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Abstract

In this paper we consider the problem of the existence of higher derivatives of the function
t — @(A+1tK), where ¢ is a function on the real line, A is a self-adjoint operator, and K is
a bounded self-adjoint operator. We improve earlier results by Sten’kin. In order to do this, we
give a new approach to multiple operator integrals. This approach improves the earlier approach
given by Sten’kin. We also consider a similar problem for unitary operators.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

If A is a bounded self-adjoint operator on Hilbert space, the spectral theorem allows
one for a Borel function ¢ on the real line R to define the function p(A) of A. We are
going to study in this paper smoothness properties of the map A — ¢(A). It is easy to
see that if this map is differentiable (in the sense of Géteaux), then ¢ is continuously
differentiable.

If K is another bounded self-adjoint operator, consider the function ¢ +— @(A+1K),
t € R. In [DK] it was shown that if ¢ € CX(R) (.e., ¢ is twice continuously
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differentiable), then the map t — @(A + tK) is norm differentiable and

d
a(<p(A +5K))

N

1) —
://MMA(A)MEA(#), (L)
=0 )—u

where E,4 is the spectral measure of A. Note that in the case 4 = p we assume that

qo(ﬂ)) : Q) — o).

The expression on the right-hand side of (1.1) is a double operator integral. Later
Birman and Solomyak developed their beautiful theory of double operator integrals in
[BS1-BS3] (see also [BS4]); we discuss briefly this theory in §3.

Throughout this paper if we integrate a function on R? (or T%) and the domain of
integration is not specified, it is assumed that the domain of integration is R? (or T).

Birman and Solomyak relaxed in [BS3] the assumptions on ¢ under which (1.1)
holds. They also considered the case of an unbounded self-adjoint operator A. However,
it turned out that the condition @ € C'(R) is not sufficient for the differentiability of
the function ¢ — @(A + tK) even in the case of bounded A. This can be deduced
from an explicit example constructed by Farforovskaya [F2] (in fact, this can also be
deduced from an example given in [F1]).

In [Pel] a necessary condition on ¢ for the differentiability of the function
t = @(A+tK) for all A and K was found. That necessary condition was deduced
from the nuclearity criterion for Hankel operators (see the monograph [Pe4]) and it
implies that the condition ¢ € C!'(R) is not sufficient. We also refer the reader to
[Pe2] where a necessary condition is given in the case of an unbounded self-adjoint
operator A.

Sharp sufficient conditions on ¢ for the differentiability of the function ¢ +—
@(A+1tK) were obtained in [Pel] in the case of bounded self-adjoint operators and in
[Pe2] in the case of an unbounded self-adjoint operator A. In particular, it follows from
the results of [Pe2] that if ¢ belongs to the homogeneous Besov space Béol(lR),1 A
is a self-adjoint operator and K is a bounded self-adjoint operator, then the function
t — @(A +tK) is differentiable and (1.1) holds (see §5 of this paper for details). In
the case of bounded self-adjoint operators formula (1.1) holds if ¢ belongs to B;OI(R)
locally (see [Pel]).

A similar problem for unitary operators was considered in [BS3] and later in [Pel].
Let ¢ be a function on the unit circle T. For a unitary operator U and a bounded self-
adjoint operator A, consider the function r — @(e"AU). It was shown in [Pel] that if

¢ belongs to the Besov space B;ol’ then the function 7 > @(e’AU) is differentiable

I'See §2 for information on Besov spaces.
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and

£

) =i<//w+;f(deU(2)AdEU(u)> U (12)

(earlier this formula was obtained in [BS3] under more restrictive assumptions on ¢).
We refer the reader to [Pel] and [Pe2] for necessary conditions. We also mention here
the paper [ABF], which slightly improves the sufficient condition ¢ € B;ol.

The problem of the existence of higher derivatives of the function t — @(A + tK)
was studied by Sten’kin in [S]. He showed that under certain conditions on ¢ the
function 7 — @(A + tK) has m derivatives and

am )
ﬁ(@(f‘s))‘s_(f m!/' @)A1, dnr ) AEAGDK -+ K AE A (1),
m+1

(1.3)

where for a k times differentiable function ¢ the divided differences Ek(p of order k
are defined inductively as follows:

Do & o

if k>1, then

OO Ao 1.2 =D Q) it i)
def 2= oA F s

)ty oo ) = 4
@)1l k+1 %((bkflqo)(/ll’__,,}vk_lyt))

, Ik = Akt1s
=/

(the definition does not depend on the order of the variables). We are also going to
use the notation

Do =Do.

The Birman—Solomyak theory of double operator integrals does not generalize to the
case of multiple operator integrals. In [Pa] multiple operator integrals

// Y, ... s A AE1(A)TVdE2(J)Ts - - - Ti1 dEr (),

——
k

were defined for bounded operators Ty, T>,...,7Tr—; and sufficiently smooth
functions .
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In [S], Sten’kin considered iterated integration and he defined multiple operator
integrals for a certain class of functions iy. However, the approaches of [Pa] and [S] in
the case k = 2 lead to a considerably smaller class of functions i/ than the Birman—
Solomyak approach. In particular the function y identically equal to 1, is not integrable
in the sense of the approach developed in [S], while it is very natural to assume that

// dE (AT dEx(A)T -+ - The1 dEx(Jg) = Th T - - T—y1.

——
k

In §3 of this paper we use a different approach to the definition of multiple operator
integrals. The approach is based on integral projective tensor products. In the case
k = 2 our approach produces the class of integrable functions that coincides with the
class of so-called Schur multipliers, which is the maximal possible class of integrable
functions in the case k = 2 (see §4).

We also mention here the paper by Solomyak and Sten’kin [SS], in which the authors
found sufficient conditions for the existence of multiple operator integrals in the case
when

Y, ) = o)A, ).

Our approach allows us to improve the results of [SS] and Sten’kin’s results on the
existence of higher order derivatives of the function 7 — ¢@(A + tK). We prove in
§5 that formula (1.3) holds for functions ¢ in the intersection B2 (R)() Béol([R{) of
homogeneous Besov spaces.

Note that the Besov spaces Béol and Béol(R) appear in a natural way when study-
ing the applicability of the Lifshits—Krein trace formula for trace class perturbations
(see [Pel] and [Pe2]), while the Besov spaces Bgol and Bgol(lR) arise when study-
ing the applicability of the Koplienko—Neidhardt trace formulae for Hilbert—Schmidt
perturbations (see [PeS5]).

It is also interesting to note that the Besov class Bgol([R) appears in a natural way
in perturbation theory in [Pe3], where the following problem is studied: in which case

o(Ty) — T(pof es?

(T, is a Toeplitz operator with symbol g.)

In §4 we obtain similar results in the case of unitary operators and generalize formula
(1.2) to the case of higher derivatives.

We collect in §3 basic information on Besov spaces.
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2. Besov spaces

Let 0 < p, g<oo and s € R. The Besov class B q of functions (or distributions)
on T can be defined in the following way. Let w be a C*° function on R such that

o0
2}, and Y w@"x)=1 for x >0. (2.1)

n=—0oo

1

w>0, suppw C |:§,

Consider the trigonometric polynomials W,,, and W,f defined by

k _
Wn(Z)=Zw<2—n)zk, n>1, Wy(z)=z+14+2z, and
keZ

wh(z) =W, (), n>0.

Then for each distribution ¢ on T,

¢:Z¢*Wn+2go*wf.

n=0 n>=1

The Besov class Bj,, consists of functions (in the case s > 0) or distributions ¢ on T
such that

{120 Waller}, oo €€ and {I2%¢ = W/lir}, ., €

Besov classes admit many other descriptions. In particular, for s > 0, the space By,
admits the following characterization. A function ¢ belongs to B;q, s > 0, if and
only if

An q7
/%dm(r)<oo for ¢ < oo
TIl—1

and

1A7 fllzr

sup ———— < oo for g = o0,
T#1 1 -zl

where m is normalized Lebesgue measure on T, n is an integer greater than s and A;
is the difference operator: (A;f)({) = f(z0) — (), (€ T.
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To define (homogeneous) Besov classes Bf,q([R) on the real line, we consider the
same function w as in (2.1) and define the functions W, and W,f on R by

FW,(x) = w (21) . FWHx) = FWy(—x), neZ,

where F is the Fourier transform. The Besov class B, (R) consists of distributions ¢
on R such that

(12" % WallLrdnez € £9(Z) and (12" @ % W) | Lr}nez € €4(Z).

According to this definition, the space By, (R) contains all polynomials. However, it is
not necessary to include all polynomials.

In this paper we need only Besov spaces Bool, d € Z. In the case of functions on
the real line it is convenient to restrict the degree of polynomials in Bgol([R) by d. It
is also convenient to consider the following seminorm on Bgol(R):

l9l52, i = sup 10D+ Y 2w Wyl + Y 25 Wy 1o

neZ neZ

The classes Bgol(R) can be described as classes of function on R in the following
way:

2 (R @ || 1Al
¢ € B, (R) f;g"” "+ T Ao

where A; is the difference operator defined by (A;¢)(x) = ¢p(x + 1) — @(x).
We refer the reader to [Pee] for more detailed information on Besov classes.

3. Multiple operator integrals

In this section we define multiple operator integrals using integral projective tensor
products of L°°-spaces. However, we begin with a brief review of the theory of double
operator integrals that was developed by Birman and Solomyak in [BS1-BS3]. We
state a description of the Schur multipliers associated with two spectral measures in
terms of integral projective tensor products. This suggests the idea to define multiple
operator integrals with the help of integral projective tensor products.

Double operator integrals. Let (X, E) and (), F) be spaces with spectral measures
E and F on a Hilbert space H. Let us first define double operator integrals

//w(i,u)dE(/l)TdF(u), 3.1
xJy
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for bounded measurable functions \ and operators 7 of Hilbert Schmidt class S,.

Consider the spectral measure £ whose values are orthogonal projections on the Hilbert
space S», which is defined by

EAXANT =EMTF), TeSy,

A and A being measurable subsets of A and ). Then £ extends to a spectral measure
on X x ) and if ¥ is a bounded measurable function on X x ), by definition,

f/w(z, u)dE(z)TdF(ﬂ)z(/ 1//d€> T.
xJYy XxY

Clearly,

< li=|IT|ls,-
S>

Hf f W, ) dE)T dF (1)
xJy
If
//l//(z, WdE)T dF(u) € Sy
xJy

for every T € S|, we say that { is a Schur multiplier (of S1) associated with the
spectral measure E and F. In this case by duality the map

TH//zp(x,u)dE(x)TdF(m, T € Ss, (3.2)
xJy

extends to a bounded linear transformer on the space of bounded linear operators on
‘H. We denote by M(E, F) the space of Schur multipliers of §; associated with the
spectral measures E and F. The norm of { in IM(E, F) is, by definition, the norm of
the transformer (3.2) on the space of bounded linear operators.

In [BS3] it was shown that if A is a self-adjoint operator (not necessarily bounded),
K is a bounded self-adjoint operator and if ¢ is a continuously differentiable function
on R such that the divided difference D¢ is a Schur multiplier of §; with respect to
the spectral measures of A and A + K, then

QA+ K) — p(A) = /f W%Z(M) dEa+k (WK dEA(p) (3.3)
and

”(P(A + K) - (P(A)” <00n5t||(p||9ﬁ(EA,EA+K)”Knv

i.e., @ is an operator Lipschitz function.
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It is easy to see that if a function ¥y on X x ) belongs to the projective tensor
product L¥(E)Q®L>®(F) of L>®(E) and L*(F) (i.e., ¥ admits a representation)

YO =Y fiDen(,

n=0

where f, € L*(E), g, € L°°(F), and

> fallexlignlize < 00),

n=0

then € M(E, F). For such functions ) we have

/flﬁ(i,u)dE(i)TdF(u)= Z(f fndE>T</ g,,dF>.
xXJy n>0 X Y

More generally, i is a Schur multiplier of S; if ¥ belongs to the integral projective
tensor product L (E)®;L>®(F) of L>®°(E) and L*®(F), i.e., ¥ admits a representation

O ) = fQ £Gu )8 x) do(x), (3.4)

where (Q, o) is a measure space, f is a measurable function on X x Q, g is a
measurable function on ) x Q, and

/Q lf )Ly llg (-, X)L (Fy da(x) < oo. (3.5)
If Yy € L®(E)&;L>®(F), then

//lﬂ(i,#)dE(i)TdF(u)
X JYy

=/ (/ f(i,X)dE(i)) T (/ g(u, x)dF(H)> do(x).
0 \JX Yy

Clearly, the function x — ( [y f(A, x)dE(A))T (fy g(u, x)dF(u)) is weakly mea-

surable
/ H(/ f(4, x)dE()»)) T (/ g(u, x) dF(,u)) ” do(x) < oo.
o X y



V.V. Peller/Journal of Functional Analysis 233 (2006) 515-544 523

It turns out that all Schur multipliers can be obtained in this way. More precisely,
the following result holds (see [Pel]):

Theorem on Schur multipliers. Let v be a measurable function on X x Y. The
following are equivalent:

1) ¥ € M(E, F);
(ii) ¥ € L=(E)®iL®(F);
(iii) there exist measurable functions f on X x Q and g on Y x Q such that (3.4)
holds and

H fQ If (017 da(x) ‘ fQ lg(-, x)|* da(x) < oo0. (3.6)

L®(E) LO(F)

Note that the implication (iii)=(ii) was established in [BS3]. Note also that in the
case of matrix Schur multipliers (this corresponds to discrete spectral measures of
multiplicity 1) the equivalence of (i) and (ii) was proved in [Be].

It is interesting to observe that if f and g satisfy (3.5), then they also satisfy (3.6),
but the converse is false. However, if i admits a representation of the form (3.4) with
f and g satisfying (3.6), then it also admits a (possibly different) representation of the
form (3.4) with f and g satisfying (3.5).

Note that in a similar way we can define the projective tensor product AQB and
the integral projective tensor product AQ;B of arbitrary Banach functions spaces A
and B.

The equivalence of (i) and (ii) in the Theorem on Schur multipliers suggests an idea
how to define multiple operator integrals.

Multiple operator integrals. We can easily extend the definition of the projective
tensor product and the integral projective tensor product to three or more function
spaces.

Consider first the case of triple operator integrals.

Let (X, E), (), F), and (Z, G) be spaces with spectral measures E, F, and G on
a Hilbert space #H. Suppose that i belongs to the integral projective tensor product
L®(E)®;L*®(F)®; L*(G), i.e., ¥ admits a representation

v, 1 v) = /Q fQ,x)g(u, x)h(v, x) da(x), (3.7

where (Q, o) is a measure space, f is a measurable function on & x Q, g is a
measurable function on ) x Q, h is a measurable function on Z x Q, and

/Q||f(~,X)Ile<E>|Ig(~,X)IILw(F)IIh(-,X)IILOC(G) do(x) < oo. (3.8)

We define the norm ||‘//||L°°®1L°C®iL°° in the space L®(E)Y®iL®(F)®; L>®(G) as the
infimum of the left-hand side of (3.8) over all representations (3.7).
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Suppose now that 7} and 7> be bounded linear operators on . For a function ¥ in
L®(E)®;L>®(F)&;L>®(G) of the form (3.7), we put

///W(i,ﬂ,V)dE(l)TldF(u)Tsz(V)
xJylz

ef / ( / f(/l,x)dE(/l)) Tl( / g(u,x>dF(u>>
0 X y

xT» (f h(v,x)a’G(v)) do(x). (3.9)
zZ
The following lemma shows that the triple operator integral

///lp(i»ﬂsV)dE(;L)TldF(N)TZdG(V)
xJylz

is well-defined.

Lemma 3.1. Suppose that y € L®(E)®;L>®(F)®;L®(G). Then the right-hand side
of (3.9) does not depend on the choice of a representation (3.7) and

H///W(i,u,V)dE(i)TldF(u)Tsz(v)
XJYJZ

SN ooy roogroe - IT1I - T2 (3.10)

Proof. To show that the right-hand side of (3.9) does not depend on the choice of a
representation (3.7), it suffices to show that if the right-hand side of (3.7) is the zero
function, then the right-hand side of (3.9) is the zero operator. Denote our Hilbert space
by H and let { € H. We have

/ (/ f(4,x)gu, x)h(v,x)da(x)> dG(v) =0 for almost all A and g,
zZ \JQ

and so for almost all A and gy,

fo(Z,X)g(M,X)Tz(/Zh(v,X)dG(V)> {da(x)

-7 /Z ( /Q £ G 38 (1 R, x)do(x)) 4G, = 0.
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Putting

=" </ h(v, X)dG(V)> g
z

we obtain
/ f(A,x)g(p, x)é, da(x) =0 for almost all 4 and pu.
0

We can realize the Hilbert space H as a space of vector functions so that integration
with respect to the spectral measure F corresponds to multiplication. It follows that

/ f,x)T (/ g(u, x) dF(u)) Erda(x)
0 Y

-7 f / FOu 28t x)Ex do(x) dF () = 0
yJo

for almost all /. Let now

Ny = T (/yg(.ua x)dF(,u)> éx-

We have

/ f, s)n,do(x) =0 for almost all /.
0

Now we can realize H as a space of vector functions so that integration with respect
to the spectral measure E corresponds to multiplication. It follows that

/(/ f(l,x)dE(/l))iqxdo(x)://f()»,x)nxdo(x)dE(/l)zo.
o \Jx xJo

This exactly means that the right-hand side of (3.9) is the zero operator.
Inequality (3.10) follows immediately from (3.9). O

In a similar way we can define multiple operator integrals

/[ Y, ..., ) dE1(A)T1dE2(J2)Ts - - - Ti—1 d Ex (Ag)
—
k
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for functions y in the integral projective tensor product L°°(E D& -+ ®L>®(Ey) (the

k
latter space is defined in the same way as in the case k = 2).

4. The case of unitary operators

Let U be a unitary operator and A a bounded self-adjoint on Hilbert space. For
t € R, we put

U; = eilAU.

In this section we obtain sharp conditions on the existence of higher operator derivatives
of the function ¢ — ¢@(U;).

Recall that it was proved in [Pel] that for a function ¢ in the Besov space B;ol
the divided difference D¢ belongs to the projective tensor product C(T)&C(T), and
so for arbitrary unitary operators U and V the following formula holds:

o) = o) = [ [ FE=EE apy iy vy aeuw. @)

First we state the main results of this section for second derivatives.

Theorem 4.1. If ¢ € Bgol, then

(D) € C(MRC(MRC(T).

2

Theorem 4.2. Let ¢ be a function in the Besov class BZ,

t — @(U;) has second derivative and

then the function

2

(pwy)| _=-2 ( / f / (D) 1, v)dEU(A)AdEUWMdEU(v)) U (42)

dS2 s=0

Note that by Theorem 4.1, the right-hand side of (4.2) makes sense and determines
a bounded linear operator.
First we prove Theorem 4.1 and then we deduce from it Theorem 4.2.

Proof of Theorem 4.1. It is easy to see that

(D)1 z2z) = Y. Bl +j+k+2)zizddh
i, j k>0
+ 0 PG+ +k—2)zizddk, (4.3)
i,j,k<0
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where (@(n) is the nth Fourier coefficient of ¢. We prove that

" b6+ +k+2)222h € C(HRCMSC(T).
i,j.k=0

The fact that

3o o6+ +k -2k € C(HBRC(MGBC(T)
i,j k<0

can be proved in the same way. Clearly, we can assume that ¢(j) =0 for j < 0.
We have

Z P+ j+k+2)2i2ldk = Z @ikl + j + k + 22232k
i,j k=0 i,j k=0

+ > Bl +j+k+2)zizddh
i,j,k=0

+ Y ikl k+ 222k,

i,j. k>0
where
Loy i=i=k=0,
ik = e kA0,
1 e _
7 i=j=k=0,
i =1 i itj+k#0
ke (Hitk#EQ,
and
1 i1 —
s i=j=k=0,
TET) P ik £
Clearly, it suffices to show that
3" bl + j +k+ 225235 € C(HBC(MRC(T). .4

i,j,;k=0
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It is easy to see that

N wpdl+jrk+zgd = Y (((S*)j+k+2go)*Zot,-jkzi>(21) 22k,

ij.k=0 jk=0 i>0

where S* is backward shift, i.e., (S*)¥p = P,.z¥¢ (P, is the orthogonal projection
from L2 onto the Hardy class H 2). Thus,

37 ol + j+k+2)ziz)

i,j,k=0 L00®LOC®LOO

< Z ((S*)j+k+2(p) % Z fxiiji

jk=0 i>0 Lo

Put

Qm(z)=z i_l,mzi, m >0 and Qo(z)=%+Zzi.

i>m i>1

Then it is easy to see that

(874 20) 5> " o[ =1 * QjrxliLe.

i>0 f00
where i = (5%)%¢, and so

A . i _J k
D wdli+j+k+ 27232k < Y W Qe
i,j,k=0 Loo®Loo®Loo Jj.k=0

= > m+ Dl Qullr.

m=0

Consider the function » on R defined by

L xl<l,

IxT?
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It is easy to see that the Fourier transform Fr of h belongs to L'(R). Define the
functions R,, n>1, on T by

_ kY o
Rn@—Zr(;)c.

keZ

Lemma 4.3.
IRl ;1 < const.

Proof. For N > 0 consider the function £, defined by

1, x| <N,
Eno) =4 2B N Cxl<2n,
0, |x|>2N.

It is easy to see that F¢éy € L'(R) and IFEn Nl L1 () does not depend on N. Let

Ry () = Z r (S) En (S) &, (eT.

keZ

It was proved in Lemma 2 of [Pel] that [[Ry |l 1 <IF(rEn) L1 (w)- Since
IFTEm Ly SN Frilpiwy I FEn | 1 (ry = const,

it follows that the L!-norms of Ry, are uniformly bounded. The result follows from
the obvious fact that

lim ||R, — Ryullz2 =0. O

N—o0

Let us complete the proof of Theorem 4.1.
For f € L®°, we have

ILf % QmllLee = I1f = f % Rl <N fllzoe 4 Lf * Ryl Lo <const]| f | Loe.
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Thus,

D mA DI Qullre =Y m+1) | Y s Wk O

m=0 m =0 n=0 Lo
< D mA DI Wyk Qullze
m,n=0

ZZ Z (m 4+ D[y % Wy, % Qpll

nz0 o<mg2n+!

gconstz Z (m + D[y x Wyl

nz0 0<m2nt!

2
<const Zoz "Iy # Wall oo <constll 52
nz

where the W, are defined in §3.
This proves that

7 ol + j +k+2)ziz)k € LY&C(MSC(T)
i,j,k=0

and
Do i+ +k+ 2354 <constlolg2
i,j.k=0 L®&C(TRC(T)

To prove (4.4), it suffices to represent ¢ as

(p:Zq)*W,,.

n=0
Then we can apply the above reasoning to each polynomial ¢ % W,,. Since
(S 20w Wa) 5y aijnd!
i>0
is obviously a polynomial, the above reasoning shows that

7 e Wali + j +k +2)ziz)5 € C(MRC(MEC(T)
i,j,k=0

(4.5)
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and by (4.5),

D kg Wali +j + k +2)2}2325
L,jk20 CMICMSC(T)

<const||@ * Wy |l g2
ool

<const2? || « Wy || poo.

The result follows now from the fact that

E 22" % Wy || Lo < const]| @]l 52 1
[o¢]
n=0

(see §3). O
Now we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. It follows from the definition of the second order divided
difference (see §1) that

U= (D) 11, v) = (D) (4, ) — (DP)(, V). (4.6)

By (4.1), we have

1

- (%(w(%))(m - %(‘/’(Uf))‘x_o)
- ( [ [ o vassmade,mu,
- [ [ @00 deua dEU(V)U>

- < [ [ oz iadesm- [ [@owaesawa dEU,<v>) U,

+% (//(Eﬁl))(ﬂ, VdEy(WAdEy, (v)U;

- / / (D) (1w, v) dEy (WA dEy, (v)U)
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! ,
—l—; (D)4, v)dEy(A)AdEy, (v)

- / / (D) (o ) dEy (7 A dEU(#)) U,

By (4.6), we have

/ / (D) (2, V) dEy, (DA dEy, (v) — / / (D) (1, V) dEy () A dEy, ()
- [[[ @0z kazumwadeso
_ / [ / (D) (. ) dEy, () dEy () A dEy, (v)
- / / / (D*¢) (4 1, V) (. — W) dEy, () dEy (A d Eg, (v)
= / / / (D?0)(% 1, v) dEy, (W)U; dEy (W) A dEy, (v)
_ / / f (D) (A, i, V) dEy, (WU dEy (1A dEy, ()

= / / f (D*Q) (4, 1, v) dEy, () (" — DU dEy (1) AdEy, (v).

Similarly,

/ / (D9) (s v) dEy (YA dEy, (v) — f / (D9)(A. 19 dEy () A dEy ()

= f f f (D20)(hy 1, V) dEy (DA dEy (W)€ — DU dEy, (v).

)

- ( [ [ @06 nndeire - nudeswadey, (v)) U,

Thus,

1 d d
;(g(wws)) —g(wws))

s=t

+ % (//(D(p)(u, VdEy(wAdEy, (v)U;
—/f(l‘@)(#, V)dEu(H)AdEU,(V)U>

¥ ( / f / (29) (3 1 v) dEy (DA dEy () (' — DU dEy, (v)) v
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Since lim;_,¢ ||U; — U|| = 0, to complete the proof it suffices to show that

m 2 f / / (20) (i, p, v) dEy, ()" — DU dEy () AdEg, ()

li
t—0t

=i / / / (D2Q)(, pt, V) dEy (WA AEy (A dEy (WU, 4.7

lim / / (D) (1, v) dEy () A d Eg, (v) = / / (D) (. v) dEy () AdEg (v),

(4.8)

and
li
t—0

m % / / / (D*@) (o . v) dEy (D) AdEy ()" — DU dEy, (v)

=i / f / (D20) (4, u, v) dEy (A)AdEy (WA dEy (v)U. (4.9)

Let us prove (4.7). Since szqo e C(TRC(T)RC(T), it suffices to show that for
f, & heC(),

1 .
lim / f / FDSGORO) dEg, ()@ — DU dEy (A dEy, ()
=i [ [ [ rirgwne aesaassadeymu. (4.10)
We have

1 .
;/// F)gwh(v)dEy, ()" — DU dEy(w)AdEy, (v)

1 .
= f(U) (;(e‘“‘ — I)U) g(U)ARU;)
and
/ / f FDgWh( dEy(A)AdEy()AdEy(MU = f(U)Ag(U)AR(U)U.

Since f and & are in C(T), it follows that

lim |l £ (Up) = () = Lim [|A(Ur) — h(U)]| =0
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(it suffices to prove this for trigonometric polynomials f and # which is evident). This
together with the obvious fact

lim (1(8’/* — 1)) =iA

t—0 \ 1

proves (4.10) which in turn implies (4.7).

The proof of (4.9) is similar. To prove (4.8), we observe that Bgol - Béol and use
the fact that Do € C(T)®C(T) (this was proved in [Pel]). Again, it suffices to prove
that for f, g € C(T),

tlg%// fWwgWdEy(WAdEy,(v) =// Fwg dEy(WAdEy(v)
which follows from the obvious equality:

}El) lgW) — g =0. O
The proofs of Theorems 4.1 and 4.2 given above generalize easily to the case of

higher derivatives.

Theorem 4.4. Let m be a positive integer. If ¢ € B, then

DpeC(MR---&C(T).

m+1

Theorem 4.5. Let m be a positive integer and let ¢ be a function in the Besov class
B, then the function t — @(U;) has mth derivative and

m

d
ﬁ((/)(Us))‘

s=|

= i"m! f---f(bm(p)u],...,zmH)dEU(MA---AdEU(Amm U,

m+1

5. The case of self-adjoint operators

In this section we consider the problem of the existence of higher derivatives of the
function

t— @p(A;) = (A +tK).
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Here A is a self-adjoint operator (not necessarily bounded), K is a bounded self-adjoint

operator, and A; def A+tK.

In [Pe2] it was shown that if ¢ € B;ol([R), then Doy € B(R)Q;B(R), where B(R)
is the space of bounded Borel functions on R equipped with the sup-norm, and so

lo(A + K) — @A)l <constllpli g1 1K (S.1)

In fact, the construction given in [Pe2] shows that for ¢ € B;o](IR), the function
t — (A +tK) is differentiable and

d
o) = [[@oe. ek aea. (5.2)

For completeness, we show briefly how to deduce (5.2) from the construction given in
[Pe2]. We are going to give a detailed proof in the case of higher derivatives.

We need the following notion.

Definition. A continuous function ¢ on R is called operator continuous if
lim [[¢(A +sK) — @(A)|| =0
s—0

for any self-adjoint operator A and any bounded self-adjoint operator K.

It follows from (5.1) that functions in Béol([RR) are operator continuous. It is also
easy to see that the product of two bounded operator continuous functions is operator
continuous.

Proof of (5.2). The construction given in [Pe2] shows that if ¢ € Béol([R{), then Do
admits a representation

(D) ) = /Q £ X)) do (),

where (Q, o) is a measure space, f and g are measurable functions on R x Q such
that

/Q I3 lsmllgxll8m do(x) < oo,

and for almost all x € Q, and f, and g, are operator continuous functions where

fr (D) e f(A,x) and g,(w) def g(u, x). Indeed, it is very easy to verify that the

functions f, and g, constructed in [Pe2] are products of bounded functions in B(lo] (R).
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By (3.3), we have

1
;(so(As) - 9(A))

1
;//(bﬁo)(i, WAdEs (A)sK dEA(w

/Qfx(As)Kgx(A)dO'(X).

Since fy is operator continuous, we have
Slgr(l) I fx(As) — fx (A = 0.

It follows that

‘/Qfx(As)Kgx(A)dG(X)—/Qfx(A)Kgx(A)dU(X)

which implies (5.2). O

<Kl /Q I fx(As) = fx (A - lIgx(A)|do(x) — 0 as s — 0,

Consider first the problem of the existence of the second operator derivative. First
we prove that if f € B2 ,(R), then D29 € BR)QBR)Q:B(R). Actually, to prove
the existence of the second derivative, we need the following slightly stronger result.

Theorem 5.1. Let ¢ € Bgol(R). Then there exist a measure space (Q, ) and measur-
able functions f, g, and h on R x Q such that

(D*0) (a1, V)=/.Qf(i, x)g(p, x)h(v, x) do(x), (5.3)
fx» &, and hy are operator continuous functions for almost all x € Q, and
fQ I fellB w18l () 17 B () do(x) < constli@ll g2 (- (5.4)

As before, fi(4) = f(4,x), gx() = g(u, x), and hy(v) = h(v, x).
Theorem 5.1 will be used to prove the main result of this section.
Theorem 5.2. Suppose that A is a self-adjoint operator, K is a bounded self-adjoint

operator. If ¢ € Bc%o] ®N Béol (R), then the function s — @(As) has second derivative
that is a bounded operator and

d2
o) =2 / f (D20)0 iV AEADK dEAWK dEs(). (5.5
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Note that by Theorem 5.1, the right-hand side of (5.5) makes sense and is a bounded
linear operator.
For ¢t > 0 and a function f, we define S/ f by

(FSNH)s) =

t>s.

{(ff)(s—t), t<s,
07

We also define the distributions g; and r;, ¢ > 0, by

S
_ s+ S>Oa
(Fan(s) = {07 5
and
_ L IsI<s,
(frt)(s)_{é’ |S|>t

It is easy to see that r; € L' (R) (see §4) and lI7¢ll1®) does not depend on ¢.
To prove Theorem 5.1, we need the following lemma.

Lemma 53. Let M > 0 and let ¢ be a bounded function on R such that
supp Fo C [M/2,2M]. Then

(DZQD)(;{, V) =— //R R ((St*—&-u Q) * 6]z+u)(/1)ei’”ei“" dt du
+ XNy

N //R R ((Ss*+u P) * ‘h—&-u)(ﬂ)eineiw dsdu
+ X IRy

- / / (2, 9) * gsrr) e el ds d. (5.6)
RyxRy

Proof. Let us first assume that F¢ € L' (R). We have

f/ ((SF10®) * Gru) (D™ dpdy
Ry xRy

= f / f (FO)(s +1 + u)————elS%eitHelt g 4t du.
Ry xRy xRy S+1t+u

We can write similar representations for the other two terms on the right-hand side of
(5.6), take their sum and reduce (5.6) to the verification of the following identity:

(D2Q) (o s v) = — / f /R e (Fo)(s +t +u)e*e ™ ™ ds dt du.
+ X IR X IR
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This identity can be verified elementarily by making the substitution a = s + ¢ + u,
b=t+u, and c = u.

Consider now the general case, i.e., ¢ € L°°(R) and supp Fo C [M/2,2M]. Con-
sider a smooth function w on R such that w>0, suppw C [—1, 1], and ||a)||L1(R) =1.

For ¢ > 0 we put w.(x) = w(x/¢)/e and define the function ¢, by Fo, = (F@) * w,.
Clearly,

Fo, e L'R), lim o.llom®) = lolem),
e—0
and

lin%) @.(x) = @(x) for almost all x € R.
E—>

Since we have already proved that (5.6) holds for ¢, in place of ¢, the result follows
by passing to the limit as ¢ - co. O

Proof of Theorem 5.1. Suppose that supp Fo C [M/2,2M]. Let us show that each
summand on the right-hand side of (5.6) admits a desired representation. Clearly, it
suffices to do it for the first summand. Put

Y i v) = f f (S ®) * ) (D™ dt du
R+XR+
:// Sr+u(A) g (Why (v) dt du,
R+XR+
where

fo(h) = ((S:CD) *qv)(l), g () = ™ and h,(v) = ol

Clearly, [lg/lls@m®) =1 and ||, |lgmw) = 1. Since

A+ Il )l olle, v<2M,
I fullo = I fullze = 1o — @ % rollzoe < {0, v
we have
150y < Constl gl / / dt du < const - M2 | .
t,u>0,14+u <2M

In the same way we can treat the case when supp F¢o C [-2M, —M/2]. If ¢ is a
polynomial of degree at most 2, the result is trivial.
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Let now ¢ € Bgol([R) and

(p:Z(p*W,,+Z (p*W#.

neZ neZ

It follows from the above estimate that

1D ¢ ll g3y, BR)@BR) < CONSL (Z 2%l % Walloo + ) 2% g % W,f||Loo> :

neZ neZ

To complete the proof of Theorem 5.1, we observe that the functions A — ei’* are

operator continuous, because they belong to Béol(R). On the other hand, it is easy to
see that if supp ¢ C [M/2,2M], then the function (S ) * ¢, is the product of eitv
and a bounded function in B;O] (R). O

To prove (5.2), we need the following lemma.

Lemma 5.4. Let A be a self-adjoint operator and let K be a bounded self-adjoint
operator. Suppose that ¢ is a function on R such that Do € L®(R)®;L>®(R) and
D29 € L2°(R)Q;L®(R)Q;L®(R). Then

//(390)(/% WAEA+k (AD)K dEa+k (1) — //(QQD)(?L VAEs+k (WK dEA(V)
— [[[ @000 dEark 0K dEak oK dEAO).
Proof. Put
P,=Es([-n,n]), Qn=Eayk([—n,nl), Am=P,A and B=0,(A+K).
We have
//(:DQD)(L WAEA+k (WK dEa+k (1) — f/(®¢)(i, VAEs+k (DK dEA(V)
=f//(3§0)()~7 WAdEA+k (DK dEa+kx (W) dEA(Y)

—///(Dgo)(i, VAEA+k (WK dEA+k () dEA(®V).
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Thus,
0, ( f / (D)0 ) dEask WK dE 4k ()
- / / (D) (2 ) dEas g (DK dEA(#)> P,
-/ i ';@w)(z, W AE sk K dE 4 (10 dE4(v)
- [ [ i@q))(x, W dEnsk (DK dEask (1) dEA(Y)
= / / / (1= )(D*Q) (4 1, v) dEp,,, (DK dEp,, (1) dE 4, (v),
since
(D) 1) — (DP) (4, v) = (11— V)(D2@) (A . V).
On the other hand,

0, ( [ [ [ @06 10 dEsk K dErcwk ks (v)) P,
= [ [ 1(92@(& 1) dEa+k DK dEark () ((A + K)=A) dEa(v)
= /_ f_ _z@%)(z, V) dEa1k (DK dEayk (1) Qn

x ((A+K) - A) PydEA®)

- [ [ [ @o6uniticik it
X (B P — ONAm) dEA(V)
= [ [ [ @010 9 4B DK dEm (0B Py = ua dEn ).
It is easy to see that this is equal to

f/f@%p)(z, V) dEg, (WK dEpy, (1) By Pa dEa,, (V)

- ///(:DZ(P)(L u, V)dEB[,,] ()‘)KdEB[n] (,LL) QnA[n] dEA[,,](V)
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= / / / wW(D*@) (A, . v) dEp, (DK dEp,, (1) dEay, ()
- f / f V(D) i, V) dEgy, (DK dEgy, (1) dE 4, (v)
= ///(u— V)(D*@) (A . v) dEp,, () K dEp,, (1) dE Ay, (7).
The result follows now from the fact that

lim P,= lim Q, =1
n—0oo n—00

in the strong operator topology. [J

Proof of Theorem 5.2. It follows from Lemma 5.4 that

1
: ( / f (D9) (o ) dEa, (VK dE, (1) — / / (DP) (i v) dEs, (DK dEA<v>)

_ f / / (D20) (s 11, v) dEa, (WK dEa (0K dEA(Y).
Similarly,

1
: ( f / (DP)(a v) dEa, (K dE4(v) — f f (D) (. V) dEA(WK dEA(v>)

- f / / (229) (i p, V) dE 4, ()K dEAGOK dE, (v).
Thus,

1/d A
n <£€0( 5) S_())

= / / f (D29) (4 1. V) AEa, (DK dEa, (K dEA(Y)

d (As)
ds(p s

s=t

+///(332<p)()», V) dEs, (DK dEs()K dE4(v).
The fact that

lim f//(bzq))(x, 1, v)dE4,(A)K dE A, (WK dE4(v)
t—

= //./(Dzw)(i, V) AEA(DK dEA(WK dEA(v)

follows immediately from (5.3) and (5.4) and from the fact that the functions f, g,
and A, in (5.3) are operator continuous.



542 V.V. Peller/Journal of Functional Analysis 233 (2006) 515-544
Similarly,

tim [ [ (200100 dEa K dEa@K dEA0)
t—

= f f / (D*@) (s s, VVAEADK dEA(WK dEA (),
which completes the proof. [

Remark. In the case of functions on the real line the Besov space Bgo 1 (R) is not con-
tained in the space B;OI(R). In the statement of Theorem 5.2 we impose the assumption
that ¢ € B;ol([R{) to ensure that the function ¢ — ¢@(A;) has the first derivative. How-
ever, we can define the second derivative of this function in a slightly different way.

Suppose that ¢ € Bgol([R{) and

(p:Z(p*Wn+Z (p*Wf.

neZ neZ

Then the functions ¢, & ¢ * W, and (pﬁ o Q@ * Wf belong to Bgol([l%) N Bgol([R) and
by Theorems 5.1 and 5.2, the series

d2
DEICHVE)| R s (o )| _

neZ neZ

converges absolutely and we can define the second derivative of the function ¢ — @(A;)
by

d2 R d2
o] L E X an| + X Setetian)]

neZ neZ

With this definition the function the function t +— @(A;) can possess the second
derivative without having the first derivative!

The proofs of Theorems 5.1 and 5.2 given above easily generalize to the case of
derivatives of an arbitrary order.

Theorem 5.5. Let m be a positive integer and let ¢ € B2, (R). Then there exist a
measure space (Q, a) and measurable functions fi, ..., fm+1 on R x Q such that

@"Q) (Ao dmg1) = /Q f1(A1, %) f2(Z2, %) -+ fn1 Gimg1, X) do(x),
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the functions f1(-,x),..., fm+1(-, x) are operator continuous for almost all x € Q,
and

/ [AC OB - [ fmr1 (0B dox) <const|| fllgm ().
o

Theorem 5.6. Let m be a positive integer. Suppose that A is a self-adjoint operator
and K is a bounded self-adjoint operator. If ¢ € BJ,(R) Béol([Ri), then the function
s = @(Ay) has mth derivative that is a bounded operator and

m

dsl’ﬂ

(0a0)|_y=mt [+ [ @01 i) dEAGOK -+ K dEaonsn).

——
m+1

Remark. It is easy to see that in case A is a bounded self-adjoint operator for the
existence of the mth derivative of the function s — @(Ay), it suffices to assume that
¢ belongs to B, locally, i.e., for each finite interval I there exists a function y in
B” | (R) such that g0|1 = ¢|I
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