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Abstract

In this paper, a new class of generalized convex function is introduced, which is called the s
α-preinvex function. We study some properties of stronglyα-preinvex function. In particular, w
establish the equivalence among the stronglyα-preinvex functions, stronglyα-invex functions and
stronglyαη-monotonicity under some suitable conditions. As special cases, one can obtain
new and previously known results forα-preinvex (invex) functions.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In recent years, the concept of convexity has been generalized and extended in
directions using novel and innovative techniques. An important and significant gene
tion of convex functions is the introduction of invex function, which was introduced
Hanson [1]. This concept is particularly interesting from optimization view point, sin
provides a broader setting to study the optimization and mathematical programming
lems. Ben-Israel and Mond [2] introduced a class of convex functions, which is calle
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preinvex function. It is known that the differentiable preinvex functions are invex funct
but the converse is not true. However, Mohan and Neogy [3] have shown that the pr
functions and invex functions are equivalent under certain conditions. Weir and Mon
and Noor [5] have shown that the preinvex functions preserve some nice properti
convex functions have. Jeyakumar and Mond [6] introduced and studied another c
generalized convex functions, which is known as stronglyα-invex function. It has bee
shown [6,7] thatα-preinvex (α-invex) have useful and important applications in gene
ized convex programming and multiobjective optimization. We note that the concept
strongly (α)-invex function defined in [6,7] is misleading. Compare Definitions 2.9–2
with those of Jeyakumar [7] and Jeyakumar and Mond [6].

Motivated and inspired by the research going on in this fascinating field, we intro
a new class of generalized functions, which is called stronglyα-preinvex functions. We
also introduce several new concepts of stronglyαη-monotonicities. We establish the r
lationship among the stronglyα-preinvex, stronglyα-invex andαη-monotonicities unde
some suitable and appropriate conditions. We also give a necessary condition for s
αη-pseudomonotone invex functions. As special cases, one can obtain several n
correct versions of the previously known results for various classes of preinvex and
functions.

2. Preliminaries

Let K be a nonempty closed set in a real Hilbert spaceH. We denote by〈.,.〉 and
‖.‖ the inner product and norm respectively. LetF :K → H andη(.,.) :K × K → R be
continuous functions. Letα :K × K → R \ {0} be a bifunction. First of all, we recall th
following well-known results and concepts.

Definition 2.1. Let u ∈ K . Then the setK is said to beα-invex atu with respect toη(.,.)

andα(.,.), if, for all u,v ∈ K , t ∈ [0,1],

u + tα(v,u)η(v,u) ∈ K.

K is said to be anα-invex set with respect toη andα, if K is α-invex at eachu ∈ K. The
α-invex setK is also calledαη-connected set. Note that the convex set withα(v,u) = 1
andη(v,u) = v − u is an invex set, but the converse is not true.

Remark 2.1.

(i) If α(v,u) = 1, then the setK is called the invex (η-connected) set; see [4,6,7].
(ii) If η(v,u) = v − u and 0< α(v,u) < 1, then the setK is called the star-shaped.

(iii) If α(v,u) = 1 andη(v,u) = v − u, then the setK is called the convex set.

From now onwardK is a nonempty closedα-invex set inH with respect toα(.,.) and
η(.,.), unless otherwise specified.
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Definition 2.2. The functionF on theα-invex setK is said to beα-preinvex with respec
to α andη, if

F
(
u + tα(v,u)η(v,u)

)
� (1− t)F (u) + tF (v), ∀u,v ∈ K, t ∈ [0,1].

The functionF is said to beα-preconcave if and only if−F is α-preinvex. Note tha
every convex function is a preinvex function, but the converse is not true. For examp
functionF(u) = −|u| is not a convex function, but it is a preinvex function with respec
η andα(v,u) = 1, where

η(v,u) =
{

v − u, if v � 0, u � 0 andv � 0, u � 0,

u − v, otherwise.

For the applications in generalized convex programming and multiobjective opti
tion see [6,7].

Definition 2.3. The functionF on theα-invex setK is called quasiα-preinvex with respec
to α andη, if

F
(
u + tα(v,u)η(v,u)

)
� max

{
F(u),F (v)

}
, ∀u,v ∈ K, t ∈ [0,1].

Definition 2.4. The functionF on theα-invex setK is said to be logarithmicα-preinvex
with respect toα andη, if

F
(
u + tα(v,u)η(v,u)

)
�

(
F(u)

)1−t(
F(v)

)t
, u, v ∈ K, t ∈ [0,1],

whereF(.) > 0.

From the above definitions, we have

F
(
u + tα(v,u)η(v,u)

)
�

(
F(u)

)1−t(
F(v)

)t � (1− t)F (u) + tF (v)

� max
{
F(u),F (v)

}
< max

{
F(u),F (v)

}
.

For t = 1, Definitions 2.2 and 2.4 reduce to:

Condition A.

F
(
u + α(v,u)η(v,u)

)
� F(v), ∀u,v ∈ K,

which plays an important part in studying the properties of theα-preinvex (α-invex)
functions. Some properties of theα-preinvex functions have been studied in [9,12]. F
α(v,u) = 1, Condition A reduces to the following for preinvex functions.

Condition B.

F
(
u + η(v,u)

)
� F(v), ∀u,v ∈ K.

For the applications of Condition B see [9,12].
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Definition 2.5. The functionF on theα-invex setK is said to be pseudoα-preinvex with
respect toα andη, if there exists a strictly positive functionb(.,.) such that

F(v) � F(u) ⇒ F
(
u + tα(v,u)η(v,u)

)
� F(u) + t (t − 1)b(u, v),

u, v ∈ K, t ∈ [0,1].

Lemma 2.1. If the functionF is α-preinvex function onK with respect toα andη, thenF

is pseudoα-preinvex function with respect toα andη.

Proof. Without loss of generality, we assume thatF(v) < F(u), ∀u,v ∈ K. For every
t ∈ [0,1], we have

F
(
u + tα(v,u)η(v,u)

)
� (1− t)F (u) + tF (v) < F(u) + t (t − 1)

{
F(u) − F(v)

}
= F(u) + t (t − 1)b(v,u),

whereb(v,u) = F(v)−F(u) > 0. Thus it follows that the functionF is pseudoα-preinvex
function with respect toα andη, the required result. �
Definition 2.6. The differentiable functionF on K is said to be anα-invex function with
respect toα andη, if

F(v) − F(u) �
〈
α(v,u)F ′(u), η(v,u)

〉
, ∀u,v ∈ K,

whereF ′(u) is the differential ofF atu ∈ K . The concepts of theα-invex andα-preinvex
functions have played very important role in the development of convex programmin
[6,7]. Note that forα(v,u) = 1, Definition 2.6 is mainly due to Hanson [1].

Definition 2.7. An operatorT :K → H is said to be:

(i) stronglyαη-monotone, iff, there exists a constantα1 > 0 such that
〈
α(v,u)T u,η(v,u)

〉 + 〈
α(u, v)T v,η(u, v)

〉
� −α1

{∥∥η(v,u)
∥∥2 + ∥∥η(u, v)

∥∥2}
,

∀u,v ∈ K;
(ii) αη-monotone, iff,〈

α(v,u)T u,η(v,u)
〉 + 〈

α(u, v)T v,η(u, v)
〉
� 0, ∀u,v ∈ K;

(iii) strictly αη-monotone, iff,〈
α(v,u)T u,η(v,u)

〉 + 〈
α(u, v)T v,η(u, v)

〉
< 0, ∀u,v ∈ K;

(iv) stronglyαη-pseudomonotone, iff, there exists a constantν > 0 such that
〈
α(v,u)T u,η(v,u)

〉 + ν
∥∥η(v,u)

∥∥2 � 0 ⇒ −〈
α(u, v)T v,η(u, v)

〉
� 0,

∀u,v ∈ K;
(v) αη-pseudomonotone, iff,〈

α(v,u)T u,η(v,u)
〉
� 0 ⇒ 〈

α(u, v)T v,η(u, v)
〉
� 0, ∀u,v ∈ K;
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(vi) quasiαη-monotone, iff,〈
α(v,u)T u,η(v,u)

〉
> 0 ⇒ 〈

α(u, v)T v,η(u, v)
〉
� 0, ∀u,v ∈ K;

(vii) strictly αη-pseudomonotone, iff,〈
α(v,u)T u,η(v,u)

〉
� 0 ⇒ 〈

α(u, v)T v,η(u, v)
〉
< 0, ∀u,v ∈ K.

Note that forα(v,u) = 1, ∀u,v ∈ K, the α-invex setK becomes an invex set. I
this case, Definition 2.7 is exactly the same as in [9,12]. In addition, ifα(v,u) = 1 and
η(v,u) = v − u, then theα-invex setK is the convex setK and consequently Defin
tion 2.7 reduces to the one in [14,15] for the convex setK .

We now define the concept of stronglyα-preinvex andα-invex functions on theα-invex
setK .

Definition 2.8. A function F on the setK is said to be stronglyα-preinvex, if there exists
a constantµ > 0 such that

F
(
u + tα(v,u)η(v,u)

)
� (1− t)F (u) + tF (v) − t (1− t)µ

∥∥η(v,u)
∥∥2

, ∀u,v ∈ K.

Note that forµ = 0, stronglyα-preinvex functions reduces toα-preinvex functions a
defined in Definition 2.2.

Definition 2.9. A differentiable functionF on the setK is said to stronglyα-invex function
if there exists a constantµ > 0 such that

F(v) − F(u) �
〈
α(v,u)F ′(u), η(v,u)

〉 + µ
∥∥η(v,u)

∥∥2
, ∀u,v ∈ K,

whereF ′(u) is the differential of a functionF at u ∈ K . Clearly Definition 2.8 include
Definition 2.3 as a special case.

From Definition 2.9, we have the following concepts.

Definition 2.10. A differentiable functionF on K is said to be strongly pseudoαη-invex
function, iff, there exists a constantµ > 0 such that〈

α(v,u)F ′(u), η(v,u)
〉 + µ

∥∥η(u, v)
∥∥2 � 0 ⇒ F(v) − F(u) � 0, ∀u,v ∈ K.

Definition 2.11. A differentiable functionF on K is said to be strongly quasiα-invex, if
there exists a constantµ > 0 such that

F(v) � F(u) ⇒ 〈
α(v,u)F ′(u), η(v,u)

〉 + µ
∥∥η(v,u)

∥∥2 � 0, ∀u,v ∈ K.

Definition 2.12. The functionF on theα-invex setK is said to be pseudoαη-invex, if〈
α(v,u)F ′(u), η(v,u)

〉
� 0 ⇒ F(v) � F(u), ∀u,v ∈ K.

Note that, ifα(v,u) = 1, then theα-invex setK is exactly the invex setK and con-
sequently Definitions 2.10–2.12 are exactly the same as in [9]. In particular, ifη(v,u) =
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−η(v,u), ∀u,v ∈ K , that is, the functionη(.,.) is skew-symmetric andα(v,u) = 1, then
Definitions 2.8–2.12 reduces to the ones in [10,12]. This shows that the concepts intro
in this paper represent an improvement of the previously known ones. All the concep
fined above play important and fundamental part in the mathematical programmin
optimization problems; see [6,7].

We also need the following assumption regarding the functionsη(.,.) andα(.,.).

Condition C. Letη(.,.) :K ×K → H andα(.,.) : K ×K → R\{0} satisfy the assumption

η
(
u,u + tα(v,u)η(v,u)

) = −tη(v,u),

η
(
v,u + tα(v,u)η(v,u)

) = (1− t)η(v,u), ∀u,v ∈ K, t ∈ [0,1].
Clearly for t = 0, we haveη(u,u) = 0, ∀u ∈ K . One can easily show [12] that

η
(
u + tα(v,u)η(v,u),u

) = tη(v,u), ∀u,v ∈ K.

Note that forα(v,u) = 1, Condition C collapses to the following condition, which
due to Mohan and Neogy [3].

Condition D. Let η(.,.) :K × K → H satisfy the assumptions

η
(
u,u + tη(v,u)

) = −tη(v,u),

η
(
v,u + tη(v,u)

) = (1− t)η(v,u), ∀u,v ∈ K, t ∈ [0,1].
For the applications of Condition D see [7,12,13].

3. Main results

In this section, we consider some basic properties of stronglyα-preinvex functions on
theα-invex setK .

Theorem 3.1. LetF be a differentiable function on theα-invex setK . Let ConditionC hold
andα(u, z) = α(v, z), ∀u,v, z ∈ K . Then the functionF is a stronglyα-preinvex function
if and only ifF is a stronglyα-invex function.

Proof. Let F be a stronglyα-preinvex function on theα-invex setK . Then,∀u,v ∈ K ,
t ∈ [0,1], vt = u + tα(v,u)η(v,u) ∈ K and

F
(
u + tα(v,u)η(v,u)

)
� (1− t)F (u) + tF (v) − t (1− t)µ

∥∥η(v,u)
∥∥2

, ∀u,v ∈ K,

which can be written as

F(v) − F(u) � F(u + tα(v,u)η(v,u)) − F(u)

t
+ (1− t)µ

∥∥η(v,u)
∥∥2

.

Letting t → 0 in the above inequality, we have

F(v) − F(u) �
〈
α(v,u)F ′(u), η(v,u)

〉 + µ
∥∥η(v,u)

∥∥2
,
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which implies thatF is a stronglyα-invex functions.
Conversely, letF be a stronglyα-invex function on theα-invex functionK . Then, using

Condition C, we have

F(v) − F(vt ) �
〈
α(v, vt )F

′(vt ), η(v, vt )
〉 + µ

∥∥η(v, vt )
∥∥2

= (1− t)α(v, vt )
〈
F ′(vt ), η(v,u)

〉 + µ(1− t)2
∥∥η(v,u)

∥∥2
. (3.1)

In a similar way, we have

F(u) − F(vt ) �
〈
α(u, vt )F

′(vt ), η(u, vt )
〉 + µ

∥∥η(u, vt )
∥∥2

= −tα(u, vt )
〈
F ′(vt ), η(v,u)

〉 + t2µ
∥∥η(v,u)

∥∥2
. (3.2)

Multiplying (3.1) by t and (3.2) by(1− t) and adding the resultant, we have

F
(
u + tα(v,u)η(v,u)

)
� (1− t)F (u) + tF (v) − µt(1− t)

∥∥η(v,u)
∥∥2

,

showing thatF is a stronglyα-preinvex function. �
Theorem 3.2. Let F be differentiable function on theα-invex setK . If the functionF is a
stronglyα-invex function, then its differentialF ′(u) is stronglyαη-monotone. Conversel
if the functionα(v,u) is a symmetric function, that is,α(v,u) = α(u, v), ∀u,v ∈ K, then
F is a stronglyα-invex function provided ConditionsA andC hold.

Proof. Let F be a stronglyα-invex function on theα-invex setK . Then

F(v) − F(u) �
〈
α(v,u)F ′(u), η(v,u)

〉 + µ
∥∥η(v,u)

∥∥2
, ∀u,v ∈ K. (3.3)

Changing the role ofu andv in (3.3), we have

F(u) − F(v) �
〈
α(u, v)F ′(v), η(u, v)

〉 + µ
∥∥η(u, v)

∥∥2
, ∀u,v ∈ K. (3.4)

Adding (3.3) and (3.4), we have
〈
α(v,u)F ′(u), η(v,u)

〉 + 〈
α(u, v)F ′(v), η(u, v)

〉
� −µ

{∥∥η(v,u)
∥∥2 + ∥∥η(u, v)

∥∥2}
, (3.5)

which shows thatF ′ is stronglyαη-monotone.
Conversely, let the differentialF ′(u) be stronglyαη-monotone. Then

〈
α(v,u)F ′(v), η(u, v)

〉
� −〈

α(u, v)F ′(u), η(v,u)
〉 − µ

{∥∥η(v,u)
∥∥2 + ∥∥η(u, v)

∥∥2}
,

which can be written as
〈
F ′(v), η(u, v)

〉
� −〈

F ′(u), η(v,u)
〉 − µ̄

{∥∥η(v,u)
∥∥2 + ∥∥η(u, v)

∥∥2}
, (3.6)

sinceα(v,u) is a symmetric function and̄µ = µ/α(v,u).
SinceK is anα-invex set,∀u,v ∈ K , t ∈ [0,1], vt = u + tα(v,u)η(v,u) ∈ K . Taking

v = vt in (3.6) and using Condition C, we have
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e.
〈
F ′(vt ), η(u, vt )

〉
� −〈

F ′(u), η(vt , u)
〉 − µ̄

{∥∥η(vt , u)
∥∥2 + ∥∥η(u, vt )

∥∥2}
= −t

〈
F ′(u), η(v,u)

〉 − 2t2µ̄
∥∥η(v,u)

∥∥2
,

which implies that
〈
F ′(vt ), η(v,u)

〉
�

〈
F ′(u), η(v,u)

〉 + 2µ̄t
∥∥η(v,u)

∥∥2
. (3.7)

Let

g(t) = F
(
u + tα(v,u)η(v,u)

)
, ∀u,v ∈ K, t ∈ [0,1].

Then from (3.7), we have

g′(t) = 〈
α(v,u)F ′(u + tη(v,u)

)
, η(v,u)

〉
�

〈
α(v,u)F ′(u), η(v,u)

〉 + 2µ̄α(v,u)t
∥∥η(v,u)

∥∥2

= 〈
α(v,u)F ′(u), η(v,u)

〉 + 2µt
∥∥η(v,u)

∥∥2
. (3.8)

Integrating (3.8) between 0 and 1, we have

g(1) − g(0) �
〈
α(v,u)F ′(u), η(v,u)

〉 + µ
∥∥η(v,u)

∥∥2
,

that is,

F
(
u + α(v,u)η(v,u)

) − F(u) �
〈
α(v,u)F ′(u), η(v,u)

〉 + µ
∥∥η(v,u)

∥∥2
.

By using Condition A, we have

F(v) − F(u) �
〈
α(v,u)F ′(u), η(v,u)

〉 + µ
∥∥η(v,u)

∥∥2
,

which shows that the functionF is a strongly invex function on the invex setK . �
Note that ifα(v,u) = 1, then Theorem 3.2 collapses to the following result for stron

invex (preinvex) functions.

Theorem 3.3. Let ConditionsB andD hold. The differentiable functionF on the invex se
K is invex(preinvex) function if and only if its differentialF ′ is η-monotone.

For µ = 0, Theorem 3.2 reduces to the following result for theα-invex (α-preinvex)
functions.

Theorem 3.4. LetF be a differentiable function and let ConditionsC andA hold. Ifα(v,u)

is asymmetric function, then the functionF is α-invex(α-preinvex) function if and only if
its differentialF ′ is αη-monotone.

We now give a necessary condition for strongly pseudoαη-invex function, which is also
a generalization and refinement of results proved in [10,12].

Theorem 3.5. Let the differentialF ′(u) of a functionF(u) be stronglyαη-pseudomonoton
If ConditionsA andC hold, then the functionF is strongly pseudoαη-invex function.
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Proof. Let F ′(u) be stronglyαη-pseudomonotone. Then,∀u,v ∈ K,

〈
α(v,u)F ′(u), η(v,u) + µ

∥∥η(v,u)
∥∥2〉 � 0,

implies that

−〈
α(u, v)F ′(v), η(u, v)

〉
� 0. (3.9)

SinceK is anα-invex set,∀u,v ∈ K , t ∈ [0,1], vt = u + tαη(v,u) ∈ K . Takingv = vt in
(3.9) and using Condition C, we have

〈
F ′(vt ), η(v,u)

〉
� 0. (3.10)

Let

g(t) = F(vt ) ≡ F
(
u + tα(v,u)η(v,u)

)
, ∀u,v ∈ K, t ∈ [0,1].

Then, using (3.10), we have

g′(t) = 〈
α(v,u)F ′(vt ), η(v,u)

〉
� 0.

Integrating the above relation between 0 and 1, we have

g(1) − g(0) � 0,

that is,

F(vt ) − F(u) � 0,

which implies, using Condition A,

F(v) − F(u) � 0,

showing thatF is strongly pseudoαη-invex function. �
As special cases of Theorem 3.5, we have the following:

Corollary 3.1. Let the differentialF ′(u) of a functionF(u) on theα-invex setK beαη-
pseudomonotone. If ConditionsA andC hold, thenF is pseudoαη-invex function.

Corollary 3.2. Let the differentialF ′(u) of a functionF(u) on theα-invex setK be strongly
η-pseudomonotone. If ConditionsA and C hold, thenF is strongly pseudoη-invex func-
tion.

Corollary 3.3. Let the differentialF ′(u) of a functionF(u) on the invex setK be strongly
η-pseudomonotone. If ConditionsB and D hold, thenF is strongly pseudoη-invex func-
tion.

Corollary 3.4. Let the differentialF ′(u) of a functionF(u) on the invex setK beη-pseu-
domonotone. If ConditionsB andD hold, thenF is pseudo invex function.



706 M.A. Noor, K.I. Noor / J. Math. Anal. Appl. 316 (2006) 697–706

tion-
ne can
2,13].

0–13]

.

–908.
–38.

r. B 34

5) 109–

2004.
. Oper.

pl. 79

es., in

ptim.

iational

varia-
4. Conclusions

In this paper, we have defined some new concepts of stronglyα-preinvex (α-invex)
functions and stronglyαη-monotone operators. We have established some new rela
ships among various concepts of preinvex (invex) functions. As special cases, o
obtain several refined and correct versions of the previously known results [6,7,10,1
For the applications in variational inequalities and equilibrium problems, see [8,1
and the references therein.
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