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1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Let f(3) be regular on an unbounded connected subset E of the complex

plane. If
Mf(r)= sup |f(2) 1)
| 2|=r,2€E
then
iy log log M (r)
p= hrrrl_)s;oup T (2)

is said to be the order of f(z). The order of a bounded function is 0, by con-
vention, It is clear that p > 0 if M}(r) is unbounded. If 0 < p << o0 we define
the type of f(2) to be

7 = lim sup r " log MZr). 3

A function of order not exceding p and of type at most 7 if of order p is said
to be of growth (p, 7). A function of growth (1, 7), 7 < 0, is called a function
of exponential type 7.

If f(2) is of exponential type in a sector

S:{2] >0, a<argz<$B, 4)
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586 GERVAIS AND RAHMAN

its indicator function is defined as
h(0) = lim sup r~*log | f(re®)] a<< OB (5)

For properties of the indicator function we refer the reader to Chapter 5 of

[1]. One additional property which is not mentioned in [1] but which we shall

need is that for a function of order 1 and type + < oo in the sector (4), we have

= hy(0).

7 = max hy(6) (6)

1.2. It was proved by Carlson ([2], also see [5, pp. 185-186]) that if f(z) is

of exponential type 7 << 7 in Re 2 > 0, and f(g) = 0 for z =0, 1, 2, 3,..., then

f(2) = 0. This result has been extended and generalized in various ways. For
example

Taeorem A. If f(2) is of exponential type <<mm in Re 2 > 0, and

fm)=0, f(m)=0,.,f"Van)=0, (n=0,1,2,..) (7
then f(2) = 0.
THEOREM B. Let {A,}% o be an increasing sequence of positive numbers and

let A(t) denote the number of A, not exceeding t. If f(2) is of exponential type in
Rez >=0,f(2,) =0,n=0,1,2,.,

A) > %+ 83, ®

and

log 1 /@) (= < 2m{ly 1+ o(ly D}y and  — [" o) dt < O(RY

then f () = 0 ©
g sup [ 348(3) — o)} dy = +co. (10)

Theorem A is implicitly contained in [4]. Later in the paper we will give a
short proof of this result. For a proof of Theorem B we refer the reader to
[1, p. 155]. Theorem B generalizes Carlson’s theorem in two different ways. On
the one hand, functions of order 1 type = are allowed if a supplementary hypo-
thesis is satisfied. On the other hand, f(2) need not be assumed to vanish at all
the positive integers—indeed the zeros of f(2) do not have to be at the integers.

In connection with our study of (0, m)-interpolation by entire functions of
exponential type in points on the real axis we wanted to know to what extent an
entire function of exponential type is determined by its values and those of its
m-th derivative at the set of integers. We obtained [3] the following results.
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Treorem C. If f(z) is an entire function of exponential type v <. 2w such that
f(n)=f"(n)=0, (=0, +1, £2,..) (11)

then f(z) = c sin(n2) where c is a constant. Here T = 2 is inadmissible.

THEOREM D. Let m be an even integer >4. If f(2) is an entire function of
exponential type T << m sec(w/m) such that

f(n) =fm™m) =0, (n=0,+1, +2,..) (12)

then f(2) = ¢ sin(wz) where ¢ is a constant. Here v cannot be allowed to be
a sec(m/m).

Tueorem E. Let m be an odd integer >3. If f(2) is an entire function of
exponential type v < sec(m/2m) such that

fin) = fm) =0, (n =0, +1, +2,..) (12)
then f(2) = 0. Here v = w sec(n/2m) is inadmissible.

THeoREM F. Let m be an integer =2, and X an arbitrary number in [0, 1). If
f(2) is an entire function of exponential type 2w such that
() |f(x) <A+ B)|x|*for all real x and certain constants A, B,
(i) f(r)=f™(n) =0, (n=0,41, £2,..)
then

_ {Cysin(mz) + Cysin(2mz)  if  mis even
F3) = {¢ sin2(ms) if  misodd, (13)

where Cy, Cy and C are constants. Here A cannot be allowed to be equal to 1.

Now a number of questions come to mind.

QuestioN No. 1. Is it necessary to assume iniTheorems C, D, E and ¥ that
J(2), f™(2) vanish at all the positive and negative integers?

We shall see that in the case of Theorems C, D, and E the hypothesis about
the zeros of f(z) and f")(z) can be considerably relaxed. For example, it is
enough to assume that f(2), f™)(2) vanish at all the positive integers. Thus under
the growth restrictions of these three theorems, f(z), f*"(z) vanish at the
positive integers only if they vanish at all the positive and negative integers. The
situation is different as far as Theorem F is concerned. Here we cannot say
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that f(2) is of the form (13), unless we really know that f(n), f“(n) vanish at all
the integers n = 0, £-1, --2,.... This is one of the consequences of the following

THEOREM 1. For a fixed integer m > 2, let

Ay m(?)
1) sin(rz) + (—1)* sin(mz) ’[mz/:ﬂ N, ex ( (z ) cot il )
- — —_—— -_ _— v ku _ —_—
1.’.(z - l“) y=1 p ® m
% | (i exp (—t cot 27 H(Z) &t
m—1 Z—u
+ N, exp |7z — p) cot 7z exp [ —m{ cot ~— H(]) d{%
v=[7§2]+1 p( ( m )f—w p( m )
(x =0, +1, +2,...)  (14)
where
m—1
NV:—-~1~77T—, v=1,2,m—1), o) =1]] (z—-'rrcot—v—;—-),
’ e v=1
w (77 cot - ) (15)
and
m! ] [(m+1) /2] » (mz)>1
H(Z) == (—1) +1 ﬂzm'*“T sm(ﬂ-z) —_ V; (—1) —(—m . (16)
An entire function F, (%) of exponential type 2u satisfies the conditions
(1) | F, n(x)! is bounded on the real axis ,
(i) F,pmmn)=3,, (n=0,4+1,42,..) (17

(i) F™m) =0  (n=0, %1, 42..)
if and only if it has the form A, ,,(2) + C,sin(nz) -+ C, sin(2wz) or A, (%) +

C sin®(n2) according as m is even or odd. Here as usual

0 if nFu

dun = 11 if n=p

H,n

and C, , C,, C are arbitrary constants.
Further, let

B, m(%)

[m/2] v
> — N,exp (rr(z — p) cot Tn——)

r=1

= (—1)* sin(wz)
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X f exp (—771,' cot ———) sin(nl) dl

S
m-1 o LAY . sm(vrl,’) %
+ 4%2]+1N exp( (z — ) cot )Lw exp( { cot ) dl

(u=0,41,4£2,..). (18)
An entire function G, () of exponential type 2w satisfies the conditions

(a) | G, ()| is bounded on the real axis
by G, n(n)=0 (n=0, +1, +2,..)) (19)
(c) G™m)y=35,, (m=0,4+1,+2,.)

if and only if it is of the form B, ,(2) -+ C, sin(z2) + C,sin(27z) or B, ,.(2) +-

C sin®(n2) according as m is even or odd.

QuesTioN No. 2. Is it necessary to assume in Theorems C, D, and E that f(2)
is entire, or is it perhaps enough to assume f(2) to be regular in the right half-plane
and of the same growth as before?

It turns out (see Corollary 1) that the conclusion of Theorem C remains
unchanged under this more general hypothesis. As for Theorems D and E we
will see (see Corollaries 3, 4) that f(2) must be a linear combination of certain
functions f,(2) of the form

. vir
sin(7z) exp (wz cot —m—) .

QuesTION No. 3. Does it make any difference if we assume f(2) to be regular
and of exponential type in the half-plane Im(ze=**) << 0,0 < o << =[2, which is not
symmetrical with respect to the positive real axis on which the zeros of f(z) and
those of f™)(2) are supposed to lie?

It is interesting that the conclusions of Theorems D and E remain unchanged
(see Corollaries 3’, 4') if f(2) instead of being entire is regular and of the same
growth as before in the half-plane Im(ze~*) < 0 where n/4 < « < /2, pro-
vided m is sufficiently large. This, along with various other results answering
the preceding questions will be deduced from Theorem 2 below. In order to state
the theorem we need to introduce a

DerInITION.  Given a sequence of complex numbers {w,}5 ;, such that
w | K| <o S| < | <oy }el_)rglwk‘:w»

let »,(r) denote the number of w;’s in | 2 [ <{ r. We shall say that “‘f(z) and f*™)(z)
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vanish at almost all the positive integers” if there exist two sequences of positive
integers {A iy , {mi}iey satisfying

im0 lim i}’l —o, (20)

o r ¥

such that f(z) vanishes at all the positive integers except possibly at the A,’s
and f(")(z) vanishes at all the positive integers except possibly at the w,’s.

By considering the union of the sets {A;, Ay ,...; A oo} and {pag , pro oens g 5en}
we may suppose that the two sequences {A 5 ; , {t,}51 in the above definition
are the same. Thus the statement “f(z) and f™)(2) vanish at almost all the
positive integers” means that f(z) = f"™(2) = 0 at all the positive integers
except possibly for a sequence (A,);_; of positive integers such that

lim ) o,

P00 r

Hereafter o will be a real number such that 0 < o < 7/2.

THEOREM 2. Let f(2) be regular and of exponential type in the half-plane
Im(ze=i*) < O such that

max{h(a), b« — 7)} = T, < 2w sin . (21)

If, for an integer m =2, f(2) and f™)(2) vanish at “almost all” the positive
integers, then

fx) = )3 .fA2) (22)

(m/2)(1—(2a/7))<v<(m/2) (1+(2c/m))

where

f(2) = {sin(=2)} exp (rrz cot -i’:—-) , % (1 — 23) <v < -721 (1 + '25) (23)

w

and ¢,’s are constants.

In the case m = 2, the conclusion of Theorem 2 takes a particularly simple
form.

CoROLLARY 1. Let f(2) be regular and of exponential type in Im(ze~**) <O
such that (21) holds. If f (=) and f"(2) vanish at “‘almost all”’ the positive integers,
then f(2) = c sin(nz) where c is a constant. The function f(2) = sin(2nz) shows that
here T, = 2w sin « is inadmissible.

1t is clear that the functions f,(2) are entire. In fact, f,(2) is of order 1 and of
type 7, = = cosec(vw/m). Hence taking « = /2 in Theorem 2 we can conclude
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CoroLLARY 2. If f(2) is an entire function of exponential type < 2w such that,
for an integer m = 2, f(z) and f™(2) vanish at “almost all” the positive integers,
then

&= 3% off?

m/e<y<5m/6

where

fA2) = {sin(m=)} exp (wz cot —V':—:—) ) %’— <r< —5—21-—

and ¢,’s are constants.

Note that Theorems D and E can be readily deduced from the preceding
corollary.

If =¥ denotes the type of the function

. v
f(?) = {sin(==2)} exp (ﬂz cot g )
in Im(ze—*) < 0, then

F = hA(0
o= e O

‘ncoseci if O<V<m(1—~—a—
m m

)
wsina—w(cotl’;:—)cos(x if m(l—%)<v<—rg—(l+—2$).

Now we have to distinguish two cases.

Case 1. If m is an even integer >4, then
% T
T, 2= TSec P

for all v in (0, m(1 — afm)] except for v = m/2 as well as for all v > [6,] where
8, is the smallest root of the equation

. On T
sina — (cot — ) cos &« — sec — =0
m m

in (m(l — afm), o0). Thus we have
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COROLLARY 3. Let m be an even integer 4. If f(2) is regular and of expo-
nential type << sec wim in the half-plane Im(ze=*) < O such that (21) holds, and
J(2), f™)(2) vanish at “‘abmost all” the positive integers, then

S(2) = cpyp sin(mz) - sin(nz) Y ¢, exp (ﬂz cot —v—"—)
m

m(1—(a/m)) <v<bx

where C,,;y , ¢,(m(l — afm) <v < 8,) are constants.

Case II. If m is an odd integer >3, then

m
* > msec =—

7 2m
for all v in (0, m(1 — «/n)] as well as for all v > [6*] where 6* is the smallest
root of the equation

. On T
sin o — cot—m— cos @ — sec=—— =0

2m

in (m(1 — af/w), o). Hence we have

COROLLARY 4. Let m be an odd integer >3. If f(3) is regular and of exponential
type << sec w/2m in the half-plane Tm(ze=**) < O such that (21) holds, and f(z),
f™(2) vanish at “almost all” the positive integers, then

f(z) = sin(nz) Y c, exp (wz cot —Y—;—)

m{1—(a/7))<v<8*

where ¢,’s are constants.

Note that if m > 2x/(m — 2a) in Corollary 3, then m(1 — «/m) = 6, , whereas
if m > m/(w — 2a) in Corollary 4, then m(1 — «f/m) > 6*. Consequently we have

COROLLARY 3'. Let m be an even integer 2>2x/(w — 2a). If f(2) is regular and
of exponential type <<mw sec w|m in the half-plane Im(ze=*) <L 0 such that (21)
(which is automatically satisfied if m/4 < a < w[2) holds, and f(2), f'"™(2) vanish
at “almost all” the positive integers, then f(2) = c sin(mz) where c is a constant.

CoROLLARY 4'. Let m be an odd integer = |[(w — 2a). If f(2) is regular and of
exponential type <<msec w/2m in the half-plane Im(ze=*) <O such that (21)
(which is automatically satisfied if w|4 < o << w(2) holds, and f(2), f™(2) vanish
at “almost all” the positive integers, then f(2) = 0.



CARLSON’S THEOREM FOR ENTIRE FUNCTIONS 593
2. SoME LEMMAS

Notation. Let n be a positive integer. The plane region (a rhombus)

z:x+iy:%sina<xsincx—ycosa <(n+—;—)sina, [y <%sina
will be denoted by %, .
Lemma 1. On the boundary 0%, of #,, we have
| sin(mz)| > sin (% sina) . (24)

Proof. Using the infinite product representation of sin(s2) it can be shown
that (24) holds on circles y; centred at the points j = 0, 41, -1-2,... and radius
% sin «. Besides, it is easily seen that if N is an integer, then on all the four sides
of the square Cy with corners at the points +(N + 1) 4+ i(V 4 %) we have

| sin(wz)| = 1.

Hence by the minimum modulus principle (24) holds in the region Dy bounded
by Cy and y;, j =0, +1, 42,..., +N. If N > n(1 + } cos «) then 8%, lies
in D, and so (24) holds on 8%, as well.

Lemma 2. Let f(2) be regular and of exponential type in the half-plane
Im(ze—) < 0. If
f(») =0, n=1,2,.
then
f(z) = §(2) sin(mz)
where () is regular and of exponential type in Im{(z — 1) e~} < 0.

Proof. Let f(2) be of exponential type 7, i.e. for every € > 0 there exists a
constant K(¢) such that

If(2)] < K(e) exp{(r + ) | = [} -

if Im(ze~**) < 0. In view of the preceding lemma, we have on 0%,
|$(=)] < 1£()] cosec (3-sin a)

< K{e) cosec (—g— sin a) exp

.

Lonliedel

(r+e
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By the maximum modulus principle the same estimate holds inside %, . Hence,
if 2€%,,,\%,, , then

4] < _max [4(:)

< K(e) cosec (—g— sin cx) exp (7 + ¢€) —;—- -+ (n + l)(l + %ei"‘)

|

< K{(€) cosec (% sin a)

xexp (7 )| 5+ (4 (1 3 o) ((n_/Z_I)z——sina)z
< K(¢) cosec (% sin u) exp{7(cosec a) (r + €} | 2 |}. (25)

Besides, on %,

14| < max 14

< K(¢€) cosec (% sin cx) exp {(r+ €) (-;— + % cos oc)m;
< K(e) cosec (% sin a\) exp {(r + ¢€) (—%— + —;— cos a)1/2 T ]siznla
3
< K(¢) cosec (—g— sin oc) exp{4(cosec @) (r + €) | = |}. (26)

Inequalities (25) and (26) show that ¢(z) is of exponential type in Im{(z — }) e~%¢}
< 0 and a fortiori in Im{(z — 1) e~} < 0.

Remark 1. We have shown above that if | f(2)] << K(¢) exp{(r + ¢) | 2 |} in
Im(ze—*) < 0 then | ¢(2)] < K(€) cosec((w/2) sin a) exp{7(cosec a) (v + €) | 2 |}
in Im{(z — 1) e7*} < 0. From this it can be easily deduced that if f(2) is
regular in the half-plane Re z >> —1 where

T f(R) < K(e) exp{(r +€) | 2 [},

and f(n) =0 forn =0, 1, 2,..., then

_._f(z) 1 < 38(7+S)K(€) exp{7(’r =+ E) | 2 |}

sin(7z)

in the right half-plane. Thus, if f(2) is an entire function of exponential type
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vanishing at all the positive and negative integers, then applying the above
conclusion to the function f(—z) as well we conclude that

f(2) = ¢(2) sin(rz)
where ¢(z) is an entire function of exponential type.

LEMMA 3 ([I'I e 6.

see
quadrant, | f(iy)] < M

). If f(2) is regular and of exponential tvpe in the first
77 g JNTS (=] J L S J

2.3
0 <y <o), and | f(x)] < Aew® (0 < x << @), then

| f(x 4 2y)| < max(M, A) e, O0<y<ow, 0<x <o 27)
LemmMa 4. Let D(z) be regular and of exponential type in the first quadrant. If
| 2(y)] = Oe"),  O0<y <
then for a given positive a
[ D0(a 4 iy)| < Cretv, 0<y<ow, £=0,1,2,.,

where Cy, depends on a but not on y.

Ciioiali il 1uiiilnl

P‘rgof.‘ r‘nneu“pr the function

f(2) = e:d(3)
which is of exponential type in the first quadrant. Besides, there exist constants 4,

c and M such that | f(iy)] < M (0 <y < ©), and | f(x)| < Ae* (0 < x < o).
Hence by the preceding lemma

[f(x+ )| <max(M, 4)e®, 0<x<o0, 0Ly < oo,
Consequently,
| D(x + )| < max(M, A) e2scety, 0<e<<2a, 0y < 0. (28)

For y > a, we have by Cauchy’s integral formula

P(0)
| P¥)(a + iy)| = | 2m eriia T — (@ + B dt

kl
< e max(M, A) e?acetivtal

= C'et
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where C’ depends on a. Since

max | $M(a -+ iy)| < €

0<yga

for some constant C”, the desired result follows.
From Lemma 4 we can easily deduce

LemMa 4. Let (2) be of exponential type in Im{(z — 1) e=*} < 0. If
| D(1 + re®)| = O(et), @ =o0,a—m)

then
| (2 4 rei?)| = O(et), (0 = o, 0 — ).

LemMa 5. If f(2) is an even entire function of exponential type given by
@ =T1(1-57)
n=1 n

and if

lim ) _op

r—o r

b
then

i6
1im1&‘5—'4"—)'=w31sin0|, 6 £ 0, .

r=>x

For a proof of this lemma we refer the reader to [1, p. 137].

3. Proors oF THEOREMS 1 AND 2

Proof of Theorem 1. Let us construct a function F, ,(z) of exponential type
27 such that

(i) | Fy, ()] is bounded on the real axis
(i) Fym0) =1, Fyum) =0 (n=41,+£2, 43,..) 29

Since F, ,,(z) is supposed to vanish at all the positive and negative integers
except at the origin where it assumes the value 1 it should be (see Remark 1) of
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the form sin(w2)/mz + sin(wz) $(z) where ¢(2) is entire and of exponential type.
Using Leibnitz’s theorem we obtain

A"AT(Z)
[m/2) n—2v _
— 3 Y (—1y 77211(;’:)( (=D 215"’ ) 2 L zm+l¢(m_2v)(z)) sin(mz)
v=0
[(m+1) /2] m
e,
% ( (—1ym-2i1 (: — v+ 1) 21 L zm+1¢(m—2v+1)(z)) cos(mz).

Since F{"(2) is required to vanish at all the positive and negative integers the
entire function

[m/2] m—2w
v (™ (-1 (m—2w) | .
go( 1y« (21/) - 2! sin(nz)
[(m+1) /2]
Cqy-ieaf ™
+p L D7 (27 1)

cos(mrz)

% ( (=2t m— 24 D! o, + zm+1¢(m_2v+1)(z))

m

should be divisible by sin(#2) and its Maclaurin series expansion should be of
the form Y, _,, .1 @2" It is easily verified that this will be the case if

[(m+1) /2]

e PHY

v=1

« 3 (_1)m—2v+1 (m — 2 + 1)' 221 + zm+l¢(m—2v+1)(z)z

kil

_ (— 1)+ m! sin(n2) . (30)
ki
Setting
_ (___l)m+1 m | . [(m+1) /2] i (wz)zy_1
H(z) = e sin(7z) — 1;1 (=1 =
we may write this differential equation in the form
[{m+1) /2]
Y (—lyta (21}'1 1)¢(m—2v+1)(z) = H(z). 31)

v=1
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Note that H(3) is an enitre function of order 1 type = and is bounded on the
real axis. The general solution of the above differential equation is

ey v
#(z) = ;;1 ¢, €Xp (‘n'z cot _m—)
+ tzi: N, exp (wz cot -;;:—) Lz exp (-WC cot __V,:_) H() d,

where ¢,’s are arbitrary constants and N,’s are as defined in (15). If we choose

¢, = —N, f: exp (-—77{ cot=—)H{L)d{  forv=1,2,.,[m2],

and
0 v
¢, = Nvf exp (—77§ cot ‘;{) HQ) dL forv = [mf2] + 1,eom — 1,

then the function ¢(2) becomes

[WZM — N, exp (wz cot %‘) f; exp (_ﬂl oot _V:z—) HO4

v=1

m—1

+ Y Nyexp (-nz cot %) fw exp (—~1r{ cot %) H() dL,

v=[m/2]+1
which is of order 1 type 7 and is bounded on the real axis. Thus the function
[m/2]

Y — N,exp (wz cot %—) J:o exp (—rr{ cot L;:—) H()dt

v=1

sin(wz)

e

-+ {sin(mz)}

nl v z vir ]

+ v:[m;z]ﬂ N, exp ('nz cot 7) f, exp (_nc cot 7) HQ)

which is A, ,(z) as defined in (14), possesses the required properties (29). Since

A, n(2) is simply A, (2 — p) it satisfies conditions (17). By Theorem F any

other function F, ,(2) satisfying the conditions (17) must be of the form

A, m(z) + Cysin(az) + C, sin(27z) or A, ,(2) -+ Csin¥(wz) according as m
1s even or odd.

Now we will construct a function G, (%) of exponential type 2z such that

(a) | Go,m(*)| is bounded on the real axis
(b) Gym(n) =0 (n=0,+1, +2,..) (32)
(© Gm@ =1, Ginm=0 (z=+1,42..).
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Since G ,,(n) = 0 for n =0, 41, 4-2,... the function G, ,(2) should be of the
form {sin(m2)} $(z) where ¢(z) is entire and of exponential type. Again using
Leibnitz’s theorem we obtain

[m /2]

66 = | T (177 (1) ¢ e sinGrs)
[m+2) /2] m
+ Zl (— 1)1 2t (2V " 1)¢(m——2v+1)(z) cos(mz).

Since G{"(2) is supposed to vanish at all the positive and negative integers
except at the origin where it assumes the value 1 we must have

[(m+1) /2] m

Z (_ 1 )v-l qr2v—1 (21, -

=1

sm(ﬂ-z)

JEmEE) = (s 2L (33)

where {i(2) is an entire function of exponential type such that (0) == 1. Let )(2)
be identically equal to 1. Then the general solution of the differential equation
(33) has the form

m-1

#(z) = Y ¢, exp (wz cot L;:—)

r=1

+ 21 N, exp (wz cot —i—g—) J. exp (—77{ cot 7 ) sm(nC) d

0

where ¢,’s are arbitrary constants and N,’s are as in (15). Choosing

¢, = —N, J:c exp (—wl cot V—;~) sinﬂ(’zl) d¢ forv=1,2,..., [—7;—] ;

and

¢, =N, f exp (—~¢r§ cot — ) sm(w{) a¢ - forv = [——’;—] “+1,...,m—1,
we obtain

[m /2]

$(2) = Y — N,exp ('n-z cot %—) fj exp ( mf cot — )

v=1

sm(wC) dt

m—1

4+ Y Nyexp (wz cot ——) f_z exp (—rrl cot —- ) sin(mt) dt.

v=[m7/2]4+1 w{
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It is easily seen that ¢(z) is an entire function of order 1 type = and is bounded
on the real axis. As a function G| ,,(2) possessing the properties (32) we obtain

{sin(m2)} [:";’12] — N, exp (-;rz cot %) f exp ( L cot wr) sm(ﬂg) i
+ - [:’g:lﬂ N, exp (wz cot -——) f; exp ( —l cot 7) sm(wC) dgE

which is B, ,(2) as defined in (18). Since B, ,(2) is simply By, (z — p) it
satisfies conditions (19). By Theorem F any other function G, ,(z) satisfying
the conditions (19) must be of the form B, ,(2) + C sin(rz) + C, sin(272) or
B, w(2) 4+ C sin®(nz) according as m is even or odd. With this the proof of
Theorem 1 is complete.

Remark 2. Let m be a positive integer. In the study of (0, m)-interpolation
by entire functions of exponential type it is important to know if for given 7, > 0
there exist entire functions 7, ,,(2), pr.m(2) of exponential type 7, such that

Tem(®) = 84 (n=0, %1, 42,...)
rMm) =0 (=0, +1, +2,...)

whereas

Pk,m(”) =0 (Tl = 0, il, :[:2,)
Pm) =8k (n=0, 1, 4£2,...).

These functions may be called “fundamental functions of (0, m)-interpolation”.
From Corollary 2 it follows that there are no fundamental functions of (0, m)-
interpolation which are of exponential type <2m. On the other hand, Theorem 1
characterizes all fundamental functions of (0, m)-interpolation which are of
exponential type 27 and are bounded on the real axis.

Proof of Theorem 2. According to the hypothesis f(2) and f¢(z) vanish at
all the positive integers except possibly for a sequence {A;}r.; such that
lim,_,, #,(r)/r = 0. Now let

oG

P(z):[}(1_{7).

o=

By Lemma 2,
P(2) /() = 4(3) sin(m=)

where ¢(z) is regular and of exponential type in Im((z — 1) e=**) < 0. Hence

f(z) = D(2) sin(wz)
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where ®(2) = $(z)/P(z) is regular in Im((z — 1) e7*) < 0 except possibly for
poles at the points A, . Consequently,

{P(R)m+1 f™(z)

sin(wz)

- ([%] (=1 (5,) Py Dm-i(a)

[(m+1) /2]

Y (= Iyt (2;/1-’[— 1) (P(2))™+1 @im-2v+1)(z)

v=1

cos(mz).

+

Since {P(z)}™+! f(™)(2) vanishes at all the positive integers, it follows that the
function

[(m+1) /2]

6@ = L (—lyrai (") (P dm(z)

v=1

vanishes too at all the positive integers and by Lemma 2,

[{m+1) /2]
GE) = 3 (=1yre (" )Py o) = h(e) sm(wz)(34)

where (z) is regular and of exponential type in Im((z — 2) =) <{ 0. Here
#(2) must be identically zero. Suppose, if possible, that )(z) == 0. Then by a
property of the indicator function ([1], see 5.4.4)

lOg I ¢'(2 -+ 78“!)' g l ¢(2 + rei(a—n))[ S

lim sup ———"— + lim sup " >0,
so that
Jo Z{a—m)
max {lim sup IOLI.M , 1i~m sup log | G(2 ;I— re )l % > sin o

With the help of Lemmas 4’ and 5 we conclude that

max

log | $(1 + re)] 1o sup log | $(1 4 rei-m)|
¥ ’

¥ r

lim sup g > wsin q,
F—30

and thus max{A{«), A — 7)} > 27 sin « which is a contradiction. Therefore
#(z) = 0. Consequently @(z) being a solution of the differential equation
[tm+1) /2]

qy-1 21 ™ (M—2041)( o)
e L

v=1

409/69/2-21
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should be of the form

-1

D(z) = Y ¢, exp 3772 cot i% ,
v=1 m

where ¢; , ¢5 ,.., €, 2re constants. But only the constants ¢, , (m/2) (1 — (2«/7))
< v < (m/2) (1 4 (2a/m)), can be different from zero since max{hg(«), hp(x — 7)}
< sin «. Hence

Vo
D(z) = Y ¢, exp (wz cot ——) ,
(m/2)(1—(2a /7)) << (m/2)(L+(2a/m)) m
and the theorem is proved.
As promised earlier we will now give a short proof of Theorem A.

Proof of Theorem A. Let ¢o(2) = f(2)/sin(n2), ¢,(2) = $;_1(2)/sin(72),
j=1,2,...,m — 1. Applying Lemma 2 (with o = /2), successively to the
functions ¢;(2),7 =0, 1, 2,..., m — 1 we conclude that f(2)/{sin(72)}" = ¢, _1(2)
is of exponential type in Re(z — m) = 0. If ¢,,_4(2) == 0, then, again by 5.4.4
of [1]

i /2) —i(m/2)
max I“E Sup IOg l¢m—-1(”: + re )i , llm Sup lOg I ¢m—1(mr+ re )12 > 0
and hence
i(x/2) —i(n/2)
max lirg sup log | f{om j ref )l , lirg sup log | f(m -‘r— e )I% = mm,

which in view of Lemma 4, contradicts the fact that f(2) is of exponential
type <<mr.
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