C)?—(V,—0)?

|C —x|dx =
Vy 2

(5)IfA <V; <V, <B < (,then we have

Vi A — )2 4 (Vs — A2
/IA—xldx:( a)” + (Vi — A)

2
and
b C— V)% + (b — ()2
IC—xldx:( 2)" +( ).
Vy 2

(6)IfA <V; <B <V, <C(,then we have

2 A — q)? Vi — A)?
/ Axdee A=+ Vi=A)
a

2
and
b C—V)?2+(b—0)2
|C—x|dx:( 2) =+ ( )_
Vy 2

(7)IfA <V; <B < C < V,, then we have

V1 A—a)? + (V; — A)?
/ |A_mez( a) ‘;(1 )
a

and

’ b-0?— (V2 -0

|C —x|dx =
V) 2

(8)IfA < B <V; <V, <C,thenwe have

1 A—a) + (V; —A)?
/ |A—x|dx=( a)” + (V1 — A)
a

2
and
b 2 2
C—-V b—-C
|C—x|dx:( 2)" +( ).
Vs 2

(9)IfA < B <V; <C <V, then we have

Vi A—a)+ (V; —A)?
/IA—xldx:( a) 2(1 )

and

b (b—C)P*—(V, —0)?

|C —x|dx =
Vy 2

)

V2 B — V)% + (V, — B)?
/ |B—x|dx=( 1)+ (Vo —B)
Vi 2

V2 B—V;)? + (V, — B)?
/ IB—xldx:( 1)+ (V2 —B)
v 2

V2 B—V)?—(B-V)?
/ IB_dexz( D°—( 2)
Vi 2

V2 B— V)2 + (V, —B)?
/ IB—xIdx:( 1)°+ (V. —B)
Vi 2

V2 B —V;)? + (V, — B)?
f |B—x|dx=( 1)°+ (V2 —B)
Vi 2

V2 V, — B)? — (V; — B)?
/ |B—x|dx=(2 ) — (Vi —B)
v 2

V2 Vo — B)? — (V; — B)?
/ |B—x|dx:(2 )" — (V1 —B)
v 2

1

655
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(10)IfA < B < C < V; < V,, then we have

i A—a)? + (V; — A)? V2 V, — B)?> — (V; — B)?
/|A de_( a) + W )’ /|B x|d_(2 ) — (Vi —B)
a 2 Vi 2

and
b 2 2
b—0O)¥—(V,—-C

|C—x|dx=( ) — (V2 ).

Vo 2

Using the inequality (3.2) and the above identities faw |A — x| dx, v‘? |B — x| dx and f‘z |C — x| dx, we derive the inequality
(3.1). This completes the proof. O

Under the assumptions of Theorem 2, we have the following Bullen-type inequalities for Lipschitzian functions:
Corollary 3. InTheorem 2, let p € [1,1],A = pa+(1— p)b, B= % and C = (1 — p) a+ pb. Then, we have the inequality

LN (o, B) (b —a)

> (3.3)

b
af(pa+(1—p)b)+/3f< + )+yf((1—p)a+pb>——[f<x)d

where N («, B) is defined as follows:
(D Ifa+ B <1—p,then

—

N B)=21—p)—(0—p—a)+

) Ifa<l—p<a+p <3 then

—

N@g)=2(1-p"-(1-p-a)+
B)Ifa<l—p=<i=<a+p=pthen

N, p)=2(1-p°-1-p—-—a)+
4 Ifa<1-p=<3=<p=<a+p,then

N@ B =2(0-p—(1-p—a)+

G)If1—p<a<a+p <3 then

—

B)fl—p<a<3;<a+p<p,then

1
2

—

N(a,B) =21 —p)*+ (@ —1+p)* +

NIf1l—p<a<i=<p=<a+p then

—

o
Q
\_/ v v \_/ \_/ \_/ v
+
/ /N A /? /N A /\
N | —
+
=
|
N =

N, f)=2(1-p+@-1+p)°+
8)If i <a<a+pB<npthen

N, B)=2(1—pP+(@—1+p)?+ oz—i—,B——) (a_
(9)If 3 <a <p <a+p, then

(-
(&~
(-
(&~
e =20 o7 s 107+ (e
(-
(-
(
(

N(a,8) =2(1—p)* +(@—1+p)* + a—|—ﬂ—) _(a_
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(10) If p < «, then

2 2
N(a,ﬁ):Z(l—p)2+(a—l+p)2+<a+ﬁ—%) —(a—%) —(a+B—p)*.
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Corollary 4. In Corollary 3,let p = 1, = y = % and B = 1 — § with § € [0, 1]. Then, we have the weighted Bullen-type

inequality
’8f(a)J2rf(b) (1_6)f( +b)_

for L-Lipschitzian functions.

b 2 _ 2
/f(X)dX‘ P Ul TR

(b—a) 4

Remark 3. In the inequality (3.4), let § = 1/2. Then the inequality (3.4) reduces to Bullen-type inequality

1T (a+b) , [@+®) b—a
(5)+ ] e e =

for L-Lipschitzian functions.

Remark 4. In the inequality (3.4), let § = 1/3. Then the inequality (3.4) reduces to Simpson-type inequality

’ [f( >+4f( >+f( )]

for L-Lipschitzian functions. The inequality (3.6) was proved by Dragomir [15].

5L (b a)

4. Some applications for special means

Let us recall the following special means of the two nonnegative number u and v with « € [0, 1]:
(1) The weighted arithmetic mean
Ay W,v) =au+(1—a)v, u,v=>0.
(2) The unweighted arithmetic mean
u+v

2
(3) The weighted geometric mean

Gy (u,v) == u*v'™™, u,v>0.

A(u,v) =

, u,v>0.

(4) The unweighted geometric mean

G(u,v) :=+uv, u,v=>0

(5) The weighted harmonic mean

o 1—a\!
H, (u,v) = E—i— , u,v>0.

v

(6) The unweighted harmonic mean

2uv
H(u,v) = ——, u,v>0.
u-+v
(7) The logarithmic mean
v—1u .
— ifu#v
L(u,v):=4{Inv—Inu u,v > 0.
u ifu=v,

(8) The identric mean

1 v vu if
I=I1wv)=1,¢\y ifu#v u,v > 0.
u

(3.4)
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(9) The p-logarithmic mean

Up+1_up+1 P )
Ly, (u,v) == [(p+1)(v—u)} ifu # v u,v>0, pe(—1,00)\ {0}.
u ifu=v,

To prove the results of this section, we need the following lemma:

Lemma 1. Let f : [a, b] — R be differentiable with ||f'| < oc.Thenf is an L-Lipschitzian function on [a, b] where L = | f'| _.
Proof. The result is obvious by the Mean-Value theorem. We shall omit the details. O

Using Corollaries 1, 3 and 4, Theorem A and Lemma 1, we have the following propositions and remarks about the above
special means:

Proposition 1. In Corollary 1 and Lemma 1,let r > 1, a, b > 0 and f (x) = X" on [a, b]. Then we have the inequality

r—1 _
IAq (AL (@.b) . A, @ b)) — L' (@ b)] < ™ M(“’ZA) -9 (4.1)

where M («, A) is defined as in (2.4).

Proposition 2. In Corollary 2 and Lemma 1,let r > 1,a, b > 0 and f (x) = X" on [a, b]. Then we have the inequalities

2
"' (b — a) (42)

2 _
A (a7 1) — L (a,b)| < T =20 +(; “

and

2
b1 (b—a). (4.3)

2
1—
@b~ 1 @ by = SO

Remark 5. Let « = 1/2 in the inequalities (4.2) and (4.3). Then, using Hadamard’s inequality (1.1), we have Hadamard-type
inequalities

b1 (b—a)

0<A(d,b)—L(ab) < — (4.4)
and
. . "1 (b —a)
0<I/(ab—A@bh=—7—. (4.5)

Proposition 3. In Corollary 4 and Lemma 1, let r > 1,a, b > 0 and f (x) = x" on [a, b]. Then we have the inequality

824+ (1-19)
4

2
|As (A(d",b") A" (a, b)) — L} (a,b)| < "' (b—a). (4.6)

Remark 6. Let § = 1/2 in the inequality (4.6). Then, using Bullen’s inequality in the inequality (1.2), we have Bullen-type
inequality

0<A(A(d,b"),A (a,b)) — L (a,b)

br—l bh—
< T b-ag (4.7)
8
Proposition 4. In Corollary 1 and Lemma 1, let a, b > 0 and f (x) = — Inx on [a, b]. Then we have the inequality
M (o, )) (b —a)
|Ax (InA; (a, D), InA;_; (a, b)) —Inl(a, b)| < S ve— (4.8)
a

where M («, A) is defined as in (2.4).
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Proposition 5. In Corollary 2 and Lemma 1, let a, b > 0 and f (x) = — Inx on [a, b]. Then we have the inequalities
2 1— 2
Ay (Ina, Inb) — Inl (a, b)| < “Hzi“) (b-a) (49)
a
and

IInAy (a, b) —Inl(a, b)| =

2 N2
iy +(21a 9" b—a). (4.10)

Remark 7. Let « = 1/2 in the inequalities (4.9) and (4.10). Then, using Hadamard’s inequality (1.1), we have Hadamard-
type inequalities

h—

0<Inl(ab)—A(dna Inb) < ~—2 (4.11)
and

b—a
0 <InA(a,b) —Inl(a,b) < PR (4.12)
a
Proposition 6. In Corollary 4 and Lemma 1, let a, b > 0 and f (x) = — Inx on [a, b]. Then we have the inequality
82 4+ (1 —6)*
|As (A(Ina,Inb),InA(a, b)) —Inl(a, b)| < —a (b—a). (4.13)
a

Remark 8. Let § = 1/2 in the inequality (4.13). Then, using Bullen’s inequality in the inequality (1.2), we have Bullen-type
inequality

bh—
0<Inl(a,b)—A(A(na,Inb),InA(a, b)) < ——. (4.14)
Proposition 7. In Corollary 1 and Lemma 1, let a, b € R and f (x) = €* on [a, b]. Then we have the inequality
b b
Ay (0D, proaeny =€) M@ Heb-a (4.15)
’ b—a 2
where M («, A) is defined as in (2.4).
Proposition 8. In Corollary 2 and Lemma 1, let a, b € R and f (x) = €* on [a, b]. Then we have the inequalities
e —e?| o+ (1—a)?
Aq (e% ") — | = > e’ (b—a) (4.16)
and
b _ ,a 2 1— 2
@) _ e e < a4+ ( o) eb (b—a). (4.17)
b—a 2

Remark 9. Let « = 1/2 in the inequalities (4.16) and (4.17). Then, using Hadamard’s inequality (1.1), we have Hadamard-
type inequalities

b _ ,a b _
e e<e(b a)

0<A(e” e) - P 2

(4.18)

and

0 < el — e _ b < eb(b—a).

=54 (4.19)
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Proposition 9. In Corollary 4 and Lemma 1, let a, b € R and f (x) = €* on [a, b]. Then we have the inequality

b _ ,a 2 2
e —e <8+(1 8)

As (A (e e?), eh@P) | = 2

e’ (b—a. (4.20)

Remark 10. Let § = 1/2 in the inequality (4.20). Then, using Bullen’s inequality in the inequality (1.2), we have Bullen-type
inequality

e — e
0<A(A(e" "), ) - ——
b—a
e’ (b—a
< %. (4.21)
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