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Strongly Closed Subgraphs ina Regular Thick Near Polygon

AKIRA HIRAKI

In this paper we show that a regular thick near polygon has a tower of regular thick near sub-
polygons as strongly closed subgraphthé diameted is greater than the numerical girgh
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1. INTRODUCTION

Brouwer and Wilbrink [3] studied a regular thick near polygon of the numerical gieth4
and showed the existenoéa tower of regular thick near sub-polygons.

On the other hand we gave a constructing method of strongly closed subgraphs in a distance-
regular graph of arbitrary numerical girth [6].

The purpose of this papertis apply this constructing method to regular thick near polygons
of arbitrary numerical girth and to show the existence of a tower of regular thick near sub-
polygons as strongly closed subgraphs if the diamatedarger than the numerical girth

First we recall our notation and terminology.

All graphs in this paper are undirected finite simple graphs.IL&ée a connected graph
with usual distancér. We identifyI" with the set of vertices. Thdiameterof I', denoted by
dr, is the maximal distance of two verticeslin Letu € I'. We denote by"j (u) the set of
vertices which are at distangerrom u.

Letx, y € I with ar (X, y) = i. Define

Cx,y) :=Ti_1(x) NT1(y),
AX, ) :=Ti(X)NT1(y)
and B(X,Y) :=Tiy1(X) NT1(y).

We sayg; existsf ¢ = |C(X, y)| does not depend on the choicexadndy under the condition
or(x, y) =i. Similarly, we sayg; exists,orb; exists

A connected grapl with the diametedr is said to bedistance-regulaif ¢;, g andb;_;
existforall 1<i < dr.

The reader is referred to [1] for more detailed descriptions of distance-regular graphs.

LetI" be a connected graph of tdeameterdr = d > 2.

Foranyx,y € I' and¥ # A C I', we define

At :={zeT |dr(x,2) < 1foranyx € A}

and
S(x, y) i= {y} UC(X, y) U AKX, y) = {y}* — B(x, y).

We identify A with the induced subgraph on it. A subgraphis called aclique (resp.
coclique if any two vertices on it are adjacent (resp. non-adjacent).

Forv € A, A is said to bestrongly closed with respect toif S(v, v') C A for anyv’ € A.
A is calledstrongly closedf it is strongly closed with respect tofor all v € A.

Singular linesof I' are the sets of the forrx, y}-+ where (x, y) is an edge inl. In
particular, a singular line df is always a clique.
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Let (N P);j be the follaving condition:

(NP)j: If x e T"andL is a singular line witor (x, L) := min{dr(X, 2) | ze L} = j, then
there is a unique vertex € L such thabr(x,y) = j.

We write (N P) ., holds if (N P); holds forany 1<i < m.

Letm be an integer with k. m < d.

I is said to beof order (s, t; to, ..., ty) if the following conditions hold.

(1) All singular lines have size+ 1 and all vertices limnt + 1 singular lines.

(2) (NP)_y holds.

(3) Foranyl <i <mandx,y € I with ar(x, y) = i, there are exactly + 1 singular
linescontainingy at distance — 1 from x, wheret; := 0.

A graphl of order(s, t; to, .. ., tg) with the diameted > 2 is called (the collinearity graph
of) a regular near polygonA regular near polygon is calledragular near2d-gonif ty = t,
aregular near(2d + 1)-gonotherwise. A regular near polygon is also calleegular thick
near polygorif s > 1.

It is known that regular near polygons are distance-regular (see S8tion

More detailed descriptions of agelar near polygon will be found in [1, Section II1.3]
and [2, Section 6.4].

Themain results of thipaper are the following.

THEOREM1.1. Letr and m be positive integers withif 1 < m. LetI" be a graphof order
(s, t;to, .., tmyr) WithO=1t; = --- =t <t;41. Supposes- 1. Thenftyg < -+ <tmo1 <
tm. Moreover, for any integer q with+1 < g < m and any pair of vertice@u, v) at distance
g, there exists a regular ne@o-gon of order(s, ty; to, . . ., tg) containing(u, v) as a strongly
closed subgraph iir.

As a direct consequence of our theorem we have the following.

COROLLARY 1.2. Let I" be aregular thick near polygon of orde(s, t; to, . .., tg) with
O=t1=---=t <t41.1f2r +1 <d, then{;1 < --- < tg_r and for any integer q with
r +1 <q <d —r there exists a regular nedc-gon of order(s, tq; t2, . . ., tg) as a strongly
closed subgraph ifr.

Our results are generalizations of the result of Brouwer and Wilbrih&r@ an application
of the result of [§.

In Section2, we recall the method and results introduced in the previous paper [6]. In
Section3, we collect several basic properties and show that regular near polygons are distance-
regular We prove our main theorem in Sectidn

2. STRONGLY CLOSED SUBGRAPHS

In this section, we recall a constructing method of strongly closed subgraphs and the results
obtained in the previous paper [6]. For the proofs and more detailed descriptions the reader is
referred to [6.

Let I' be adistance-regular graph dhe diametedr = d > 2. Fix an integerq with
1<qg<d.

A quadruple(w, X, Y, z) of vertices is called &ot of size gf

or(w,x) =dr(y,2 =, or(w,y) <1, or(x,z <1,
or(w,2z) <q and or(x,y) <q.
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A triple (x, y, z) of vertices withar(x, z) = ar(y, z) = q is called aconmn of size gf
there exist three sequences of vertices

(X0, X1, - . ., Xm = X), Yo, Y1, .- > ¥Ym=1Y) and (z0,21,...,Zm=2)

such thabr (xo, Yo) < 1, Xi—1,2Zi—1, Xi, z) and(Yi—1, Zi—1, Yi, Z) are roots of size for all
1<i<m
The conditiongS 9, (C R)q and(SC)q are defined as follow:

(S9q: S(x,2) = S(y, 2) for any triple of verticegx, y, 2)
with dr (X, 2) = dr(y, 2) = g andar(x, y) < 1.

(CRyq: S(x,2) = S(y, ) for any conron(x, y, z) of sizeq.

(SOq : Forany given pair of vertices at distanggthere exists
a strongly closed subgraph of the diameateontaining them.

We also write(S S _; holds if (SS; holds forany 1<i < t.

DEFINITION 2.1. LetI" bea distance-regular graph agde a fixed intger withbg_1 >
bg. Assume(C R)q holds. Letu, v € T" with dr(u, v) = . For anyx, y € I'q(u) define the
relationx ~ yiff (x, y, u) is a conron of sizg. Then this is an equivalence relation Bg(u).
(See p, Lemma 2.2(2)].) Letv (u, v) be the equivalence class containingdefine

A(u,v) :={x el |adr(u,X)+ dr(x,z) =qforsomez € ¥(u, v)}
the subgraph induced on all vertices lying on shortest paths betnathvertices inv (u, v).

PROPOSITION2.2 [6, Theorem 1.1]LetI" be a distance-regular graph and g be a fixed
integer with I3_1 > by. Suppose the following conditions hold.

() (S9<q holds
(i) (CR)q holds andA (w, X) = A(y, 2) if (w, X, y, 2) is aroot of size q.

Then for any pair of vertice@u, v) in T" at distance gA(u, v) is a strongly closed subgraph
of the diameter g which i&q + aq)-regular. In particular,(SC)q holds.

A circuit of lengthm is a sequence of distinct verticés, X1, - - -, Xm—1) such that(x; _1,
Xj) is an edge of forall 1 < i < m, wherex;,, = Xo. A circuit of lengthm is calledreduced
if m > 4 and any proper subset of it does not form a circuit. A shortest reduced circuit is
called aminimal circuit. The numerical girthof I', denoted byg, is the length of a minimal
circuit.

PROPOSITION2.3 [6, Proposition 3.1(2)).et q be a positive intger. Letl” be a distance-
regular graph with the numerical girth g= 2r + 2, the diameter d> q + r. If the following
conditions(a) and (b) hold, then(C R)q holds.

(@) Letu, v, p, p’ € T with dr(u, p) = dr(v, p) = q,dr(u,v) < landar(p, p) =T.
Thendr(u, p’) = q+r impliesar(v, p’) =q +r.

(b) Let(w, X, Yy, 2) be a root ofsize q with X z and(Xx = Xg, X1, ..., X, Z, ..., 20 = 2)
be a minimal circuit. Thefdr (w, X;) = q +r impliesor(y,z) =q+r.
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LEMMA 2.4 [6, Lemmas 2.4 and 2.6]etT" be a distance-gular graph with ly_; > by
and(C R)q holds. Then we have the following.

(1) If (w, X, Y, 2) is aroot ofsize q, thenV(y, z2) C A(w, X).
(2) If (S9<q holds, then for any paiof vertices(u, v) at distance gA(u, v) is strongly
closed with respect to u.

LEMMA 2.5 [6, Lemma 4.4]Let T be a distance-regular giph of the diameterd and
h be an integer with h< dr. Assume g1 > 1,bn_1 > by and (SO, holds. If there exist
a vertex u and a patlixo, ..., xn) of length h such thadr(xg, xn) = ar(u, ;) = h for all
0<i <h,thena < apny1.

REMARK. For the results in this sectidn need not be aistance-regulagraph. Suppose
" is a graph such thay, & andb; exist for all 0< i < g. Then the results are proved by the
same manner as in [6].

Let A be a strongly closed subgraph thie diameteig in I'. Thenc; andg of A exist
forall 1 < i < g which are the same as thoselof Moreover, if A is a regular graph of
valencyky, thenb; of A exists withb; = ka — ¢ — g forall0 <i <q— 1, and hence itis
distance-regular.

3. SOME BASIC PROPERTIES

In this section we collect some basic properties and prove the following result.

ProPOSITION3.1. LetT be agraph of order(s, t; to, ..., tm). Then(SS ., holds. More-
over, ¢, g1 and h_ exist for all1 < i < m which satisfy

C =t +1, g_1=UC-_1+D(s—-1) and bi_1=st-t_1),

wherep = —-land gy = 0.
In particular, regular near polygons are distance-regular.

Throughout this sectiolf denotes a graph of the diametkr=d > 2.
LEMMA 3.2. Supposé&N P), holds. ThenS Sy holds.

PrROOF. Let(x, Y, z) be atriple ofverticeswith ar(x, z2) = dr(y, 2) = handar(x, y) < 1.
Suppose there exisiis € S(y, z)— S(X, z) to derive a contradiction. Then we haygx, w) =
h+1,9r(x,y) = 1 anddr(y,w) = h. As (NP) holds, there exists € {z, w}++ N
Th—1(y). Thenar(x, v) = h from the triangle inequality orfx, y, w, v). This showgwv, z} C
{z, w}++ N Th(x) contradicting our assumption. Heng¢y, z) € S(x, z). By symmetry we
haveS(x, z) = S(y, 2). O

LEMMA 3.3. If (S .p holds, then théollowing hold.

(1) C(u, x) is a coclique for any ux € I" with ar(u, x) =i < h.
(2) Letl <m < hand(u, v, p, p’) be aguadruple of vertices withr-(u, p) = dr (v, p) =
m, or(u, v) < 1andar(p, p’) = h —m. Themr(u, p’) = h impliesdr (v, p’) = h.

PrROOE (1) We prove the assertion by induction iarThe case = 1 isclear.Let 2 <
i < h. Suppose there exists an edge z) in C(u, X). Letv € C(y,u) € C(x, u).
From our inductive assumptid@(v, X) is a coclique and thug-(v, z) =i — 1. Then
ar(u,2) = ar(v,2) =i — 1 andx € S(v, 2 — S(u, z) contradicting our assumption.
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(2) Let(p = Pm, Pm+1,---. Ph = P’) be ashortest path connecting them. Assubpéu,
p) = h. Then we havér(u, p;) =i forallm < i < h. Since(S9, holds, we have
S(U, pm) = S(v, pm). Thisimpliespm+1 € B(U, pm) = B(v, pm) andadr (U, pm+1) =
or (v, pm+1) = M+ 1. Inductively, we havep; € B(u, pi-1) = B(v, pi—-1) and
or(v, pj) =i forallm+1 <i < h. The desired result is proved. O

Next we show the following well-known result.

LEMMA 3.4. Let2 < h < d. Supposegandc; existforall 1 <i < h. Then the following
conditions are equivalent:
(i) (NP).p holds.
(i) Forany 1 <i < h andany pair of verticess and x at distance i, we have(Q, x) is a
coclique and
U A(z, x) € AU, X). (%)
zeC(u,X)
Moreover if i # h, then the equality holds.

(iii) There exists no induced subgraph K1 and g exists with @a= ciaj forall 1 <i < h.

PROOF (i) = (ii): The first assertiorollows from Lemmas3.2and3.3. Assume < h.
Takeanyy € A(u, x). Then there existg € {x, y}* N Tj_1(u) as(N P); holds. Hencey is
in the left-hand side ofx).

(i) = (iii): T has no induced subgraptyp 1 1 sinceC(u, U’) is a coclique for any andu’ at
distance 2. This implies that the left-hand sid&:ofis a disjoint union and

U Az, X)

zeC(u,x)

AU, X)| = =Ca

for anyu, x € I withar (u, X) =i < h. Thus the desired result follows.

(iif) = (ii): We prove the assertion by induction onThe case = 1 is clear. If there exists
an edge(y, 2) in C(u, x), thenz € A(u, y) and there exist&wy € C(u, y) such thatz €
A(w, y) from our inductive hypothesis. Thew, y, z, x) forms K2 1.1 which contradicts our
assumption. Henc€ (u, x) is a coclique and the left-hand side @} is included inA(u, x).
Comparing the sizes of both sides we have the assertion.

(i) = (i): Letu € " andL be a singular line of* such thabr(u, L) =i < h. If there exist
distinct verticesx andx’ in L such tha®r(u, X) = dr(u, X’) =i, then

X e A(u, xX) = U A(z, X).

zeC(u,x)

Thus there exists € C(u, x) such thax’ € A(z, x). Then we have € {x, x'}*** = L which
contradictsir (u, L) =i. O

PROOF oFPROPOSTION 3.1. The first assertion is a direct consequence of LeBuda

Since all singular lines havsizes + 1 and all vertices lie oh + 1 singular linesgy, as,
ap andbg exist such that; = 1,83 = s— 1,a9 = 0 andbg = s(t + 1). For any integer
with 1 <i < mand any verticeg, y € I" at distance, there are exactlyy + 1 singular lines
containingy at distanceé — 1 from x, and each singular line has unique vertex at distarce
from x. It follows thatg; exists withc; = tj + 1. Then Lemma.4 shows tha; andb; exist
suchthat; =cai = (ti+1)(s—Dandb =byg—¢c —a =s(t—t)foralll<i <m-1.

If m = d, thenby, exists withb, = 0 and hencey, exists withay = bg — ¢m. Hencerl is
distance-regular. The proposition is proved. |
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From a basic propertgf graphs we have the following corollary.
COROLLARY 3.5. For a graph of order(s, t; to, ..., tm), we haveld <t < --- < tm.
The rest of this section we prove the following result.

LEmMMA 3.6. Let g be gpositive integer and’ be a graph of theliameter ¢ > g such that
B(x,y) # #forany x y € T withar(x,y) =i < g. Supposé€SC)q holds. ThenSS q
holds.

PROOF Let (X, Y, 2) be a triple ofverticeswith ar(x, y) < 1 andar(x, z) = ar(y, 2) =
h < q. Suppose there exists € S(y, z) — S(X, 2) to derive a contradiction. Theh (X, w) =
h+1,0r(X,y) = 1landor(y, w) = h. Letwp := w and takew; € B(X, wi—1) C B(Yy, wi_1)
forh+1 <i <q. Thendr(x, wg) = g+ 1 andar(y, wg) = g. Since(SC)q holds, there
exists a strongly closed subgraphof the diameteq containing(y, wq). Thenwn € A as it
is on a shortest path betwegrandwg. Thusz € S(y, wp) € A andx € S(z,y) € A. We
haveq + 1 = or (X, wq) < da = ¢, which is a contradiction. The lemma is proved. O

REMARK. TI' has no induced subgrafy, 11 iff (SS1 holds. More informatiorabout the
relations amongS S, (CR); and(SC)j, the reader is referred to [6, 7].

4. PROOFOF THE THEOREM

In this section we prove our main theorem. First we prove the following result.

ProPOSITION4.1. LetT be agraph such thatic a; and h exist for alli < q witha > 0
and ky_1 > by. Suppos€CR)q and (SS g hold. ThenA(w, X) = A(y, 2) for any root
(w, X, Y, 2) of size q. In particular(SC)q holds.

ProOOFE The second assertion follows from Proposition 2.2 and the first assertion.

Let (w, X, Y, 2) be a rootof sizeq. SupposeA(y, z) € A(w, X) to derive a contradiction.
We take a verteyp € A(yY, 2) — A(w, X) that has the maximal distance froyonLet m :=
or(y, p) = max{a-(y,v) | v € A(Y,2) — A(w, X)}. There exist' € W¥(y, 2) such that
p is on a shortest path betwegnandz. We havep ¢ ¥(y, z) from Lemma 2.4(1) and
thusz # p. Takep’ € C(Z, p) € B(y, p). Sincep’ is on a shortest path betwegrand
Z, we find thatp’ € A(y, z) and hencey’ € A(w, x) from the maximality ofm. We have
or(w, p) = or(w, p’) + 1, otherwisep € S(w, p’) € A(w, x) from Lemma 2.4(2). The
triangle inequality onw, y, p, p’) implies dr (w, p’) = ar(y, p) = m, dr(w, y) = 1 and
or(w, p) = or(y, p) = m+ 1. We can take € A(p, p’) asa; > 0. Thendr(w, v) =
ar(y,v) = m+ 1 from Lemma3.3(1). Lemma 2.4(2) implies € A(y, p’) € A(y, 2) and
thusv € A(w, X) from the maximality ofm. Hencewe havep € A(w, v) € A(w, X) from
Lemma 2.4(2). This is a contradiction. Therefatéy, z) C A(w, X).

By symmetry, we have\ (w, X) = A(Y, 2). The proposition is proved. O

Next we prove the following result.

PrROPOSITION4.2. Letr and g be positive integers with# 1 < q. LetI" be a graphwith
the numerical girth g= 2r + 2, the diameter d > q + r such that ¢, a and h exist for all
i < gwitha > 0and ky_1 > by. Suppos&N P)q and (SS9 q4r hold. Then(C R)q and
(§Q)q hold.

To show this we prove the conditions (a) and (b) of Proposition 2.3 hold.
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LEMMA 4.3. LetT" be a graphas in Proposition4.2 satisfying(N P)q and (SS .q4r-
Let (x, X, z, Z) be a quadruple ofrertices withor(x,z) = ar(x’,Z) = 1, or(x,X) =
or(z, Z) =randar(x, Z) = ar(z, x') =r + 1. Then the following hold.

(1) Let pe I'q(x) NTq(2). Thendr(p, X') = q+r impliesar(p,z) =q+r.

(2) Letue I'q(x)NT'q—1(2) andv € I'q_1(X)NT'q(2) With 8r (u, v) = 1. Themr (u, X’) =

g -+r impliesdr(v,Z) =q+r.

(3) Letw, y € I' such that(w, X, y, z) is aroot of size q. The@r(w, x’) = q +r implies

ar(y,z) =q+r.

PROOFE Note thatC(«, B8) is acoclique ifor («, 8) < q +r from Lemma3.3(1).

(1) Since(N P)q holds, there exist®’ € A(X, z2) N I'q—1(p). Then we havédr (X', p') =
or(Z, p’) =r + 1. Applying Lemma3.3(2) to(x’, Z, p/, p) we have the assertion.

(2) We havedr (v, X') = q +r — 1 from the triangle inequalitgn (v, u, X, X). Let p €
A(u,v). Then we havédr(x, p) = ar(z, p) = q andar(p,x) = q + r. Hence
or(p,Z) =q-+r from (1). Thusdr(u, ) = q +r — 1 from the triangle inequality on
(u, p, Z, Z). Thereforedr (v, Z) = q +r sinceC(Z, p) is a coclique.

(3) Since(w, X, Y, 2) is a root of sizeq, we have{or(w, 2), or(X, y)} < {q — 1,q}. If
or(w, 2) = ar(x, y) = q — 1, then the assertion follows from (2).
If or (w, z2) = q, thendr (w, Z') = q+r from (1). Applying Lemm&B.3(2) to(w, v, z, Z)
we havedr(y,z) =q+r.
If or(x,y) = q, thendr(y, x’) = q +r by applying Lemma3.3(2) to (w, y, X, X).
Thereforedr (y, Z) = q +r from (1).
In each cas&ve havedr(y, Z) = q +r. The lemma is proved. O

PROOF OFPROPOSTION 4.2. Conditions (a) and (b) of Proposition 2.3 hold from Lem-
mas3.3(2) and4.3(3). Henc&C R)q holds. Therefor¢SC)q holds from Propositiod.1 O

LEMMA 4.4. LetT" be a graphof order(s, t; to, ..., th) withs > 1. Ift,_1 < ty, then there
exist a vertex u and a patxo, ..., Xp) of length h inl" such thatr (xg, Xn) = dr(u, Xj) = h
forall 0 <i <h.

PROOF Fix a vertexu in I". First we claimthat A(u, w) N B(v, w) # @ for anyv, w €

Th(u) with or (v, w) =i < h. SupposeA(u, w) N B(v, w) = @. Then
A(u, w) € C(v, w) U A(v, w).

The right-hand side is a disjoint union ¢f + 1) cliques of sizes and the left-hand side
contains a disjoint union aft, + 1) cliques of sizes — 1 from Lemma3.4. This contradicts
ti <th_1 < th. Hence our claim is preed.

Takexg € T'h(u). Inductively we can taka; € A(u, Xj—1) N B(Xg, Xj—1) forall1 <i <h
from our claim. The lemma is proved. |

PROOF OFTHEOREM 1.1. Propositior8.1 shows that;, a;_1 andbj_1 exist for alli <
m -+ r such that

C =t+1, g_1={_1+D—-1) and bi_y=s{t—-t_1).

In particular,(SS <myr holds and™ has the numerical girth = 2r + 2.
We provety_1 < th and(SO)p holds for allr + 1 < h < m by induction onh.
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From our assumption wieavet, < t;1 and hencdy, > by 1. Hence(SO), 11 holds from
Propositiord.2.

Letr +1 < h < m. Supposén_1 < th and(SC) holds. Thera,, < ap41 from Lemmast.4
and 2.5.Thusty < th+1 and(SCO)n41 holds from Propositiod.2. Note thatc; anda of a

strongly closed subgraph are th@me as those @f. The theorem is proved. O
REMARK. A regular near 2ejjon of order(s, t; to, .. ., tg) is called ageneralized2d-gon
oforder(s,t)ifty =--- =t4_1 = 0andty =t.

Feit and Higman showed that a generalizedg2eh hasd € {2, 3,4, 6}, unless it is an
ordinary polygon (see4] or [2, Theorem 6.5.1]).

Letr andm be positive integerwithr+1 < m. LetTI" be a graph of ordegss, t; to, . . ., tmyr)
withs > land0=t; = --- =t < t;+1. Theorenil.1shows that a graph has a generalized
2(r + 1)-gon oforder(s, ty 1) as a strongly closed subgraph. Hence we age(1, 2, 3, 5}
from the result of Feit and Higman. This result was first proved Jn [5

Here we conjecture the following.

CONJECTURE LetT be a regulathick near polygon of the diametdrand the numerical
girthg > 6. Thend < g.

Supposd” is aregular thick near polygon of ordés, t; to, .. ., tq) with the numerical girth
g=2r +2> 6. Supposer2+ 2 < d. Then Corollaryl.2shows thatC=t; = --- = t; <
tr11 < -+ < tg—r and there exists a tower of regular near sub-polygons

Al’+1 C Ar+2 C---C Ad*l’

whereAY is a regular near@-gon of order(s, tq; t2, . . . , tq). In particularr € {2, 3, 5}.

To prove our conjecture it is enough to show that there does not exist a regular thick near
2(r + 2)-gon of orden(s, t; to, ..., tr12) withr € {2,3,5}and0=t; = --- =t <t 41 <
tr -2 which satisfying the conditio0SC); ;1.
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