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The purpose of this paper is (1) a general nonlinear mixed set-valued inclusion framework for
the over-relaxed A-proximal point algorithm based on the (A, 17)-accretive mapping is introduced,
and (2) it is applied to the approximation solvability of a general class of inclusions problems
using the generalized resolvent operator technique due to Lan-Cho-Verma, and the convergence of
iterative sequences generated by the algorithm is discussed in g-uniformly smooth Banach spaces.
The results presented in the paper improve and extend some known results in the literature.

1. Introduction

In recent years, various set-valued variational inclusion frameworks, which have wide
applications to many fields including, for example, mechanics, physics, optimization and
control, nonlinear programming, economics, and engineering sciences have been intensively
studied by Ding and Luo [1], Verma [2], Huang [3], Fang and Huang [4], Fang et al. [5],
Lan et al. [6], Zhang et al. [7], respectively. Recently, Verma [8] has intended to develop
a general inclusion framework for the over-relaxed A-proximal point algorithm [9] based
on the A-maximal monotonicity. In 2007-2008, Li [10, 11] has studied the algorithm for a
new class of generalized nonlinear fuzzy set-valued variational inclusions involving (H, 77)-
monotone mappings and an existence theorem of solutions for the variational inclusions,
and a new iterative algorithm [12] for a new class of general nonlinear fuzzy mulitvalued
quasivariational inclusions involving (G, 77)-monotone mappings in Hilbert spaces, and
discussed a new perturbed Ishikawa iterative algorithm for nonlinear mixed set-valued
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quasivariational inclusions involving (A, 7)-accretive mappings, the stability [13] and the
convergence of the iterative sequences in g-uniformly smooth Banach spaces by using the
resolvent operator technique due to Lan et al. [6].

Inspired and motivated by recent research work in this field, in this paper, a general
nonlinear mixed set-valued inclusion framework for the over-relaxed A-proximal point
algorithm based on the (A,7)-accretive mapping is introduced, which is applied to the
approximation solvability of a general class of inclusions problems by the generalized
resolvent operator technique, and the convergence of iterative sequences generated by
the algorithm is discussed in g-uniformly smooth Banach spaces. For more literature, we
recommend to the reader [1-17].

2. Preliminaries

Let X be a real Banach space with dual space X*, and let (-, ) be the dual pair between X
and X*, let 2% denote the family of all the nonempty subsets of X, and let CB(X) denote
the family of all nonempty closed bounded subsets of X. The generalized duality mapping
Js : X — 2% is single-valued if X* is strictly convex [14], or X is uniformly smooth space. In
what follows we always denote the single-valued generalized duality mapping by J, in real
uniformly smooth Banach space X unless otherwise stated. We consider the following general
nonlinear mixed set-valued inclusion problem with (A, n)-accretive mappings (GNMSVIP).
Finding x € X such that

0€ F(A(x)) + M(x), (2.1)

where A,F : X — X, 7 : X xX — X be single-valued mappings; M : X — 2% be an
(A, n)-accretive set-valued mapping. A special case of problem (2.1) is the following;:

if X = X* is a Hilbert space, F = 0 is the zero operator in X, and 7(x,y) = x - v,
then problem (2.1) becomes the inclusion problem 0 € M(x) with a A-maximal
monotone mapping M, which was studied by Verma [8].

Definition 2.1. Let X be a real Banach space with dual space X*, and let (-, -) be the dual pair
between X and X*. Let A : X — X and 7 : X x X — X be single-valued mappings. A
set-valued mapping M : X — 2% is said to be

(i) r—strongly n-accretive, if there exists a constant > 0 such that

(1 —y2, Jg(n(x1,x2))) 2 rlles — x|, Vyie M(x;), i=1,2; (2.2)

(ii) m-relaxed 7-accretive, if there exists a constant m > 0 such that

(1 —y2, Ja(n(x1,x2))) = —mllxy - x2||7,  Vxi,x € X, yi € M(x3), (i=1,2); (2.3)

(iii) c-cocoercive, if there exists a constant ¢ such that

(yi =2, Jy(n(x1,x2))) 2 c|lyr = v2||T, Va2 €X, yi € M(x;), (i=1,2); (2.4)

(iv) (A, m)-accretive, if M is m-relaxed 7-accretive and R(A + pM)(X) = X for every
p>0.
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Based on the literature [6], we can define the resolvent operator R;‘,']ZI as follows.

Definition 2.2. Let 1 : X x X — X be a single-valued mapping, A : X — X be a strictly
n-accretive single-valued mapping and M : X — 2X be an (A,n)-accretive set-valued

mapping. The resolvent operator R:’]:l,l : X — X is defined by
R;‘,}lﬂ (x) = (A+pM) "' (x) (VxeX), (2.5)

where p > 0 is a constant.

Remark 2.3. The (A, r7)-accretive mappings are more general than (H, 77)-monotone mappings
and m-accretive mappings in Banach space or Hilbert space, and the resolvent operators
associated with (A, n)-accretive mappings include as special cases the corresponding
resolvent operators associated with (H, 7)-monotone operators, m-accretive mappings, A-
monotone operators, -subdifferential operators [1-7, 11-13].

Lemma 2.4 (see [6]). Let 1 : X x X — X be T-Lipschtiz continuous mapping, A : X — X be an
r-strongly n-accretive mapping, and M : X — 2X be an (A, n)-accretive set-valued mapping. Then

the generalized resolvent operator R;‘/’;&I : X — X is 771/ (r — mp)-Lipschitz continuous, that is,

T

1
pllx—yll (Vx,y € X), (2.6)

[k - Rt | < 7=

where p € (0,7/m).

In the study of characteristic inequalities in g-uniformly smooth Banach spaces, Xu
[14] proved the following result.

Lemma 2.5. Let X be a real uniformly smooth Banach space. Then X is g-uniformly smooth if and
only if there exists a constant cq > 0 such that for all x,y € X,

1o+ y11" < xll” + 4y, Jo () + gl 27)

3. The Over-Relaxed A-Proximal Point Algorithm

This section deals with an introduction of a generalized version of the over-relaxed proximal
point algorithm and its applications to approximation solvability of the inclusion problem of
the form (2.1) based on the (A, 77)-accretive set-valued mapping.

Let M : X — 2% be a set-valued mapping, the set {(x,y) : y € M(x)} be the graph
of M, which is denoted by M for simplicity, This is equivalent to stating that a mapping is
any subset M of X x X, and M(x) = {y : (x,y) € M}. If M is single-valued, we shall still use
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M (x) to represent the unique y such that (x,y) € M rather than the singleton set {y}. This
interpretation will depend greatly on the context. The inverse M~! of M is {(y,x) : (x,y) €
M}.

Definition 3.1. Let M : X — 2X be a set-valued mapping. The map M}, the inverse of
M : X — 2%, is said to be general (u,t)-Lipschitz continuous at 0 if, and only if there exist
two constants u,t > 0 for any w € B, = {w : ||w| < t,w € X}, a solution x* of the inclusion
0 € M(x)(x* € M~(0)) exist and the x* such that

=l < wlwl] - (Yx € M7 (@), (3.1)

holds.

Lemma 3.2. Let X be a g-uniformly smooth Banach space, n : X x X — X be a T-Lipschtiz
continuous mapping, A : X — X be an r-strongly n-accretive mapping, F : X — X be a ¢-
Lipschtiz continuous mapping, and M : X — 2% be an (A, n)-accretive set-valued mapping. If
I = A= AR (A = pFA), and for all x1,x, € X, p > 0 and qy > 1

(A6 = A, Jo(A(R T (Al = pF(AG)) = A(Rp (AGw) - pF(A)) ) )
(3.2)
> y||A(R)7 (A - pF(AG)) ) = A(RY (AG) - pF(A)) )|

then

(ar =D A(RI (AGe) = pF(A@))) - A(R (AGx2) - pF(AG))) |
(3.3)
) = Te(e) 17 < gl AGxr) = A

Proof. Let X be a g-uniformly smooth Banach space, 7 : X x X — X be a 7-Lipschtiz
continuous mapping, A : X — X be an r-strongly 7-accretive mapping, and M : X — 2%

be an (A, n)-accretive set-valued mapping. Let us set [ = A — AR;"’;\Z(A - pFA) and
si = A(xi) — pF(A(x;))(x; € X,i = 1,2), then by using Definition 2.2, Lemmas 2.4, 2.5, and
(3.2), we can have

1Tk (21) = Iic(x2) ||

= [|[a) - A(RY (1) - [AG) - A(R )] |
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<cgllA(xr) = A(x)||7 - q<A(x1) - A(x2), Jq (A<Rﬁ}\"4(51)> - A<R:}’\14(52)>> >
e AR (AGr) - pE(AGD))) - AR (Al - pE(AG)) ) |
< cqllA(x1) = A(x) ||
- ay||A(R (AG) - pF(AGD)) ) - A(R (A - pF(AG)) )|
+[A(RIL (A - pF(AG)) - A(RI (AG) - pF(AG)) )|
< cgllAlxr) = A(x) ||
- Gy - D[ AR (A - pF(AG)) - A(RML (A - pE(AG)) |

(3.4)

Therefore, (3.3) holds. O

Lemma 3.3. Let X be a g-uniformly smooth Banach space, 1 : X x X — X be a T-Lipschtiz
continuous mapping, A : X — X be an r-strongly n-accretive and nonexpansive mapping,

F : X — X be an ¢-Lipschtiz continuous mapping, and I = A — AR:’;&(A - pFA), and

M : X — 2X bean (A, n)-accretive set-valued mapping. Then the following statements are mutually
equivalent.

(i) An element x* € X is a solution of problem (2.1).
(ii) Fora x* € X, such that

x* = RO (A(x') - pF(A(x"))). (35)

(iii) Fora x* € X, holds
I(x) = AG) - A(RT (AG) - pF(AG))) =0, (36)

where p > 0 is a constant.
. . e . A
Proof. This directly follows from definitions of R, Vi) and Ij. O

Lemma 3.4. Let X be a g-uniformly smooth Banach space, 1 : X x X — X be a T-Lipschtiz
continuous mapping, A : X — X be an r-strongly n-accretive and nonexpansive mapping, F : X —

X be an ¢-Lipschtiz continuous and B-strongly n-accretive mapping, and I, = A— AR;’;I,I (A-pFA),
and M : X — 2% be an (A, n)-accretive set-valued mapping. If the following conditions holds

/14 et - qpP < T(r=mp)  (1+cep’8" > qpP), (3.7)
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where cq > 0 is the same as in Lemma 2.5, and p € (0,r/m). Then the problem (2.1) has a solution
x*eX.

Proof. Define N : X — X as follows:
N(x) = R (A(x) - pF(A(x))), Vx€eX. (3.8)
For elements x1, x; € X, if letting
si= A(xi) - pF(A(x)) (i=1,2), (3.9)
then by (3.1) and (3.3), we have

INGe) = NG = || Ry s - Ry (s2) |

241 (3.10)
<
r—mp

(|A(x1) = A(x2) = p(F(A(x1)) = F(AQ)|])-

By using r-strongly n-accretive of A, p-strongly #-accretive of F, and Lemma 2.5, we obtain

|ACx1) = A(x2) = p(F(A(x1)) = F(A(x2)) ||
< NAGx1) = AQ) |7+ cqp|F(A(x1)) = F(A(x2)) |7

(3.11)
—gp(F(A(x1)) - F(A(x2)), J4(A(x1) — A(x2)))
< (T4 ¢gp¢" = apP)IlAGxr) = AGe2) |1
Combining (3.10)-(3.11), by using nonexpansivity of A, we have
[N (x1) = N (x2)|| < 0[|x1 — x2]], (3.12)
where
0* 74-1 - i 5 g 5
= V1+capis®—qp tCp et > qpp)-
r—mp ! ! (3.13)

It follows from (3.7)—(3.12) that N has a fixed point in X, that is, there exist a point x* € X
such that x* = N (x*), and

x* = N(x*) = Ry (A(x") - pF(A(x)). (3.14)

This completes the proof. O
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Based on Lemma 3.3, we can develop a general over-relaxed (A,#)-proximal point
algorithm to approximating solution of problem (2.1) as follows.

Algorithm 3.5. Let X be a g-uniformly smooth Banach space, 7 : X x X — X be a 7-Lipschtiz
continuous mapping, A : X — X be an r-strongly 7-accretive and nonexpansive mapping,
F : X — X be an f-strongly 5-accretive mapping and ¢-Lipschitz continuous, and Iy =

A - AR?;I/I(A - pFA),and M : X — 2X be an (A, 7n)-accretive set-valued mapping. Let
{an}oeo(an > 1), {by ) and {pn }5ey be three nonnegative sequences such that

an < oo, a=limsupa, >1, pnTp<oo, (3.15)
n=1

n— oo

where p,,, p € (0,7/m)(n=0,1,2,-,-,-) and each satisfies condition (3.7).

Step 1. For an arbitrarily chosen initial point xy € X, set
A(.’X‘l) = (1 - ao)A(xo) + aoYyo, (316)
where the 1, satisfies
A
[0 = AR (Alx0) = poF (AGx0))) ) || < bollyo — Axo)- (3.17)
Step 2. The sequence {x,} is generated by an iterative procedure
A(xps1) = (1 = an) A(xn) + anyn, (3.18)
and y, satisfies

wheren=1,2,-,-,-.

vu = AR (AGE) = puF(AGD)) ) | < ballyn = G, (3.19)

Remark 3.6. For a suitable choice of the mappings A, 7, F, M, Ii, and space X, then the
Algorithm 3.5 can be degenerated to the hybrid proximal point algorithm [16, 17] and the
over-relaxed A-proximal point algorithm [8].

Theorem 3.7. Let X be a g-uniformly smooth Banach space. Let A,F : X — Xandn:XxX — X
be single-valued mappings, and let M : X x X — 2X be a set-valued mapping and (FA + M)™" be
the inverse mapping of the mapping (FA + M) : X — 2X satisfying the following conditions:

(i) n: X x X — X is T-Lipschtiz continuous;

(ii

(ii

A X — X bean r-strongly n-accretive mapping and nonexpansive;

F : X — X be an ¢-Lipschtiz continuous and p-strongly n-accretive mapping;

)
)
)
)

(iv) M : X — 2% be an (A, n)-accretive set-valued mapping;
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(v) the (FA + M) be (u, t)-Lipschitz continuous at 0(u > 0);

(Vi) {an}meo(an > 1), {bn} ey and {pn} oo be three nonnegative sequences such that

an < oo, a=limsupa, >1, pnTp< oo, (3.20)
n=1 n—oo
where p,, p € (0,7/m)(n=0,1,2,-,-,-) and each satisfies condition (3.7),

(vii) let the sequence {x,} generated by the general over-relaxed A-proximal point algorithm
(3.6) be bounded and x* be a solution of problem (2.1), and the condition

(AGe) = A, Jo(A(R (A = pF(AG)) ) = A(R (AGE) = pF(A(x"))))) )

> y]| AR (AGe) - pF(AGD)) ) - A(RE (AG) - pFCAGN) )|
(3.21)

0<cg(a-1)7+ (a7-g(a-1)ay)d? <1, (3.22)

hold. Then the sequence {x,} converges linearly to a solution x* of problem (2.1) with
convergence rate ¥, where

8 =1v/cs(a-1)7+ (a9 +q(1 - a)ay)dd,

(3.23)

c uf &
a = limsup a,, d =limsupd, = limsup,/ 1 7 an < 0.
n—oo n— oo n—oo (qy—l)r‘?u‘?+pn =1

Proof. Let the x* be a solution of the Framework (2.1) for the conditions (i)-(iv) and
Lemma 3.4. Suppose that the sequence {x,} which generated by the hybrid proximal point
Algorithm 3.5 is bounded, from Lemma 3.4, we have

A(x*) = (1 - ap)A(x") + anA<jo\A(A(x*) - pnF(A(x*)))>. (3.24)

We infer from Lemma 3.3 that any solution to (2.1) is a fixed point of R;:ZVI(A — pnFA). First,
in the light of Lemma 3.2, we show

IR (AGn) = puF(AG)) = | < dull AGxn) = A, (3.25)

where d,, = {/cqu‘?/((Zy - 1D)riud + pfl) <land R;:ZVI(A(x*) - pnF(A(x*))) = x*.



Fixed Point Theory and Applications 9

For I = A - AR:’I?/I(A - pnFA), and under the assumptions (including the condition
(vii) (3.21)), then Ix(x,) — 0(n — oo) since the (FA+M) " is (u, t)-Lipschitz continuous at 0.
Indeed, it follows that R;:’ZVI(A(xn) —puF(A(xy,))) € (FA+ M) (P Ik () from p, I (x,) €
(FA+M) (R;:ZVI (A(xy)—pnF(A(xy,)))). Next, by using the condition (iv) and (3.1), and setting
w = p; Ik(x,) and z = R;:ZVI(A(xn) - pnF(A(xy))), we have

“Rﬂw(A(xn) — pF(AGx)) - x°|| < ulpp'Te(xn)||, ¥n>n'. (3.26)

Now applying Lemma 3.3, we get

| R (A = puF (AGe)) - x|

< || R (AGen) = puF(AGx)) = R/ (A = puF (A D) ||

q
<uf

Pt Ik (xn) = pr T (%)

< (%)qnfk(xn) LG

< () [-tar -0 R2A (A = puFAGD) - YA, (A6 = puF A ||

+eqllAGen) = AGT].
(3.27)

Therefore,

”Rfﬁw(f‘(xn) — puF(A(x))) - x*

< dnllA(xn) = AT, (3.28)

where d,, = (/cquq/((Zy - 1D)riud + pZ) <land R;:ZVI(A(x*) - pnF(A(x*))) = x*.
Next we start the main part of the proof by using the expression

Aznt) = (1 — an)A(xn) + anA<R;:’ZVI(A(xn) - pnF(A(xn)))>, Vn > 0. (3.29)
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Let us set s, = A(xy,) — puF(A(xy,)) and s* = A(x*) — p,F(A(x*)) for simple. We begin with
estimating (for a, > 1) and later using (3.2), the nonexpansivity of A, (3.21) and (3.28) as
follows:

1AGzni) = AGN < || (1= @) AGra) + @n A (R (50) )
- [(1 —a,)A(x") + a”A<R;:ZVI(S*)>] ”q
<[ - an (A - ) + an[A(RY s0) - A(RYA )]
an[A(RY(sw) - A(RA )]

+q(1 = anan(AG) = A, Jo(A(RY i (sn) = A(RY(59)) )

< cqll(1 = an) (A(xn) = A(x")17 +

q
< cqan =) A(x) = A7 + a

A, A, *
(RS "i(sn) = R, (s)

q

A, A, %
| (RO (50) = RO (5")

< Cq(an - 1)q”A(xn) - A(x*)“q

+q(1 -ay)any

+ [ah - a1 - awan ]| RIS (A - puF(AGe) - x°
< [eq(@n =17+ (@l + 91 - an)any ) di]|AGe) - AT
(3.30)
Thus, we have
I A(Zn1) = AT < OullAlxn) = AT, (3.31)
where
0, = \"/cq(an ~ )7+ (ah+q(l - anany)di <1, (3.32)

Since A(xy+1) = (1 — a,)A(xy) + anyn, we have A(xp1) — A(xy) = an(yn — A(xy)). It
follows that

and a) + qg(l-ay)any>0,a,>1,>7,b, <oo,and d,, = S/cquq/((Zy - 1)rdud +pZ) <1.

|A(xns1) = A(zns)l

< || (= @) AGe) + @wyn - [(1 - @) Ak + @R, (AG) - puF(AG)] |
(3.33)
< apn

Y= RO (AGe) = puF(AGe) |

< anby|lyn = AGen) ||
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Next, we can obtain

[A(xne1) = A < |A(zne1) = A + |A(XR41) = A(Zna) ]
< A(zni1) = A+ anba|yn = ACea) ||

(3.34)
<[ A(zne1) = A || + ballAlxnia) — AQx) |l
<N A(znn) = A+ bul| Alxps) = A7)+ bal|A(x™) = A(xn) |-
This implies from (3.38) and (3.39) that
911 bn *
A1) = A < 5 —+b A (xn) = A (3.35)

Since A is an r-strongly n-accretive mapping (and hence, ||A(x) — A(y)|l > r|lx — y||), this
implies from (3.35) that the sequence {x,} converges strongly to x* for

0, = (/cq(an -1+ (aZ +q(1- an)an}f)df, <1, (3.36)

where a, > 1, 377, b, < o0, and d,, = \”’/cqu‘?/((ZY - 1D)riud + pZ) <1.

Hence, we have

0, + b,

O = limsup 1 p lim sup6,
n— oo n n—oo (337)

= {feg(a-1)"+ (a% +q(1 - a)ay) .

By (3.22), it follows that 0 < & < 1 from the condition (vi), and the sequence {x,} generated
by the hybrid proximal point Algorithm 3.5 converges linearly to a solution x* of problem
(2.1) with convergence rate ®. This completes the proof. O

Corollary 3.8. Let X be a Hilbert space (9 = 2,c; = 1), A : X — X be an r-strongly monotone
and nonexpansive mapping (a = 1), F = 0 is a zero operator, M : X — 2% be an A-maximal set-

valued monotone. I, = A— AR‘:,’JZI (A-pnFA), and the condition (3.21) hold, the M~ be u-Lipschitz
continuous at 0 (u > 0). Let {an}oeg, {bn} oo and { pn } oo be the same as in Algorithm 3.5. If

0<1-a2(1-yd?) -a(1-(2r-1a?)| <1, (3.38)

then the bounded sequence {x,} generated by the general over-relaxed A-proximal point algorithm
converges linearly to a solution x* of problem (2.1) with convergence rate ®, where

8=1/1-al2(1-yd?) - a(1- (2y -1)a2)], (3.39)
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and d = limsup, _d, = limsupnﬁoo\/u2/((2y -Dr2u? +p3) = \/uz/((Zy -Dr2u? +p?),a=
limsup, ,  an, > by < 0.

This is Theorem 3.2 in [8], and if, in addition, y = 1,A = I then we can have the
Proposition 2 in [9].
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