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Practical computational techniques are described to determine the Galois group 
of a polynomial over the rationals, and each transitive permutation group of degree 
3 to 7 is realised as a Galois group over the rationals. The exact computations fur- 
nish a proof of the result. I( 1985 Academic Press. Inc. 

1. INTRODUCTION 

Let f =f(.x) be a polynomial in Q[x], with deg(f) = n, having distinct 
zeros a, ,..., a,. We regard Gal(f), the Galois group over the rationals, to 
be the group of permutations of the (indices of the) zeros off induced by 
the group of automorphisms of the splitting field, spl(f), off: 

In van der Waerden [16, p. 1891 a finite procedure to determine Gal(f) 
is described. This procedure requires the construction and factorization of a 
degree n! polynomial and thus it is not suitable for practical purposes. In 
this paper we describe feasible computational techniques to determine 
Gal(S). The aim is to efficiently determine sufficient properties to specify 
Gal(f) to within conjugacy in the symmetric group S, of degree n. This 
conjugation is realised by relabelling the zeros off: We consider only 
irreducible f so that Gal(f) is transitive and assume without loss of 
generality that f is manic with integer coefficients. 

A well-known method of determining cycle types in Gal(S) is the follow- 
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ing [ 16, p. 1911: for a prime p not dividing disc(f’), the discriminant off; 
the partition of n induced by the degrees of the irreducible factors off 
modulo p (called the degree partition off’mod p) is the cycle type of a per- 
mutation in Gal(f). 

In fact, by the density theorem of Chebotarev (see [7]), as k -+ a3 the 
proportion of occurrences of a degree partition T off‘mod pi, i = l,..., k (p, 
the ith prime) tends to the proportion of permutations in Gal(f) having 
cycle type T; but the full power of this result seems difficult to use in prac- 
tice. 

Butler and McKay [2] have tabulated the transitive permutation groups 
of degree up to 11, and the cycle type distribution of permutations in these 
groups. Afterfis factorized modulo various primes, these tables are used to 
obtain a set of groups {Hi} such that Vi, H, 2 Gal(f). In fact, if Gal(f) is 
A, or S, (A,, is the alternating group on { l,..., n) ), then Gal(f) can usually 
be quickly determined using modulo p factorizations and the fact that 
Gal(f) is a group of even permutations if and only if disc(f) is a rational 
integral square. If Gal(f) is neither A, nor S,, an historical and very useful 
method to determine Gal(f) is the construction and factorization of 
appropriate resolvent polynomials. 

2. RESOLVENT POLYNOMIALS 

Let F=F(x , ,..., x,) be a polynomial in Z[x, ,..., x,] and let P be a per- 
mutation in S,,. We define FP = F(x 1p ,..., x,,,). In this way any subgroup of 
S, acts on Fsn= (FP: PE S,]. 

DEFINITION 1. Let (F, ,..., Fk 3 = FTfl, where the F, are distinct functions. 
The resolvent polynomial R( F, f’) associated with F and f is defined by 

R(F, f) = fi (x - Fital,..., a,)). 
i= 1 

We may take F, = F&, 1 d i < k, wh ere {P, ,..., P, > is a set of right coset 
representatives of stab, (F) (the stabilizer in S, of F) in S,. 

DEFINITION 2. A resolvent polynomial R(L, J’), where L = e, x1 + . . . + 
e,x,, for some r, 1 < r < n, and e, ,..., e, nonzero integers, is called a linear 
resolvent polynomial. 

The coefficients of a resolvent polynomial R(F, f) are algebraic integers 
which are symmetric functions of the zeros a, ,..., a, off, hence these coef- 
ficients are rational integers. We shall now assume throughout that the 
zeros of R(F, f) are distinct, for if not, we may apply an appropriate 
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Tschirnhaus transformation to f preserving the Galois group, then recom- 
pute RV’, f). 

Gal(f) acts on the set of zeros of R(F, f) by permuting the {a,). As the 
zeros of R(F, f) are distinct this action is equivalent to the action by 
Gal(f) on Fsn. The orbits of the action by Gal(f) on the zeros of R(F,f) 
are precisely the sets of zeros of the distinct irreducible factors (over Q) of 
R(F, .f ). 

For a group G acting on a finite set S we call the partition of ISI induced 
by the lengths of the orbits of S under G the orbit-length partition of S 
under G. Thus we have 

PROPOSITION 1. The orbit-length partition of Fsn under Gal(f) is the 
same as the partition of deg( R(F, f )) induced by the degrees of the 
irreducible .factors of R(F, f ). 

The resolvent polynomial R(F, f) can be constructed by expanding 
R(F, .f) symbolically in the zeros off and then determining the coefficients 
of R( F, f) as polynomials in the coefficients ofJ Unfortunately, unless 
deg(R(F, f)) is small or f is sparse, this leads to very extensive symbolic 
manipulation. However, if we use this method, we get an explicit formula 
for the coefficients of R(F, f) in terms of the coefficients of$ Such formulae 
have been published for certain resolvent polynomials in [ 1,4, 5, 111. 

W',f) can also be formed using high-precision numerical 
approximations to the zeros off: If the coefficients of R(F, f) are deter- 
mined to within an absolute error less than 4, then these coefficients are 
determined exactly by rounding. Stauduhar [ 141 employs this method. 

The results presented here form part of the first author’s Master’s thesis 
[ 131 in which he details a new, practical, exact algorithm to construct 
linear resolvent polynomials. This algorithm does not expand the resolvent 
symbolically in the zeros off. 

To factorize R(F, f) we use Hensel’s method (see [ 171). Alternatively, 
one can often determine candidates for factors of R(F, f) by using 
numerical approximations to the zeros of R(F, f ). 

Often (see, e.g., [ 1, 6, 9, 141,) resolvent polynomials are used to deter- 
mine if Gal(f) is contained in some given proper subgroup G of S,. If F is 
chosen so that G = stab,J F), then R(F, f) has a linear factor if and only if 
Gal(f) is contained in some conjugate of G in S,. Although linear factors 
are easy to find, they give information only about the Galois group’s con- 
tainment in one group and its conjugates. The complete factorization of a 
well-chosen resolvent polynomial can often determine Gal(f) among 
possible candidates. 
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3. LINEAR RESOLVENT POLYNOMIALS 

Linear resolvents form a general class of useful resolvent polynomials for 
f(x) of any degree. Often the factorization of linear resolvents of relatively 
low degree can be used to determine Gal(f). We may use linear resolvents 
to determine the orbit-length partition of r-sets or r-sequences under 
Gal(f) (1 <r<n). 

A subgroup G of S, acts on the (:) r-sets contained in {l,..., n}, where 
the action is defined by {i, ,..., ir}p = {i, P ,..., irP} for all P E G. Now let 
L=x,+ . . . + x,. It is clear that the action of G on Lsn is equivalent to the 
action of G on the r-sets contained in { l,..., n >. Thus the factorization of 
R(L, f) determines the orbit-length partition of r-sets under Gal(f). 
Erbach, Fischer, and McKay [S, lo] suggest using resolvents of this type 
in order to determine the transitivity of Gal(f) on r-sets. The following 
remark is of interest: for f irreducible and n = rs, r, s # 1, R( L, f) has t 
irreducible factors of degree s if and only if Gal(f) has t systems of 
imprimitivity of s blocks of size r. 

A subgroup G of S, acts on the n!/(n - r)! r-sequences of distinct 
elements of { l,..., n > where the action is defined by (i, ,..., i,)’ = 
(il P,..., i,P) for all PEG. Now let L=e,x, + ... +e,x,, where e ,,..., e, are 
distinct nonzero integers. Now suppose R(L, f) has distinct zeros, then 
R(L, f) is reducible if and only if Gal(f) is not r-ply transitive. There is 
also a simple field-theoretic interpretation to the factorization of R( L, f). 
Let 6=e,a,,+ “‘erurP, P E S,,, be a zero of R(L, f). We see that 

stab w db I= fi stabG,,,f,(a,p); 
i= I 

hence Q(6) = Q(alP,..., a,,). The degrees of the irreducible factors of 
R(L,f) correspond to the degrees over Q of nonconjugate subfields of 
spl(f) generated by r-sets of the zeros off: For irreducible f and r = 2, we 
note that R(L, f) has irreducible factors all of degree n if and only if 
Q(aj) = Q(u,) for all 1 < i, j< n if and only if spl(f) = Q(ai) for all 1 < id n 
if and only if Gal(f) is a regular permutation group. We also note that if 
r = n - 1 or r = n, then R(L, f) has degree n! and spl(f) = Q(b) for each 
zero b of R(L, f). 

For the transitive permutation groups G of degree 3 to 7, Table I con- 
tains the orbit-length partitions of r-sets (r up to t degree of G) and 2- 
sequences (with distinct elements) under G. This table was computed by 
Butler using the group-theoretical computer language CAYLEY [3]. For 
irreducible f of degree up to 7, Table I is used to determine candidates for 
Gal(f) given the factorization of a linear resolvent which determines the 
orbit-length partition of r-sets or 2-sequences under Gal(f ). 
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TABLE I 

Orbit-length Partitions of Sets and Sequences under G 

G 2-sets 3-sets 2-sequences 

Degree 3 
+A, 

s3 

Degree 4 
Z4 

+ v4 
D4 

+A, 
s4 

Degree 5 
fZ5 
+D, 

F?O 
+A5 

s5 

Degree 6 
26 
s3 
D6 

+A, 
G18 
G 

+ s:;v, 
S4l-G 
G:, 

+ G:e 
G 

+ P?LL2(5) 
G72 
PGU5) 

+A, 
S6 

Degree 7 
+z, 

4 
+Fz, 

F 
+ PZL,(2) 
+A, 

s, 

2,4 43 
2’ 43 
2,4 4. 8 
6 12 
6 12 

52 
5’ 
10 
10 
10 

Y 
102 
20 
20 
20 

3. 6= 2, 6’ 65 
33. 6 2, 6’ 65 
3, 6* 2, 6, 12 6, 12’ 
3, 12 4’, 6* 6, 122 
639 2, 18 6’, 18 
3, 12 6*, 8 6, 122 
3, 12 42, 12 6, 24 
3, 12 8, 12 6, 24 
639 2, 18 12, 18 
6,9 2, 18 12, 18 
3, 12 8, 12 6, 24 
15 lo* 30 
679 2, 18 12, 18 
15 20 30 
15 20 30 
15 20 30 

73 75 76 
73 73, 14 143 
21 72,21 212 
21 14.21 42 
21 7, 28 42 
21 35 42 
21 35 42 

32 
6 
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The notation for the group names is similar to that of McKay [IO], who 
gives group generators. A,, is the alternating group of degree n; S,, is the 
symmetric group of degree n; Z,, denotes the cyclic group of order n; I’, is 
the four-group: D,, denotes the dihedral group of order 2n; F,, denotes a 
Frobenius group of order n; G, denotes a group of order n. If A and B are 
groups then A/B means that A is represented on the cosets of B in A. 
Groups preceded by “ + ” are groups of even permutations. 

EXAMPLE. Consider f(s) = X’ - 14.~’ + 56.~” -56-u + 22; disc(f) = 
26710. . .f is irreducible over Q. We compute and factorize 
R = R(x, + .x2 + x3, f) of degree 35 to determine the orbit-length partition 
of 3-sets under Gal(f). Factorizing R into irreducible factors over Q, we 
find that R = R, R?R,, where 

R, = x7 - 28x5 + 224x3 - 448.x + 94, 

R2 = x7 - 28x5 + 224x3 -448.x + 192, 

and 
R, =x2’ - 84x” + 2436.x” - 31136~‘~ + 6358.~‘~ + 203840~‘~ - 84392x” 

- 733824.~” + 420728x” + 1480192.~~ -988064x8 - 1652036x’ 

+ 11 38368x6 + 986496.~~ - 62092%~~ - 284032.~~ + 137984.~’ 

+ 27104~ - 10648. 

R has distinct zeros and its factorization shows that the orbit-length par- 
tition of 3-sets under Gal(f) is 7*, 21. From Table I we see that Gal(f) is 
F,, , the Frobenius group of order 21 on 7 letters. 

Remark 1. The ability to compute linear resolvents efficiently [ 13) 
allows us to compute certain useful quadratic resolvents. When R(F, f) is a 
resolvent such that FP= -F for some PE S,, we see that R(F2,f)(x2) = 
R(F,f)(x). For example, suppose deg(f) = 5 and Gal(f) is either F,, 
or S,. We compute and factorize R = R( (x, + .x2 -x3 -x4)*, f) of degree 
15, using a linear resolvent, .to distinguish between these candidates. Now 
Gal(f) = F20 if and only if R is reducible. In this case R has irreducible fac- 
tors of degrees 5 and 10. 

Remark 2. For n = deg(f) = 3, 4, 5, 7, the conjugacy class in S, of 
transitive Gal(f) is determined completely by the “squareness” of disc(f) 
and the orbit-lengths of the action of Gal(f) on 2-sets, 3-sets, and 2- 
sequences, with the exception of distinguishing F20 from Ss (but this has 
been taken care of in Remark 1). 

For degree 6, all the transitive groups can be differentiated by disc(f) 
and the orbit-lengths on 2-sets, 3-sets, and 2-sequences except to dis- 
tinguish S,/Z, from G,, , G& from G72, and PGL,(S) from S,. We briefly 
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outline a suitable technique to distinguish these groups. We assume that all 
polynomials discussed have distinct zeros. 

Let d be the squarefree part of disc(f), and g(x) be a manic irreducible 
factor of a resolvent polynomial R(F, f) such that F,(a, ,..., a,) is a zero of g 
for a specific Fj E Fsn (a, ,..., a, the zeros off). Define gd(x) to be the manic 
integral polynomial of degree 2 x deg( g) having the zeros b, f d”‘, where 
the b, run through the zeros of g. The following are equivalent: 

(1) stab,,,,j,(Fj) is a subgroup of A,. 

(2) Q(Fj(u, )...> a,)) contains Q(d”*). 

(3) g, is reducible (see [16, pp. 12661271; also see [13] for com- 
putational details). 

Now suppose n = 6 and R = R(x, + xa +x3, f) of degree 20. 
Suppose Gal(f) = S,/Z, or G,,. Let g be the manic irreducible factor of 

degree 12 of R. Then Gal(f) = S$Z, if and only if g, is reducible. 
Suppose Gal(f) = G& or G,, . Let g be the manic irreducible factor of 

degree 2 of R. Then Gal(f) = G& if and only if g, is reducible. 
Suppose Gal(f)=PGL,(S) or S,. Let g= R. Then Gal(f)=PGL,(S) if 

and only if g, is reducible. 

4. POLYNOMIALS WITH GIVEN TRANSITIVE GALOIS GROUPS 

It is an unsolved problem whether any permutation group can appear as 
the Galois group of a polynomial over Q. For each solvable group G it is 
known that there exists a polynomial f such that Gal(f) = G (see [ 121); 
however there has not yet appeared a practical general method of con- 
structing an f from any given solvable G. 

For each transitive permutation group G of degree 3 to 7, we have com- 
puted a polynomial f(x) such that Gal(f) = G. These polynomials appear 
in Table II; z, denotes a primitive nth root of 1. 

For each polynomial f in Table II we have proved that Gal(f) is the 
group indicated. Many of the polynomials f are constructed so that spl(f) 
is contained in some known field. The methods of doing this include con- 
structing f to be a resolvent polynomial, constructing f to be a composite 
polynomial, or if Gal(f) is to be cyclic, by constructing f such that spl( f) 
is contained in Q(z,), p prime. This knowledge about spl(f) is used to 
reduce or eliminate the work necessary to determine Gal(f ). The only 
polynomials whose Galois groups are determined using other information 
than the splitting field, cycle types, or discriminant are those f with 
Gal(f) = D,, D,, Fz,, or P,!&(2). These exceptions are proved to have the 
group indicated by using the factorization of appropriate linear resolvent 
polynomials (cf. Table I). 



TABLE II 

Polynomials f(x) Such That Gal(f) = G 

G Disc(f) I(x) Remarks 

Degree 3 
+A> 

s3 

7’ 
-2233 

Degree 4 
24 

+ v4 
04 

+A4 
S4 

53 x4 + x3 + x* + x + 1 
2" x4+ 1 
-2” .x4 - 2 
2'234 x4+8.x+ 12 
229 x4+x+ 1 

Degree 5 
+z5 
+D, 

Fzo 
+A5 

s5 

II4 
2'25b 
2'5' 
2165' 
19.151 

.rs+x4-4x3 - 3.x? + 3s + 1 spun = Q(=r, +=,I) 
x5- 5.x + 12 
.x5+2 
x5 -I- 20x + 16 
x--.x+ 1 

Degree 6 

Z6 
s3 
De 

+A 
G,, 
G24 

+ s4/ v4 
U& 

-75 
-*My21 
-21136 
2638 
-3" 
-263" 
262292 
229' 

x6+x5 +x4+x3 i x2 + .Y + 1 spl(,f) = Q(z,) 
x”+ 108 spl(.f) = spl(x’ + 2) 
x6+2 
x6-3x:-1 spl(f) = spl(x4 + 8.~ + 12) 
+6+3x3+3 
x6- 3x' + 1 Gal(.u’- 3x + 1) = A3 
x6-4x2- 1 spl(f) = spl(x4+ x + 1) 
.~6-3x5+6x4-lx3 spl(f) = spl(x4t x + 1) 

+ 2x2 + x - 4 
c:, 

+G, 
G48 

+PSL*(S) 

2'3' sb+ 2x3 - 2 
2'03654 s'+6~~+2.~~+9x~f6~-4 f(x)=(x3+3.x+1)*-5 

G72 
PGL>(S) 

+& 
S6 

-2115272 x6+2x2+2 
2365" x6 + 10x5 + 55.x4 + 140x3 spl(.f) = spl(z? + 20x + 16) 

+175x2+ 170x+25 
-2'133 .r6+2X4+2X3+x*+2.~+2 f(x)=(x3+x+ 1)2+ 1 
SZ019’1513 x6 + 10x5 + 55x4 + 140x3 spl(f)=spl(x5-x+ 1) 

+ 175x2 - 3019x + 25 
2'63656 x6 + 24x - 20 
- 101.431 x6+.x+ I 

Degree 7 
+z, 172296 x7 + x6 - 12x5 - 7.x4 + 28.x3 spl(f) = Q(z29 + z;; + ~~9’ + ~29’~) 

+14x2-9x+1 

4 -3619 1’ + 7x3 + 7x2 + lx - 1 

+F21 267'o .x7-14x5+56x3-56x+22 
F42 -2677 x7+2 

+PsL3(2) 78172 x7 - 7.x’ + 142 - 7.x + 1 
+A, 3678 x7+7x4+14x+3 

s7 - 11.239.331 .x+.x + 1 

spl(f) = Q(35) 

spl(f) = Q(--s) 
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Given G, to find manic integral f(x) such that Gal(f) = G, where it is 
nontrivial to construct an appropriate splitting field, we do computer 
searching. If G is a group of even permutations, we first seek f such that 
disc(f) is a square. We also search for f such that, for all primes p in a 
fixed set, either pldisc(f) or the degree partition of fmod p is the cycle 
type of some permutation in G. 

There has recently been interest in polynomials with R%,(2) as Galois 
group over Q [S, 8, 151. The new example in Table II has the property that 
its discriminant, 7x172, is the smallest discriminant of any manic integral 
polynomial with Galois group P&C,(2) over the rationals of which the 
authors are aware. We are unable to determine if this example fits into 
LaMacchia’s [S] parametric family. 
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