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Quasi-derivation relation

1. Introduction/main theorem

Let n > 1 be an integer. For each index set (ki,kz,...,k,) of positive integers with k; > 1, the
multiple zeta value (MZV for short) is a real number defined by the convergent series

1
;(k1,k2,...,kn): Z m

my>my>->my>0 My My" -+ My

We call the number kq + - - - + ky its weight and n its depth.

Through this paper, we employ the algebraic setup introduced by Hoffman [4] to study the quasi-
derivation relation for MZV’s. Let $ = Q(x, y) denote the non-commutative polynomial algebra over
the rational numbers in two indeterminates x and y, and let S and §° denote the subalgebras
Q+ 9y and Q + x$Hy, respectively. The Q-linear map Z : §° — R is defined by Z(1) =1 and

Z(xkl_lyka_ly .. .xk”_ly) = 4(1(1, kz, ey kn)
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The degree (resp. degree with respect to y) of a word is the weight (resp. the depth) of the corre-
sponding MZV.

In Zagier's paper [11], it is conjectured that the dimension of the Q-vector space generated by
MZV’s of weight k is di, the number determined by the recursion dg =1, d; =0, d, =1 and d, =
dk—o + dyg_3 for k > 3. Goncharov [3] and Terasoma [10] proved that the number dj gives the upper
bound of the dimension of the Q-vector space generated by MZV's of weight k. The number dj, is far
smaller than the total number 2¥=2 of indices of weight k, hence there should be several relations
among MZV’s. In the present setup, finding a linear relation among MZV’s corresponds to find an
element in ker Z.

Before stating the main theorem, the derivation relation for MZV’'s, which appeared in Ihara,
Kaneko, and Zagier [5], is introduced. A derivation 9 on $) is a Q-linear endomorphism of $ sat-
isfying the Leibniz rule d(ww’) = 3(w)w’ + wd(w’). Such a derivation is uniquely determined by its
images of generators x and y. Let z=x+ y. For each n > 1, the derivation 9, : $§ — $ is defined by
9.(x) =xz" 1y and 9,(y) = —xz"'y. It follows immediately that 9,($) c H°.

Fact 1 (Derivation relation). (See [5].) For any n > 1, we have 8,($°) C ker Z.

The following extension of the operator 9, was first defined by Kaneko [6]. He modified the for-
mula

_ 1 n—1
= gy 2O )

in [5], where 0 stands for the derivation on $ defined by 6(x) = %(xz + zx) and 6(y) = %(yz + zy),
and ad(9)(3) =6, 8] := 69 — 96.

Definition 2. Let c € Q and H the derivation on $) defined by H(w) = deg(w)w for any words w € .
For each integer n > 1, the Q-linear map Béc) 1 9 — 9, which we call the quasi-derivation (with
respect to n and 6(© for the given c € Q) in the present paper, is defined by

1 n—1
39—~ ad(p©@ 3),
n (n—l)!a ( ) (91)

where 6© : § — § is the Q-linear map defined by 6(© (x) = 0(x), ©(y) =0(y) and the rule

0@ ww') =09 w)w' + wo© W) + cd; (w)H(w") (1)
for any w, w’ € §.

If ¢ =0, the quasi-derivation 8,56) is reduced to the ordinary derivation dy. If ¢ 20 and n > 2, the
operator B,Sf) is no longer a derivation. Although the inclusion B,Ef) (9) € $° does not hold in general,
we have BT,(C) (9% c $° as will be shown in Proposition 11. Then, the main result of the present paper,
which we call the class of the quasi-derivation relation, is stated.

Theorem 3. For any n > 1 and any c € Q, we have 3,50 (9% C ker Z.

When c is viewed as a variable, B,EC)(W) (w e $9) is a polynomial in ¢ of degree n — 1. Then,
Theorem 3 implies that each coefficient (which is in $°) with respect to ¢ of 39 (w), n > 1, w € $°,
gives a relation among MZV's. We find that the derivation relation is the constant term of the quasi-
derivation relation as a polynomial in c. Hence, we have V3 C V@), where Vy = (d,(w) |n > 1,
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Table 1

weight k 3 4 5 6 7 8 9 10 11 12 13 14
L= 2 4 8 16 32 64 128 256 512 1024 2048 4096
dy 1 1 2 2 3 4 5 7 9 12 16 21
dimg (V)i 1 2 5 10 22 44 90 181 363 727 1456 2912
dimg (V5 )k 1 2 5 10 23 46 98 200 410 830 1679 .
dimg(Vo)k 1 2 5 10 23 46 98 199 411 830 1691

dimg (V o)k 1 2 5 10 23 46 98 200 413 838 1713

dimg (V, )k 1 2 5 12 25 55 113 235 480 977 a0

dimg (V gy )k 1 3 6 14 29 60 123 249 503 1012

we 350)@ and Vye = (3,50(w) In>1, wen? ce Q)q@, and the derivation relation is again shown
to be a class of relations among MZV’s.

Let Vo and Vo denote the Q-vector spaces generated by Ohno’s relation [8] and by the linear
part of Kawashima'’s relation [7], respectively. We also denote the Q-vector space generated by the
union of the linear part and the degree-1 part of Kawashima’s relation with the products of MZV’s
expanded linearly according to the harmonic product rule (resp. the iterated integral shuffle product
rule) by Vi, (resp. Vi, ). For the statement of the degree-1 (or the algebraic) part of Kawashima’s
relation, see [7, Corollary 5.4]. The harmonic product rule is given in [4] or in the next section of this
paper for example. The iterated integral shuffle product rule is introduced in [9] for example. Table 1
gives the dimension of weight-k part of each Q-vector spaces in the left-hand column, together with
the numbers dy, the conjectural dimension of the space generated by MZV's of weight k, and 2¥—2, the
total number of indices of weight k. Computations were performed using Risa/Asir, an open source
general computer algebra system.

In Table 1, (W), denotes the weight k part of the vector space W. We see that the sequence of
the column ‘dimg (V)" equals to 2k=2 _ g, which suggests that the whole set (or, more precisely,
the union of the linear part and the degree-1 part) of Kawashima'’s relation is enough to reduce the
dimensions of the space generated by MZV’s to the conjectural ones.

Further experiments using Risa/Asir enable us to find some facts or expectations. For example, the
sequence of the column Vo’ appears again as the sequence of following three spaces, Ve + Vo,
Vae + Vo, and Vo + Vo, up to weight 13. Hence, Table 1 implies that three spaces V), Vo and
Vo coincide up to weight 9. In addition, from weight 10 to 13 (and probably for higher weights),
Vae and Vo are different spaces but both are contained in Vo properly.

The Q-vector space V¢ is known to be equivalent to Vy + V, where V; denotes the QQ-vector
space generated by the well-known duality formula, which is stated in Section 2. A proof of this
equivalence was given in [1] and is reviewed in Appendix B. Kawashima showed in [7] that V; C Vgo.
We also have V. C Vo, which is shown in the present paper. Although Table 1 and further exper-
iments stated above suggest that two spaces V4. + V; and Vo are equivalent, we can only show
one side inclusion, V4. + V¢ C Vo, herein.

2. Proof of main result

The main theorem (Theorem 3) is proven by reducing the theorem to the following Kawashima’s
relation.

Let zy = x*~1y for k > 1. The harmonic product *: H! x ' — §! is a Q-bilinear map defined by

the following rules:

(i) Forany we !, 1sw=wx1=w.
(i) For any w, w' € $' and any k,1>1,

Zew * Zw' =z, (W % W) + 1 (zkw * W) + Zp (W w).

This is, as shown in [4], an associative and commutative product on .
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Denote by ¢ the automorphism of §) defined by £(x) =x+y and &€(y) = —y. For any w € £, define
the operator Ly, on § by Ly, (W) =ww’ (W' € §). Next, the linear part of Kawashima’s relation [7,
Corollary 4.9] is stated using the notation of the present paper.

Fact 4 (Kawashima’s relation). Lye(y * $Hy) C ker Z.

Let T be the anti-automorphism of §) defined by 7(x) = y and 7 (y) = x. The duality formula states
that (1 — 7)($°) c ker Z. To prove Theorem 3, the inclusion

9 (5°) C TLye(Hy % HY) (2)

is shown. In [7], Kawashima proved that Kawashima’s relation contains the duality formula:

(1-1)(9°) C Le(Hy * HY),

and hence,

RHS of (2) = (1 — (1 - 7)) L& (§1y * HY) C Lye(HY * HY).

Therefore, based on Kawashima'’s relation, the inclusion (2) gives Theorem 3.

To prove (2), the following key identity, which involves several operators, is established. For any
w € 9, let Ry, be the operator defined by Ry, (W) = w'w (w’ € §). The operator H,, on $' for any
w e H! given by H, (W) =wsw (w e $H')is also introduced. Put yx = TLys.

Key Proposition 5. For any n > 1 and any c € Q, there exists an element w = w(n, ¢) € $y such that
B,f,c) Xx = xxHw on $'. In other words, the following commutative diagram holds:

ﬁ]gﬁl

xxl lxx

57)0 - > 5;')0
a5

The proof of this proposition is the technical core of the present paper and will be carried out in
the next two sections. In addition, various beneficial properties of operators, including the commuta-
tivity of 8\”s, are proven.

Assuming Key Proposition 5, the proof of Theorem 3 proceeds as follows. First, note that it is
sufficient to prove the inclusion 8,56)(x55y) C xx(Hy * Hy) instead of (2) because H° = Q + xHy
and 8,(16) (Q) = {0}. Take any wg € x§y. Since € is an automorphism of § and e(y) = —y, we have
Xx(Hy) = x9y, and hence, there is an element wq € $y such that wo = yx(wq). By Key Proposi-

tion 5, there exists w; € Hy satisfying a,§c’ Xx = XxHw,. Therefore, we have

R (Wo) = 8 xu(W1) = XaHw, (W1) = Xx(W2 % W1).

This proves (2) and Theorem 3 is established.
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3. Commutativity of 3\°

To prove Key Proposition 5, several properties of various operators are needed, and that the differ-
ent a,ﬁc) commute with each other must first be proven.

Proposition 6. Let c € Q. For any n,m > 1, we have [8(6), 3,5?] =0

As mentioned earlier, the operator 8,.(,0 is no longer a derivation if ¢ #0 and n > 2 and does not
satisfy the Leibniz rule, instead, satisfying the rules such as

857 (ww') = 9,7 (w)w’ + way? (W) +cd\” (w)a|” (W),
1 3
3 (ww') = 09 (wyw’ + wal? (w') + Ecagc)(w)a]“)(w/) + ica]‘c)(w)af)(w/)
2
299" (w)a @ (w,

for any w, w’ € ), which can be checked using the definition of the operator 8,25) and Proposition 6.
The subalgebra A© of linear endomorphisms of §) generated by &, #© and H (and hence, 3\ € A©)

has the structure of Connes-Moscovici’s Hopf algebra introduced in [2], which is helpful to calculate

such rule of 3\,

To prove Proposition 6, the following several operators are needed. Recall the left and right multi-
plication operators are both additive as well as multiplicative (L, = LwL,») and anti-multiplicative
(Rww = Ry Ryw), respectively.

Definition 7. Let ¢ € Q. The operators {¢, © Jneo are defined by ¢<C) idg and the recursive rule:

forn>1.

Lemma 8. Forn > 1, let ¥\” = Ry, Ry. The operators {y\” )22, satisfy ¥\” = Ryy and the recursive rule

1
rgf) — — <[9(C) w(c) ] ( .(/,(C) .(//.15(;)1 RZ) _ Cw(c)] 8])
forn>2.
Proof. The lemma is proven by induction on n. The lemma holds for n =1 because Ryy = RyRy.

Assume that the lemma is proved for n. Because of the identities [0©, R,] = Row) + cRyd1 =

2(R Ry + RyR;) + cRyd1 for u =x or y, the recursive rule of ¢(c) and the induction hypothesis,
we have

[6©. v, ] =[6©. Ryg\”5Ra]
R (P(C) [Q(C) R ]+R [H(C) ¢(C) ]Rx-‘r[O(C),R ]¢(C)
= (= 10 5 Ry + Ui Re) + ey

Therefore, the lemma is proven. 0O
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In order to prove Proposition 6, the following general property of a Q-linear map on § is needed.

Lemma 9. A Q-linear map f :  — § satisfying [f, Rx]=[f, Ryl =0and f(1) = 0 is necessarily the zero
map.

Proof. Since f is Q-linear, it is only necessary to show f(w) =0 for any words w € $). Write w =
uquy---up with ug,up, ..., up € {x, y}. Since [f, Ry;1=0 for any 1 <i <n by assumption, we have

fw)= f(ujuz---up) = f(uru - up_Dup =--- = f(Duquz---u, =0. O

Next, the commutativity property of 8,§C)

general statement is shown.

is given. Instead of Proposition 6, the following slightly

Proposition 10. For any n,m > 1 and any ¢, ¢’ € Q, we have [3,5”, 3,(;/)] =0.

Proof. In the following, (A;) and (B;) are shown inductively as (A1), (B1) = (A2) = (B2) = (A3) =

(B3) = (Ag) = -+
Let sgn(x) =1 and sgn(y) = —1.

(An) [0%9, Ryl = sgn) ¥\ for any c € Q and any u € {x, y};
(Bn) [3°, 8,.(6)] =0forany 1<i<nandanyc,ceQ.

Note that if (B;)’s for any n > 1 can be shown, the proposition is shown.

Note the following three considerations. First, the statement (A;) means that, for any w € $ and
any u € {x, y},

R (wu) = 39 (wyu + sgn@)y” (w)
and implies

(cn) [, R,1=0 for any c € Q,

where z=x+y.
Second, let

(Bn.i) [8,(15), a,.“/)] =0forafixed 1<i<nandanyc,c eQ.

Clearly, the statement (B,) is equivalent to the union of (B ;)’s for 1 <i < n. Because of Lemma 9
and [89, a,.("‘ )1(1) =0 by 8\”(Q) =0, each (By;) is equivalent to the statement

B, ) 18, 3,-“/)], Ry]=0 for a fixed 1<i<n, any c,c’' € Q, and any u € {x, y}.

Instead of (By+1), (B;H_“-)'S for 1 <i<n+1 are shown by induction on i.
Third, note that we can consider @[Rz,af),...,a,ﬁ”] as a commutative polynomial ring if (A;)
(hence («;)) and (B;) hold for all 1 <i < n. Let Q[R,, a{”, A 856)](0 denote the degree-i homogenous

part with deg(R;) =1 and deg(aéc)) =d. These assumptions together with the recursive rule (3) give
us the fact

(Br) 6 € QIR 3, ..., 9 ) for any c € Q.
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Based on the above considerations, the proof of (A;) and (B;) is now given. Since [81@, Ryl(w) =

B;C)(wu) - Bl(c)(w)u = WB;C) u)=R (w) for w e $ and sgn(u)x//l(c) = sgn(u)Ryy = Ra]@(u) for any

8 w)

u € {x, y}, the statement (A1) holds. The statement (Bq) is trivial because 81@ = Bl(c/) = 07 for any
c,c €Q.

Assume that (Ap) (hence (o)) and (B,) are proven. By the definition of 9©

n+1°

n[a“)

w1 Ru] = ([0, 0:7], Ru.

Using Jacobi’s identity, the right-hand side equals
([ Ru], 091 = [[Ru, 0], 85" ].
By (An) and [0©, R,] = Rg(uy +cRy 01 for u € {x, y}, this yields
—sgn()[¥i”,0©] + [Row) + cRudr. 3.

Using Row) = 3(RzRu + RuR;), (otn), and (By),

1
[Row + cRudn. 8] = 5 (Re[Ru. 9271 + [Ru. 0 ]R2) + [ Ru 05 ]1.

Hence, using (A;), we have

sgn(u) 1
[0471. Ru] = == ([9@, va’] = 5 Revn” +ya”Rz) - cwff)al) = sgn) Y.,

and therefore (Ap4+1) (as well as (op41)) is proven.

In order to prove (By41), assume that all (Aj)’s (hence («;)’s) for 1< j<n+1 and all (Bj)'s
(hence (B;)'s) for 1< j <n are proven. As mentioned above, (B;HL,.)‘S for 1 <i<n+1 are proven
instead of (B,4+1). Using Jacobi’s identity, we have

[(3a01 0] Rl = = ([0 Ru]. 0,24] = [[Ru. 8,21, (] (4)
for every 1 <i<n+ 1. By (A;) and Lemma 8,
[9, Ru] = sen(@)y” = sgn(u)R Ry
forany 1<i<n+1, any ceQ, and any u € {x, y}, and hence,
— sgn(u)(RHS of (4)) = [Ryd“I Ry, 3.7, ] = [Rys” Ry, 8],

The right-hand side is equal to the sum

Ry$i 3[R s 1+ Ry [0 0y IRe + [Ry. 017 101 R

— Ry [Ru, 8] = Ry [657, 8 TRx — [Ry, 86 R (5)
If i =1, we have ¢>,(f% = (()C/) =idg, and hence,

(43 1] =[5 a1 =0.
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Thanks to (8;) and the identity B(C) B(C) (= 91), we also have

[0, 5] = [0 5] =0,

Thus, in this case, the entire expression (5) turns into
—Ry )y + Ui R+ Ryl i — i Ry (6)

by (A1) and (An+1). Using Lemma 8, 1//1(‘:/) = RyRy and R; = Ry + Ry, we obtain the expression (6)

equals —RyR;¢\” Ry + Ry$\” R, Ry. The right-hand side becomes zero because [R;, \"]1 =0 by (By).
Thus, (Bn+1 1) (as well as (Bp41,1)) is proven.
In order to conclude the expression (5) equals zero for i with 1 <i <n+1, assume that (B;y1,i—1)

(hence (Bn+] i_1)) is proven. We then obtain

[0 0] =0

based on (Bi—1), (Bn+1,i-1), and (an41). In addition, we obtain

[0, ]=0 for1<i<n+1,

by (Bn), (Bs), and (o) (when 1 <i<n+1) or by (8r), (But1.n), and (op+1) (when i =n+ 1). Thus,
in this case, the entire expression (5) turns into

—Ry ULy + U1 R+ Ry v = OBl Ry (7)
by (A;) and (Apy1). Using Lemma 8 and R; = Ry + Ry, we obtain the expression (7) equals

—R qs(C)R SR, + qus(C)R (jz(c)R,< The right-hand side becomes zero because the operators ¢

i—1
,5” and R, commute with one another. Thus, (Bn+] ;) (as well as (By41,7)) holds, and by induction,

we obtain (By41). This concludes the proof of the proposition. O

According to (8y), ¢,§C) commutes with Rz, and so the recursive rule (3) is simplified as

o = ([9@ 9]+ Rz +cang?). ®

Masanobu Kaneko pointed out a formula for ¢<C)

1
R, = —a ad(6)"(R,).

This is shown by using [6©, R;] = Rg(z) + cR;91 and the recursive formula (8).
Using Proposition 10, we also obtain:

Proposition 11. We have 3. (Q - x+ Q- y + $°)  $° for any integern > 1 and any ¢ € Q.

Proof. By Lemma 8 and (A;) in the proof of Proposition 10, we have

R (wu) = 9 Wyu + sgn(w)p @ (wx)y (w9, uelx,y)). (9)
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This implies
5 (Q x+9")cH. (10)

Next, the proposition is shown by induction on n. The proposition holds for n =1 because 81@ = 01.
Assume that the proposition is proven for n — 1. Using Eq. (9), (8,—1), and Br(f)(l) =0, by induction
on the degree of a word, we find that both a,ﬁo(x) and B,EC) (xwy) for any words w € $) begin with
the letter x (hence, using (10), 3\ (x), 3.” (xwy) € $°). In addition, because of (a), we have 3, (z) =
39R,(1) = R,8,” (1) = 0 where z=x+ y, and hence, we have 3, (y) = —9.” (x) € $°. Therefore, the
proposition is proven for n. O

4. Proof of Key Proposition

In this section, the proof of Key Proposition 5 is given.

Denote by 5'3,11 the weight n homogenous part of $'. Recall that z, = x*~1y for k > 1 as defined in
Section 2. Let 20 be the Q-vector space generated by {H,, | w € '}, and 20, the vector subspace of
20 generated by {H, | w € f_)},}. Let 20’ be the Q-vector space generated by {L, Hw [k>1, w e S,
and 20;, the vector subspace of 20" generated by {L; Hw |1 <k<n, we 56,11_,(}. The Q-linear map
AW — 20 is defined by A(Lz Hw) = Hzw-

Remark 12. Here, we show the well-definedness of the map A. Assume that

Z CawlzgHw =0 (e2), (11)

(zg, w)

where the sum is over different pairs of words (z;, w). Applying (11) to 1 € §, we have

Z C(Zk,W)ZkW =0.

(z, w)

Then, for each z;, we have
Z C(zk,w) w=0
w

where the sum is over different words w. Therefore, each coefficient C(,, ) becomes zero, and hence,
Lz ’Hw'’s are linearly independent.

Recall that ¢ € Aut($)) has been defined by €(x) =x+ y, €(y) = —y, the anti-automorphism t on
H by t(x)=y, T(y) =%, and xx = tLxe. Then, we have:

Proposition 13. Let n > 1. Then the following two statements, (C;,) and (Dy,) hold:

(Cn) ET¢T(ICZ1RXT8 € W,;
D) x5 10\ xx = —n(eT¢\?  Rye) € 2, on §'.

n—

By (10), the expression X)jl = a‘rR;l in (D) has a well-defined meaning. According to (D;), there
exists an element w € )y such that

X 01 X = Hu (12)
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which is equivalent to Key Proposition 5 in Section 2. Therefore, Proposition 13 is proven instead of
Key Proposition 5.

Remark 14. Note that w = w(n, ¢) in (12) can be determined as follows. Equation (12) holds on $,
and hence on Q. Since 3, (y) € $° by Proposition 11, R;18,§C) (y) € x$. Hence,

X 0 X (D) = 1 087 () € £T(x) = £(HY) = Hy.
Since ‘H, (1) = w, we have w = X)j]a,gc)(y) (e Hy) by (12).
For the proof of Proposition 13, following lemmata are needed.
Lemma 15. For any X € 20’ and any | > 1, we have [A(X), L] = XL, + Ly X.

Proof. It is sufficient to show the case in which X = L, H,, which follows directly from

[Hzews Lzl =Lz Hwlz + Lz Hw, (13)
the harmonic product rule. O
Lemma 16. For any k,1> 1, we have (A — 1)(20}) L, C QB,;H.
Proof. The proof follows directly from (13). O

Lemma 17. We have (A — 1)(20;) - (2 — 1)(2) C (A — 1)(Qﬂj<+l)forany k,1>1.

Proof. Let d and d’ be the weights of words w and w’, respectively. The assertion (A — 1)(L;, Hw) -

A=D(LzHy) e — 1)(QU;<+,+d+d,) is only necessary to show.

LHS = (Hzew — Ly Hw)(Hzw — Lz Hw)
= Hawszw — Maowla M — Lo Huwszpw' + Loy Huw Lz Hoy
= Hy(wizw)+z@wsw)+ze(wsw) — Lz Hwlzy 4+ Ly Hzow + Lz Hw) Hw
— Loz Hwsgw + Ly Hwlzy Huw
= Hzwizgw) — LaHwszgw + Hzy@owsw) — Lo Hzwsw + Hzwewy — Lz Hwsew
= = D(LgHwigw + Ly Hzwsw + Lz, Hwsw)-
€ RHS.

Hence, the lemma is proven. 0O
Lemma 18. For any X € 20’, we have A(X)(1) = X(1).
Proof. (A — 1)(L;, Hw)(1) =Hzw(1) — L Hw(D) =zew —zew=0. O

Lemma 19. Let X € 2. If X(1) =0and [X, L, ] =0 for any k > 1, we have X = 0.
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Proof. If [X,L,]=0 for any k > 1,
X(Ziy - 21y) =2, X2y =~ Ziy) =+ - = Zgy - -+ 2, X(1) = 0. O

Using their validity and various properties obtained in the proof of Proposition 10, Proposition 13
can be shown as follows.

Proof. In the following, (C;) and (D) are proven inductively as (C;) = (D7) = (C2) = (D2) =
(SETI

Since stqb((f)ths = —Ly € 20), the claim (C;) holds.

Assume that (C,) is proven. Note that we have the equality

R0\ Ry = 81" — ¢\ Ry (14)
based on (A;), Lemma 8, and Proposition 11. Then, we obtain

7lar§6)

[X;lazsC)Xx’ sz] = X; 18,56)

Xxlz, — Lz Xx Xx

= e10\ 0Ly, — TP RyTely, — Lyetd\ V1 + Ly e79” Ryte.  (15)

Note that
ely=1L¢, ely =—Lye, TLly=RyT, TLy = RyT. (16)

Using (16), the first term of the expression (15) turns into —sra,f,‘)RZH Rxte. According to (Ap), (an),
and Lemma 8,

—eT3" Ry 1 RyT& = —€TR it (Rxa,io + qu&,gc_)]Rx)ts.

Again apply (16). Then, two terms cancel and two others combine to the second term on the right in
the statement below it.

[X,;la,ﬁf);(x, Ly]= 6T\ Rytely, — LaeT Ryte.

n

()

This is equal to [A(—eT¢, ;RxT€), L] by Lemma 15 and (Cy,). Moreover,

X1 (1) = (70T — 199 RyT)e(1) = —e79”, RyTe(1)

n—

because of (14) and B,EC)(I) =0. By Lemma 18, this equals —A(e‘rq&(c_)lete)(l). Hence, by Lemma 19,

n
we have (Dn): xy 108" xx = —r(eT@\”, RyTe) on §'.
Next, assume that (Dy) is proven. Using (14) and (Dy), we obtain

et te = 310\ xu + 67O Ryte = (L — 1)(—eT ", RyTe).

According to (B,), we have the expression

n

09 =3 fORm (£ €Q[a.....0°],).

i=0



2032 T. Tanaka / Journal of Number Theory 129 (2009) 2021-2034

Hence,

n n
eTo Rate =61y f{ORuiRyte == et fV1el,,, .
i=0 i=0

By Lemma 17, this is an element of Y i (A — 1)(20})L,,,, ;. Then, by Lemma 16, this is a subset
of 91],/H1. Hence, (Cy41) is proven. O

5. Alternative extension of 9,

In this section, an alternative operator 3,9 is defined instead of a,§° in Definition 2. Several proper-
ties of é,ff)'s are discussed here. In particular, 8,55) and 9,56) give the same class of relations for MZV’s.

Definition 20. Let c € Q and H the same operator as in Definition 2. For each integer n > 1, the
Q-linear map 4.9 : § — $ is defined by

~ 1 ~ _
() (c)yn—1

oy = ———ad(0 0
" (n—l)!a( ) %)

where 6© is the Q-linear map defined by 8© (x) = 0(x), §©(y) =6(y) and the rule
6O ww) =0 w)w’ + whOWw') + cH(w)d; (w') (17)
for any w, w’ € §.

The operator ér(f) gives another quasi-derivation operator (with respect to n and 9© for the given
c € Q). The only difference between 0 and 0‘© is the order of H and ; appearing in the right-hand
side of (1) and (17).

Lemma 21. For any ¢ € Q, we have §© =09 + ¢a; (H — 1).
Proof. Calculate the recursive rules for both sides. O

Proposition 22. For any n > 1 and any ¢ € Q, we have 3\° e Q[al(fc), L.

Proof. The proposition holds for n =1 because él(c) = 81(_6) = 07. Assume that the proposition is
proven for n. Using Lemma 21, we obtain

nd\, =169, 1=[6"9 +car(H — 1), 8,7 = [679, 5,7] + c(n — 115"
Hence, by induction, the proposition holds for n+1. O
Example 23. The polynomials in Proposition 22 can be constructed explicitly. For example,
A(0) (=0) 2
9, =0, " +coy,
30 =357 4 2c31957 + 23,

A - 7 - 2 (=02 -
0 =0, 7+ gendy O+ ooy O+ 3c%0fay O+ ot
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Corollary 24. For any rational numbers c, ¢/, and any positive integers n, m, we have [B,EC), §,$$ /)] =0.
Proof. The proof follows immediately from Propositions 10 and 22. O
Lemma 25. For any rational number c, we have §© = 169,

Proof. By direct calculations, each image of x and y of $ coincides. Write w = wiw, where wj
and w; are words of $) with deg(w;) >1,i=1,2. Then,
10797 (w) =1079 (T(W2) T (W1))
=7(0TT (W) T(W1) + T(W2)0 "V T(W1) — chrT(W2)HT (W)
=w1t097(Wy) + 10T (Wi)wy — cTHT (W1)T1T(W2).
Use THT = H, 7017 = —07 to complete the proof. O

Proposition 26. For any integer n > 1 and any rational number c, we have Q,SC) =-7 E)r(fc)t.

Proof. The proof is given by induction on n. The proposition holds for n = 1. Assume that the propo-
sition is proven for n. Using Lemma 25, we have

(4 D3, = [09.5] = ~[10 0, 13 r] = 1[99 5] = nral .

Thus, the proposition holds for n+1. O

By Proposition 26, we have é,f,c) (5% ckerZ for any n > 1 and any c € Q, which assigns the same
space to Theorem 3 because of Proposition 22.

Appendix A. A new proof of the derivation relation

In the case of ¢ =0 in Theorem 3, we have an alternative proof of the derivation relation for
MZV’s, reducing to Kawashima’s relation. For this, we introduce certain automorphisms on the algebra
9 =Q(x, y). (See [5] for details.) Let @ be the automorphism on $) defined by @ (x) =x and ®(z) =
z(1+ y)~1. The automorphism & satisfies

1 1
——xw=——0(w)
1+y 1+y
for w € ! [5, Proposition 6]. Let A be exp(Z@1 %“) which is the automorphism on § char-

acterized by A(x) =x(1 — y)~! and A(z) = z. Then, we have @ = ¢Ag on $. This implies that
H 1 =ely'ALye on §', the completion of H'. Hence, (A — 1)(£°) C Lye(Hy * Hy). Expanding the

T+y
exponential map, each degree-i part of A —1 sends $° to Lye($)y * ), and, therefore, the derivation

relation is shown again to be a class of relations of MZV’s according to Kawashima’s relation in Fact 4.
Appendix B. Ohno’s relation and the derivation relation

For n > 1, the derivation D on § is defined by Dy(x) =0, Da(y) = x"y. The map D, = tD,7 is
another derivation on §) such that D, (x) =xy™, Dp(y) = 0. Let

oo oo

[o¢] Dn ~ o0 ~ Dn
O=Zo,=exp ZT , G=Zm=exp ZT .
1=0 1=0

n=1 n=1
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The maps o, & are automorphisms on §). Putting D = Y 2, %, we find D™(x) =0, D™(y) =
(—log(1 —x))™y for m > 1, and hence,

1
o(X) =x, 0(3’)=m}’-

Since the map o is an automorphism,

1 1
/(1—1 kn—1 k1—l kn—l
o(x ceX =X —y-X
( y J’) 1 xy 1 xy

00
:Z Z Xkl*el*]y,,,xknJren*]%

=0 eq+--+ep=l
e1,....en >0

and hence,

al(x"l_lymxk"_]y)z Z Xk1+el_]y-~~xk”+e"_1y.

e1+-+ep=l
e1,....en =0

Thus, Ohno's relation introduced in [8] can be stated as o;(1 — 7)($%) C ker Z for any [ > 0. If [ =0,
Ohno’s relation is reduced to the duality formula.

The automorphisms o, ¢ and A, which has been defined in Appendix A, have a property as
follows. (See [5, Theorem 4(ii)].)

Proposition 27. A =G0 1.

According to this proposition, we have 0 —d = (1 — A)o. Since 6; = 7077 and the duality formula
is included in Ohno’s relation, this identity implies that Ohno’s relation is equivalent to the union of
the duality formula and the derivation relation.
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