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A median praph is a connected graph, such that for any three vertices u, v aads w there is
exactly ong verieX x that lies simulic neously on a shortest (i, s } path. a shortest {v. w}-path and
a shortest (w. u)-path. It is proved that a median graph cau tr cbtained from a one-vertex
graph by an expansion procedure. From this characterization some nice properties are derived,

0. Infroduction

In [2] the concept of median graph was introduced. It vas shown that there is a
close relation betwees median graphs and some at first sight fairly distinet
mathemnatical s¢ ictu es. One of taese is a special class of Helly hypergraphs. This
class consists of the hypergraphs with vertex-set V and edge-set £« P(\/), such
that

E'cE NE'=0>3A,BeE:ANB=0.

In the scquel a structural characterization of median graphs is give and some
mige properties are derived.

With some minor adaptations the terminology of Bondy and Murty [1] is
adopted.

i. Detinitions and preliminaries

Lot G =(V, E) be a simpie lcopless graph with vertex-set V., edge-set E and
distince functior d. The grapt G is a median graph if G is connected, and for a
three vertices ¢, v and w of G there is exactly one vertex x, called the mediar f
t. v ind w and denoted by (i, o, w), such that

Ao, xh a(x v) =d(u, v)
div. vie = (v, w)

(}.f i

diw, 334
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_ ‘The notion of median graph was introduce? in [2]. All trees and the n-cubes
are median graphs. It is easily seen that ¢ median graph ‘s bipartite {(as will be
proved later). ;

A cutset in-a connecte¢ graph is a nmmimal disconnecting cdge-set (2 bond in
[1h. ‘

A cuiset colouring of a connected graph s a proper edge colouring of the graph
(adjacent edges have different colours), such that for any colour i, the set of edges
assigned colour i is a cutset (or the emty set). Necossary conditions for the
existence of a cutset colouring of a connected graph G are:

- (7 is loopless (because of the minimality, a cutset conamns 1o loops)

- {3 is simple {two edges joining the same pair of vertices
differently, but they must belong to the same cutset):

- (3 is bipartite {a cutset contains an even sumber of edges of each cireuit (n [ 1]
calied cycle); so a circoit contains an even number of odges of each colon in
the cutset colouring, and thus has even lerigth);

- (7 does not contain K, ; as a subgraph (f a cutset contains an edge of K, .. then
it contains at least two adiacent edges of &, ).

A connected graph is said to be uniquel. cuser colowrable, i the graph admits,
up to the labelling of the colours, exactly vne cutset colouring.

Note that, of we want to establist a cutset colouring of a cot nected graph, we
are forced to assign the same colour to non-adjacent edges in any cireuit of ler gth
four. Hence the n-.ube is uniquely cutset colourable with # colours.

A convex subgraph of a graph G 18 an induced subgy m;n GIWlof G such thut
with any two vertices u, v & W all shortest w, v)-paths in G He entirely in GTW1L
Cieany a convex subgraph of a median groph is m«iz a median graph.

For subseis 5, T of the vertex-set of a ivaph. [8 T denotes the set of edpes
with 2ne end in § and the other in T

have o bBo colouncd
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et G be a smple loopless graph. Let W, W a V be such that WU W= V.
WOW$8and [WAW, W\ W=
The expansion of G with respect to W and W' is the granh ' constructed as

{1} replace ezch vertex ve WM W' by two vertices u,, uj, which are joined by
in edge:
{1} join i, to the neighbours of v in W\ W and v w0 thoae in W\ W,
S i oo we W W and owe EL then join . to u, nad o) o 1l
In i’ic 1 the conutruction of an expaasion of a maph is if uxtrat\ d bv an example.
FGEW ] and GLW'T are convex suhgraphs of ¢ then G’ will be called 2 convex

expansion of O3

H

“3

xe

: stracture of median graphs

Theorem. A grash G iy o median graph iff G can be obiained from a one-veriex
grapat by 1 sequence of convex cxpansions.

The proof of the theorem will be given in the next section. In the course of the
proof several properties of median graphs will be inferred. which are interesting in
their own right and which elucidate the structure of median gaphs. Therefore
they are stated here as corollaries to the theorem,

Corelis 'y i A wedian g,mpn is imf:;ltu\' cutse’ colourable.

Corvoltary 2. Let G be a rrredi:m graph and F == [' W. V\ W] ¢ colour of the cuiset
colouring of G. Set U={ue Wluend of anedge of Ft and IV ={ue V\ W uend
of an edge of FY. Thes

iy GIUL o, G{W] and G V\ W] are convex subgraphs of G, and thus are
median graphs;

(if) the mapping f: U— U’ defined by

flady=u' iff w'eF

induces a colour weserping isomorphism berween G{U] and G[U'].
a k-cube from an n-cube, with # - 3= k =0, produces a uniguely cutset colourat'e
graph, which is not a median gvaph.

From the theorem, the foliowing characterization (cf. [2]) of median graphs is

sastly deduced by induction on the number of vertices, or on the number of
colours in the cu'set colouring.

Note that not all uniquely cutset colourable graphs are median graphs. Deleting

Cmoliarv 3. A graph G is a median graph iff G is a connected .nduced subgrarh of
1 n-cube such that with any three verdces of G their median in the n-cube is also a
vertex of G.
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‘Remark., Other characterizations of median graphs obtained in [2] can abio be
derived from the theorem.

3. Provi of i;hé theorem

“First the if part of the proof. :
et-G be a median graph. Let G’ be a conves expansmn of 5. say, with respect
to W and W Let:

Us={u,|ve WnW}
and
={u fve WnNwi,

where u, and u, are as in Section 1.

Set £={W\WHUU and Z’={W\WIUL". Then ZUZ is the vertex-se. of
G

From the definition of expansion, it is clear taat G[Z]= G{W], G'IZ'1=G['A"
and GHU = GTU]. Fusthermore, it follows hat G *"_,:;; and G172’ are convex
subgraphs of ', And thus, since GIW] and G[W'] are median graohs, any three
vertices in Z (or i Z" have a unique mediar in G".

Taks three vertices of G, notallin Zorin 7, sava, beZ and ceZ". Let x be
the median of the vertices in G :orresponding to a, b and ¢. Now a shortest path
in G' from a vertex in Z to a vertex in Z' can e obtained from a shortest path in
G between the corresponding vertices, by “adding™ an edge besween U and U to
he path. Moreover, all vertices on a shortest {1, b)-paih in G e in 7. Henee the
verien of G'in Z corresponding to x is the uniquely determined median of o, b
and ¢ in &,

Although it goes against the advice of [3], 1he proof of the only i} part of the
theorem is broken into a succession of steps. This is done, because the proof is
rather lengthy, and alse beczuse several prope ‘ties of median graphs can tnereby
be stated separately.

Let G=(V, E) be a median graph. Fix an +dge ¢ = ab of (; and define

Y, ={we Vfd(a w)+ L= d(b, Wi,
Wb r={we V]da, w)=db, w)+ 1},
Fi=[W, W,,}

U,:={ue W, | u end of an edee in =,
Uy:={ue W, |u end of an od e in I}

Note that' W, is the set of all vertices that ave nearer to a than 1o b, and W, of all
vertices that are nearer to b than to a. Clearl’ ae W, and be W,.
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{0 I woveV oare joined by an edge. then (i, w)=u or v. but clearly not

hoth, for all we V.

Proof. Apply the definition of median.
() W, ={we Viig,w b)=a} and W, ={we V|(a w.b)=b}
Proos. Follows directly from (0).
QY W, = V\ W,
Proof. Use (1) and (1)
{3} G is bipartite.
Proof. Since ab is ap arbitrary edge of G, asserticn (2) tmplies that for any two

adjacent vertices n :nd e there exists no veriex w in G. such that d{u, wy=
d{e, w). So G contains on odd circusts.
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(4) Yor v € W, ea:h shortest {q, v)-path Hes entively in G{W, ], for ve W, cach
shortest (b, v)-path s entirely in GTW,].

Prooi. Use the definition of W, and W,
(5) Fis a cuiset.

=1, Ard (4) implies

Proef. Assertion (2) imples that F is a discons
that G[ W, and G[W,] are connected, so F is mammai.

& If ue U, vel, such that up e F, then d(u. a)=d(v, b\

Proof. Since uv € F, we have

do. By + 1 =d, a)sd )+ L=d D)y =d(v, b+
(7 F is a matching.

Proof. Assume on the contrary that there exists a vertex u, say u € U, such that u
has two distinet neighbours o o'e U
According to (3) the graph G contains no triangles, so d{v, v') =2, Further-
more, (8) implies thet d(v. a)=d(', a)=d(u, &)+ 1, so we have (v, v, a)=u.
Since v, v'e W, it foliows from the definition of W), that b iies on a shortest
{a, v)-path, as well as on a shortest (a, v)-path. Hence (v, v b)=(v, 2", a).
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But (4).iraplies that (z,v', b) < W,,. So w'e W, N U, < W, (1 W, thus estabiishing
a ‘contradiction witk ¥, YW, =

(8) For ue U, each shortest (a, i1)-path ies entirely in G[U, L for ue U, cach
shortest (b, u)-path Les entirely in G[U, L

Proof. We only prove the first assertion, 1 sing induction on d{a, u)

Let v be the neighbour of & in [/, and let we W, be a acighbour of 4 tuch
that d{a, wy=d{a, w)—1.

Then {(6) implies d(v, b) =d{a, u}y=d{a, v} + 1=d, w) Moreover, d{p, w) =2,
Hence (v, w, b) 1s a common neighbour o v and w. According to (4}, we Fave
{o,w,bye W, and thus we U,.

(9) For anv edge ur of G such that ne lU, and vel, we have W,=
{we Viuw od=u} and W, =iwe V| w. :;)»— s:}(

Proeof. First lot ¢ be a neighbour of ¢, anc thus ¢ a neighbour of b.

We shall prove that W, c{we VI{ew et=u}l Tien similarly W .o
fwe V|{u, w v)=1} and thus, using (1) b ith aqualities haold.

Take a vertex we W,. Set d{e.w)=k Tun dib.wi=k+1.

If (4, u, wY=u, then d{u, w) = d{a. w)'i =k 1. Now

dlu, wi+1=dp, wymdh, Y =1 skt 1>k~ T=duw wh

Andd hence d{o, wY=d{u. w)+ 1.

Hi{zwwi=a, then ¢, wi=d{a wit+l=k+l=db wi So (i, w, t)=¢ snd
d{o,w)=k o. k+72, since G is bipartite. But d{e. wy=k implies a = {1, v, by=¢
which & a contradiction. So again A, w)=d{u w)+ L

The general case now foilows by induction on d{a, u). using (8).

{10) GIU,J and GIU,] are conve
graphs.

Proof. Take u, w'e U,. Let v’ be the neighnour of v’ in 11, According 10 {(9) we
also could have used the edge u'v’ insiead of the edge ab for the definiton of W,
and W, and thus of 7, U, and U, The implics that assertion (8) still ho b, when
@ is replaced by #'. S0 we can conclude that each shoriest (i, w)-path heys entirely
in GLU, ] Hence G{U,1is a convex subgraph of G.

Sirndtarly (3{U,] is convex.

(11, G{W,] and G[W,] are convex subgrapks of G, and thus they are median
graplis.
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Proof. Use (10).

(12} The mapping f:U,— U, defined by fy=v iff wvcF induces an
isomorphism between G[U, ] and G[L, ]

Proof. %mu F s o marching between U, and L7, the mapping f is bijective.
Take w, w e Aumafﬁﬁ 10 {9) assertion {6 still holds when we replace a by
u'and b by fize). That ds, diw Y =dyfC0. fOM). So we' e E ff flidf(uhe £

(13} G is uniguely cuwset colourable,

P

Froof, Take an @ége ue of G, with uell, a
\we Viow ey=u} and W, ={we V]{y w. o) =0} Assertion (9) invslies that
[%&u. W, ]. That is, the edge ur defines the same cutset-matching F as the edge
ab. Since ab iv an arbitrary edge of G, it follows that G is cutset cclourable.
Now let a= 4oty ... i;,tz" be a path from a to v in GIU,)]. Then b=
Flue), flig) ..o f(e)= 0 is a path from b 1o v in G{LL]. As observed in Section
I, non-adjacent cdzes in a circuit of length four in G are to be assigned the same
colonr in  any cutset colouring of G, So the edges ab=uf(u,)
), L cu fleg )= ue are to be assigned the same colour in any cutset colour-

ing of G. And thus it follows that the cutset colouring of G, constructed above, is
uiCue,

1 o Q.. L5 2N
ad ve ., set W, o=

(14) The somorphism f. defined in (12). is colour preserving.

Proof, Let un’ e anedge in GIU, 1 Then u, f{10), f(u"), u', u is a circuit of length
four in G,

(15) G ran be obtaired as a convex expansion from a graph with less vertices.

Proof. et G' be the graph constructed from G[V\ U, ], by joiring each vertex
u e U, 1o ail peighbours of f(u) in W\ U, In other words, (' is obtained from G
by “contracting” F.

Jot Wi= (W, \ U U UL
va GTW 1= G[W, 1. G'IW|]l= G[W,] and GTU_ }= G[U,1=G[U,] Clearly G
is the expansion of G with respect to W, and Wi

Take u, ve 17, No shortest {u, v)-path in G passes through a vertex of V\ U,
and no shortest (f{u), f(v))-path in G passes through a vertex of V\ U,. So ali
shortest {1, v)- paths in G' lie entirely in G{Uﬂ] That is, G'[U,S is a convex
subgraph of (5. Since there are no edges in G’ between W, \ W, and W\ W, it

.(ﬂv"‘vl

follows from the convexity of GTU, ], that G'[W,] and G'TW,] also zre convex

sulgraphs of &,
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Assertion (11) now implies that any three verticss in W, have 2 unique median
in (7. The same holds for three vartices in W), et v e W, and we W\ W,
Then u, v and w have a urique median, say. x in G. Note that ze W,. Let Pbe a
shortest path 1 G from w to u. Then P passes through exactly cne edge, say
flu,)u,, from F. Let f(u,) be the first vertex of P that lies in U,. Since G, is
convex, P is of the form Py, fluy flw) ..o, fGg ) w,, Po, whers P fa) is the
subpath of P from w to f{u,) and <, P. is the subpath of P from 1, 1¢ « Now the
path Q= Py, f(uy), uy,, s, . ... u,. P, also is a shortest path from w to u in G.
And G contains exactly one veriax of U, It is clear that, in determining the
median of &, v and w in G, we cep confine curselves to paths of the same form 2s
Q. Wher we “contract” the edge f{u )i, € F in Q. then we obsain a shortest path
Q' from w to w in G'. Any shortest (w. u)-path in G’ can be obtained in tivs way
from a path of “type Q7. From these observations it is clear, that x is the wnigque
median >f . v and w in G,

Stitarly, we W\ W and &, v ¢ W) have a unique mx
median graph.

+ (7' Thus G’ isa

4]
kb
B
-
put}

This finishes the p-oof of the theorem.

Note added in proef

It was brought to my attention by L. Nebesky that some of the above resuits are
contained ia his paper “Median graphs”, Comment. Math. Univ. Carolinae 12
(1971) 317-325.
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