
Article No. eujc.1999.0335
Available online at http://www.idealibrary.com on

Europ. J. Combinatorics(1999)20, 789–796

Strongly Closed Subgraphs ina Regular Thick Near Polygon

AKIRA HIRAKI

In this paper we show that a regular thick near polygon has a tower of regular thick near sub-
polygons as strongly closed subgraphs ifthe diameterd is greater than the numerical girthg.
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1. INTRODUCTION

Brouwer and Wilbrink [3] studied a regular thick near polygon of the numerical girthg = 4
and showed the existenceof a tower of regular thick near sub-polygons.

On the other hand we gave a constructing method of strongly closed subgraphs in a distance-
regular graph of arbitrary numerical girth [6].

The purpose of this paper isto apply this constructing method to regular thick near polygons
of arbitrary numerical girth and to show the existence of a tower of regular thick near sub-
polygons as strongly closed subgraphs if the diameterd is larger than the numerical girthg.

First we recall our notation and terminology.
All graphs in this paper are undirected finite simple graphs. Let0 be a connected graph

with usual distance∂0. We identify0 with the set of vertices. Thediameterof 0, denoted by
d0, is the maximal distance of two vertices in0. Let u ∈ 0. We denote by0 j (u) the set of
vertices which are at distancej from u.

Let x, y ∈ 0 with ∂0(x, y) = i . Define

C(x, y) := 0i−1(x) ∩ 01(y),

A(x, y) := 0i (x) ∩ 01(y)

and B(x, y) := 0i+1(x) ∩ 01(y).

We sayci existsif ci = |C(x, y)| does not depend on the choice ofx andy under the condition
∂0(x, y) = i . Similarly, we sayai exists,or bi exists.

A connected graph0 with the diameterd0 is said to bedistance-regularif ci , ai andbi−1
exist for all 1≤ i ≤ d0.

The reader is referred to [1, 2] for more detailed descriptions of distance-regular graphs.
Let 0 be a connected graph of thediameterd0 = d ≥ 2.
For anyx, y ∈ 0 and∅ 6= 1 ⊆ 0, we define

1⊥ := {z ∈ 0 | ∂0(x, z) ≤ 1 for anyx ∈ 1}

and
S(x, y) := {y} ∪ C(x, y) ∪ A(x, y) = {y}⊥ − B(x, y).

We identify1 with the induced subgraph on it. A subgraph1 is called aclique (resp.
coclique) if any two vertices on it are adjacent (resp. non-adjacent).

Forv ∈ 1,1 is said to bestrongly closed with respect tov if S(v, v′) ⊆ 1 for anyv′ ∈ 1.
1 is calledstrongly closedif it is strongly closed with respect tov for all v ∈ 1.

Singular linesof 0 are the sets of the form{x, y}⊥⊥ where (x, y) is an edge in0. In
particular, a singular line of0 is always a clique.
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Let (N P) j be the following condition:
(N P) j : If x ∈ 0 andL is a singular line with∂0(x, L) := min{∂0(x, z) | z ∈ L} = j , then

there is a unique vertexy ∈ L such that∂0(x, y) = j .
We write(N P)<m holds if (N P)i holds for any 1≤ i < m.
Let m be an integer with 1≤ m ≤ d.
0 is said to beof order(s, t; t2, . . . , tm) if the following conditions hold.

(1) All singular lines have sizes+ 1 and all vertices lieon t + 1 singular lines.
(2) (N P)<m holds.
(3) For any1 ≤ i ≤ m andx, y ∈ 0 with ∂0(x, y) = i , there are exactlyti + 1 singular

linescontainingy at distancei − 1 from x, wheret1 := 0.

A graph0 of order(s, t; t2, . . . , td)with the diameterd ≥ 2 is called (the collinearity graph
of) a regular near polygon.A regular near polygon is called aregular near2d-gonif td = t ,
a regular near(2d+ 1)-gonotherwise. A regular near polygon is also called aregular thick
near polygonif s> 1.

It is known that regular near polygons are distance-regular (see Section3).
More detailed descriptions of a regular near polygon will be found in [1, Section III.3]

and [2, Section 6.4].
Themain results of thispaper are the following.

THEOREM 1.1. Let r and m be positive integers with r+1≤ m. Let0 be a graphof order
(s, t; t2, . . . , tm+r ) with 0= t1 = · · · = tr < tr+1. Suppose s> 1. Then tr+1 < · · · < tm−1 <

tm. Moreover, for any integer q with r+1≤ q ≤ m and any pair of vertices(u, v) at distance
q, there exists a regular near2q-gon of order(s, tq; t2, . . . , tq) containing(u, v) as a strongly
closed subgraph in0.

As a direct consequence of our theorem we have the following.

COROLLARY 1.2. Let 0 be a regular thick near polygon of order(s, t; t2, . . . , td) with
0 = t1 = · · · = tr < tr+1. If 2r + 1 ≤ d, then tr+1 < · · · < td−r and for any integer q with
r + 1≤ q ≤ d− r there exists a regular near2q-gon of order(s, tq; t2, . . . , tq) as a strongly
closed subgraph in0.

Our results are generalizations of the result of Brouwer and Wilbrink [3] and an application
of the result of [6].

In Section2, we recall the method and results introduced in the previous paper [6]. In
Section3, we collect several basic properties and show that regular near polygons are distance-
regular. We prove our main theorem in Section4.

2. STRONGLY CLOSED SUBGRAPHS

In this section, we recall a constructing method of strongly closed subgraphs and the results
obtained in the previous paper [6]. For the proofs and more detailed descriptions the reader is
referred to [6].

Let 0 be adistance-regular graph ofthe diameterd0 = d ≥ 2. Fix an integerq with
1≤ q < d.

A quadruple(w, x, y, z) of vertices is called aroot of size qif

∂0(w, x) = ∂0(y, z) = q, ∂0(w, y) ≤ 1, ∂0(x, z) ≤ 1,

∂0(w, z) ≤ q and ∂0(x, y) ≤ q.
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A triple (x, y, z) of vertices with∂0(x, z) = ∂0(y, z) = q is called aconron of size qif
there exist three sequences of vertices

(x0, x1, . . . , xm = x), (y0, y1, . . . , ym = y) and (z0, z1, . . . , zm = z)

such that∂0(x0, y0) ≤ 1, (xi−1, zi−1, xi , zi ) and(yi−1, zi−1, yi , zi ) are roots of sizeq for all
1≤ i ≤ m.

The conditions(SS)q, (C R)q and(SC)q are defined as follow:

(SS)q : S(x, z) = S(y, z) for any triple of vertices(x, y, z)
with ∂0(x, z) = ∂0(y, z) = q and∂0(x, y) ≤ 1.

(C R)q : S(x, z) = S(y, z) for any conron(x, y, z) of sizeq.

(SC)q : For any given pair of vertices at distanceq, there exists
a strongly closed subgraph of the diameterq containing them.

We also write(SS)<t holds if (SS)i holds for any 1≤ i < t .

DEFINITION 2.1. Let0 bea distance-regular graph andq be a fixed integer withbq−1 >

bq. Assume(C R)q holds. Letu, v ∈ 0 with ∂0(u, v) = q. For anyx, y ∈ 0q(u) define the
relationx ≈ y iff (x, y, u) is a conron of sizeq. Then this is an equivalence relation on0q(u).
(See [6, Lemma 2.2(2)].) Let9(u, v) be the equivalence class containingv. Define

1(u, v) := {x ∈ 0 | ∂0(u, x)+ ∂0(x, z) = q for somez ∈ 9(u, v)}

the subgraph induced on all vertices lying on shortest paths betweenu and vertices in9(u, v).

PROPOSITION2.2 [6, Theorem 1.1].Let 0 be a distance-regular graph and q be a fixed
integer with bq−1 > bq. Suppose the following conditions hold.

(i) (SS)<q holds,
(ii) (C R)q holds and1(w, x) = 1(y, z) if (w, x, y, z) is a root of size q.

Then for any pair of vertices(u, v) in 0 at distance q,1(u, v) is a strongly closed subgraph
of the diameter q which is(cq + aq)-regular. In particular,(SC)q holds.

A circuit of lengthm is a sequence of distinct vertices(x0, x1, · · · , xm−1) such that(xi−1,

xi ) is an edge of0 for all 1≤ i ≤ m, wherexm = x0. A circuit of lengthm is calledreduced
if m ≥ 4 and any proper subset of it does not form a circuit. A shortest reduced circuit is
called aminimal circuit.Thenumerical girthof 0, denoted byg, is the length of a minimal
circuit.

PROPOSITION2.3 [6, Proposition 3.1(2)].Let q be a positive integer. Let0 be a distance-
regular graph with the numerical girth g= 2r + 2, the diameter d≥ q + r . If the following
conditions(a)and(b) hold, then(C R)q holds.

(a) Let u, v, p, p′ ∈ 0 with ∂0(u, p) = ∂0(v, p) = q, ∂0(u, v) ≤ 1 and∂0(p, p′) = r .
Then∂0(u, p′) = q + r implies∂0(v, p′) = q + r .

(b) Let (w, x, y, z) be a root ofsize q with x6= z and(x = x0, x1, . . . , xr , zr , . . . , z0 = z)
be a minimal circuit. Then∂0(w, xr ) = q + r implies∂0(y, zr ) = q + r .
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LEMMA 2.4 [6, Lemmas 2.4 and 2.6].Let0 be a distance-regular graph with bq−1 > bq

and(C R)q holds. Then we have the following.

(1) If (w, x, y, z) is a root ofsize q, then9(y, z) ⊆ 1(w, x).
(2) If (SS)<q holds, then for any pairof vertices(u, v) at distance q,1(u, v) is strongly

closed with respect to u.

LEMMA 2.5 [6, Lemma 4.4].Let 0 be a distance-regular graph of the diameter d0, and
h be an integer with h< d0. Assume ch+1 > 1,bh−1 > bh and (SC)h holds. If there exist
a vertex u and a path(x0, . . . , xh) of length h such that∂0(x0, xh) = ∂0(u, xi ) = h for all
0≤ i ≤ h, then ah < ah+1.

REMARK . For the results in this section0 need not be adistance-regulargraph. Suppose
0 is a graph such thatci ,ai andbi exist for all 0≤ i ≤ q. Then the results are proved by the
same manner as in [6].

Let 1 be a strongly closed subgraph ofthe diameterq in 0. Thenci andai of 1 exist
for all 1 ≤ i ≤ q which are the same as those of0. Moreover, if1 is a regular graph of
valencyk1, thenbi of 1 exists withbi = k1 − ci − ai for all 0 ≤ i ≤ q − 1, and hence it is
distance-regular.

3. SOME BASIC PROPERTIES

In this section we collect some basic properties and prove the following result.

PROPOSITION3.1. Let0 be agraph of order(s, t; t2, . . . , tm). Then(SS)<m holds. More-
over, ci ,ai−1 and bi−1 exist for all1≤ i ≤ m which satisfy

ci = ti + 1, ai−1 = (ti−1+ 1)(s− 1) and bi−1 = s(t − ti−1),

where t0 = −1 and t1 = 0.
In particular, regular near polygons are distance-regular.

Throughout this section0 denotes a graph of the diameterd0 = d ≥ 2.

LEMMA 3.2. Suppose(N P)h holds. Then(SS)h holds.

PROOF. Let (x, y, z) be a triple ofverticeswith ∂0(x, z) = ∂0(y, z) = h and∂0(x, y) ≤ 1.
Suppose there existsw ∈ S(y, z)−S(x, z) to derive a contradiction. Then we have∂0(x, w) =
h + 1, ∂0(x, y) = 1 and∂0(y, w) = h. As (N P)h holds, there existsv ∈ {z, w}⊥⊥ ∩
0h−1(y). Then∂0(x, v) = h from the triangle inequality on(x, y, w, v). This shows{v, z} ⊆
{z, w}⊥⊥ ∩ 0h(x) contradicting our assumption. HenceS(y, z) ⊆ S(x, z). By symmetry we
haveS(x, z) = S(y, z). 2

LEMMA 3.3. If (SS)<h holds, then thefollowing hold.

(1) C(u, x) is a coclique for any u, x ∈ 0 with ∂0(u, x) = i ≤ h.
(2) Let1≤ m< h and(u, v, p, p′) be aquadruple of vertices with∂0(u, p) = ∂0(v, p) =

m, ∂0(u, v) ≤ 1 and∂0(p, p′) = h−m. Then∂0(u, p′) = h implies∂0(v, p′) = h.

PROOF. (1) We prove the assertion by induction oni . The casei = 1 is clear.Let 2 ≤
i ≤ h. Suppose there exists an edge(y, z) in C(u, x). Let v ∈ C(y, u) ⊆ C(x, u).
From our inductive assumptionC(v, x) is a coclique and thus∂0(v, z) = i − 1. Then
∂0(u, z) = ∂0(v, z) = i − 1 andx ∈ S(v, z)− S(u, z) contradicting our assumption.
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(2) Let (p = pm, pm+1, . . . , ph = p′) be ashortest path connecting them. Assume∂0(u,
p′) = h. Then we have∂0(u, pi ) = i for all m ≤ i ≤ h. Since(SS)m holds, we have
S(u, pm) = S(v, pm). This impliespm+1 ∈ B(u, pm) = B(v, pm) and∂0(u, pm+1) =

∂0(v, pm+1) = m + 1. Inductively, we havepi ∈ B(u, pi−1) = B(v, pi−1) and
∂0(v, pi ) = i for all m+ 1≤ i ≤ h. The desired result is proved. 2

Next we show the following well-known result.

LEMMA 3.4. Let2≤ h ≤ d. Suppose a1 andci existfor all 1≤ i ≤ h. Then the following
conditions are equivalent:

(i) (N P)<h holds.
(ii) For any 1 ≤ i ≤ h andany pair of verticesu and x at distance i, we have C(u, x) is a

coclique and ⋃
z∈C(u,x)

A(z, x) ⊆ A(u, x). (∗)

Moreover if i 6= h, then the equality holds.

(iii) There exists no induced subgraph K2,1,1 and ai exists with ai = ci a1 for all 1≤ i < h.

PROOF. (i) ⇒ (ii): The first assertionfollows from Lemmas3.2 and3.3. Assumei < h.
Takeany y ∈ A(u, x). Then there existsz ∈ {x, y}⊥⊥ ∩ 0i−1(u) as(N P)i holds. Hencey is
in the left-hand side of(∗).
(ii) ⇒ (iii): 0 has no induced subgraphK2,1,1 sinceC(u, u′) is a coclique for anyu andu′ at
distance 2. This implies that the left-hand side of(∗) is a disjoint union and

|A(u, x)| =

∣∣∣∣∣ ⋃
z∈C(u,x)

A(z, x)

∣∣∣∣∣ = ci a1

for anyu, x ∈ 0 with∂0(u, x) = i < h. Thus the desired result follows.
(iii) ⇒ (ii): We prove the assertion by induction oni . The casei = 1 is clear. If there exists
an edge(y, z) in C(u, x), then z ∈ A(u, y) and there existsw ∈ C(u, y) such thatz ∈
A(w, y) from our inductive hypothesis. Then(w, y, z, x) forms K2,1,1 which contradicts our
assumption. HenceC(u, x) is a coclique and the left-hand side of(∗) is included inA(u, x).
Comparing the sizes of both sides we have the assertion.
(ii) ⇒ (i): Let u ∈ 0 andL be a singular line of0 such that∂0(u, L) = i < h. If there exist
distinct verticesx andx′ in L such that∂0(u, x) = ∂0(u, x′) = i , then

x′ ∈ A(u, x) =
⋃

z∈C(u,x)

A(z, x).

Thus there existsz ∈ C(u, x) such thatx′ ∈ A(z, x). Then we havez ∈ {x, x′}⊥⊥ = L which
contradicts∂0(u, L) = i . 2

PROOF OFPROPOSITION 3.1. The first assertion is a direct consequence of Lemma3.2.
Since all singular lines have sizes+ 1 and all vertices lie ont + 1 singular lines,c1, a1,

a0 andb0 exist such thatc1 = 1, a1 = s− 1, a0 = 0 andb0 = s(t + 1). For any integeri
with 1≤ i ≤ m and any verticesx, y ∈ 0 at distancei , there are exactlyti + 1 singular lines
containingy at distancei −1 fromx, and each singular line has unique vertex at distancei −1
from x. It follows thatci exists withci = ti + 1. Then Lemma3.4shows thatai andbi exist
such thatai = ci a1 = (ti +1)(s−1) andbi = b0− ci −ai = s(t − ti ) for all 1≤ i ≤ m−1.

If m = d, thenbm exists withbm = 0 and henceam exists witham = b0 − cm. Hence0 is
distance-regular. The proposition is proved. 2
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From a basic propertyof graphs we have the following corollary.

COROLLARY 3.5. For a graph of order(s, t; t2, . . . , tm), we have0≤ t2 ≤ · · · ≤ tm.

The rest of this section we prove the following result.

LEMMA 3.6. Let q be apositive integer and0 be a graph of thediameter d0 > q such that
B(x, y) 6= ∅ for any x, y ∈ 0 with ∂0(x, y) = i ≤ q. Suppose(SC)q holds. Then(SS)≤q

holds.

PROOF. Let (x, y, z) be a triple ofverticeswith ∂0(x, y) ≤ 1 and∂0(x, z) = ∂0(y, z) =
h ≤ q. Suppose there existsw ∈ S(y, z)−S(x, z) to derive a contradiction. Then∂0(x, w) =
h+1,∂0(x, y) = 1 and∂0(y, w) = h. Letwh := w and takewi ∈ B(x, wi−1) ⊆ B(y, wi−1)

for h + 1 ≤ i ≤ q. Then∂0(x, wq) = q + 1 and∂0(y, wq) = q. Since(SC)q holds, there
exists a strongly closed subgraph1 of the diameterq containing(y, wq). Thenwh ∈ 1 as it
is on a shortest path betweeny andwq. Thusz ∈ S(y, wh) ⊆ 1 andx ∈ S(z, y) ⊆ 1. We
haveq + 1= ∂0(x, wq) ≤ d1 = q, which is a contradiction. The lemma is proved. 2

REMARK . 0 has no induced subgraphK2,1,1 iff (SS)1 holds. More informationabout the
relations among(SS)h, (C R)i and(SC) j , the reader is referred to [6, 7].

4. PROOF OF THE THEOREM

In this section we prove our main theorem. First we prove the following result.

PROPOSITION4.1. Let0 be agraph such that ci ,ai and bi exist for alli ≤ q with a1 > 0
and bq−1 > bq. Suppose(C R)q and (SS)<q hold. Then1(w, x) = 1(y, z) for any root
(w, x, y, z) of size q. In particular,(SC)q holds.

PROOF. The second assertion follows from Proposition 2.2 and the first assertion.
Let (w, x, y, z) be a rootof sizeq. Suppose1(y, z) 6⊆ 1(w, x) to derive a contradiction.

We take a vertexp ∈ 1(y, z) − 1(w, x) that has the maximal distance fromy. Let m :=
∂0(y, p) = max{∂0(y, v) | v ∈ 1(y, z) − 1(w, x)}. There existsz′ ∈ 9(y, z) such that
p is on a shortest path betweeny and z′. We havep 6∈ 9(y, z) from Lemma 2.4(1) and
thusz′ 6= p. Take p′ ∈ C(z′, p) ⊆ B(y, p). Sincep′ is on a shortest path betweeny and
z′, we find thatp′ ∈ 1(y, z) and hencep′ ∈ 1(w, x) from the maximality ofm. We have
∂0(w, p) = ∂0(w, p′) + 1, otherwisep ∈ S(w, p′) ⊆ 1(w, x) from Lemma 2.4(2). The
triangle inequality on(w, y, p, p′) implies ∂0(w, p′) = ∂0(y, p) = m, ∂0(w, y) = 1 and
∂0(w, p) = ∂0(y, p′) = m + 1. We can takev ∈ A(p, p′) asa1 > 0. Then∂0(w, v) =
∂0(y, v) = m+ 1 from Lemma3.3(1). Lemma 2.4(2) impliesv ∈ A(y, p′) ⊆ 1(y, z) and
thusv ∈ 1(w, x) from the maximality ofm. Hencewe havep ∈ A(w, v) ⊆ 1(w, x) from
Lemma 2.4(2). This is a contradiction. Therefore1(y, z) ⊆ 1(w, x).

By symmetry, we have1(w, x) = 1(y, z). The proposition is proved. 2

Next we prove the following result.

PROPOSITION4.2. Let r and q be positive integers with r+ 1≤ q. Let0 be a graphwith
the numerical girth g= 2r + 2, the diameter d0 ≥ q + r such that ci ,ai and bi exist for all
i ≤ q with a1 > 0 and bq−1 > bq. Suppose(N P)q and (SS)<q+r hold. Then(C R)q and
(SC)q hold.

To show this we prove the conditions (a) and (b) of Proposition 2.3 hold.
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LEMMA 4.3. Let 0 be a graphas in Proposition4.2 satisfying(N P)q and (SS)<q+r .
Let (x, x′, z, z′) be a quadruple ofvertices with∂0(x, z) = ∂0(x′, z′) = 1, ∂0(x, x′) =
∂0(z, z′) = r and ∂0(x, z′) = ∂0(z, x′) = r + 1. Then the following hold.

(1) Let p∈ 0q(x) ∩ 0q(z). Then∂0(p, x′) = q + r implies∂0(p, z′) = q + r .
(2) Let u∈ 0q(x)∩0q−1(z) andv ∈ 0q−1(x)∩0q(z)with ∂0(u, v) = 1. Then∂0(u, x′) =

q + r implies∂0(v, z′) = q + r .
(3) Letw, y ∈ 0 such that(w, x, y, z) is a root of size q. Then∂0(w, x′) = q + r implies

∂0(y, z′) = q + r .

PROOF. Note thatC(α, β) is acoclique if∂0(α, β) ≤ q + r from Lemma3.3(1).
(1) Since(N P)q holds, there existsp′ ∈ A(x, z) ∩ 0q−1(p). Then we have∂0(x′, p′) =

∂0(z′, p′) = r + 1. Applying Lemma3.3(2) to(x′, z′, p′, p) we have the assertion.
(2) We have∂0(v, x′) = q + r − 1 from the triangle inequalityon (v,u, x, x′). Let p ∈

A(u, v). Then we have∂0(x, p) = ∂0(z, p) = q and ∂0(p, x′) = q + r . Hence
∂0(p, z′) = q+ r from (1). Thus∂0(u, z′) = q+ r − 1 from the triangle inequality on
(u, p, z, z′). Therefore∂0(v, z′) = q + r sinceC(z′, p) is a coclique.

(3) Since(w, x, y, z) is a root of sizeq, we have{∂0(w, z), ∂0(x, y)} ⊆ {q − 1,q}. If
∂0(w, z) = ∂0(x, y) = q − 1, then the assertion follows from (2).
If ∂0(w, z) = q, then∂0(w, z′) = q+r from (1). Applying Lemma3.3(2) to(w, y, z, z′)
we have∂0(y, z′) = q + r .
If ∂0(x, y) = q, then∂0(y, x′) = q + r by applying Lemma3.3(2) to (w, y, x, x′).
Therefore∂0(y, z′) = q + r from (1).
In each casewe have∂0(y, z′) = q + r . The lemma is proved. 2

PROOF OFPROPOSITION 4.2. Conditions (a) and (b) of Proposition 2.3 hold from Lem-
mas3.3(2) and4.3(3). Hence(C R)q holds. Therefore(SC)q holds from Proposition4.1. 2

LEMMA 4.4. Let0 be a graphof order(s, t; t2, . . . , th)with s> 1. If th−1 < th, then there
exist a vertex u and a path(x0, . . . , xh) of length h in0 such that∂0(x0, xh) = ∂0(u, xi ) = h
for all 0≤ i ≤ h.

PROOF. Fix a vertexu in 0. First we claimthat A(u, w) ∩ B(v,w) 6= ∅ for any v,w ∈
0h(u) with ∂0(v,w) = i < h. SupposeA(u, w) ∩ B(v,w) = ∅. Then

A(u, w) ⊆ C(v,w) ∪ A(v,w).

The right-hand side is a disjoint union of(ti + 1) cliques of sizes and the left-hand side
contains a disjoint union of(th + 1) cliques of sizes− 1 from Lemma3.4. This contradicts
ti ≤ th−1 < th. Hence our claim is proved.

Takex0 ∈ 0h(u). Inductively we can takexi ∈ A(u, xi−1) ∩ B(x0, xi−1) for all 1 ≤ i ≤ h
from our claim. The lemma is proved. 2

PROOF OFTHEOREM 1.1. Proposition3.1 shows thatci ,ai−1 andbi−1 exist for all i ≤
m+ r such that

ci = ti + 1, ai−1 = (ti−1+ 1)(s− 1) and bi−1 = s(t − ti−1).

In particular,(SS)<m+r holds and0 has the numerical girthg = 2r + 2.
We proveth−1 < th and(SC)h holds for allr + 1≤ h ≤ m by induction onh.
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From our assumption wehavetr < tr+1 and hencebr > br+1. Hence(SC)r+1 holds from
Proposition4.2.

Let r+1≤ h < m. Supposeth−1 < th and(SC)h holds. Thenah < ah+1 from Lemmas4.4
and 2.5.Thus th < th+1 and(SC)h+1 holds from Proposition4.2. Note thatci andai of a
strongly closed subgraph are thesame as those of0. The theorem is proved. 2

REMARK . A regular near 2d-gon of order(s, t; t2, . . . , td) is called ageneralized2d-gon
of order(s, t) if t1 = · · · = td−1 = 0 andtd = t .

Feit and Higman showed that a generalized 2d-gon hasd ∈ {2,3,4,6}, unless it is an
ordinary polygon (see [4] or [2, Theorem 6.5.1]).

Let r andm be positive integerswith r+1≤ m. Let0 be a graph of order(s, t; t2, . . . , tm+r )

with s> 1 and 0= t1 = · · · = tr < tr+1. Theorem1.1shows that a graph0 has a generalized
2(r + 1)-gon oforder(s, tr+1) as a strongly closed subgraph. Hence we haver ∈ {1,2,3,5}
from the result of Feit and Higman. This result was first proved in [5].

Here we conjecture the following.

CONJECTURE. Let0 be a regularthick near polygon of the diameterd and the numerical
girth g ≥ 6. Thend < g.

Suppose0 is a regular thick near polygon of order(s, t; t2, . . . , td) with the numerical girth
g = 2r + 2 ≥ 6. Suppose 2r + 2 ≤ d. Then Corollary1.2 shows that 0= t1 = · · · = tr <
tr+1 < · · · < td−r and there exists a tower of regular near sub-polygons

1r+1
⊂ 1r+2

⊂ · · · ⊂ 1d−r

where1q is a regular near 2q-gon of order(s, tq; t2, . . . , tq). In particular,r ∈ {2,3,5}.
To prove our conjecture it is enough to show that there does not exist a regular thick near

2(r + 2)-gon of order(s, t; t2, . . . , tr+2) with r ∈ {2,3,5} and 0= t1 = · · · = tr < tr+1 <

tr+2 which satisfying the condition(SC)r+1.
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