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Abstract

For 1� i �k, let Ri denote pi(y)Fi + Gi , where pi(y) is a polynomial in y with integer coefficients, and Fi, Gi are linear
polynomials in x1, . . . , xn with integer coefficients. Let P(z1, . . . , zk) be a Presburger relation over the nonnegative integers.
We show that the following problem is decidable:

Given: R1, . . . , Rk and a Presburger relation P.

Question: Are there nonnegative integer values for y, x1, . . . , xn such that for these values, (R1, . . . , Rk) satisfies P?
We also give some applications to decision problems concerning counter machines.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

It is well known that it is undecidable to determine, given an arbitrary multivariable polynomial with integers
coefficients, whether it has a solution over the nonnegative integers [7]. Some interesting nontrivial special cases have
been shown to be decidable (e.g., [6]).

In this note, we look at a new class of systems of Diophantine equations for which the existence of solutions
is decidable. These equations, given in the Abstract, arose when were investigating certain verification problems
concerning counter machines [3] (see also [4]). Actually, the class we consider here is more general in that in [3],
the pi(y)’s are linear in y, and the Presburger relation P is of a special form—an “equality” relation. This is the class
defined in Problem DE of Section 3. We recently learned that Bozga and Iosif have also been studying a similar class
in relation to their work on flat counter automata [1].

In Section 2, we define formally the class of Diophantine equations and present a proof of its solvability. Then
in Sections 3 and 4, we apply this decidability result to some problems left open in [3]. Finally, for completeness,
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in Section 5 we mention two variations of the diophantine equations which have been shown to be undecidable
(decidable) in [3].

2. The solvable class

For 1� i�k, let Ri denote pi(y)Fi +Gi , where pi(y) is a polynomial in y with integer coefficients (e.g., 8y5 −3y2 +
7y − 6), and Fi, Gi are linear polynomials in x1, . . . , xn with integer coefficients (e.g., −10x1 + 5x2 + 7x4 − 3x7 + 9).
Let P(z1, . . . , zk) be a Presburger relation over the nonnegative integers, i.e., definable by a Presburger formula.

Theorem 2.1. The following problem is decidable:

Given: R1, . . . , Rk and a Presburger relation P.
Question: Are there nonnegative integer values for y, x1, . . . , xn such that for these values, (R1, . . . , Rk)

satisfies P?

Note that pi, Fi, Gi can be a constant (in particular, 0 or 1). Hence, Ri can be just pi, Fi , or Gi . In particular, Ri

can be y or one of the x-variables.
The proof of the above theorem uses the following known results concerning reversal-bounded multicounter

machines:

(1) Let M be nondeterministic two-way finite automaton over a unary input (with left and right end markers) augmented
with reversal-bounded counters. Thus the inputs to such a machine is of the form $oy$, where y is a nonnegative
integer, and $ is the end marker. (A counter is reversal-bounded if at each step, it can be incremented/decremented
by 1 or left unchanged and tested for zero, but can only reverse its mode from nondecreasing to nonincreasing and
vice-versa at most a fixed number of times, independent of the input.) Call this machine 2NCM.
It is known that the emptiness problem for 2NCMs (does the machine accept some unary input?) is decidable [5].
Note that, in contrast, it follows from Minsky’s result [8], that the emptiness problem is undecidable for deterministic
two-way finite automata over unary input (with end markers) augmented with one unrestricted counter.

(2) Let G be a nondeterministic finite automaton with r nondecreasing counters (thus at each step, each counter can
only be incremented by 0 or 1). G starts with all counters zero. If G halts and accepts, then we say that the values
(n1, . . . , nr ) of the counters when it halts are generated by G. G is called a monotonic counter generator.
Let P ⊆ Nr . Then P is a Presburger relation or, equivalently, a semilinear set if and only if we can (effectively)
construct a monotonic counter generator G such that the set of tuples generated by G is {(n1, . . . , nr ) | P(n1, . . . , nr )

is satisfied} [2].
We now give the proof of Theorem 2.1.

Proof. Let G be the monotonic counter generator for the Presburger relation P(z1, . . . , zk). We show how to construct
a 2NCM M to accept the unary language {oy | y is a nonnegative integer, and there exist x1, . . . , xn such that for these
values, (R1, . . . , Rk) satisfies P }. M operates as follows:

(1) Given oy , M first nondeterministically guesses x1, . . . , xn and stores them in k counters.
(2) With oy on the input and (x1, . . . , xn) on the counters, and using (many) auxiliary reversal-bounded counters,

M computes Ri = pi(y)Fi + Gi for i = 1, . . . , k.
(3) Then M checks that (R1, . . . , Rk) satisfies P, by simulating the generator G. (Note that in the simulation of the

counters of G, an increment is simulated by a decrement.)

Items 1 and 3 above are obvious. That item 2 can be implemented by M using reversal-bounded counters follows from
the following observations:

1. Clearly, each Fi(x1, . . . , xn) and each Gi(x1, . . . , xn) can be computed using reversal-bounded counters.
2. ysx for any s and x can be computed using reversal-bounded counters as follows:
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Suppose x is in counter 1 and oy is on the input tape, M makes left-to-right (right-to-left) sweeps on the input while
incrementing counter 2 on every move of the input head. At the end of every sweep, M decrements counter 1 by 1. When
counter 1 becomes zero, counter 2 has value yx. Now that we have yx in counter 2, we can use the same idea to produce
y2x in counter 1, etc. Note that for a given s, ysx can be computed with counters 1 and 2 being reversal-bounded (each
making no more than s/2 reversals).

Hence, the system has a solution if and only if the unary language accepted by M is not empty, which is decidable
(since M is reversal-bounded). �

3. Applications

As we have noted earlier, the question of the decidability of the class of Diophantine equations studied in Section
1 arose when we were studying some verification problems concerning counter machines in [3]. The decidability of
one such property turned out to be equivalent to the decidability of the class in Section 1, where the pi(y)’s are linear
polynomials in y.

Consider a class of machines M as follows. M is a deterministic two-way finite automaton augmented with k
monotonic counters C1, . . . , Ck . The two-way input, w (which is provided with left and right end markers), comes
from a bounded language, i.e., w = a

i1
1 , . . . , a

in
n for some fixed n and distinct symbols a1, . . . , an, and i1, . . . , in are

nonnegative integers. The counters are initially zero and can be incremented by 0 or 1 at each step, but cannot be
decremented. They do not participate in the dynamic of the machine. We shall simply call M a 2FAMC. We do not
assume that the machine halts on all inputs.

Note that the set of tuples of nonnegative integers “generated” by a 2FACM (at a specified state) need not be semi-
linear (Presburger) in general. For example, consider a 2FACM with two monotonic counters C1 and C2. On unary input
x of length n, M initially stores n in C1. Then M makes left-to-right and right-to-left sweeps of the input, adding n to C2
after every left-to-right sweep. M iterates this process without halting. Let s be the state of M just after a left-to-right
sweep. Then the set of tuples of values of the counters when it is in state s is Qs = {(n, kn) | n�0, k > 0}, which is
not semilinear.

We are interested in the problem of deciding, given a 2FAMC M and a Presburger relation E, whether the set of tuples
generated by M satisfies E. The decidability of this question was left unresolved in [3], even for simple Presburger
relations.

An atomic equality relation on the counters is a relation of the form Ci = Cj , i �= j . An equality relation E is a
conjunction of atomic equality relations. An example of E is (C1 = C3 ∧C1 = C4 ∧C2 = C3). We say that M satisfies
E at state q if there is some input w = a

i1
1 , . . . , a

in
n such that M on input w, enters some configuration where the state

is q and the counter values satisfy the relation E. For convenience, when q is understood, we simply say M satisfies E.
Since M does not necessarily halt, a configuration that satisfies E can be an intermediate configuration of a possibly

infinite computation. Note also that M can satisfy E many times during the computation. We are interested in the
following:

Reachability Problem Under Equality Relation:
Given: A 2FAMC M and an equality relation E.
Question: Does M satisfy E?

An obvious generalization of the above problem is when E is an arbitrary Presburger relation (note that an equality
relation is a special form of a Presburger relation).

It turns out that the above problem (where E is an equality relation) is equivalent to the solvability of the following
problem:

Problem DE:
Given: A system S consisting of the following (k + m) equations:

Ai = Bi, i = 1, . . . , k

yFi = Gi, i = 1, . . . , m
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where Ai, Bi, Fi, Gi are linear polynomials in nonnegative integer variables x1, . . . , xn with integer coefficients.
Hence these polynomials are of the form a0 + a1x1 + · · · + anxn, where each ai is an integer (positive, negative,
or zero).
Question: Does S have a solution, i.e., there are nonnegative integers y, x1, . . . , xn satisfying S?

Note that the system S above is a special case of the system we considered in Section 1. Hence Problem DE is decidable.
The following was shown in [3]:

Theorem 3.1. The reachability problem under equality relation is equivalent to Problem DE in the following sense:

(1) Given a system S, we can effectively construct a 2FAMC M and an equality relation E such that S has a solution if
and only if M satisfies E.

(2) Given a 2FAMC and an equality relation E, we can effectively construct a finite number of systems S of equations
of the form Ai = Bi or of the form yFi = Gi (where Ai, Bi, Fi, Gi are linear polynomials in nonnegative integer
variables x1, . . . , xn with integer coefficients) such that M satisfies E if and only if one of the S’s has a solution in
the nonnegative integers y, x1, . . . , xn.

The following corollary follows from Theorems 2.1 and 3.1:

Corollary 3.1. The Reachability Problem for 2FMACs under equality relation is decidable.

4. Reachability problem under arbitrary Presburger relation

Corollary 3.1 only proved the Reachability Problem when E is an equality relation. In this section, we look at the
general case when the relation E is an arbitrary Presburger relation E(c1, . . . , ck) over the counter values c1, . . . , ck ,
and show that the reachability problem is still decidable, resolving a more general open problem that was also posed
in [3].

The idea is as follows. In [3], it was shown that the value of counter ci (1� i�k) at any time can effectively be
represented by equations of the form:

ci = Ai + yBi + Ci,

where y is a nonnegative integer variable, and Ai, Bi, Ci are nonnegative linear polynomials in some nonnegative
integer variables x1, . . . , xn. (We can combine Ai and Ci into a single linear polynomial, but we wanted to first show
the representation above to be consistent with the formulation in [3].) Then, the value of counter ci = yBi + (Ai +Ci).
It then follows from Theorem 2.1 that we can decide whether for this system of equations there exist nonnegative
integers y, x1, . . . , xn such that (c1, . . . , ck) satisfies the Presburger relation E. Thus, we have:

Theorem 4.1. The Reachability Problem for 2FAMCs under arbitrary Presburger relation is decidable.

5. Variations

For completeness, we mention below two variations of systems of diophantine equations which have been shown to
be undecidable (decidable) in [3]. They are related to certain verification problems concerning counter machines [3].

Consider the following system of equations, S, which we call a width-2 system:

Ai = Bi, i = 1, . . . , k

yiFi = Gi ∧ yiHi = Ii, i = 1, . . . , m,

where Ai, Bi, Fi, Gi, Hi, Ii are linear polynomials in nonnegative variables x1, . . . , xn. Note that each yi is involved
in exactly two equations. We say that S has a solution if there are nonnegative integers y1, . . . , ym, x1, . . . , xn satisfying
S. It was shown in [3] that is undecidable to determine, given a width-2 system S, whether it has a (nonnegative integer)
solution in y1, . . . , ym, x1, . . . , xn.
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However, consider the following simpler case, called width-1 system, S:

Ai = Bi, i = 1, . . . , k,

yiFi = Gi, i = 1, . . . , m,

where, again, Ai, Bi, Fi, Gi are linear polynomials in x1, . . . , xn. Thus, each yi is involved in only one equation.
It was also shown in [3] that it is decidable to determine, given a width-1 system, whether it has a solution.
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