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Abstract

Periodogram ordinates of a Gaussian white-noise computed at Fourier frequencies are well
known to form an i.i.d. sequence. This is no longer true in the non-Gaussian case. In this paper,
we develop a full theory for weighted sums of non-linear functionals of the periodogram of
an i.i.d. sequence. We prove that these sums are asymptotically Gaussian under conditions very
close to those which are sufficient in the Gaussian case, and that the asymptotic variance differs
from the Gaussian case by a term proportional to the fourth cumulant of the white noise. An
important consequence is a functional central limit theorem for the spectral empirical measure.
The technique used to obtain these results is based on the theory of Edgeworth expansions for
triangular arrays. (© 2001 Elsevier Science B.V. All rights reserved.

Keywords.: Periodogram; Functional central limit theorem; Spectral empirical measure;
Edgeworth expansions

1. Introduction

Let (Z;),ez be a white noise with unit variance, i.e., an i.i.d. sequence such that
E[Zy] =0 and E[Z3]= 1. Define the discrete Fourier transform and the periodogram as

dy(x) = (2mn) "' 2> " Ze™ and  L(x) = |dy(x)[.
=1
The Fourier frequencies are usually defined as x; =2nk/n, 1 <k <7 where i=[(n—1)/2]
(the dependency with respect to n will be omitted). It is a well-known fact that if the
variables Z, are moreover jointly Gaussian, then the periodogram ordinates computed at
Fourier frequencies are independent and 27/,(x; ) has a I'(1, 1) distribution. The I'(a, A)
distribution is the distribution with density function I'(a)~'i%x* e (xeR,, a > 0
and A > 0) with respect to Lebesgue measure on R*, and I'(a) = fooo x*~le™dx is
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the Gamma function. Gaussianity and the specific choice of the Fourier frequencies are
the fundamental reasons for this independence. For 0 <k < j <7, it holds that

1 <
Eldy(xi )dn(£x;)] = P Z elttx)) — ().
t=1

The last sum vanishes because of the specific choice of the Fourier frequencies. This
implies uncorrelatedness of the variables d,(x;), hence independence in the Gaussian
case. This latter property no longer holds in the non-Gaussian case. For instance, let
k4 denote the fourth cumulant of Z;. An easy computation yields, for 0 <k < j <1,
V(3. () = 73

The fourth cumulant of a standard Gaussian variable is 0, but it is not necessarily so
for an arbitrary distribution. Nevertheless, the central limit theorem implies that for any
fixed u, and pairwise distinct integers ki, ...,ky, dy(X,),...,ds(xy,) are asymptotically
independent, in the sense that the asymptotic distribution of the 2u r.v.’s

V2rRe{d,(xi,)},  V2rIm{d,(xs)}, ..., V2rRe{d,(xs,)}, V2mIm{d,(x; )}

is that of 2u i.i.d. A7(0, %) random variables. This implies that 2n/,(xy, ), ..., 27l (xk, )
are asymptotically independent exponentials. Anyhow, statistics of interest seldom in-
volve a fixed finite number of periodogram ordinates. Among important problems, we
can mention the following.

1.1. Asymptotic distribution of the maximum

In the Gaussian case, M, = 2nmax;<i<;[,(x;) has a I'(A,1) distribution. Thus,
lim,_o P(M, — log(7)<x) = e ° (the standard Gumbel distribution). Davis and
Mikosch (1999) have shown that this asymptotic property still holds true in the non-
Gaussian case.

1.2. Weighted sums of functionals of the periodogram

Consider real numbers S, such that Zzzl ﬁﬁ . =1 and a function ¢, and define

S (@)= Brsd2nly(x2)).
k=1
In the Gaussian case, as already mentioned, the periodogram ordinates 7,(x;),...,
1,(x;) are i.i.d. random variables, thus S,(¢) is asymptotically Gaussian if E[¢}(Z,(x1))]=
0, E[¢*(1,(x1))] < oo and under the Lindeberg condition

lim max |f,x]| =0.
n—oo 1<k<i

The considerations above make one expect that this result still holds in the non-Gaussian
case. However, no general result of this kind is known. We recall now some previ-
ous results. In the case of a linear functional, i.e., ¢(x) =x, if the weights S, are
proportional to the value of a smooth function g at Fourier frequencies, it is eas-
ily proved, using for instance the martingale Central Limit Theorem as in Robinson
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(1995) or the method of cumulants (see Brillinger, 1981), that ZZZI Pridn(xi) is
asymptotically Gaussian, with an asymptotic variance that depends on 4. For instance,
if Bk =72, then 7~ 12 ZZ:] (2nl,(x;)— 1) is asymptotically Gaussian with variance
1 +1c4/2. In the case of non-linear functionals, very little is known. The first attempt to
derive an asymptotic theory for such sums in the non-linear case is due to Chen and
Hannan (1980) in the case ¢(x)=1logx. They used the technique of Edgeworth expan-
sions for triangular arrays of independent random variables to compute the variance
of A2 22:1 {log(2nl, ) — log2 + y}, where y is Euler’s constant. If g, denotes
the joint density of (Re{d,(x¢)}, Im{d,(xx)},Re{d,(x;)},Im{d,(x;)}), for 0 < k < j <7,
a second-order Edgeworth expansion of g, yields (with the weights S, set equal
to i~ 1/?)

m K 12
var(S,(log)) = = + 5 + O(n~ 2.

Note that n?/6 is exactly the variance in the Gaussian case. The main restriction of
this method is that the existence of the joint density ¢, and the validity of its Edge-
worth expansion require a regularity assumption on the distribution of Z;, which nearly
amounts to the existence of a density with respect to Lebesgue measure. The necessity
of this assumption is not obvious, but in the case of non-regular functionals, some
regularity assumption on the distribution of Z; is needed. If, for instance, the distribu-
tion of Zy has a positive mass at zero, then the log-periodogram cannot be computed.
Recently, Velasco (2000) using the same method, proved a central limit theorem in the
case of the function log and in the particular case where the number of non-vanishing
coefficients f3, is negligible with respect to n. The asymptotic variance is then /6,
the same as in the Gaussian case. The central limit theorem is proved using the method
of moments, and Velasco assumes that E[|Zy|*] is finite for all 5. This is obviously a
strong assumption that one would like to get rid of.

1.3. Empirical spectral distribution function

Another important and unsolved problem was to prove a functional central limit
theorem for the empirical spectral measure, defined as

Fux) =" Tog@nl,(x)). x>0.
k=1

Freedman and Lane (1980) and Kokoszka and Mikosch (2000) proved that under the
only assumption that E(Z?) < oo, Sup, > |Fn(x) — Fi(x)| converges in probability to
zero, where Fi(x)=1—e™" is the standard exponential cumulative distribution function.
Kokoszka and Mikosch (2000) strengthened this result and proved convergence of the
first three moments of 7~/ 2(F,(x) — Fi(x)) under the natural assumptions of finiteness
of the six first moments of Z, (but under the unnecessary assumption that they all
coincide with those of a .4#7(0, 1) distribution) and under the regularity assumption on
the distribution of Z, mentioned above.

In this paper, using the ideas of Chen and Hannan (1980) and generalizing (and
making more formal) the deep ideas of Velasco (2000), we present a full theory for
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weighted sums of (possibly) non-linear functionals of the periodogram of an i.i.d.
sequence, and we solve the above-mentioned problems. We also bring a new tool to
the study of this problem. While the cited authors used Edgeworth expansion of the
joint density of a finite number of discrete Fourier transforms, which necessitates the
regularity assumption, we use the results of Gotze and Hipp (1978) on Edgeworth
expansions for moments of smooth functions. This allows, in the case of smooth func-
tionals, to get rid of the regularity assumption on the distribution of Zy. This, in its
turn, allows to use truncation arguments to also get rid of the assumption of finite
moments of all order to obtain a central limit theorem by means of the method of
moments.

Before concluding this section, let us mention that in statistical applications, the
observations are not realizations of a white noise, but rather of a process X which
admits a linear representation with the i.i.d. sequence Z:

Xi=> aZ_; teL
JEZ
where (a,);cz is a sequence of real numbers such that ), a? < oo. The spectral
density of the process X is then
2
Se=@m7 Y gl
J€z
where e;(x)=e"~. If the coefficients a; are absolutely summable, then fy is continuous
and the process X is said weakly dependent. If the coefficients a; are not absolutely
summable, then fy may not be continuous and even have singularities, in which case

the process X is usually said strongly dependent. The quantity of interest in this frame-
work is thus not S,(¢) but S¥(¢) defined by

SY(D) = Bukd( (x)/f ().

k=1
The study of SX(¢) is then based on the so-called Bartlett’s decomposition (cf. Bartlett,
1995), which consists in relating the periodogram of X to that of Z:
LY (x) =21 fx ()L (x) + Ru(x),

where the superscript indicates the process with respect to which the periodogram is
computed. Then one can write

Sy (&)= Su($) + T,

i
Ty = Busd 6L () (x0)) — pQRI/ (x))}.
k=1
Under reasonable regularity assumptions on ¢, one can prove that 7, tends to zero
in probability, and the remaining task is to obtain a central limit theorem for S,(¢).
The problem with this decomposition is that the remainder term R, is rather large,
even if the coeflicients a; decay very rapidly or are only finitely many. We will not
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give any statistical applications in this paper, but for the problem mentioned above, we
can already say that our results yield a central limit theorem for the estimator of the
innovation variance considered in Chen and Hannan (1980), and that we improve on
Velasco (2000) since we prove that his central limit theorem holds if Z, has only a
finite number of finite moments (the exact number depends on several parameters not
specified here). Other applications for weak dependent linear processes are presented
in Fay et al. (1999) and an application to the estimation of the dependence coefficient
of a fractional process is presented in Hurvich et al. (2000).

The rest of the paper is organized as follows. Since the technique of Edgeworth
expansion is applied to the distribution of the discrete Fourier transforms, we first state
a very general theorem for functionals of the Fourier transforms. Another motivation is
that it can be applied to modifications of the periodogram such as tapered periodogram,
not considered here for the sake of brevity, but that are very important in statistical
applications, especially for long-range dependent processes. In Section 3, we apply this
result to general linear functionals of the periodogram and in Section 4, we state a
functional central limit theorem for the empirical spectral distribution function. The
proof of the main theorem, being very involved is split in several sections. The main
technical tool, a moment expansion (Lemma 3) is stated in Section 6 and proved in
Section 8. Even though it is just a technical lemma, we consider it as the actual main
result of this paper, since all the other results easily derive from it, and because it
offers the deepest insight into the dependence structure of periodogram ordinates at
Fourier frequencies of a non-Gaussian i.i.d. sequence.

2. Main result

Throughout the paper, m will denote a fixed positive integer and for all n>2m, we
denote K:=K(m,n)=[(n — m)/2m)]. For 1<k <K, define the 2m-dimensional vector

n
Wase = (2/n)"* > " Zi(cos(Bm—1)+1)s SIN( (k- 1)1 ) - - - COS(EXynt ), SIN(EXi )T

=1
(1)

so that 2rtl,, ; = || W,.4]|?/2. In this section, we give conditions on triangular arrays of
functions (Y, x)1<k<x and of reals (B, )1 <k<kx to obtain a central limit theorem for
sums

K
Sui=>_ Bustnik(Wii). ()
k=1

In the case of non-smooth functions, as mentioned in the introduction, a regularity
assumption on the distribution of the white noise Z; is necessary.

(Al) There exists a real p>1, such that fjgj |E(el?0)|P dt < oc.

Assumption (A1) ensures that n=23"" | 7, has a density g, for n>p and that
this density converges uniformly to the standardized Gaussian distribution (see, for
example, Bhattacharya and Rao, 1976, Theorem 19.1, p. 189). It is a strengthening of
the usual Cramér’s condition which excludes “strongly lattice” variables. This condition
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is rather weak in the sense that it can hold even if the distribution of Z, does not have
a density with respect to Lebesgue measure on the line. If for instance the distribution
of Zy has a square integrable density, then (A1) holds with p =2.

The admissible functions will be either smooth functions or non-smooth functions
that satisfy some integrability condition. The following definitions will be used through-
out the paper. For integers v and 7, let % be the space of r times differentiable function
on R?" such that for all 2m-tuples of non-negative integers f=(pf1,..., fon) that satisfy
Bi+- -+ Pam<r,

M,(DPy) < oo,
where DP denotes the partial derivative of ¥ of order B; with respect to the ith com-

ponent, and for any function ¢ on R>",

M) = sup 120

xXER2m 1 + \x\"'

The notation M, comes from Gotze and Hipp (1978). We will also use the following
notation. For € &, denote

M=, MDY, (3)
Bit-+Pam<r

To deal with the case of non-smooth functions, we introduce the following family of
semi-norms. For any measurable function i on R, define

Nast) = [ I+ ) .

It is easily seen that any function ¥ such that Ny ,() < co can be approximated in
the sense of the norm N, , by a sequence of indefinitely differentiable (C>) functions
with compact support.

Let é=(&1,..., &) denote a 2m-dimensional standard Gaussian vector, and define,
when possible:

I* = EQA()]. (4)

Gy, ) =E[(& — DY(E)],  1<j<2m. ()

Recall now that the Hermite rank of a real-valued function y defined on R?*” such
that ||| < oo is the smallest integer t such that there exists a polynomial P of degree
T with E[P(E)W(E)] # 0. In this section, for the sake of simplicity, only functions of
Hermite rank at least 2 will be considered. A sufficient condition for a function
to have Hermite rank at least 2 is E[y/(&)] =0 and  is componentwise even. This
condition usually holds in applications. The assumptions needed to prove the asymptotic
normality of S, (defined in Eq. (2)) are now stated.

(A2) (Bui)i<k<k 1s a triangular array of real numbers such that Zle ﬁﬁ’ =1 and

lim max |f,x|=0.
n—oo 1<k<K

(A3) There exists a real ¢ > 0 such that

K
lim > 7 i llYnl* = .
n—oo k:]
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(A4) There exists a real T such that

dim n7le Y Buibur D ColYnae Do) = T
1<k#I<K i, j=1,..,2m
and o2 + K47/4 # 0.
(AS)

— —1/2+¢
Ve > O’ 12}2(1( |ﬁ7’,k‘ O(:u'n )5

where p, :=#{k: 1 <k<K, B, # 0}.

Assumption (A2) implies the Lindeberg—Levy smallness condition and together with
(A3) imply that S, is asymptotically Gaussian when Z is Gaussian white noise. As-
sumption (A4) is necessary in the non-Gaussian case since it appears in the expansion
of var(S,). Note that it automatically holds if x4 = 0. Assumption (AS5) means that
ta(max; < <x|Bni|)* is bounded by a slowly varying function of g,. It holds when
Bux is defined as g(yi)/(Xr_, ¢*(3))"/? for most “reasonable” functions g (such as
continuous functions on [ — m, ] or g(x) = log(x)) and evenly spaced frequencies
Vi, 1<k<K. This assumption does not seem necessary, but we cannot prove our
result without it. See the comment after Theorem 1. The next assumption is necessary
to replace possibly non-smooth functions 4, ; by smooth ones.

(A6) For all real ¢ > 0, there exist a sequence of C*° functions ,, with same
compact support .#, and with Hermite rank at least 2, reals ¢2(¢) > 0 and t(¢) such
that

max
n

gﬁ&”%x—wuﬂ<&

Ve>0, vVreN, 3C., Vn,=2m, Vk=1,....K, Mo,(Y,;)<C.,
K

nlggo Z :Bﬁ,k ¥« 1> =0%(e),
k=1

im ' " BukBur D OO 1)) = T(e).

n—oo
1<k<I<K ij=1,..2m

Note that if (A3), (A4) and (A6) hold, then lim,_ ¢?(¢)=0? and lim,_.q k47(¢)=K4T.

Theorem 1. Let (Z;),cz be a unit variance white noise with finite moment of order u.
Let (Bni)i1<k<k be a triangular array of reals and (Y, k)1 <k <k be a triangular array
of functions such that Assumptions (A2)—(A6) hold. Assume either

o (Al) holds, there exists an integer 0.>=3, an integer =4 and a constant C such
that for all n and 1<k # I<K,

/ Yk (1 + [x) 7" dx<C,
R2m

/ Wk Gt DI+ ] + [y P dxdy<C, ()
Rz"’XRZ”’

and E(|Z,|"VF) < 4 oc.
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o There exists a non-negative integer v such that for all 1<k<K, Y € ? and
u=4vv4.

Then the distribution of S, is asymptotically centered Gaussian with variance ¢* +
tK4/4. Moreover, asymptotic normality still holds without Assumptions (A4) or (AS)
in the following cases.

o If i, = o(n*?) then Assumption (A5) is not needed and Assumption (A4) holds
with t=0.

o If for all k<K and all j =1,...,2m, Co(Ynr,j) =0, then Assumptions (A4) and
(AS) are not needed and thus the central limit theorem holds under the same
assumption on the weights B, and with the same limit as in the Gaussian case.

Comments. This result gives a better understanding of the differences between the
Gaussian and the non-Gaussian case. Recall that in the Gaussian case Assumption (A2)
and (A3) yield the central limit theorem for S,. Here, we need a stronger assumption
on the functions considered, and also a restriction on the admissible weights. Note
that Assumption (A1) holds in the Gaussian case. The strengthened assumptions on
the functions considered are somehow necessary, since some conditions are needed
to insure integrability of v, x(W, ). The conditions we impose are nearly minimal,
and in the case of smooth functions, they are optimal in terms of the requirement on
the moments of Zj. Assumption (AS5) is probably not necessary. As mentioned in the
theorem, it is indeed not needed in some cases.

3. Non-linear functionals of the periodogram

Since Theorem 1 is stated for arbitrary m, we can derive a central limit theorem for
non-linear functionals of the aggregated (or averaged, or pooled) periodogram. Let m
be a fixed integer and recall that we defined K = [(n — m)/2m]. Define

km
L= ), L(x). 1<k<K
s=(k—1)m+1
Let ¢ be a measurable function on R such that E[¢*(Y)] < oo where Y is a I'(m, 1)
random variable, or, equivalently, Y is distributed as |¢[>/2, where ¢ denote a 2m-

dimensional standard Gaussian vector, and | - | denotes the Euclidean norm. The fol-
lowing quantities are then well defined:
ym(P) = E[P(Y)], (7)
7 () = var(¢(Y)), ®)
pm(P) = E[(Y — m)p(Y)]. )

Let (Bni)1<k<k be a triangular array of real numbers such that (A2) holds. In the
context of this section, Assumption (A3) will hold automatically, while (A4) will be
a consequence of the following assumption.
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(A7) There exists a real y such that lim,_, n iy Zk# Bk Pt = yKa.
Define finally

K
Tnn(®) =D Bus{ dQnl 1) = yn(h)}- (10)
k=1

Theorem 2. Let (Z,),cz be a unit variance white noise with finite moment of order u.
Assume either

e Smooth case. ¢ is twice differentiable, there exists an integer v such that

@ ] + 8w

x€ER 1+ |x|"

and u=4vV 4.
e Non-smooth case. Assumption (Al) holds, there exists an integer «>=3 and an
integer =4 such that

/ G+ x)* dx < oo,
IRZ’”

/ﬂw (x| ¥ + x| + [)) P dxdy < 0o

and p=aV .

Let (Bui)i1<k<k be a triangular array satisfying Assumptions (A2), (AS5) and (A7),
and assume that o2(¢p)+yrap?(p) # 0. Then J,, ,(¢p) converges in distribution to the
centered Gaussian distribution with variance 62(p)+yrap2(¢p). Moreover, asymptotic
normality still holds without Assumptions (A5) or (A7) in the following cases.

o If u, = o(n*) then Assumption (AS) is not needed and Assumption (A7) holds
with y=0.

o If pu(d) =0, then Assumptions (AS) and (A7) are not needed and thus the cen-
tral limit theorem holds under the same assumption on the weights B, as in the
Gaussian case and with the same limit 62 (¢).

Remark. Note that by definition, p2(¢)<mas2(¢) and equality holds only for ¢(y)=
c(y — m) for some constant c. If x4 # 0, then |p|<1/2m. Thus, 62(¢) + ykap%(P) =
G2($)(1 + K4/2)=0, and o%(¢) + prapl(¢) = 0 implies that () = c(y —m) and
K4 = —2, which is equivalent to Var(Zg) =0, i.e., Zp = £1 almost surely. This case is
of a limited interest and can be studied directly.

Examples. In statistical applications, the most important case of a non-linear functional
is the logarithm. It is well known that (cf. Johnson and Kotz, 1970) y,,(log) = ¥ (m)
and o2 (log) = ¥'(m), where ¥ denotes the digamma function: ¥(z)=I"(z)/I'(z). An
elementary computation yields

pn(log) = E[(Y —m)log Y] = ((m — 1))~ /0 (v —m)log(y)y" e dy=1.
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Thus, if Assumption (A1) holds, and if E[|Zy|*"*'] < oo, then

K
-172 i y— @ ' K4
K ;{mg(znln,k) P(m)} W(O,tﬁ(m)—l— 2m)'

This implies that the estimator of the innovation variance of Chen and Hannan (1980)
is asymptotically Gaussian with variance 2m¥’(m) + x4 (for a full treatment of this
problem, see Fay et al. 1999). If (f.r)1<k<k 1S a triangular array of reals such that
Assumptions (A2), (AS) and (A7) hold with y =0, then

K
> Bui{log(2nl, (i) — #(m)} Lo (0,4 (m)).
k=1

Velasco proved this result in the specific context of the narrow-band log-periodogram
estimator (the so-called GPH estimator) of the fractional differencing coefficient of
a long-memory linear process, under the additional assumption that E[|Zp|*] < oo for
all s > 0.

Proof of Theorem 2. If ¢ satisfy the assumptions of Theorem 2, define, for x € R?>",
(x) = ¢(Jx|*/2) — ym(¢p) and ¥y, x = for all n and 1 <k <K. As mentioned above, |/
has Hermite rank 2 since E[}(&)] =0 and ¥ is componentwise even. If the array f, «
satisfies Assumptions (A2) and (A7) then Assumptions (A3) and (A4) hold with
0> = d2(¢) and 1 = 4yp%(¢). Under the assumptions of Theorem 2, ¢ can be
approximated by a sequence of C*° function ¢° with same compact support, i.e.

Ve>0, E[(¢(|E[/2) — ¢°(|E)F/2)) <.

Define then y*(x)=¢*(|x[>/2) and Y , =y* for all n and k. It can be assumed, without
loss of generality, that E[¢(&)]=E[$?(|£]?/2)]=0. Thus, the functions v, ; and Yy all
have Hermite rank at least 2, and Assumption (A6) holds. Thus, Theorem 2 follows
from Theorem 1. Since the proof of Theorem 1 is based on the so-called method of
moments, it is an immediate by-product that, under a relevant moment assumption,
convergence of moments holds.

Proposition 1. Let g be an integer. Under the assumptions of Theorem 2, if moreover
E[Zy"*] < 0o in the smooth case, or E[Z{"] < co and Jaen ([0 V [(|x[H)]9(1 +
[x|)~*dx < oo in the non-smooth case, then, if q is even,

: (9)! 2 2
q — q/2
Jim ELSH) = 73y (00(@) + pap( @)1

and lim,_, o E[S($)] =0 if q is odd.

4. Functional central limit theorem for the empirical spectral measure

The empirical spectral distribution function is defined as

K
Fun() =K~ 1pg@nle), x>0,
k=1
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where, as before K=[(n—m)/2m] and m >1 is an integer. In the case m=1, it has been
shown by Freedman and Lane (1980) and Kokoszka and Mikosch (2000) that under the
only assumption that E(Z?) < oo, supx>0|ﬁ 1.x(x) — Fi(x)| converges in probability to
zero, where Fi(x)=1—e™ is the standard exponential cumulative distribution function.
Kokoszka and Mikosch (2000) also proved that if the distribution of Z, satisfies the
Cramer condition (A1), if E(|Z|®) < oo and the first six moments of Z; coincide
with those of a standard normal variable, then lim,_, oon®2E[(F 1.a(x) —F1(x))’]=0 for
s=1,3 and lim,_, n[E[(ﬁL,,(x) — Fi(x))*]=2F(x)(1 — Fi(x)). But these authors were
unable to derive convergence in distribution of \/ﬁ(ﬁl,n(x) — Fi(x)) and asked if a
functional central limit theorem can be proved. Applying Theorem 2, we prove here
that under (A1) and a suitable moment condition, the functional central limit theorem
holds, and that n9E[(F) ,(x) — Fi(x))*] converges to {2F(x)(1 — Fi(x))} under the
only additional assumption that x4 =0. Define F,,(x) = ((m — 1)))~" [ "~ 'e~"dt, the
distribution function of the I'(m, 1) distribution.

Theorem 3. If Assumption (A1) holds and if E(|Zo|®) < 0o, then /n(Fp ,(x) — Fp(x))
converges in the space 2([0,00[) of left-limited right-continuous (cadlag) functions
on [0,00) to the Gaussian process G,(x) with covariance function

e*X*}) m ,m
E[Gu(X)Gu(¥)] = 2mE,(x A y)(1 — Fu(x V ¥)) + w

If q=4 is an integer such that E(|Zy|?) < oo, then
tim 792 E[(Fyn(x) = Fn(x))7]

0 if qis odd,

—Zxx2m

= q/2
(ZmFm(x)(l = Fu(x)) + e ) if q is even.

((m— 1)1y
Remark.

o If x4=0 then the limit process is the same as if (Z;);cz were a Gaussian white noise,
or, equivalently, if the periodogram ordinates 21/, ; were i.i.d. random variables with
I'(m,1) distribution (i.i.d. exponentials in the case m=1). If enough moments of Z
are finite, the limiting moments are also the same as in the Gaussian case. Thus, the
difference with the behaviour of an i.i.d. sequence appears only through the fourth
cumulant.

e The proof of Theorem 3 is split into two parts. The convergence of finite distribution
is an immediate consequence of Theorem 2 and holds under finiteness of the fourth
moment of Z, only. Tightness is proved using the criterion for empirical processes
of Shao and Yu (1996) and needs finiteness of the eighth moment of Z,.

5. Proof of Theorem 1

Theorem 1 is proved by means of the method of moments and Edgeworth expansions.
Thus, the first step is to prove a central limit theorem in the case of smooth functions
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and when all the moments of Z; are finite. Recall that we defined K = [(n — m)/2m]
and S, = 35| Busthus(Wpi), and W, is defined in (1).

Proposition 2. Assume that (Z;),c7 is a centered unit variance white noise such that
for all integers s, E(|Zo|°) < co. Assume that the functions W, x are C* with same
compact support and

vreN, 3C, Vn, Vk<K, Mo,(Ypi)<C,. (11)

Let (Buir)i<k<kx be a triangular array of reals such that Assumptions (A2)—(AS5)
hold. Then S, is asymptotically centered Gaussian with variance >+ 1i4/4. Moreover,
asymptotic normality still holds without Assumptions (A4) or (AS5) in the following
cases.

o If w, =o(n*?) then Assumption (A5) is not needed and Assumption (A4) holds
with 1 =0.

o If for all k<K and all j=1,...,2m, Co(Ynr,j) =0, then Assumptions (A4) and
(AS) are not needed.

We must now relax the assumption that Z; has finite moments of all orders. Define
Z,(M):aAQIZtIHZ,KM} and with aﬁlz[E((Ztl{‘ZtKM})z). Define Wn(],‘f) in the same way
as W, replacing Z by ZM). Without loss of generality, we can assume that for all
M, [E(Z,(M)) = 0, since discrete Fourier transforms are computed at Fourier frequen-
cies. Indeed, since for any Fourier frequency x; = 2kn/n, (1<k < n/2), it holds that
E;l:l e™ =0, we can replace Z,(M) by Z,(M) - [E[Z;M)] in the definition of Wn(],t[)

Lemma 1. Let (Z,),cz be an i.i.d. sequence of zero-mean random variables with finite
moment of order 4. Let (B, )1<k<kx be a triangular array of real numbers such that
Zf:] ﬁﬁk = 1. Assume that (Y x)i1<k<k IS a triangular array of twice continuously
differentiable (C*) functions with same compact support A" and that there exists a
constant C such that

Vn, Vk<K, Mo (Yni)<C. (12)

Then

2
K
: : § : (M) _
MlEgO lim sup E ( ﬁn,k{wn,k(VVn,k) - lpn,k(VVn,k )}) =0.

n—oo k=1

Proposition 3. Assume that (Z,),cz is a unit variance white noise such E(|Zo|*) < oc.
Assume that for all 1<k<Ky, is compactly supported C* and (11) holds. Let
(Bui ) <k<k be a triangular array of reals such that Assumptions (A2)—(AS) hold.
Then S, is asymptotically centered Gaussian with variance ¢* + ti4/4.

Proof of Proposition 3. Define M) = Zle ﬁ,,,kljj,,,k(W;(f)). Applying Proposition 2
and Lemma 1, we get

VYMeN, SUQ 0,02 + wi))a) (13)
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lim limsup E(S™) — §,)* =0, (14)
M—o0 n
(d) . . . . (M) . (M)
where — denotes convergence in distribution and «, ° is the fourth cumulant of Z;" .
Since limMﬁooKflM) = K4, we can apply Theorem 4.2 in Billingsley (1968) to conclude
the proof of Proposition 3.

To conclude the proof of Theorem 1, there only remains to replace the sequence
Unx by a sequence of smooth functions. [J

Lemma 2. Assume either

o (A1) holds, there exists an integer 0.>=3, an integer =4 and a constant C such
that for all n and 1<k # 1<K (6) holds and E(|Z;|*P) < + oo;

o there exists an integer v and a constant C such that for all n and 1 <k <K, s, keyﬁ
and M, (Y1) < C, and E(|Z,|*V*) < + .

Then max, max; <;<x ||Yni|| < 0o, and for all triangular array of integers B,y such
that K, B2, =1, for large enough n,

2
K
lim sup E <Zﬁn,kwn,k<wn,k)) <max max_ Yol (15)

I1<k<K
k=1

We can now conclude the proof of Theorem 1. Using the notations of Assumption
(A6), denote S,(¢) = Zle Bk (Wi ). Applying Proposition 3, we have
Ve>0, ()8 A7(0,0%(e) + 1(e)Ka/4).
Applying Lemma 2 (15) and Assumption (A6), we get
lim sup E(S,(¢) — S,)* <max max |[Yns — ¥, |> <&’
n n 1<k<K >
Thus, lim,_o lim sup,E(S,(g) — S,)*> = 0. Moreover, as noted above, under (A3) and

(A4), lim,_ 6*(¢)=0¢? and lim,_o 7(¢) =7. Thus, we can again conclude by applying
Theorem 4.2 in Billingsley (1968).

6. Proof of Proposition 2 and of Lemmas 1 and 2

The proofs of Proposition 2 and of Lemmas 1 and 2 are based on a moment expan-
sion for functions of the periodogram.

Lemma 3. Let 0<s<d be two integers. Let k= (ky,...,ks) be a d-tuple of pairwise
distinct integers. Let ¢1,...,¢q be d functions defined on R*" and define y(x) =
H;d:l di(x;), with x=(x,...,xq) € R¥_ Assume that one of the following assumption
holds.

(BR) (A1) holds, and there exists an integer a=s+ 2 such that Nynq .(Y) < oo and
E[|Z0|"] < oc.
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(GH) Denote r = (s — 2md)* + 2 (with x* =x V 0). Let vy,...,vq be non-negative
integers and denote v = (vi +---+vg)V (s +2). For all i=1,....d, ;€S
and E(|Zy]") < oo.

Let 1; be the Hermite rank of ¢;, 1<i<s and 1=inf|¢;<1;.

o If1=2 or 3 then

d ' s/2 s d
E[H@(ka,»)] :nﬂ”% S T TT HeM eany
J j=

= 41 T, Js=1,...2m j=1 i=s+1

+ Z nir/zn:r,k((bl,-..,d’d)‘H’lix/zrn((bl""’¢d’k)8”’

r=[(2s+2)/3]

(16)

d
Fri(rs- s d)| <C [T lldull4-0), (17)
i=1
where A, is uniformly bounded by one and vanishes outside a finite union of sub-
spaces of R?, the greatest dimension of which is strictly less than d + (r — s5)/2.
o [f 14, then

i=1 i=1

d d
E lH b (W, )1 = [T EbO1 + 1 ru( b1, pas e (18)

&, Is a sequence which depends only on d, s, oy,...,04 or vi,...,vq and the distri-
bution of Zy and such that lim, e, = 0. The following bounds hold for r,:

o if assumption (BR) holds:

\Vn((f)l,---:(iﬁdak)‘ <N2md,a(w)o (]9)
o if assumption (GH) holds:

d
ra( @1 s ba k) = T [ My (- (20)

i=1
Remark.

e The constants involved in the above bounds are uniform w.r.t. n and k,...,k; but
depend on d. This is why the central limit theorem must be proved by the method
of moments. To use another classical method such as the Lindeberg method, or
martingale techniques, bounds uniform with respect to d are necessary.

e In the context of Theorems 2 or 3, Lemma 3 is used with ¢; =--- = ¢, = for
some function V such that ||| < co and Co(Yr,1)="---=Cy(,2m):=Co(). Then
the first term in the expansion of E[Hflzl ¢i(W,.x,)] becomes, if s is even and 7>2,

—s2 S!(mzczz(lp)’ﬂ)s/z

d
sy L1 ELOl

J=s+1
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e In (18), the product vanishes if s > 0.

e The case =0 is included in the case s = 0.

e In view of Lemma 2, it is important that the bound (19) is explicit in terms of
the norm Napa (V).

6.1. Proof of Proposition 2

The proof is based on the method of moments. Denote Y, x = ¥, +(W,.x) and aﬁ’k =
[E[lp,ﬁ «(&)]. With this notation, Sn:Zszl Pk Vi Recall that Zf:] ﬂﬁ =1 and denote
by, =max) <r<k|fuil Let geN, g=1.

[E(S‘f)—ZZ NI D)

v=1 v,q
" v v
An(qlwnaqv):ZH ka,-[E [H Y/Ziki‘| >
v,n =1 i=1

Z extends on all v-tuples of positive integers (qi,...,q,) such that ¢, +---+¢,=¢q

and Z extends on all v-uplets (kq,...,k,) of pairwise distinct integers in the range
{1,.. K} For any v-tuple (q,...,q,) such that g; +---q,=gq, let s be the number of
indices i such that ¢; = 1. Under the assumptions of Proposition 2, the functions ), &
are uniformly smooth and bounded, thus Lemma 3 yields the following bound:

14u(q1, ., q0)| S CHIE ™2, (21)

where the constant C depends on m, s, d, and the uniform bound for the functions
Uni. If s =0, (21) is a consequence of the definition of y, and b,. If s > 0, we can
apply Lemma 3

(s, q )| SChun ™2 +C Y n PR,
r=[(2s+2)/3]
Since by definition p, <n, this yields (21).

Let now u be the number of indices i such that g; = 2. Denote w =v — s — u. By
definition, ¢ =s + 2u + 3w. Thus, v — s/2 =5/2 + u + w<q/2 — w/2. If w > 0, then
v—s5/2<q/2 — l thus

[40(q1. - 40)| < Coppn) 2, (22)
and this last term is o(1) under Assumption (AS5).

Consider now (q1,...,q,) a v-tuple such that w=20, i.e., s+u=v and s +2u=gq.

e If 5 is even, Lemma 3 yields

Ay qe) =An(1,...,1,2,....2)

=n"*"? 2352’(‘;1/2)' Z H B Z CoYn ki) H Prs

v,n i=1 i=s+1

+O((br )y ")
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e If s is odd (when w =0 and ¢ is odd), Lemma 3 yields
TR ]IS AT LT (23)

Now we have proved that if ¢ is odd, then lim,_E[S{] = 0. Indeed, if ¢ is odd,
then either w > 0, or w =0 and s is odd. In both cases, (22) and (23) imply that
An(q1,--.,¢gy) = o(1). Consider now an even ¢ and a v-tuple (qi,...,q,) such that
w=0. The leading term in the expansion of E(S;) is thus, (note that v= (g +s)/2 and
denote t =5/2),

=i () ()
t+q/2

X Z Hﬁnk ZCZ('//nka]n) H ﬁnk O k;*

t+q/2,n i=1 Ji=1 i=2t+1
Denote
- K
2 2 2 4 . .
sn=_ Brsllvnall + n S BukBur Y Col¥nsi D21 ))-
k=1 I<k#I<K i,j=1,..2m

52 is the leading term of E[S2] and Assumptions (A3) and (A4) imply that lim,_...s2=
0% + ti4/4. Since b, = o(1) (Assumption (A2)), it also holds that

=31 (L)

k=1

K
x ﬁ S Buwbuik >, Colki)Co(nini2)

I <hki#h < Ji2=1,...2m

—1
_ (q') Sug(1 4 O(b)),

292(g/2)!
and finally
. q!
q
nhinoo E(Sn) = 2412(g/2)!) (0 + Trca/4)",

which concludes the proof of Proposition 2 in the general case.

Proof of Proposition 2 in the case u,=o(n*3). Let ¢i,...,q, be such that

#{i,qi=1}=s. Then Y, . 51 (qi —2) =g —2u+s. Since Y, B2, =1, we have, by

definition of w,, Zle 1Bk = O(u}/?). Thus, keeping the same notations, we get
40(q15 - q0)| < Cu2bi 2500,

where the term n~%3 comes from the expansion in Lemma 3 since the terms in that

expansion are of order n~"/? with »>2s/3. Thus, if s > 0,

140(q1s - - @0)| = O((pn/n*)/?) = o(1).
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If s=0 then either u < ¢/2 or u=g¢q/2 and ¢, =---=¢q,=2. In both cases, the condition
b, = o(1) yields the required limit.

Proof of Proposition 2 in the case t>4. Assume that for all » and 1<k <K, the
Hermite rank of y, ; is at least 4. This yields

A”(ql""’q”):ZH ki {H[E[ A (O] + o(ns/z)}.
i=1

v,n =1
The expectation term above vanishes when the number (s) of indices i such that ¢; =1
is not zero. Thus, applying (18) and the definition of b, and s, we get, for such v-tuples,

K s
|An(611,---,ql-)| <C8nn—s/2 (Z ﬁn,k|> bz—s’
k=1

where lim,_ . & = 0. Since Zkkzl ﬁﬁ,k = 1, applying Holder inequality, we have

oK, Bkl = O(y/n), thus if s # 0, 4,(q1,...,q,) =0(1). If s =0 and v < g/2, then
as before 4,(q1,...,q,) =o0(1). If s =0 and v = ¢g/2, then

q/2

A02,...2)=> ] oas+o(1).

q/2,n i=1

The proof of Proposition 2 in the case t>4 is concluded as in the general case by
noting that under the Lindeberg condition b, =o(1), sy =>__, , f’i 21 on i+ o(1).

6.2. Proof of Lemma 1

Define 63, = E(Z 147> um3) and ZEM) :&A}thl{‘Z,‘ >y~ Define W%) with respect to
the sequence (Z~(M)) as W, is deﬁned with respect to (Z;) in (1). With these notations,
we have W, ; = O'MW( ) +0MW & and

« 2
(Z Bt k(W i) — lﬂn,k(W(M))}>

k=1
K
=3 B2 {2 OW01 + B2 500 = 2Bk Wi s ) |
k=1
+ > BukBuiE [{lﬁn,k(Wn,k) — Uk Wit (Wrt) — ;(W,f’}“)}}
1 <k#AI<K
::An,M + Bn,M~

By assumption, the functions ), ; are differentiable and their first derivatives are uni-
formly bounded with respect to n and k. Thus, applying the mean-value theorem,
we get

0<A4, m\CZﬂ EL Wi — WEDIP1
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Since the r.v.’s (Z;,ZI(M)) are i.i.d., we get, applying the definition of W, ; and Wn(,/};f),
EL||Woi — WO IP1< CE|Zo — 251

Since - —k = lKﬁzk =1, we get
limnsup Anm <CE[|Zy Z(M)| L

Since E[Z?] < oo, we can apply the bounded convergence theorem to obtain limy/
limsup, 4,2 = 0.

To deal with the second term B, j; we need an Edgeworth expansion up to the order
n~! of the expectations in B, . These expansions will be shown to be valid in Section
8.1, and yield

> BukBut E¥n s (Woi W 1 (1)

| <kAI<K

S BB D, Clnii))Conisi2) +o(1),

I1<k#I<K Juj2=1,.2m

ST BukBut B W Wi 1 ()]

I<k#I<K

m(M) ST Bk Y. Ok i) j2) + o(1),

I1<k#I<K Jisj2=1,..2m

> Bus Bt i (Wi Wan s (W51

1<k#I<K

cum(Zy, Zo, 2", Z{M
= ( 4n ) Z ﬁn kﬁnl

1<k#1<K

X Z 3 W j1)C2(WUh 1, j2) + 0( 1),

J1.j2=1,...2m

where x4(M) is the fourth-order cumulant of ZéM) and C;M)(l//, j ):[E[Hz(fﬁ-l))tp(aM 4
G EP)]. Thus,

Bnm—K4+K4(M) ST BuBur DY, Gk s)CoWninf2)

4n
I<k#I<K Jisj2=1,2m

-2

cum(Zo, Zo, Z", ZM) S B

4n
1 <k#I<K

X Z CEM)(‘/]”,kajl )CZ(lpn,hJ.Z) + 0(1)

Under (12), the coefficients CéM)(lﬁ,,,k, J) converge to Co(Yn.x,j) as M tends to infinity,
uniformly with respect to n and k. By the bounded convergence theorem, under the
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assumption that E[Zg] < oo, the following limits also hold:
. L (M) M)y _
Mlgnoo K4(M) = MlgnOo cum(Zy, Zo, Zy . Zy ) = Ka.

Consequently, limy,_,o limsup, |B, p| = 0.

6.3. Proof of Lemma 2

Under the assumptions of Lemma 2, using Lemma 3, it is easily seen that for all
1<k # j<K, the following expansions are valid.

ELY; (W)l = Wk ||* + O(n ™),

EVn Wi W (o)1= 32 D ColUhssit)Calhsoi)

1§i|,iz,<2m
A1 P E ks Y )+ 0(n 1),

“F(lpn)k’ ‘/j”,j)| < Clllpn,k” ||‘p",]||A(k9])a

where A vanishes outside a finite union of subspace of R? of dimension at most 1, and
the terms O(n~'"/?) and o(n~") are uniform because of the assumptions of Lemma 2.
Summing these expressions yields Lemma 2.

7. Proof of Theorem 3

We need only prove the tightness of the sequence &,(x):= \/I?{If,,(x) — F,(0)}
in the space Z([0,M]) of right-continuous, left-limited functions on [0,A]. For that
we must compute the moments of &,(x) — &,(y) for some 0<x < y<M. Denote
Yy (1) = Lv i<y — (Fu(y) — Fu(x)). Let g be a positive integer and let m, 4(x, y) =
E[(Ea(x) — E4(3))*]. Using the same notations as in the proof of Proposition 2, we
have the expansion

mnq(xy)—zz B 'U' An(q15- -5 q0),

v=1 v,q

1 v
An(qrs-nq) =0 E [H @ (2nl s, )] .
v,n i=1
We now use Lemma 3 to obtain an expansion of the expectation above under Assump-
tion (Al). Denote K(x,y)=E[(Y —m)l,<y<,y where Y is a I'(m,1) r.v. For a given
v-tuple (gi,...,4y), as in the proof of Proposition 2, denote s the number of indices j
such that g; = 1. Assuming Z; has enough finite moments, we get

’ ) - _nSIK(x, y)K
qﬂwﬂmwym” Wmf IT Ewa(l /2200 ey
i=1 {9522}
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S
+ Y PR )
r=[(25+2)/3]

+ 0P, k).

X, p0 o P, 0
We must now bound all these terms by powers of y — x. It is easily seen that there
exists a constant C such that |K(x, y)| <C(y — x) and |E[y4",(&)]|<C(y — x). Thus,
the first term is bounded by n~/?(y — x). Since it also holds that [|y4/,|*<C(y — x)
and N,(Yx ,)<C(y — x) for any positive integer ¢, we get

s

—r/2 ,
Do TR )

r=[(2s+2)/3]

<C Y A (- ) <Oy — ),
r=[(2s+2)/3]

nfs/zrn( AN 1/ L k)<Cn7(S+1)/2(yfx)”.

CATERREL 2R
Altogether, we get

Ap(q1s- . qo) SCn 12 n" =2 (y — x)P = Cn~2H0=2(3 — x).
Since for a given ¢, v is at least equal to one and at most equal to ¢, we get for
|y —x[<1/n,

i g(x, ) SC(n ™1 fr — | + |y = 2[72).
If |y —x|>1/n, then since v<(q + s)/2, it always holds that

My g (%, ) SCn= T2 (n]y — x[)° SCn= T (n]y — x Y2 < Cly — 5|72,
Finally, we get, for ¢ =4, provided that E[|Zp|®] < oo,

E[(&n(x) = &)< Co v =yl + |y = x). (24)

Applying Theorem 2.1 (Remark 2.1) in Shao and Yu (1996), (24) ensures the tightness
of the empirical spectral process.

8. Proof of Lemma 3

Let k = (ki,...,k;) be a d-tuple of pairwise distinct integers. Let &(1),..., @ be d
independent 2m-dimensional standard Gaussian vectors and denote &= (&1, ..., &),
Denote w(c)zl‘[le $;(ED). In Section 8.1, a general definition of the so-called “formal
Edgeworth expansion” up to order p* is given, and it will be proved that assumptions
(BR) and (GH) imply, respectively, that the assumptions of Theorem 19.4 in Bhat-
tacharya and Rao (1976) and Theorem 3.17 in Gotze and Hipp (1978) hold, so that
these expansions are valid. We can then write

d w
E [H qsi(%,k,)] =S P E (s b) + 1 PR b (25)

i=1 r=0



G. Fay, P. Soulier|Stochastic Processes and their Applications 92 (2001) 315-343 335

where the sequence 7, depends only on the distribution of Z; and u* and verifies
lim,,—, o 1, = 0. Moreover,

e under the assumption (BR), u* = o — 2 and

‘Rn((bly ] d)d)| SNOC(W)»
e under the assumption (GH), u* =v —2 and

d
‘Rn((bla e d)d)' < HM\!,-,r((z)i)-

i=1
We now give explicit expressions for the quantities E, ;. They derive from the general
theory of Edgeworth expansions recalled in Section 8.1. In the context of discrete
Fourier transforms computed at Fourier frequencies, we obtain

d
Eox(¢is---»pa) = [ [ E(¢i(&)),

i=1

”

L (k) - (K
Ea(@roeenndn) =30 1 S0 PO b @@ forr > 0,

Lol
t=1 rt 4

(26)

where Y~ extends over all ¢-tuples v of multi-indices v; := (vi(1),...,vi(2md)) € N2md
I=1,...,t such that

t
il =)+ +v@md)=3, I=1,....t and > |v|=r+2t 27)
=1
and for k€ {1,...,K}" and ve N2  y, (k)= 2"k, 4,(k) with
n d m
Av(k) — nfl Z H H COS(txm(kj—l)+i)v2m(j7”+2i71 sin(txm(kj_l )+i)Vz,;z(,/—|)+zi’ (28)
=1 j=1i=1
and x|, is the cumulant of order [v| of Zy (see (50)).
If u* > s, we first prove that the terms (E, s )s+1<r<u+ can be conveniently bounded.
Clearly, |4,| <1, thus, for 0<r<pu*, there exists a constant C,, uniform w.r.t. n and
k= (ki,...,kq) such that

|Er,k(¢1""’¢d)|<CdK(d)15""¢d)>

with K(¢1,..., $a)=Nom.a,,(}) under Assumption (BR) and K(¢y,...,¢qz)= H?:l M, ,
(¢;) under Assumption (GH). Thus, if u* > s, we have

*

u

> PE(r. . da)| SCn TP ),

r=s+1

for some constant which depends only on the distribution of Zy and u*. Then

d s
E lﬂmm,k,.)] S T PE (e da)| <t Pera(br b)) (29)
i=1 r=0

where r, satisfies either (19) or (20), and lim,_. ., &, =0.
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For convenience, we now introduce the following definition. We will say that a
function defined on R? has the property V(d,r,s) if it is uniformly bounded and if
it vanishes outside a finite union of subspaces of R? of dimension strictly less than
d — (r — s)/2. To prove Lemma 3, we must thus prove that as functions of k, the
quantities E,. (¢1,...,¢q) have the property V(d,r,s), for r <s, and that, for r =s,

/2

175 s d
Bl 00=gmncmy o 1100 TT 8@ e
J1 5=

+U§S,k(¢lz"'a¢d)a

where [E.((bl,...,d)d) has property V' (d,s,s). To prove these properties, we must anal-
yse separately the moments E[H,, ...+, (&)Y(&)] and the products of cumulants H§:1 A
that appear in the expression of the terms E, 4, in order to find conditions upon which
these terms are non-vanishing.

Conditions for moments not to vanish. Since the &;’s are i.i.d. standard Gaussian,
we have

d 2m
ELHy, 4o (OWEON= [ TE [T THw@mi— 1)y 574 tvimt— 1y Eami—1)4)) (€D -
=1 [j=1

(30)

Thus, the #-tuples of multi-indices v = (vi,...,v,) satisfying (27) and such that
E[Hy 1o (EW(E)] # 0 must satisfy

|V]+"'+W|>ST; (31)

since by definition t; is the Hermite rank of ¢; (1<i<s) and t=inf{1;,i=1,...,s}.
Moreover, since ¢<r<s, the definition of ) ", implies that |v; 4 --- 4 v,| =r +
2t <3r<3s. Thus,

e If 14, (31) is never fulfilled so that E, ; vanishes for all »=1,...,s and all &, and
(18) follows.

o If =3, the coeflicients C(¢;, ;) are identicaly vanishing and (31) implies that r=s=¢
and |v;|=3 for /=1,...,s. Thus, the leading term in the Edgeworth expansion (25)
is

ME

=1V

1 *
Fui( i, osba) =5 3 [ o (WD)

e In the case 1 =2, all terms E, 4, 2s/3<r<s, can be non vanishing. Note first that
for t =2, (31) yields

t

Z|v1|:r+2t>2s. (32)
=1

Moreover, it can be seen from (30) that the following condition must also hold:

2m t
SN v@mi - D)+ pz2 1<iss (33)

j=1 =1
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Conditions for products of cumulants not to vanish. We first state a lemma which
easily follows from the orthogonality properties of the sine and cosine functions com-
puted at the Fourier frequencies.

Lemma 4. Let (ki,...,kq) be a d-tuple of pairwise distinct integers in {1,...,K} and
ve N> Then there exist a constant 7, € R and a function &, such that

Ay(k) =7y + 6v(k)a (34)

where |y,| <1, 7, =0 if v has at least one odd component (i.e. v& N>\ (2N)>d),
and

A1l 6, depends only on v;
A2 6, identically vanishes outside a finite union of strict hyperplanes of RY;
A3 VkeN?, |5,(k)|<1.

The exact value of the constant 7, is irrelevant, except in the case |v| =4, and the
components of v are all equal to zero, except two which are equal to 2. In that case,
vy = 1/4. Thus, for each v, 4,(-) is constant outside a finite union of strict hyperplanes
of {1,...,K}9. To illustrate these properties, we give two examples in the case m =1,
d =2. Assume 7 is even and let v=(2,0,1,0). Then |v| =3 and

A (k)=n"" Z cosz(txkl ) cos(xy, )

t=1

l n
= 2o D _{2cos(txi,) + cos(2e, + ) + cos(2ex, — ).
t=1

Thus, 4,(k)=1/4+ 0,(k), where 9, vanishes outside the lines k&, =0 and 2k, £ 4, =0,
where the equalities must hold modulo n. Consider now v =(2,0,2,0). Then |v| =4

and
n

Ay(k)y=n"") " cos?(txy, ) cos(txy, )

t=1

n

1 1
=12 + . ;{2 cos(2txy, ) + 2 cos(2txy, )

+€08(21(xs, + Xk,)) 4 cos(21(xp, — xp,))}-

Thus, A,(k) = 1/4 + 6,(k), where 9, vanishes outside the sets 2k; = 0(modn), k; =
0(modn), 2k, =0(modn), k; £+ k, =0 (mod n).

In the case =3, Property A2 in Lemma 4 implies that E; (¢1,..., ¢4) has property
V(d,s,s), and this concludes the proof of Lemma 3 in the case 7 = 3.

From now on, it is assumed that t = 2. For a given v = (vy,...,v,) satisfying (27)
and (33), that will be refered to as admissible hereafter, we want to find conditions
on the multi-index of integers k£ that insure that

[ G0 = [T w220, () = TT 221 ¢ [T + 000 £ 0. 35)

=1 =1 =1 =1
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More precisely, Lemma 4 imply that the multi-indice £ such that (35) holds belong to
a finite union of subspaces of R?. We must find an upper bound for the dimension of
these subspaces. We will denote d(v) the greatest dimension of these subspaces. Lemma
3 will derive from a sharp estimate of d(v). First of all, remark for any admissible v
that

R1 If one of the multi-indices vy,..., v, has at least one odd component, then property
A2 of the functions §, yields d(v) <d.

R2 If |v|=4, I =1,...,t then r + 2t = |v; + -+ + v| =4t and r 4+ 2 <2r<2s.
By (32), it follows that »=s=21, thus s is necessarily even and |v;|=4, I=1,...,s/2.

R3 | [Timy 20 (O <22 Ty Ly |

It will also be convenient to consider v as an array with 2md columns and ¢ lines

vi(1) - vi(2md)

<
Il

v(1) -+ v/(2md)

Using array terminology, condition (32) means that the sum over all entries v is no
less than 2s, (27) implies that the sum of the entries of each line is at least 3 and
(33) implies that the sum of the entries of the s first sets of 2m consecutive columns :
1 to 2m,2m+1 to 4m,...,2(s—1)m+1 to 2sm, is at least 2. An array with only even
integer entries will be said even.

Consider successively the cases (a) ¥ =5 and s is odd, (b) » =s and s is even, and
(¢) r <s, which is the most involved situation.

(a) If r=s and s is odd and if v satisfies (27), then necessarily one v; at least has
an odd component, for any ¢ € {1,...,s}. In that case, Remark R1 shows that

|[Es,k(¢la~~~s¢d)| <C||(]51|| e ||¢d||Av(k)’

where A4 has the property V' (d,s,s), which is the claimed result in this case.

(b) If r=s and s is even, then for any ¢ € {1,...,s} and any non-even (with at least
one odd entry) admissible v, the product of cumulants H;Zl xv,(k) has the property
V(d,s,s) by virtue of Lemma 4 (because at least one of the v;’s has an odd component)
and is bounded uniformly in &, n. It follows that the contribution of non-even v’s to
Esx, say [FSk), satisfies

[FLAISClgill- - llgall 48 (k) (36)

for some constant C and a function A" having the property V'(d,s,s). Consider now
even and admissible v’s (without any odd entry). Necessarily |v;|>4 for I =1,...,¢.
By Remark R2, this implies that s is even, t =s/2, and for all I =1,...,5/2, |v;| =4.
Notice now that no entry of v can be equal to 4, otherwise (33) would not hold. Thus,
for all / =1,...,s/2, the entries of v, are all vanishing except exactly two of them
which are equal to 2, which implies that y,, = %. In this case, (33) is equivalent to the
fulfillment of

Vie{l,...,s}, 3 e{l,....2m}, vi+---+vpCm@i-—1)+ji(v)=2,
(37)
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vie{l,....s}, Vie{l,...2m\{i(W}, v+ +vp@m(i—1)+j)=0,
(33)

Vie{s+1,....d}, Vje{l,....2m}, vi+---+vp2m@i—1)+,)=0. (39)
For such a v, we get

s d
E[Hy o (W] = T ] Carni@)) TT ELi(ED),

i=1 i=s+1

s/2 s/2 8/2 s/2
(k) Ky Ky
Hﬁsl . 45/2 H(l +48,(k)) = 4S/2 +6,(k)
j=1

for some function 5x bounded uniformly in k,n and which has the property V(d,s,s).
Conversely, to each s-tuple (ji,...,js) € {1,...,2m}*, there correspond exactly 225!
even v’s that satisfy (27) and such that (37)—(39) hold with ji(v)=j, i=1,...,s
Then, the overall contribution of even v’s to E is

s/2 ¢
dﬁw{ > H@mm}ﬂﬂmwmﬂﬁ (40)

..... c=1,..2m i=1 j=s+1

for some function Fg’ k) such that
FR<Clill -+ llball 420K (41)

for some constant C and a function A% having the property V'(d,s,s). Egs. (36), (40)
and (41) yield

' s/2 s
Es,k(¢1,~-~,¢d)=(s/S2;Cé3m{ > HC2(¢i,Ci)}

ClyeesCs=1,..2m i=1

d
< T Eli(€90 + Fer(brs... da)

Jj=s+1

with
[Fsi(@rseees @) SCll il - - [l bal| 45CK),

where A vanishes outside a finite union of subspaces of R of dimension strictly less
than d, i.e., has property V(d,s,s).

(c) There only remains to consider the case » < s. Since a finite sum of functions
which have the property V' (d,r,s) still has the property V(d,r,s), by definition of E,
and by definition of d(v), we will have shown that E, has the property V(d,r,s),
thereby concluding the proof of Lemma 3 if we prove that

for all admissible v and for all » <s, d(v) <d + (r — 5)/2. (42)

The rest of this section is devoted to the proof of (42). Let /(v) be the number of
indices i such that v; has at least one odd component. Property R2 implies that if
r <s and if v satisfies (27), then necessarily there exists at least one v; such that
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|v/| =3, hence with an odd component. Thus, /(v) > 0. By definition of /(v), we have
r+2t=31(v)+4(t — I(v)), whence r + I(v) =>2t. Define g =r + 2t — 2s. By (32), ¢ is
nonnegative. Since r < s, we get for any d >,

r+1l(v)=22t=2s+qg—r>s5+gq,

Iv)—g>s—r,

d—(I@)—q@))2<d+(r—ys)2. (43)
If we can prove that the following bound holds:
d(v)<d — (I(v) — q)/2 (44)

then (43) implies (42). Thus, proving (44) will conclude the proof of Lemma 3.

Proof of (44). Denote m(v)=d — d(v), the minimum codimension of any subspace of
R? on which the product Htlzl A,, does not identically vanish (this quantity is referred
to as the NRES — number of restrictions — in Velasco, 2000). With this notation, (44)
becomes

m(v)=(I(v) — q)/2. (45)

Note that if the array v' is obtained from v by removing some lines, then m(v') <m(v).

(i) Our first argument is that if there are at most two odd component in any single
column of the array v, then m(v) is at least equal to /(v)/2, since each line of the
array (i.e. each v;) with at least one odd component yields one restriction, and
different lines will yield different restrictions, except if their odd components are
in the same columns. Thus, (44) holds in this case.

(ii) If there exists at least one column with at least three odd components, let z(v)
denote the number of such columns and let y(v) denote the total number of odd
components in these columns. We now prove by induction on y(v) that the fol-
lowing inequality holds:

m(v) Z{(1(v) — (¥(v) — 22(»)))/2} V 1. (46)

We have proved this property for y(v)=0, but we cannot start the induction at 0 since
if y(v) # 0, then y(v)>=3. Thus, we prove the property for y(v) =3, which implies
z(v) = 1. In that case, we can cancel one line of the array in such a way as to obtain
a new array v with /(') =I(v) — 1 and y(v) = z(v) = 0. For that array, we have
m(y')=1(y")/2, then

m(v)=m(') = 1(v')/2 = (I(v) — 1)/2 = (I(v) — (¥(v) — 22(1)))/2.

Induction. Let y>4 and assume that the induction assumption is true for any
Y €{0}U{3,...,y—1}. Let v be an array such that y(v)=y. As above, we cancel one
of the line of the array and we obtain a new array v’ with I(y)=1I1(v)—1, (') < y(v)
and z(v') <z(v). If y(v')=0, then m(v) =>m(v')=1(v")/2=(I(v)—1)/2=(I(v) — (¥(v) -
2z(v)))/2 since by definition y(v)>3z(v) and thus y(v)—2z(v)>1 as soon as z(v)>1.
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If y(v') # 0, then 3<y(v')<y(v) — 1 and we can apply the induction assumption.
Thus we get

m()=Zm()=(1(") — () = 22()))/2 = (I(v) — (¥(v) — 2z(2") + 1))/2.
Thus, we must prove that y(v') — 2z(v') + 1< p(v) — 2z(v), ie., 2(z(v) — z(¥') +
1<y(v) — y(v'). If z(v) = z(v'), this is obvious since p(v') < y(v). If z(v') < z(v),
then y(v) — y(v')=3(z(v) — z(v')) =2(z(v) — z(¥')) + 1. This proves that the induction
assumption holds for y.

Thus, (46) holds and to prove that (45) holds, we must now check that for an
admissible array v, we have y(v) — 2z(v)<q. Denote w(v) the number of indices
j€{l,...,d} such that the sum of all the entries of the columns 2m(j —1)+1,...,2mj
is exactly 1. Since the Hermite rank of ¢y,..., ¢ is at least 2, then it is necessary that
w(v)<d —s, i.e.,, d —w(v)=s. Thus, we have

25 +q=y) +w)+2(d —z(v) — w(v)) =2d — w(v) + y(v)

—2z(v)=2s + p(v) — 2z(v),

and thus y(v) — 2z(v)<gq.
This concludes the proof of (46), and thus of Lemma 3. [

8.1. Validity of Edgeworth expansions

In this section, we prove that the Edgeworth expansions used in the previous sec-
tions are valid. Chen and Hannan (1980, Lemma 2) have adapted Theorem 19.3 of
Bhattacharya and Rao (1976) to prove that under Assumption (Al), the Edgeworth
expansion of the joint density of an arbitrary number of discrete Fourier transform is
valid up to the order 2. That was all they needed since they considered the function
log and were only proving consistency of their estimator. To consider more general
functions, we should check the validity of the expansion up to an arbitrary order. We
will omit this proof since the arguments of Chen and Hannan (1980) are easily gener-
alized. We will only check the validity of Edgeworth expansions of moments using the
result of Gotze and Hipp (1978). We first state a version of Theorem 3.17 in Goétze
and Hipp (1978) with stronger assumptions, but which are easy to check in our con-
text. Let ({nx)1<k<n be a triangular array of independent a-dimensional vectors. Define
Sy =n"'3"7_, (i and let Oi() be the formal Edgeworth expansion of E[y(S,)] up
to the order s, defined as (cf. Bhattacharya and Rao, 1976)

Q)= n PEP). (47)

r=0

Eo(¥) = E(W(£)),

BN =D 5 D i El i (VD)) (48)

=1 r,t
where ¢ denotes a standard a-dimensional Gaussian vector, and with the following
notations:
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° Z:[ extends over all ¢-tuples of multi-indices vy,...,v, such that v;:=(v;(1),...,
vi(a)) e N4,

t
Vil =)+ @) =3, Y vl =r+ 2, (49)
i=1
e for ve N?, vyl = HL;:1 v(ji)!

e H, is a multidimensional Hermite polynomial, i.e., H,(xi,...,xs) = Hyqy(x1)...

Hv(a)(xa)a
o for v=(v(1),...,v(a)) € N? y, is the following cumulant:

1 n | n | n n
o= —eum [ S G0 G D G D G | (50)
=1 =1 =1 =1

v(1) times v(a) times

Denote |x| = (x? + --- + x2)!/? the Euclidean norm of an a-dimensional vector and
define, whenever possible,

puz=n""> E(Luil), (51)
k=1

An,s =n! Z [E[|én,k|s{nil/2‘Cn,k|1{|§n,k|<n1/2} + 1{\(n,k|>n' 2}}] (52)
k=1

Theorem 4. Let y be a C™** function on R* and p be an integer such that for all
BeN with >0 pi=r+2,

/+°° DMy ()]

<
1+ [[? dr<CY),

— 0o
for some finite constant C({r). Assume that the variables (,; have finite moment of
order s+ 2. If lim,_ o A, 542 =0, then there exists a constant C which depends only
on a and the distribution of Zy such that, for large enough n,

[EQW(S) — QW) SC(M(Y) + C(Y)) A gian™** + CplH{Hn= et D2y,
In particular, if p, 3 is uniformly bounded, then E(y(S,)) — Qs(¢) = o(n~*?) as soon
as Y is C6~9 42 and the constants involved in the term o(n~*2) depend only on the

derivatives of y up to the order (s —a)* + 2. We now check that p, 3 is bounded and
lim,_, o 4,512 = 0 in our context. For k = (ky,...,k,), define

Cn,t = \/EZ[(COS(txm(kl —1)+1 )7 Sin(txm(kl —1)+1 )5 cees Cos(txmku )7 Sin(txmk“ ))T
Then |{,,|* = 2um|Z,|?. In the context of Lemma 1, we must also consider

M M M) . M
qu,,):\fZ(Z[( )cos(txm(k,_]H]),Z,( )s1n(txm(k1_1)+1),...,Z,( )cos(txmkl),
M) . ~(M) ~(M) .
Z8 sin( i, ), 2, 0SBk —1)11)5 2y S Bonhs—1y51)s- - -

5(M) 5(M) .
Zt Cos(txmkz ): Zt Sln(txmkz ))T
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In that case, we have

(M)

G =2m(1Z P + |2, ) = m|ZP (03 ) <oy + Ga Lz =my)-

Thus, in both cases, p, 3 is bounded. To prove that lim,_,o 4,512 = 0, note that for
any sequence i.i.d. (Y;) with finite moment of order s, the following limits hold:

n

n
PR s L 32 s+1
Tim ;[E[\m Ly >may] =0 and  lim o~ ;[E[\m My emny]=0.

This is obvious since the variables Y; are identically distributed, thus these sums
are equal respectively, to E[|Yi[*1(y,|=n2y] and n'2E[|Y1[*"' 1y, <ey]. Since
Y111y, > mey and n= 2| Y[ 1y <00y converge almost surely to 0 and both se-
quences are bounded for all n by |Y;|*, their expectations tend to 0 as n tends to infinity
by the bounded convergence theorem.
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