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1. Introduction

Let us consider the problem of finding a fixed point of a nonlinear mapping defined on a nonempty closed convex subset
C of a real Hilbert space H. The setting of this problem is so general that it includes a number of important problems such
as convex minimization problems, variational inequalities, saddle point problems, and others. In particular, approximating
the solutions of this problem by iterative schemes has been studied by many researchers, and various types of mappings
have been considered.

Let T be a nonexpansive mapping of C into itself, that is, | Tx — Ty|| < ||x — y|| for every x, y € C. Suppose that the set
F = F(T) of all fixed points of T is nonempty. Halpern [1] introduced the following iteration scheme: x; = x € C and

Xnte1 = pX + (1 — o) Ty
for all n € N, where {«,;} C [0, 1). Wittmann [2] proved the strong convergence of this sequence {x,} to Prx under the
assumptions lim,_, o, &, = 0, Z;’il o, = 00, and Zﬁil lon — anr1| < o0, where P is the metric projection of H onto F.
Moudafi [3] extended it to the following process, which is called Moudafi’s viscosity approximations: x; = x € C and

Xngp1 = anf (%) + (1 — o) Ty

foralln € N, where {«,} C [0,1) and f : C — C is a contraction. See also [4]. It was proved that this sequence
converges strongly to a unique fixed point of Prf under similar conditions to those in [2]. Suzuki [5] considered the
Meir-Keeler contractions, which is an extended notion of contractions, and studied the equivalency of convergence of these
approximation schemes.
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On the other hand, Haugazeau [6] considered the hybrid method and proved the strong convergence of the generated
iterative sequence. See also [7-10] and references therein. Recently, Takahashi et al. [11] proposed a modified hybrid
method, the so-called shrinking projection method, as follows:

x1=x€eC,
G =C,
yn:Txn’

Ci1={z € G tllyn — 2zl = lIxa —zlI},
Xnt1 = PCH-HX

for each n € N. They proved the strong convergence of this sequence to Prx. See also [12,13].

Motivated by these results, we consider viscosity approximations by using the shrinking projection method and prove
strong convergence theorems which extend the results in [11,12]. We also consider semigroups of nonlinear mappings
which extend one-parameter nonexpansive semigroups and obtain iterative methods which approximate a common fixed
point of the semigroup under certain conditions.

2. Preliminaries

Throughout this paper, we denote by H a real Hilbert space with inner product (-, -) and norm ||-|. The set of all positive
integers and the set of all real numbers are denoted by N and R, respectively. We write x, — x to indicate that a sequence
{x,} converges strongly to x as n — oo.

Let C be a nonempty closed convex subset of H. We know that, for every x € H, there exists a unique elementy € C
such that ||x — y|| = inf,<c ||x — z||. We denote y by Pcx, and Pc is said to be the metric projection of H onto C. It is known
that, forx € Handy € C,y = Pcxis equivalent to (x —y,y —z) > Ofor allz € C. We also know that P¢ is nonexpansive.
See [14,15] for more details.

A mapping f of a complete metric space (X, d) into itself is called a contraction with coefficientr € (0, 1) if ||[f (x) — f(¥)||
<r|x—y| forallx,y € C.Itis known that f has a unique fixed point [ 16].

On the other hand, Meir and Keeler [17] defined the following mapping, called the Meir-Keeler contraction. A mapping
f : X — Xis called a Meir-Keeler contraction if, for every ¢ > 0, there exists § > 0 such that d(x, y) < € + § implies that
d(f(x), f(y)) < eforallx, y € X. We know that Meir-Keeler contraction is a generalization of contraction, and the following
result, which extends the Banach contraction principle, is proved in [17].

Theorem 2.1 (Meir-Keeler [17]). A Meir-Keeler contraction defined on a complete metric space has a unique fixed point.

We have the following result, given by Suzuki [5], for Meir-Keeler contractions defined on a Banach space.
Lemma 2.2 (Suzuki [5]). Let f be a Meir-Keeler contraction on a convex subset C of a Banach space E. Then, for every ¢ > 0,
there exists r € (0, 1) such that ||x — y|| > € implies that ||f (x) —fW)|| < r||lx —y| for x,y € C.

Let {C,} be a sequence of nonempty closed convex subsets of H. We define a subset s-Li,C, of H as follows: x € s-Li, G, if
and only if there exists {x,} C H such that {x,} converges strongly to x and such that x, € G, foralln € N. Similarly, a subset
w-Ls,C, of H is defined by the following: y € w-Ls,C, if and only if there exist a subsequence {Cy,} of {C;} and a sequence
{yi} C H such that {y;} converges weakly to y and such that y; € G, foralli € N.If Gy C H satisfies

Co = s-LiC, = w-Ls Gy,
n n
it is said that {C,} converges to Cy in the sense of Mosco [18], and we write C; = M-lim,C,. One of the simplest examples of
Mosco convergence is a decreasing sequence {C,} with respect to inclusion. The Mosco limit of such a sequence is ﬂn“;] Cp.

For more details, see [19].
Tsukada [20] proved the following theorem for the metric projection.

Theorem 2.3 (Tsukada [20]). Let {C,} be a sequence of nonempty closed convex subsets of H. If C¢ = M-lim,C, exists and is
nonempty, then, for each x € H, {Pc,x} converges strongly to P x.

3. A condition for a sequence of mappings

Let C be a nonempty closed convex subset of H, and let T : C — C be a mapping satisfying F(T) # ¢ and

ITx — z|I> < llx —z||*> — alld — T)x|?, (1)

forallx € C and z € F(T), where I is the identity mapping on C and a € R is a fixed coefficient. The class of mappings
satisfying this condition includes a large number of important nonlinear mappings. In fact, letting a = 1, we can show that
all firmly nonexpansive mappings such as the resolvents of a maximal monotone operator, metric projections, the convex
combination of the identity mapping and a nonexpansive mapping, and others, belong to this class if it has a fixed point.
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Further, we have that it is a wider class than that of quasi-nonexpansive mappings by letting a = 0. For more details,
see [9,12].

Ifa > —1, then we know that F(T) is closed and convex; see [9,12]. Moreover, we can see that there exists a mapping
satisfying the inequality (1) with a = —1, and that its set of fixed points is neither closed nor convex.

Example 3.1. Let u € H be such that ||u|]| = 1,andletB={x € H : ||x|]| < 1, (u, x) = 0}. Let Pz the metric projection of H
onto B, and define a mapping T : H — H by

{620
for x € H. It is obvious that F(T) = B\ {0}. Foreveryx € H \ {0} and z € F(T), we have that
ITx —z|I> < lIx = zI* = |4 = T)xI* < lIx — 2> + 1|0 — x|,
since Pgx = Tx and z € F(T) C F(Pg). Let us consider the case x = 0. We have that
ITO —z|I” = llu — zII*> = l|z|I* + [[ul®* = 110 — z|I> + [ — T)0|?
forz € F(T). Hence, forallx € H and z € F(T), we have that
ITx —z|I> < lIx —zI* + |4 = DxII* = Ix — z[> —alld = T)x|)?,
with a = —1. In this case, F(T) is neither closed nor convex. We note that this coefficient is the greatest possible.

If a; < ay, then condition (1) with coefficient a, automatically implies the same condition with a,. Therefore, this
example shows that we can always find a mapping satisfying condition (1) with coefficient a < —1, whose set of fixed
points is neither closed nor convex.

Next, let us consider a sequence of mappings {T,} satisfying F = ﬂ,fil F(T,) # ? and

ITax — 217 < lIx — zII* = @, | (I = T)x|1?

foralln € N,x € C,and z € F, where {a,} is a sequence of real numbers such that liminf, a, > —1. From the above
example, some F(T,) may be neither closed nor convex, since it may hold that a, < —1 for finitely many n € N. Therefore,
F is not guaranteed to be a closed convex set in general. However, we can prove that it is closed and convex if {T,} satisfies
the following condition, which is considered in [12]: for every sequence {z,} inC and z € C, z, — z and T,;z, — z imply
thatz € F.Indeed, let {z,} be a sequence in F converging strongly to zo € H. Then, since {T,z,} is identical to {z,}, they have
the same strong limit z,. Thus, by assumption, zo € F, and hence F is closed. On the other hand, let z;,z;, € F,t € (0, 1),
and w = tz; + (1 — t)z,. Then, we have that

ITaw — zill* < llw —z]1* — ap | — THwl|®
fori = 1, 2. Since these are equivalent to
A+ ap) |Taw —w|? <2 (w—Tyw, w —z),
we get that
A+ ap) ITaw — w|? <2 {(w — Tyw, w — (tz; + (1 — t)z3)) = 0.

Since 1 + a, > O for sufficiently large n € N, we have that {T,w} converges strongly to w, which implies that w € F.
Therefore F is convex.

There are many examples of {T,} which satisfy the conditions above; see [9,12]. Another example which satisfies these
conditions will be discussed in Section 6.

4. Convergence theorems

We deal with a sequence of mappings satisfying the conditions we observed in the previous section. We consider viscosity
approximation methods converging strongly to their common fixed point.

Theorem 4.1. Let C be a nonempty closed convex subset of H, and let {T,} be a sequence of mappings of C into itself with
F = ﬂi; F(T,) # O which satisfies the following condition: there exists {a,} C R with liminf,_,. a, > —1 such that
ITax — z||> < lIx — z||> — an || — T,)X||? foreveryn € N, x € C, and z € F. Let f be a Meir-Keeler contraction of C into itself,
and let {x,} be a sequence generated by

x1=x€eC,
G =C,
_Vn:Tan,

. 2 2 2
Coir1 =1{z € G llyn —zlI° < llxn — zlI° — aq 1% — yall“},
Xny1 = Pe,, f (xn)
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foreachn € N. Assume that, for every sequence {z,}inCandz € C,z, — z and Tz, — z imply that z € F. Then, {x,} converges
strongly to zo € F, which satisfies Pef (zo) = zo.

Proof. As we mentioned in the previous section, F is a closed convex subset of C. Since Pr is nonexpansive, the composed
mapping Pxf of C into itself is a Meir-Keeler contraction on C; see [5, Proposition 3]. By Theorem 2.1, there exists a unique
fixed point z € F of Prf. We have that C, is a closed convex subset of H and ) = F C C,y1 C G, for alln € N. Thus,
{x,,} is well defined. Since the composed mapping Pﬁﬁil c,f is a Meir-Keeler contraction on C, there exists a unique fixed

pointu € ﬂ;’ij C, of Pﬂﬁi1 c,f from Theorem 2.1. Let z, = P, f(u) for each n € N. We get ﬂﬁ; C, = M-lim,C,, since
F C Cy41 C G, forevery n € N. Thus, by Theorem 2.3,
Zn —> P f(u) =u. (2)
N G
n=1

Next, we prove that x, — u. If this were not so, it would hold that lim sup,_, ., [|X, — ul| > 0.Lete > 0, such thate <
lim sup,,_, o l1X, — ull. By the definition of Meir-Keeler contraction, there exists § > 0 with € + 6 < limsup,_, o, [lx, — ul|
such that ||x — y|| < € 4+ § implies that ||f (x) — f(y)|| < € forallx,y € C. From Lemma 2.2, there exists r € (0, 1) such that
lx —y|l > e€+46 implies that ||f (x) — f(¥)|| < ||x — y| foreveryx,y € C.By(2), there exists ng € Nsuchthat ||z, — u|| <8
for each n > ng. As in the proof of [5, Theorem 8], we consider the following two cases.

(i) There exists ny > ng such that |[x,, — u| <€ +3.
(ii) ||x, — ull > € + & for every n > ny.

In case (i), it holds that | xn,+1 — Zn, 41| < |f(xa,) —f@)|| < € since |x,, — u| < € + 8. Thus we get
X1 = ]l < Jn 0 = zna | + 2000 —u| < € +6.
This means that

limsup |[x, —u|| <€+ < limsup ||x, —u] .

n—oo n—oo

This is a contradiction. In case (ii), we have ||f (x;,) — f(u)|| < r ||x, — u|| for all n > ny. Thus we get
X041 = Znall < If n) — F@Il < 7 ll%0 — ull < r(ll%0 — zall + 1z — ul)
for every n > ng. By (2),

lim sup [[x, — zq||

lim sup ||Xp41 — Znt1ll

n—oo n—oo
< rlimsup ||x;, — z|l
n—oo
< limsup ||x, — z4]| .
n—oo

This is a contradiction. Therefore, we get

lim x, = u. (3)
n—oo
Since x,11 = Pc,,.f(xn), we have (f(xn) —Xp1, %41 —y) > 0 foreachy € GCuyq. Using F C Cpyq, we get
(f (xn) — Xpt1,Xnt1 —Y) > Oforeveryn € Nandy € F, which implies that
fw—u,u—-y)=0 (4)

forall y € F. On the other hand, since x,,,; € C,1, we have
1¥n = %41 lI* < %0 — Xng1 1> = @n X0 — yall;
that is,
(1+ap) lyn — %all* < 2 0 — Xn2 Kot — Xn) < 21[Yn — Xal [Xng1 — Xall
for every n € N. Hence, we get
(T+ap) lyn — Xl < 2 {1X041 — Xall,
which implies that

lim y, = nli)nolo ToXp = U (5)

n—-oo

by (3) and liminf,,_, », a; > —1. From (3), (5), and the assumption, we have that u € F. Therefore, u = zy by (4). The proof
is complete. O
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We also get the following result by using the modified shrinking projection method proposed by Qin et al. [21].

Theorem 4.2. Let C be a nonempty closed convex subset of H, and let {T,} be a sequence of mappings of C into itself with
F = ﬂi; F(T,) # @ which satisfies the following condition: there exists {a,} C R with liminf,_,. a, > —1 such that
ITax — z||1> < lIx — z||> — an || — T)X|| foreveryn € N, x € C, and z € F. Let f be a Meir-Keeler contraction of C into itself,
and let {x,} be a sequence generated by

x1=x€eC,

Yn = TuXn,

Ci={zeC:lyn _2”2 =< lIx; _2”2 — ay |lxy _J’n”z}y
C n=1)

G =z e () —Xxa—2) 2 0) (1> 2),

Xn+1 = Pgnquf (%n)
foreachn € N. Assume that, for every sequence {z,}inCandz € C,z, — z and T,,z, — z imply that z € F. Then, {x,} converges
strongly to zy € F, which satisfies Pxf (zo) = zo.

Proof. We have that G, and Q, are closed convex subsets of H and F C C, for every n € N. We prove that F C Q, for every
n € N and that a sequence {x,} is well defined. We have x; = x € Cand F C Q; = C. Assume thatx, € C and F C Qy for
some k € N. Since F C C N Q, there exists a unique element X1 = Pc,ngf (xk), and hence (f (X¢) — X1, X1 —2) = 0
for all z € G, N Q, which implies that (f (xx) — Xk+1, Xkr1 — 2) > Oforallz € F. Thus we get F C Q1. Since Pﬂnoil o.f isa
Meir-Keeler contraction on C, there exists a unique element u € ﬂﬁi] Q; such that Pﬂ;’% of W) = u. Letz;, = Py, (f(uw)).
Since F C Qu4+1 C Qp, it follows from Theorem 2.3 thatz, — u = Pmilan(u). We also have x,;, = Pg, (f (x,—1)) by the
definition of Q,. Therefore, as in the proof of Theorem 4.1, we get x, — u, and we obtain that (4) holds for all y € F, since
F C Q, forn € N, and (5) from liminf,,_, o, a, > —1. It follows that u € F, and therefore we haveu = z,. O

5. Deduced results

We will now present some convergence theorems deduced from the results in the previous section. By Theorem 4.1, we
get the following result [12], which extends that in [11]. Notice that finitely many coefficients in {a,} can be less than or
equal to —1.

Theorem 5.1 (Kimura-Nakajo-Takahashi [12]). Let C be a nonempty closed convex subset of H, and let {T,} be a sequence
of mappings of C into itself with F = ﬂ;’i] F(T,) # @ which satisfies the following condition: there exists {a,} C R with
liminf, oo ay > —1 such that |T.x — z|12 < |lx —zl|> — a, || — T)xX||? foreveryn € N,x € C,and z € F. Let {x,} be a
sequence generated by

x1=x€C,
¢ =¢C,
Yn = Tuxy,

Cir1=1{z€ G : lyn _2”2 < llx, _Z||2 — ay ||xn _yn”z},

Xnt1 = P, (X
foreachn € N. Assume that, for every sequence {z,}inCandz € C,z, — z and Tz, — z imply that z € F. Then, {x,} converges
strongly to zg = Prx.

By Theorem 4.2, we have the following result for the modified shrinking projection method.

Theorem 5.2. Let C be a nonempty closed convex subset of H, and let {T,} be a sequence of mappings of C into itself with
F = ﬂ;"’:] F(T,) # ¥ which satisfies the following condition: there exists {a,} C R with liminf,_,, a, > —1 such that
ITax — 2|1 < Ix — z|I> — an |(I — T)x||? foreveryn € N, x € C, and z € F. Let {x,} be a sequence generated by

x; =x€C,

Yn = Tan, , 5 ,
Co=1{zeC:llyn—2zlI* < llxn —zlI* — an X — ¥all“},

_c n=1)
= {zeQq1:x—%,%—2)>20} (n>2),
Xny1 = Po,nguX

foreachn € N. Assume that, for every sequence {z,}inCandz € C,z, — z and T,,z, — z imply that z € F. Then, {x,} converges
strongly to zg = Pgx.

Using the idea of [ 12, Theorem 4.6], we have the following results for a countable family of nonexpansive mappings.

Theorem 5.3. Let C be a nonempty closed convex subset of H. Let ] be a countable index set and {T; : i € J} a family of
nonexpansive mappings of C into itself such that F = (), F(T;) # @. Let f be a Meir-Keeler contraction of C into itself, and let

i€f
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{x,} be a sequence generated by

x1=x€C,
Gi=¢C,
Yn = TimyXn,

Cop1 =1{z € Gy llyn —zll < llxn — 2lI},
Xnp1 = Pc, . f (Xn)

foreach n € N, where an index mapping i : N — ] satisfies that, for every j € ], there are infinitely many k € N such that
i(k) = j. Then, {x,} converges strongly to zo € F, which satisfies Prf (z9) = zo.

Theorem 5.4. Let C be a nonempty closed convex subset of H. Let | be a countable index set and {T; : i € J} a family of
nonexpansive mappings of C into itself such that F = ﬂiej F(T;) # . Let f be a Meir-Keeler contraction of C into itself, and let
{x,,} be a sequence generated by

x1=x€C,
Yn = lim)Xn,
Ci=A{zeC:|lyn—2zll < llxa — zll},

_Jc n=1)
G =z €Qur: Fu1) =X Xa—2) > 0} (n>2),
X1 = Peynanf (Xn)

for each n € N, where an index mapping i : N — | satisfies that, for every j € |, there are infinitely many k € N such that
i(k) = j. Then, {x,} converges strongly to zq € F, which satisfies Ptf (z9) = zo.

6. Semigroups of quasi-pseudocontractive mappings

In this section, we discuss one-parameter Lipschitz semigroups of quasi-pseudocontractive mappings and a sequence of
mappings generated by the semigroup and prove strong convergence theorems to a common fixed point of a semigroup.

Let C be a nonempty closed convex subset of H. A family § = {T(t) : 0 < t < oo} of mappings of C into itself is called a
one-parameter Lipschitz semigroup of quasi-pseudocontractive mappings with Lipschitz constants {L(t) : 0 < t < oo} ifiit
satisfies the following conditions.

(@) T(s+t) = T(s)T(t) foreverys,t > 0.

(b) IT@®)x —T(@)yll <L) |Ix—yl| forallx,y € Candt > 0.

(€) supg<(<¢, L(t) < oo for some tp > 0.

(d) ITHx —T®z|? < llx —z||> + | — T(t)x||* for every x € C,z € F(T(t)),and t > 0.
(e) For each x € C, the mapping t — T(t)x of [0, c0) into C is strongly continuous.

From (a), we may assume that L(s + t) < L(s)L(t) for all s, t > 0. Thus (c) is equivalent to supy, <, L(t) < oo for every
to > 0. We denote by F($) the set of all common fixed points of §; that is, F(8) = ()., F(T(t)).

Obviously, a one-parameter Lipschitz semigroup of quasi-pseudocontractive mappings is a generalization of a one-
parameter nonexpansive semigroup. Moreover, the following example shows that the family of all the one-parameter
nonexpansive semigroups on C is a proper subclass of the family of mappings satisfying the conditions above.

Example 6.1. Let pg : [0, 2] — [0, 2] satisfy the following conditions.

(i) po is a strictly increasing and belongs to C1([0, 27 ]).
(i) po(0) = 0 and po(27) = 27.
(iii) py(0) = py(27).
(iv) 0 < infyejo.2r) P (6) < SUPgefo,20) Po(0) < 00
For example, a function py : [0, 2] — [0, 277] defined by
—63 + 3702 + 30
212 +3

for 6 € [0, 27r] satisfies these conditions.

Let p : [0, c0) — R be an extension of py satisfying that p(6 4+ 27wn) = po(0) + 27n forevery 6 € [0, 27) and n € N.
Then it follows that p is strictly increasing and p € C!([0, 00)). Define a family of mappings 8§ = {T(t) : 0 < t < oo} on
H = RR? as follows. For t > 0, using polar coordinates, we define a mapping T(t) : H — H by

T()(r,0) = (r, q:(0))

and T(t)(0) = 0, where q,(8) = p(p~1(0) + t). Since q; satisfies that q;(0 + 27n) = q;() + 27n for every 0 € [0, 27)
and n € N, we see that T(t) is well defined for every & > 0 by identifying (r, 6 4+ 27n) = (r,0) in H for everyn € N.

Po(0) =
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For (r,0) e Hand t,s > 0, we have T(t)T(s)(r,0) = T(t)(r, gs(0)) = (r, q:(qs())) and

4:(qs©)) = ¢:((P~1(0) +9))
=p@~ ' @@ O) +9) +1)
=pp~'O)+s+1)
= qes(0).
Thus we have T(t)T(s) = T(t + s) fort,s > 0.
It is easy to see that F(T(t)) = H ift = 2zn for some n € Nand F(T(t)) = {0} otherwise. We have
IT(@&)x —0lI> = IT@x]* = [Ix]I* < [lx = 0] + |4 — T()x|*

for t > 0 and x € H. On the other hand, since the function t — q;(6) is continuous for fixed & > 0, we have that t — T(t)x
is strongly continuous.

For fixed t > 0, let us show that T(t) is Lipschitz continuous. Using orthogonal coordinates with variables (u, v), we
obtain

u

aT(t) (sin& cos q.(9) — g, (0) cos 6 sin qt(9)>

v \sin@sing,(0) + q,(6) cos 6 cos q¢(6)

aT(t) _ (cos6 cosq.(9) + q,(6) sind sinq,(9)
~ \cos@sing;(0) — q;(é’) sinf cosq;(0) )’

Since q; is bounded, so are T (t)/du and 3T (t)/dv for x, y € H. By the mean value theorem, we obtain that T(t) is Lipschitz
continuous.

We also have that {T(t) : 0 < t < oo} is not a nonexpansive semigroup. Indeed, let t; € [0, o) and 6y € [0, 27) satisfy
that 0 < p’(6y) < p'(6p + tp), and let 6; = p(6p). Then we have

_ v P61 +to) P+ to)
4, (60 =p' (™' (B1) + L) (p~ ) (61) = = > 1.
ot v VTP e e P'(6)
Thus we can find d, satisfying 1 < dg < q{o (61). Letting 6, € (64, oo) be sufficiently close to 6, we get
6;) — 0 6;) — 0
to (62) — qry (61) -~ dy and Aty (62) — qry (61) -
0 — 6 IT(to)(1, 62) — T(to)(1, 61l

Then we have
1
IT (t0) (1, 62) — T(to)(1, )]l > Fo(qro(QZ) — qt, (01))
> 92 — 91

> [I(1,62) — (1,001l
Therefore T (ty) is not nonexpansive.

do.

We generate a sequence of mappings satisfying the assumptions in the main results by using a one-parameter Lipschitz
semigroup of quasi-pseudocontractive mappings. For this semigroup, we need the following lemma, given by Suzuki [22],
concerning real numbers.

Lemma 6.2 (Suzuki [22]). Let {t,} and t be a real sequence and a real number, respectively, satisfying liminf, . t;, < 7 <
lim sup,,_, o, tr- Suppose that either lim sup,,_, oo (t,+1 — t;) < 0 or liminf,_, o (t,41 — £;) > 0 holds. Then, t is a cluster point
of {t,}. Moreover, for ¢ > 0 and k, m € N, there exists mg > m such that ]tj - r‘ <eforje Nwithmy <j<mg+k

By this lemma and the method of [22, Theorem 4], we get the following result for one-parameter Lipschitz quasi-
pseudocontractive semigroups.

Lemma 6.3. Let C be a nonempty closed convex subset of H, and let § = {T(t) : 0 <t < oo} be a one-parameter Lipschitz
semigroup of quasi-pseudocontractive mappings on C with Lipschitz constants {L(t)} C [1, oo) such that F = F(8) # (. Let
{t,} C [0, 00) be such that 0 = liminf,_,  t, < So = limsup,_, , tn, < oo and lim,_, o (t,+1 — t,) = 0. Define a sequence
{T,} of mappings on C by

Tox = T (ty) (anX + (1 — ) T (En)x)
foralln € Nand x € C, where \/1 + L(t,,)z/(\/l + L(ty)2 + 1) < ay < 1foralln € N. Then, the following hold.

() ITex — 2|12 < llx — z|I® + an | — T)x||? foralln € N, x € C, and z € F(T(ty)).
(i) If (L — 1)/L < liminfy_, o an, Where L = supg, <, L(t), then ﬂﬁil F(T,) = F and, for a sequence {z,} in C and z € C,
z, — zand Tz, — z imply that z € F.




Y. Kimura, K. Nakajo / Computers and Mathematics with Applications 63 (2012) 1400-1408 1407

Proof. First let us show (i). As in the proof of [23, Theorem 3.1], we have
ITox — zII* < lIx — zII* 4+ Bu [T = T(E)XII* + n [T = To)x|1?

foreveryn € N,x € C,and z € F(T(ty)), where B, = (1 — o) (L(ta) %2 — 2(1 + L(ty)?)atn + (1 + L(t,)?)) for n € N. Since
V14 L2/ (/14 L(t)? + 1) < @, < 1, we have B, < 0,and hence || T,x — z||* < [lx — z||* + a, [|[(I — T)x|1%

For (ii), let {z,} be a sequence in Candz € C suchthatz, — zand Tz, — z.Let0 < ty < spand 0 < 7 < t5. By
Lemma 6.2, there exists a subsequence {t,,} of {t,} such that t,, > 7 foralli € Nand lim;_. t;; = 7; see also [22, Theorem
4]. It follows that

”T(t”i)‘z"i — H = ”Tnizni — Zn; ” + ”Tnizni - T(tni)zﬂi ”
= ”T"izni — Zn; ” + L(ta) (1 — ) Hzni — T(ty)zy; ”
= ”Tnizﬂi — Zn; ” +L(1 = O’”i) ”z”i - T(t”i)‘z”i s

which implies that (1 — L(1 — otn,)) | 2n, — T(tn))Zs, | < | Tizn; — 2n | for alli € N. Since (L — 1)/L < liminf,_, o oy, We get
limi, o0 || 2n; — T(tn))2n; | = 0. We also have

A

”Z”i - T(r)zni ” = ”Z”i - T(t”i)‘z"i ” + ”T(t”i)‘z”i - T(tni)ZH + “T(tﬂi)z - T(T)Z” + ||T(1:)z - T(T)Z”i ”
|z, = T(ta)zn | + 2L |20, — 2| + | T(ta)z — T(7)z

and hence z = T(t)z for every T € [0, tp]. Let t > 0. Then, letting m be a maximum integer not exceeding t/t;, we have
t =mty 4+t — mtyand T(t — mty)z = T(mty)z = z. Thus we get

IA

3

T(t)z = T(mty 4+ t — mty)z = T(mty)T(t — mty)z = z.
Therefore, z € F. From this argument, we get (|,—, F(T,) =F. O

Using this result, we get the following theorems for a one-parameter Lipschitz semigroup of quasi-pseudocontractive
mappings.

Theorem 6.4. Let C be a nonempty closed convex subset of H, and let § = {T(t) : 0 <t < oo} be a one-parameter Lipschitz
semigroup of quasi-pseudocontractive mappings on C with Lipschitz constants {L(t)} C [1, co) such that F = F(8) # (. Let
{ta} C [0, 0o) be such that 0 = liminfy, . t, < So = limsup,_, o, tn < 0o and limy,_, oo (ts+1 — ty) = 0. Let {ay} C R be such
that /1 +L(t,)2/(V1+L(t)2 +1) < a, < 1foralln € N, (L — 1)/L < liminf,_, o oy, and lim sup,,_, ., &, < 1, where
L = supg; s, L(t). Let f be a Meir-Keeler contraction of C into itself, and let {x,} be a sequence generated by

x1=x€C,

G =¢C,

Yn = T(tp) (otnXn + (1 — o) T (1) X)),
Cop1=1{z€C:llyn— Z||2 < [lxn _2”2 + oty [1xn _yn”Z},
Xny1 = PCan(Xn)

foreach n € N. Then, {x,} converges strongly to zo € F, which satisfies Prf (zo) = zo.

Theorem 6.5. Let C be a nonempty closed convex subset of H, and let 8 = {T(t) : 0 < t < oo} be a one-parameter Lipschitz
semigroup of quasi-pseudocontractive mappings on C with Lipschitz constants {L(t)} C [1, oo) such that F = F(8) # (. Let
{tn} C [0, co) be such that 0 = liminfy,— o ty < So = limsup,_, o, tn < 00 and limp_, oo (ty+1 — ty) = 0. Let {ay} C R be such
that /1 +L(t,)2/(V1+L(t)?2 +1) < &, < 1foralln € N, (L — 1)/L < liminf,_, o oy, and lim sup,,_, ., &, < 1, where
L = supg<; <, L(t). Let f be a Meir-Keeler contraction of C into itself, and let {x,} be a sequence generated by

x1=x€eC,

Yn = T(tn) (otnxn + (1 — an) T (tn)xn),

Co=1{z€C:lyn—2zlI> < llxa — zI1* + otn X — yull*},

Q, = ¢ n=1)
Tz e Qi Fxam1) — X, X —2) 20} (n>2),

Xn+1 = Peynonf (Xn)

foreach n € N. Then, {x,} converges strongly to zo € F, which satisfies Prf (zo) = zo.
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