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1 Introduction

String theory was originally developed as a tool to study the dynamics of chromoelectric

flux tubes in strongly coupled gauge theory, but it quickly got sort of sidetracked into the

study of gravity. Some time later, a consistent quantization was developed [1] for Poincaré-

invariant string theories inD 6= 26, in the limit where the physical scale of the string is much

larger than the square root of the inverse string tension, or
√
α′. Decades after the original

discovery of string theory, the study of gravity led back to the application of string theory to

strongly coupled gauge theory, via gauge-gravity duality and the holographic principle [2].
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The relationship between holographic string duals of confining gauge theories and effective

non-gravitational string theory was to some extent worked out in [3], drawing on earlier

work on the derivation of effective string theories from fundamental strings propagating on

warped geometries [4] and perturbed Liouville theories [1].

The effective theory of relativistic strings has developed in spite of the lack of a truly

simple formalism. Static gauge [5–7] lacks manifest covariance, and calculations in static

gauge at the quantum level are vulnerable to subtle errors due to Lorentz-breaking ef-

fects entering through the procedures used to regularize and renormalize the theory. The

Polchinski-Strominger (PS) formalism, while manifestly relativistically covariant and rel-

atively easy to quantize, is based on the ad hoc addition of a singular interaction to the

gauge-fixed Lagrangian.

Therefore, it is desirable to develop a more systematic treatment of the quantization

of string dynamics in the effective framework prior to gauge fixing, so that the translation

between different gauges and renormalization schemes can be carried out with ease and

clarity. In this paper we develop such an approach, by embedding the effective string into

the Polyakov formalism. (We also direct the reader’s attention to the earlier work [8], where

an embedding of the effective string into the Polyakov path integral was also pursued. We

thank N. D. Hari Dass for making us aware of this work.)

2 Effective string theory in the Polyakov formalism

2.1 Generalities

The Polyakov string is defined by the path integral

Z =

∫
DµPolyakov

[g] exp {−SPolyakov} ,

DµPolyakov
[g] ≡

D[g]X D[g]g

D[g]Ω
,

SPolyakov =

∫
d2σ

√
|g••|LPolyakov ,

LPolyakov =
1

4πα′
gab ∂aX

µ ∂bXµ .

The subscript [g] on the various factors of the path integral measure mean that the various

pieces of the measure are regularized and renormalized with a local prescription using the

fiducial metric g••.

The action SPolyakov is Weyl-invariant, but the measure DMPolyakov
[g] is not, transform-

ing under Weyl transformations g′•• = exp {2ω} g•• as

DMPolyakov
[g′] = exp

{
D − 26

24π

∫
d2σ

√
|g|
(
gab ∂aω ∂bω + ωR(2)

)}
· DMPolyakov

[g] , (2.1)

in a general number of dimensions D. The expression above is based on a Euclidean-

signature worldsheet. For a Lorentzian-signature worldsheet metric g (with g00 < 0 signa-

ture convention), we have

DMPolyakov
[g′] = exp

{
i
D − 26

24π

∫
dσ0 dσ1

√
|g|
(
gab ∂aω ∂bω + ωR(2)

)}
· DMPolyakov

[g] .
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In the “linear dilaton” or “quantum Liouville theory” approach, one cancels this

anomaly by assigning a nontrivial Weyl transformation to one of the scalars XD−1 ≡
1
|V | VµX

µ:

XD−1 → XD−1 −
√

26 −D

6α′
ω .

Then X can be related to the Liouville field φ, which transforms under Weyl transforma-

tions with a unit shift, by

XD−1 = −
√

26 −D

6α′
φ , φ = −

√
6α′

26 −D
XD−1 .

The transformation of φ is thus

φ → φ+ ω ,

and the action for φ (in Euclidean signature) is

Sφ =
26 −D

24π

∫
d2σ

√
|g|
(
gab ∂aφ∂bφ− φR(2)

)
, (2.2)

or

Sφ =
D − 26

24π

∫
dσ0 dσ1

√
|g|
(
gab∂aφ∂bφ− φR(2)

)
in Lorentzian signature (g00 < 0). The anomalous transformation of the measure is then

cancelled exactly by the classical transformation of the action for φ. The latter depends

only on the transformation of the φ field itself. Therefore, we can achieve the exact same

classical transformation of the action by substituting any composite operator ϕ for φ that

transforms as

ϕ → ϕ+ ω (2.3)

under a Weyl transformation, and transforms as a scalar under diffeomorphisms. One

can easily construct such operators from Xµ and gab, while leaving all Xµ to transform

trivially under Weyl transformations, thus preserving D-dimensional Poincaré invariance.

The simplest scalar operator that transforms as (2.3), is

ϕ ≡ −1

2
ln(gab∂aX

µ ∂bXµ) . (2.4)

So, in terms of ϕ, our action becomes

S = SPolyakov + S composite
Liouville

, (2.5)

where

S composite
Liouville

≡ Sϕ =
β

2π

∫
d2σ

√
|g|
(
gab ∂aϕ∂bϕ− ϕR(2)

)
, (2.6)

where we have defined the coefficient

β ≡ 26 −D

12
. (2.7)
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We have written the coefficient of the anomaly action in terms of β to connect later on

with the conventions and notation [1] of the old covariant formalism.1

As noted, with this definition of the action, the anomalous transformation (2.1) of

the measure DMPolyakov
[g] is precisely cancelled by the classical transformation of the action

(2.5), and the path integral is invariant. Of course there are many (indeed, an infinite

number of) additional diff × Weyl-invariant terms one could add to the action, and, corre-

spondingly, many (an infinite number of) ambiguities in the definition of the theory arising

from dependence on the regularization and renormalization scheme. These two sets of

ambiguities are of course the same: any two local regularization and renormalization pro-

cedures must differ in effect by local terms in the bare action. Any two renormalization

schemes that properly preserve all the symmetries, including diff × Weyl invariance, must

differ by local terms that preserve the same symmetries. However, there is no local term

preserving all symmetries that scales as |X|0 in the long string expansion, other than the

Euler density, which is topological. Thus, any two consistent renormalization schemes must

yield equivalent amplitudes for all processes at first subleading order in the long-string ex-

pansion, modulo a possible renormalization of the effective string coupling for processes

involving scattering or decays. In particular, there can be no disagreement among observ-

able processes for different “quantizations” of the effective string at first subleading order,

so long as the symmetries are properly preserved.2

2.2 Stress tensor in the effective string in Polyakov formalism

The major difference between the linear dilaton case and the composite-Liouville case is

that the composite Liouville field ϕ itself involves the metric in its definition. That is,

suppose we vary the metric by an infinitesimal amount

gab → gab + hab, gab → gab − hab , hab ≡ gacgbdh
cd ,

whereby δ
δhab

ϕ 6= 0. Note that this is in contrast to the case of a conventional Liouville

field φ, which is an independent degree of freedom defined without respect to the metric.

In particular, with the definition (2.4), we have

δϕ

δhab
= −1

2

∂aX · ∂bX
(∇X)2

. (2.8)

We can thus write expressions for the variation of the kinetic term and the Ricci coupling for

the composite Liouville field ϕ. To this end, we apply standard formulae from differential

geometry, remembering to supplement terms from the explicit metric variation of the action

at fixed ϕ with terms coming from the metric variation of ϕ itself, shown in eq. (2.8).

Defining

S(kin) ≡ 26 −D

24π

∫ √
|g| d2σ gab∂aϕ∂bϕ ,

1Note that there is a sign error in the equation expressing the value of β in [1]. The sign of β in our (2.7)

is the correct one, and is in agreement with all calculations and equations of [1], other than their equation

(15). The incorrect sign in that expression appears to be a simple typographical error.
2For a beautiful analysis of matching between various gauges and renormalization schemes, the interested

reader is urged to consult [3, 9].
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and

S(Ricci) ≡ −26 −D

24π

∫
d2σ

√
|g|ϕR(2) ,

we find the contributions to the stress tensor at order β1 |X|0 by taking the variation of

the order-β1 |X|0 piece of the worldsheet action, which is just the anomaly-cancelling term

S(kin) + S(Ricci). Defining3 T
[β1|X|0]
ab ≡ −4π δ

δhab
S composite

Liouville
and using (2.8), we find

T
[β1|X|0]
ab (ϕ) = T

(kin)
ab (ϕ) + T

(Ricci)
ab (ϕ) ,

where

T
(kin)
ab (ϕ) =

26 −D

6

[
−
(

∇aϕ∇bϕ− 1

2
gab (∇ϕ)2

)
− (∇2ϕ)

(
+

∇aX · ∇bX

(∇X)2

)]
,

T
(Ricci)
ab (ϕ) =

D − 26

6

[
∇a∇bϕ− gab∇c∇cϕ+

1

2

∂aX · ∂bX
(∇X)2

R(2)

]
. (2.9)

The trace of the two pieces above appear (classically) as

T
(kin)
(ϕ)

a
a = gab T

(kin)
ab (ϕ) = −26 −D

6
∇2ϕ ,

T
(Ricci)
(ϕ)

a
a = gab T

(Ricci)
ab (ϕ) = +

26 −D

6
∇2ϕ− 26 −D

12
R(2) .

So the trace of the total order-β1|X|0 stress tensor (classically) is

T
[β1|X|0]
(ϕ)

a
a = −26 −D

12
R(2) , (modulo quantum corrections) .

The quantum correction, given by equation (3.4.15) of [22], is

T (quantum)
a

a = − c

12
R(2) ,

where, for us, c = D − 26. We then have

T (quantum)
a

a =
26 −D

12
R(2) .

Thus, the total (classical plus quantum) trace of the stress tensor is

T aa
∣∣(classical, O(β1|X|0))

(ϕ)
+ T aa

∣∣(quantum)
= 0 .

For a flat metric in Euclidean signature, gab = δab, meaning δww = δw̄w̄ = 0 and

δww̄ = δw̄w = 1
2 in the standard complex coordinates

w ≡ σ2 + iσ1 ,

w̄ ≡ σ2 − iσ1 . (2.10)

3In accordance with the sign and normalization conventions of [1] for the stress tensor.
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Then R(2) = 0 and we have

T
(kin)
ww (ϕ) =

26 −D

6

[
− ∂wϕ∂wϕ− (∇2ϕ)

(
∂wX · ∂wX

(∇X)2

)]
,

T
(Ricci)
ww (ϕ) = −26 −D

6
∂2
wϕ . (2.11)

Then, using

∇2 = 4 ∂w∂w̄

and

∇X · ∇X = 4 ∂wX · ∂w̄X ,

we have

T
(kin)
ww (ϕ) =

26 −D

6

[
− ∂wϕ∂wϕ+ (∂w∂w̄ϕ)

(
∂wX · ∂wX
∂wX · ∂w̄X

)]
,

T
(Ricci)
ww (ϕ) = −26 −D

6
∂2
wϕ .

For brevity, we write ∂w ≡ ∂ and ∂w̄ ≡ ∂̄, so that

T
(kin)
ww (ϕ) =

26 −D

6

[
− (∂ϕ)2 + (∂∂̄ϕ)

(
(∂X)2

∂X · ∂̄X

)]
,

T
(Ricci)
ww (ϕ) = −26 −D

6
∂2ϕ . (2.12)

For gab = δab we have ϕ = −1
2 ln(4 ∂X ·∂̄X) = −1

2 ln(∂X ·∂̄X)+const.. So, discarding terms

proportional to the leading order equations of motion (that is, setting ∂∂̄X = O(βX−1)

by the EOM), we have

∂ϕ = −1

2

∂2X · ∂̄X
∂X · ∂̄X ,

∂2ϕ = −1

2

∂3X · ∂̄X
∂X · ∂̄X +

1

2

(∂2X · ∂̄X)2

(∂X · ∂̄X)2
,

and

∂∂̄ϕ = −1

2

∂2X · ∂̄2X

∂X · ∂̄X +
1

2

(∂2X · ∂̄X)(∂X · ∂̄2X)

(∂X · ∂̄X)2
.

Using the notation Ipq ≡ ∂pX · ∂̄qX in Euclidean signature (or Ipq ≡ ∂p+X · ∂q−X for

Lorentzian signature), we have

∂ϕ = −1

2

I21

I11
,

∂2ϕ = −1

2

I31

I11
+

1

2

I2
21

I2
11

,

and

∂∂̄ϕ = −1

2

I22

I11
+

1

2

I21I12

I2
11

,

such that

(∂∂̄ϕ)

(
(∂X)2

∂X · ∂̄X

)
= (∂X)2

(
−1

2

I22

I2
11

+
1

2

I21I12

I3
11

)
.

– 6 –
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2.3 EOM and stress tensor conservation

Next we will write the EOM for the Xµ coordinates and verify the classical conservation

of the stress tensor, when the EOM is satisfied.

2.3.1 Deriving the EOM

Under a general variation of X, Xµ → Xµ + εµ, the field ϕ varies as

δϕ = −∇X · ∇ε
(∇X)2

.

The variation of the action is

0 = −πα′δSE =

∫
d2σ

√
|g| εµ

{
1

2
∇2Xµ + βα′∇a

[∇aX
µ

(∇X)2
∇2ϕ

]}
+ (terms involving R(2)) , (2.13)

so the EOM is

∇2Xµ = −2βα′∇a

[∇aX
µ

(∇X)2
∇2ϕ

]
+ (terms involving R(2)) .

On flat space we have

~∂2Xµ = −2βα′ ∂a
[
∂aX

µ

(~∂X)2
~∂2ϕ

]
,

where ~∂2 is the flat Laplacian ∂b∂b. Written in terms of w and w̄, we have

∂∂̄Xµ = −βα′ ∂
[
∂̄Xµ

I11
∂∂̄ϕ

]
− βα′ ∂̄

[
∂Xµ

I11
∂∂̄ϕ

]
. (2.14)

It is helpful to recall the usual logic about why we can discard terms proportional to

∂∂̄X on the right-hand side, if we are only working to order β |X|−2 relative to leading-

order quantities. The logic is that our EOM are of the form ∂∂̄Xµ = O(β/|X|). Now the

order β/|X| terms on the right-hand side can be separated into terms without ∂∂̄X factors,

and terms with ∂∂̄X factors. Both are at most of order β/|X|, of course, but the latter is

equal to (∂∂̄X)ν Sν , where Sν is of order β/|X|2. However, ∂∂̄X is itself of order β/|X|.
We then have

∂∂̄Xµ =
{

terms obtained by discarding ∂∂̄X on the r.h.s. of (2.14)
}

+O(β2/|X|3) .

Letting the equivalence ' denote equality up to terms of O(β2/|X|3), we obtain

∂∂̄Xµ ' −βα′
(
∂̄Xµ ∂

[
1

I11
∂∂̄ϕ

]
+ ∂Xµ ∂̄

[
1

I11
∂∂̄ϕ

])
. (2.15)

– 7 –
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2.3.2 Verifying the holomorphy of the stress tensor

To evaluate the nonconservation of the order-β0 holomorphic stress tensor, we can contract

(2.15) with − 2
α′ ∂Xµ, to obtain:

∂̄T [β0] = − 1

α′
∂̄(∂X · ∂X) = − 2

α′
∂Xµ · ∂∂̄Xµ

' 2β∂Xµ

{
∂̄

[
∂∂̄ϕ

I11
∂Xµ

]
+ ∂

[
∂∂̄ϕ

I11
∂̄Xµ

]}
= 2β

{
∂̄(∂X · ∂X)

I11
∂∂̄ϕ+ ∂2∂̄ϕ− ∂I11

I11
∂∂̄ϕ+

∂X · ∂X
I11

∂∂̄2ϕ− ∂X · ∂X
I11

2 ∂̄I11∂∂̄ϕ

}
.

Now we can also evaluate the nonconservation of the order-β1 piece of the stress tensor.

Using 26−D
6 = +2β, we have

∂̄T [β1] = −2β ∂̄

{
(∂ϕ)2 +

(∂X)2 ∂∂̄ϕ

I11
+ ∂2ϕ

}
= −2β

{
2∂ϕ∂∂̄ϕ+

∂̄(∂X · ∂X)

I11
∂∂̄ϕ+

∂X · ∂X
I11

∂∂̄2ϕ−∂X · ∂X∂∂̄ϕ∂̄I11

I11
2 +∂2∂̄ϕ

}
.

These two nonconservations cancel each other out exactly, so we conclude:

∂̄T [β0] + ∂̄T [β1] ' 0 ,

where the ' denotes equality up to terms of order β2/|X|2.

2.4 Relation to the old covariant formalism

We now relate our embedding of the effective string in the Polyakov formalism to the old

Lorentz-covariant formalism of [1]. Apart from the addition of the intrinsic metric and the

corresponding Weyl invariance, the relationship between the two actions also includes a

redefinition of the X variables at next-to-leading order.

Our stress tensor is not conserved if we apply the EOM derived from the Polchinski-

Strominger action in the form written in [1]. This has to do with the fact that our

composite-Liouville action differs from the PS action by linear combinations of ∂∂̄Xµ mul-

tiplied by operators, meaning that the X-variables here differ from those in [1] by a field

transformation of the form Xµ → Xµ + Oµ, where

Oµ =
βα′

4

1

I2
11

{
(I21 + ∂X · ∂∂̄X)∂̄Xµ + I12∂X

µ

}
. (2.16)

To derive this, we first find terms of the form F [X]µ∂∂̄Xµ in our composite-Liouville action.

Then, F [X]µ and Oµ are related by Oµ = −πα′F [X]µ.

The useful aspect of this change of variables has to do with the conformal properties

of the Xµ field. The worldsheet coordinate Xµ
PS as defined in [1] does not have simple

conformal properties. The operator product expansion between the stress tensor and Xµ
PS

has a singular term z−3 β ∂̄Xµ

I11 , so the coordinate Xµ
PS is not a conformal primary. We

shall see in section (4.2) that our embedding coordinate Xµ
here has leading term z−1 ∂Xµ

here

– 8 –
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in its OPE with the stress tensor. The Xhere variables in our formalism are more natural

objects from a conformal point of view, which follows from our derivation of the composite-

Liouville interaction term from a Weyl-invariant path integral in which Xµ
here is taken to

be invariant under Weyl rescalings.4 We shall establish the quantum conformal properties

of our embedding coordinates Xµ
here by explicit calculation in section 4.

3 Local operators in covariant effective string theory

Let us now classify Weyl-invariant operators, organizing them by their X-scaling. We begin

by constructing a Weyl tensor calculus based on a Weyl-covariant derivative using the com-

posite Liouville field ϕ. (Essentially the same Weyl tensor calculus was developed in [8].)

3.1 Weyl tensor calculus on the worldsheet

The ordinary Riemannian covariant derivative does not transform covariantly under Weyl

transformations. The Riemannian connection transforms as

δ(∇bV
a) = (∂bω)V a + δab(V

c∂cω) − (∂aω)Vb

under a Weyl transformation parametrized by ω, if V itself is neutral under Weyl rescalings.

However, using the effective Liouville field ϕ, which simply shifts under a Weyl transfor-

mation (2.3), we can easily render our Riemannian connection Weyl-covariant. Defining

the Weyl-covariant derivative

∇̂bV
a ≡ ∇bV

a − (∂bϕ)V a − δab(V
c∂cϕ) + (∂aϕ)Vb ,

∇̂bV
a transforms as a tensor of type (1, 1) under diffeomorphisms, and trivially under Weyl

transformations:

δ(Weyl)∇̂bV
a = 0 ,

if we assume the property (2.3). The action of our diff- and Weyl-covariant derivative on

covectors is

∇̂aWb ≡ ∇aWb + (∂bϕ)Wa + (∂aϕ)Wb − gab(Wc∂
cϕ) ,

if W transforms trivially under Weyl transformations. So, in particular, if Wb ≡ ∇̂bY =

∇bY = ∂bY for some scalar Y , then

∇̂a∇̂bY = ∇̂a∇bY = ∇a∇bY + ∂aϕ∂bY + ∂bϕ∂aY − gab∂
cϕ∂cY .

We conclude by commenting on this Weyl-covariant double derivative. First, it is auto-

matically symmetric when acting on scalars, just like the Riemannian covariant derivative:

∇̂a∇̂bY = ∇̂b∇̂aY . (3.1)

Second, the correction terms implementing the Weyl-covariance are traceless, so the Weyl-

covariant Laplacian is equal to the ordinary Riemannian Laplacian:

∇̂a∇̂aY = ∇a∇aY . (3.2)

These identities will prove themselves convenient in the calculations that follow.

4The same observation was made in [8].
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3.2 Construction of Weyl tensor local operators

Now we can construct diffeomorphism-invariants with definite Weyl scaling, which will

comprise the basic ingredients of the gauge-invariant operators we will discuss later on.

Starting with an arbitrary scalar Y , we can construct a four-derivative invariant by taking

the norm-squared of the tensor (3.2),

O ≡ gacgbd ∇̂a∇̂bY ∇̂c∇̂dY

= (∇a∇bY )(∇a∇bY ) + 4 (∂aϕ)(∂bY )(∇a∇bY ) − 2 (∂aϕ)(∂aY )(∇2Y )

+4 (~∂ϕ)2(~∂Y )2 − 2 (∂aϕ∂
aY )2 . (3.3)

This operator O is a scalar under diffeomorphisms, and transforms with weight −4 under

Weyl transformations, in units where g•• has weight +2.

Now we consider the case Y = Xµ, transforming the expression to unit gauge. We

begin by defining

A(ab)(cd) ≡ ∇a∇bX · ∇c∇dX .

Now we would like to find the unit-gauge expressions for

Â(ab)(cd) ≡ ∇̂a∇̂bX · ∇̂c∇̂dX ,

and

O22 ≡ gac gbd Â(ab)(cd) .

We start by considering just the values for the second derivative, using symmetries, the

leading-order EOM, and Virasoro constraints. We obtain

∇̂b∇̂aX
µ = ∇̂b∂aX

µ = ∇b∂aX
µ + ∂bϕ∇aX

µ + ∂aϕ∇bX
µ − gab ∂

cϕ∇cX
µ ,

with the properties

∇̂b∇̂aX
µ = ∇̂a∇̂bX

µ ,

and

gab ∇̂b∇̂aX
µ = gab ∇b∇aX

µ ' 0 ,

where the ' means we are modding out by the leading-order EOM.

In unit gauge, where gab = δab, we have

∇̂w∇̂w̄X
µ = ∇̂w̄∇̂wX

µ ' 0 .

The other components are

∇̂2
wX

µ = ∂2
wX

µ + 2 ∂wϕ∂wX
µ ' ∂2

wX
µ − ∂2

wX · ∂w̄X
∂wX · ∂w̄X

∂wX
µ = ∂2

wX
µ − I21

I11
∂wX

µ ,

∇̂2
w̄X

µ = ∂2
w̄X

µ + 2 ∂w̄ϕ∂w̄X
µ ' ∂2

w̄X
µ − ∂wX · ∂2

w̄X

∂wX · ∂w̄X
∂w̄X

µ = ∂2
w̄X

µ − I12

I11
∂w̄X

µ ,

so that

Î22 ≡ ∇̂2
wX

µ ∇̂2
w̄Xµ

– 10 –
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=

(
∂2
wX

µ − I21

I11
∂wX

µ

)(
∂2
w̄Xµ − I12

I11
∂w̄Xµ

)
= I22 − I12I21

I11
. (3.4)

Likewise, in Lorentzian signature, we have

Î22 ≡ ∇̂2
+X

µ ∇̂2
−Xµ = I22 − I12I21

I11
. (3.5)

The expression for this invariant in unit gauge can also be written as

Î22 = I11∂∂̄[ln(I11)] . (3.6)

We will use the invariant Î22 in subsequent discussions to construct higher-dimension

operators that will play a role as terms in the action with adjustable coefficients.

The operator Î22, and functions of it and I11, are the only Weyl-invariant scalar op-

erators that can be constructed using two or fewer derivatives. There is another candidate

operator with only single- and double-derivatives acting on Xµ, but we will see now that

this operator vanishes. That is,

O(six−derivative) ≡ (∇̂aX · ∇̂b∇̂cX) (∇̂aX · ∇̂b∇̂cX)

vanishes. This fact is easily understood in conformal gauge in the basis of the non-Weyl-

covariant Ipq. The difference between any covariant Îpq and its non-covariant version Ipq
involves a set of correction terms that can be written in terms of Irs, with r < p or s < q, or

both. The difference between the Weyl-covariant and non-Weyl-covariant versions of I12I21

would have to contain only I3
11. Terms with a single I12 or a single I21, but not both,

would have to have spin ±1 and could not be a scalar. So the the operator O(six−derivative)

can only be proportional to a sum of I12I21 and I3
11. Neither of these can appear. The

term I3
11 cannot appear because the Weyl-covariant derivative preserves the X-scaling of an

operator. So I3
11, which has X-scaling +6, cannot appear in a covariant version of I12I21,

which has X-scaling +4. The noncovariant I12I21 has the correct weight under rigid

rescalings, but does not transform as a tensor under general conformal transformations, as

it is proportional to I2
11 (∂ ln(I11))(∂̄ ln(I11)). Indeed, the noncovariance of I12I21 under

Weyl transformations is the key property that allows it to appear as the numerator of the

classical term cancelling the quantum-mechanical Weyl anomaly.

3.3 Higher-dimension operators in the string effective action

3.3.1 Conformal dimension and X-scaling

In conformal gauge, all operators suitable for addition to the action are of course dimension

2. This is logically necessary because conformal invariance is a residual gauge symmetry

of the action. However, effective field theory is still applicable in the sense that operators

are arranged hierarchically in terms of their X-scaling, with a maximum X-scaling appear-

ing (X-scaling +2), and with the relevance of operators in the long-string approximation

determined by their X-scalings.
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Assuming the basic symmetries of the problem — the target-space Poincaré symmetry

and the worldsheet gauge symmetries — we can classify all operators up to a given X-

scaling, modulo total derivatives and terms proportional to the leading-order equations of

motion and leading-order Virasoro constraints. For straight, static strings, such as those

considered in [3, 7, 9–16, 23, 24], the computation of any amplitude to order α′p/R2p

relative to its classical value requires including all possible terms in the effective action

of order up to and including |X|−2(p−1). For rotating strings, such as those considered

in [17–21], computation of amplitudes to order J−p, relative to the classical value, requires

including the same set of operators.

3.3.2 The I11-dressing rule

The problem is simplified by the hypothesis that the only quantity allowed to appear

raised to negative powers in local operators, is the invariant I11. Treating this as an exact

property of the effective string expansion, order by order in the inverse size of the string,

can be justified on several grounds. First, all other Poincaré-invariant combinations Ipq
vanish in the static string configuration. Therefore, bilinears Ipq with p or q greater than

or equal to 2 cannot appear as denominators in any effective action that can be used to

describe a long, approximately static string. Second, the invariant I11 is the operator with

the largest ratio of X-scaling to worldsheet scaling dimension. Thus, any expression with

homogeneous worldsheet scaling dimension that can be expanded as a sum of terms will be

dominated at large X by the terms with the most powers of I11. For rational expressions,

where both the numerator and denominator are polynomials in multi-derivatives of X, the

denominator in particular is dominated by terms with the largest number of powers of I11.

Thus the rational function in question can be expanded at large X, where the denominator

will always be dominated by the term with the largest number of powers of I11.

For instance, the term O ≡ Î33
2

I511+Î22
2
I11

can be expanded at large X to give

O =
Î33

2

I5
11

− Î33
2Î22

2

I9
11

+ · · ·

with the omitted terms being of order Î33
2Î22

4
/I13

11 = O(|X|−14). Terms such as Î33
2
/Î22

2

are consistent with all the necessary symmetries, but they are singular in the long string

vacuum and thus describe a different universality class from the conventional effective string

theory. They are also fine-tuned, in the sense that a small perturbation of the microscopic

theory could be expected to change the denominator from Î22
2

to Î22
2
+ε′I11I33 +εI4

11 for

some small ε and ε′. These three terms have X-scaling |X|4, |X|4, and |X|8, respectively,

so no matter how small the value of ε, the denominator will always be dominated by the

I4
11 term for string solutions with a sufficiently long scale |X| ∼ R. For the theory to be

dominated by Î22
2

in the long-string limit, the coefficients ε, ε′ would have to be fine-tuned

exactly to zero, in the absence of any symmetry principle that would enforce this indepen-

dently. The I11 dressing rule is, in this sense, just a corollary of the principle of naturalness.

The third and most concrete justification for the I11-dressing rule is that it appears to

be true. We know of several examples of microscopically well-defined holographic theories

– 12 –
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that give rise to effective string theories in 4D, after integrating out the motions of the string

into the fifth (and higher) dimension. In each of these examples, the dressing rule appears

to hold. For instance, the effective strings generated by holographic compactifications [3]

obey the rule, as does the effective theory generated by the irrelevantly-perturbed Liouville

theory discussed at the end of [1], and the effective theory in an early derivation the 4D ef-

fective string from warped compactification with a minimum of the warp factor [4]. Though

the analysis in these works was at the classical and one-loop level, it is clear that the dressing

rule holds in these models to all loops. The mass Mholo of the fluctuations into the holo-

graphic direction (the mass being taken with respect to conformal time on the worldsheet)

is proportional to I11 at large |X|, so when one integrates out the holographic direction

the singular operators derive from inverse powers of Mholo, and thus have I11 dressing.

The dressing rule must clearly break down near a point on the worldsheet where I11

vanishes. Such points appear on the worldsheets of any realistic rotating string solution in

four dimensions, such as closed strings or open strings with Neumann boundary conditions.

In the vicinity of such points the I11-dressing rule is violated, but the effective theory need

not itself break down or include additional light degrees of freedom. In the case of strings

with massless quarks, the singularity is resolved by a reorganization of operators dressed

with I22, rather than I11 [21]. This reorganization of operators is physically interesting

and may be testable experimentally: the emergence of the I22 dressing is associated with

fractional powers of angular momentum appearing in the formula for the large-J meson

spectrum [18–20, 25]. We will not deal with such situations in this paper, however; we

restrict our attention to local properties of the worldsheet effective theory away from loci

where I11 vanishes.

3.3.3 Scalar operators of conformal dimension 2

Assuming the validity of the I11-dressing rule, the enumeration of all gauge-invariant oper-

ators at a given order in |X| becomes a finite problem. The set of Poincaré invariant terms

is generated by the bilinears Ipq, together with H(pq) ≡ ∂pX · ∂qX and H̃(pq) ≡ ∂̄pX · ∂̄qX.

These operators, and their covariantized versions Îpq, Ĥ(pq),
̂̃H(pq), have scaling dimension

p + q. To classify possible terms in the action, we can write each operator uniquely as

an undressed numerator (i.e., a monomial or polynomial in H(rs), H̃(tu), and Ipq with p

or q ≥ 2) dressed with a power of I11. We may then discard all terms proportional to

leading-order Virasoro constraints and total derivatives.5

The power of I11 dressing a given undressed operator is dictated uniquely by scale

invariance, with an underssed scalar operator

O(undressed) ≡
∏
i

Ipiqi
∏
j

H(rjsj)

∏
k

H̃(tkuk) ,

dressed to marginality as

O(dressed) ≡ I−∆
11 O(undressed) ,

5We have chosen our basis of operators so that terms proportional to the leading-order EOM ∂∂̄X are

already omitted.
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∆ = −1 +
∑
i

pi +
∑
j

[
rj + sj

]
= −1 +

∑
i

qi +
∑
k

[
tk + uk

]
.

The equality of the latter two expressions is simply the constraint that the operator be a

scalar field. The X-scaling of the undressed operator is 2(NI+NH+NH̃) =
∑

i 2+
∑

j 2+∑
k 2, so the X-scaling of the dressed operator is

ScaleX
[
O(dressed)

]
= −2∆ + ScaleX

[
O(undressed)

]
= 2 −

∑
i

2(pi − 1) −
∑
j

[
2(rj − 1) + 2(sj − 1)

]
= 2 −

∑
i

2(qi − 1) −
∑
k

[
2(tk − 1) + 2(uk − 1)

]
. (3.7)

We can write this symmetrically as

ScaleX
[
O(dressed)

]
= 2 −

∑
i

[
(pi − 1) + (qi − 1)

]
−
∑
j

[
(ri − 1) + (si − 1)

]
−
∑
k

[
(tk − 1) + (uk − 1)

]
. (3.8)

The invariants H(11) and H̃(11) are proportional to the leading-order Virasoro constraints,

so every I,H or H̃ added to an operator contributes negatively to the X-scaling, from the

starting point of the tree-level action I11, with X-scaling 2.

3.4 Universality and nonuniversality

In this section we will analyze the issue of universality of the action at the first two sub-

leading orders in the 1/R expansion, where R is the typical length scale of the string. We

will emphasize that all amplitudes are universal at next-to-leading order (NLO). At next-

to-next-to-leading order (NNLO), it will emerge that certain observables are universal and

some are not, and we will explain why this is so, giving a useful criterion to distinguish

between the two cases.

3.4.1 Universality at NLO

To classify possible marginal operators with X-scaling 0, we must, according to (3.8), find

all undressed operators with∑
i

[
(pi − 1) + (qi − 1)

]
+
∑
j

[
(ri − 1) + (si − 1)

]
+
∑
k

[
(tk − 1) + (uk − 1)

]
= 2 .

The only such operators are H(12)H̃(12), I12I21 and Î22. The first vanishes, modulo oper-

ators with lower X-scaling, by the Virasoro constraints. The second, as discussed above,

does not transform covariantly under Weyl transformations, cannot be rendered covariant

with additional terms, and does not correspond to a gauge-invariant operator after dressing

with two negative powers of I11. This leaves us with the Weyl-covariant scalar Î22, which

is dressed to marginality as Î22/I11. From the form (3.6), we see this operator is propor-

tional to a total derivative, and does not affect the string dynamics except possibly as a
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boundary term. This leaves no adjustable operators in the string action at next-to-leading

order in the large X expansion for closed strings. This argument justifies the claim of

universality of the asymptotic Regge intercept for closed strings with angular momentum

in two planes in D ≥ 5.6

3.4.2 Nonuniversality at NNLO

A similar analysis can be applied to classify operators at NNLO. Here, we need to find

undressed operators with∑
i

[
(pi − 1) + (qi − 1)

]
+
∑
j

[
(ri − 1) + (si − 1)

]
+
∑
k

[
(tk − 1) + (uk − 1)

]
= 4 .

There are many such operators, for instance:

O(undressed)
1 ≡ (Î22)2,

O(undressed)
2 ≡ Î22I12I21 , O(undressed)

3 ≡ (I12I21)2 ,

O(undressed)
4 ≡ Î22H(12)H̃(12) , O(undressed)

5 ≡ H2
(12)H̃

2
(12) .

Most of these can be eliminated as candidate terms in the action. Operators O(undressed)
2 and

O(undressed)
3 contain the expression I12I21, which is noncovariant, and cannot be rendered

covariant, and no linear combination of O(undressed)
2 and O(undressed)

3 is covariant either.

The operators O(undressed)
4 and O(undressed)

5 are proportional to the first derivatives of free

stress tensors, and so vanish by the Virasoro constraints, modulo operators with smaller

X-scaling. The operator O(dressed)
1 ≡ (Î22)2/I3

11 is nonzero and independent as a possible

term in the effective Lagrangian, however. In gauge-invariant language, this corresponds

to the curvature-squared of the induced metric. As a result, the predictions of effective

string theory are nonuniversal at NNLO in the long string expansion.

The end of universality does not mean the end of the usefulness of effective string

theory, however. The small number of adjustable terms means that there are far more

observables than parameters at NNLO, so one can derive long-string or large-J sum rules

that are universal at NNLO, because the adjustable coefficients cancel out in certain com-

binations of observables. Also, in many situations, such as that of a static string, the term

O(dressed)
1 does not contribute at NNLO because its classical value vanishes. Therefore,

it can only contribute through quantum fluctuations, which are suppressed by additional

powers of α′/R2. As a result, the energy spectrum of the static string is universal up to

and including order α′R−3, rather than just R−1. This NNLO universality holds only for

the static string and other cases where O(dressed)
1 vanishes classically. It does not apply, for

instance, to the case of the rotating string, so we should expect the meson mass spectrum

to be sensitive to the coefficient of the curvature-squared term at order J−
3
2 .

6These arguments do not apply without modification to the case of strings with folds or Neumann

boundaries, in which cases the dressing hypothesis breaks down. Note, however, that in [21] a similar

analysis was applied to derive a universal asymptotic intercept for open string Regge trajectories under the

hypothesis of an I22 dressing rule for Neumann boundaries.

– 15 –



J
H
E
P
0
9
(
2
0
1
4
)
1
8
3

4 Interaction corrections to the OPE

X X
= O(β0|X|0)

LPS

X X

= O(β1|X|−2)

4.1 The propagator correction

In the presence of the interaction term, the theory preserves conformal invariance but is

no longer a free conformal field theory. The structure of the operator product expansion

becomes less simple when X is no longer a free field. The propagator for the fluctuation

Y µ = Xµ − Eµ of the embedding coordinates receives non-vanishing corrections at rela-

tive order β|X|−2, and these corrections affect the operator product expansions of local

operators with one another.

The form of the leading-order propagator correction is generally not simple. The

correction satisfies a differential equation controlled by the β1|Y |1 terms in the expansion

of X in the EOM (2.15) as the solution Xµ = Eµ + Y µ. The full set of terms in the EOM

for the propagator correction is lengthy, and we do not reproduce it here. Rather, we will

deal directly with the effect of the propagator correction on the OPE of the stress tensor

with other operators.

Note that the propagator correction vanishes at first subleading order in the case of

the static string [3, 7, 9–16, 23, 24]. The corrections to the tree-level propagator are all

proportional to

Epq ≡ Ipq
∣∣
X=E

= ∂pE · ∂̄qE , (4.1)

with p and/or q greater than unity, and all such expectation values of higher-derivative

invariants vanish in the classical solution for the static case. This is not so for more generic

situations, such as the rotating string. The propagator is used to compute vertex operator

correlation functions, as well as to verify the consistency of the gauge-fixed theory via the

stress tensor OPE. We therefore need to understand the propagator correction to some

extent.

4.2 Nonrenormalization of the OPE between T and X at O(β1)

We will see that the propagator correction, despite modifying the operator product expan-

sion of the X field, does not affect its conformal properties. This nontrivial fact, which is

not manifest in the old covariant formalism of [1], can be traced to our embedding of the

effective string in the Polyakov path integral.
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In this subsection, the OPE of T with X is examined. Although there are the propa-

gator corrections and the contribution from T [β1], it will turn out that

T (w1)Xµ(w2) =
∂Xµ(w2)

w12
+ (smooth terms) +O(|X|−3) .

To prove this, we first investigate the OPE of T [β0] with X, where we will see that

T [β0](w1)Xµ(w2)
∣∣∣
prop. correction

= −T [β1](w1)Xµ(w2) + (smooth terms) +O(|X|−3) .

The contraction of T [β0] with the PS vertex −S[β1] = −
∫
d2wLPS is

T [0](w1) · (−S[β]) = 2β∂Xµ∂X
µ∂∂̄ϕ

I11
(w1)

−β
π

∫
d2w3

∂Xµ(w1)∂̄Xµ(w3)

w2
13

∂∂̄ϕ

I11
(w3) + O(|X|−2) . (4.2)

By partial integration, and using the leading order EOM, the second term in the r.h.s.

becomes ∫
d2w3

∂Xµ(w1)∂̄Xµ(w3)

w2
13

∂∂̄ϕ

I11
(w3)

=

∫
d2w3

[
∂2ϕ(w3) + (∂ϕ(w3))2

]
∂̄3

[
1

w13

∂Xµ(w1)∂̄Xµ(w3)

I11(w3)

]
= −2π

[
∂2ϕ(w1) + (∂ϕ(w1))2

]
+

∫
d2w3

[
∂2ϕ(w3) + (∂ϕ(w3))2

] ∞∑
n=1

wn−1
13

n!
∂̄
∂nI11

I11
(w3) .

The latter term can be neglected because when contracting with Xµ(w2), it does not yield

any singularity in the limit w1 − w2 → 0 . Finally,

T [0](w1) · (−S[β]) = T [β](w1)

+(terms which are negligible in the above sense)

+O(X−2) . (4.3)

Contracting with Xµ(w2), we get

T [0](w1)Xµ(w2)
∣∣∣
prop. correction

= − T [β](w1)Xµ(w2) + (smooth) +O(|X|−3) .

The result is that T [β0+β1](w1)Xµ(w2) = 1
w12

∂Xµ(w2) + (smooth) +O(|X|−3), where the

contractions are performed with the full propagator. To put it more concisely,

T [first two orders in β](w1)Xµ(w2) =
1

w12
∂Xµ(w2) + (smooth) +O(|X|−3) , (4.4)

where the OPE is performed in the full quantum theory. In other words, the OPE of T [full]

with X in the full interacting theory is the same as that of the free T [β0] in the free theory,

modulo terms of order |X|−3 and smaller.
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This proves the standard OPE of T with X is unmodified by interaction and quantum

corrections up to and including relative order β |X|−2. In other words, to first subleading

order, the conformal transformation of X remains that of a primary field of weight zero.

This was inevitable, as we formulated our theory from the outset with explicit Weyl invari-

ance built in, from which the conformal invariance of the gauge-fixed theory is inherited.

The operators in the CFT describing the theory in conformal gauge receive their conformal

properties from the Weyl transformations of the fields in the path integral. Since our con-

struction of the Weyl-invariant quantum theory was based on assigning X to be invariant

under Weyl transformations, it automatically appears as a conformal primary of weight

zero in the interacting CFT.

4.3 Closure of the OPE of T with itself

We now demonstrate that the OPE of T with itself satisfies the standard form, with

c = D + 12β = 26, up to and including O(|X|−1), using the result of the previous section.

First, when we separate Xµ = Eµ+Y µ, where Eµ is a c-number solution of ∂∂̄Eµ = 0 and

Y µ is an operator representing fluctuations, the TX OPE is the same as the TY OPE:

T [β0+β1](w1)Y µ(w2) ∼ 1

w12
∂(Eµ + Y µ)(w2) + O(E−3) . (4.5)

Then, expanding T with respect to Y ,

T [β0+β1] = T [β0+β1]
∣∣∣
X=E

− 1

α′
(2∂E · ∂Y + ∂Y · ∂Y )

+β

[
−∂E · ∂E

(
∂E · ∂̄Y + ∂Y · ∂̄E

E2
11

∂∂̄ logE11 − 1

E11
∂∂̄
∂E · ∂̄Y + ∂Y · ∂̄E

E11

)
+2∂E · ∂Y ∂∂̄lnE11

E11
+ ∂2∂E · ∂̄Y + ∂Y · ∂̄E

E2
11

− ∂lnE11∂
∂E · ∂̄Y + ∂Y · ∂̄E

E2
11

]
+O(Y 2E−2) , (4.6)

with E11 as in (4.1). A tedious but straightforward calculation using eq. (4.5) gives

T [β0+β1](w1)T [β0+β1](w2) ∼ D + 12β

2w4
12

+
2

w2
12

T [β0+β1](w2)

+
1

w12
∂T [β0+β1](w2) + O(|X|−2) . (4.7)

This OPE implies that the theory is a conformal field theory with c = 26, regardless of the

space-time dimensions and the form of the classical solution. This result generalizes the

stress tensor OPE in [1] in the special case where Eµ is linear in the worldsheet coordinates.

4.4 OPE of T with composite operators

Suppose O is some operator with definite or polynomial |X|-scaling |X|p, and we would

like to compute the OPE of T with O up to (and excluding) terms of order |X|−4, relative

to O itself.7

7That is, we would like to compute the OPE of T with O up to (and excluding) terms of order |X|p−4.
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Terms involving cubic or higher interaction vertices are too small to contribute. To

connect T and O with a cubic interaction vertex, we would need to pull three X fields

from T and O, and the cubic interaction vertex from the PS term itself scales as |X|−3.

Thus, the total effect scales as |X|−6, relative to the classical combined X-scaling of TO,

the latter being |X|p+2. So any contribution to the TO OPE involving a cubic vertex is no

larger than |X|p−4. Likewise, a diagram with a qth-order vertex, with q ≥ 4, must connect

the two operators by pulling off at least one X field from each, and the vertex itself scales

as |X|−q, so the |X|-scaling of the contribution is |X|−q−2, relative to the classical |X|-
scaling |X|p+2 of the classical operator product TO. The |X|-scaling of the term is thus

|X|p−q or smaller, and thus no contribution with a quartic or higher interaction vertex will

contribute to the OPE at the desired order of accuracy.

Therefore, the only terms contributing to the TO OPE up to the order of interest

are classical propagators, with or without interaction corrections. For a single propagator,

we have found that the effect of the propagator correction on the singular terms in the

OPE precisely cancels the effect of the explicit order-β1|X|0 correction to the stress tensor.

For two propagators, a double contraction with leading-order propagators is order-|X|−4,

relative to the classical operator product, and each interaction correction to a propaga-

tor suppresses the |X|-scaling further by |X|−2. A single interaction correction to either

propagator is already order-|X|p−4 in total, and thus small enough to ignore. Likewise,

contractions using three or more propagators, even uncorrected propagators, is already

order-|X|p−4, and can be ignored as well.

Thus, the OPE of T [full] with O is given by a sum of the following:

• Terms coming from contractions with a single (corrected) propagator, which imple-

ment a classical conformal transformation with X transforming as a scalar that is

invariant under Weyl transformations;

• An anomalous term coming from a double contraction using free propagators;

• Terms of X-scaling |X|p−4 or smaller;

• Smooth terms.

For purposes of classifying conformal primary operators at next-to-leading order in the

effective string expansion, we care about the first two contributions only.

5 Conclusions

We have embedded effective string theory in the Polyakov formalism, so that the standard

worldsheet diffeomorphism and Weyl symmetries are manifest. The absence of the Weyl

anomaly is clearly proven prior to gauge fixing. The classification of diffeomorphism-

invariant operators with definite Weyl scaling implies that no adjustable parameter exists at

next-to-leading order, whereas at next-to-next-to-leading order the action is not universal.

One of the efficiencies of our formalism, relative to the old covariant one, is that the

primary conformal transformations of X are maintained in the presence of the interaction,
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by construction. Thus, to classify conformal primaries at next-to-leading order, only a

classical conformal transformation and a double contraction using free propagators need

be taken into account.
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