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We discuss in detail the regularity properties of a class of pseudodifferential
operators on R? introduced by Grossmann, Loupias, and Stein, which are more
regular and more symmetrical than usual pseudodifferential operators. Those
operators that are self-adjoint form a suitable class of smooth observables for a
nonrelativistic quantum theory. If their symbols are allowed to depend smoothly
upon Planck’s constant 7, those operators provide the framework for regular
asymptotics expansions as # — 0 of quantum mechanics around classical
mechanics.

INTRODUCTION

This article studies the relevance of a ring of pseudodifferential operators on R,
introduced by Grossmann et al. [1], to the usual formulation of nonrelativistic
quantum mechanics using self-adjoint operators on a Hilbert space. The symbols
in [1] lead to operators more regular than the usual pseudodifferential operators
[2, 3]; they satisfy global L? estimates, and some operators with real semi-
bounded symbols admit Friedrichs extensions. When the symbols are allowed
to depend explicitly and smoothly upon #, the relationship between symbol
calculus and the classical limit of quantum mechanics is recovered [1, 4, 5].
Moreover, we thus obtain a framework for regular asymptotic expansions of
quantum mechanics as # — 0; the discussion of relevant physical examples is
started in [5].

We use the following notation: ¢ = R! is configuration space; our pseudo-
differential operators will act on various function or distribution spaces .#(Q),
L¥Q), F(Q),... (always complex-valued unless stated otherwise, and noted as
in [6]); their symbols will be functions on the phase space X = Q @ P (P =(0%*)
which carries the canonical symplectic 2-form w; w(®y, %) = ¢ P2 — G2 Py
(vector indices will usually be suppressed and gp will denote the scalar product).
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PSEUDODIFFERENTIAL OPERATORS 105

In any dimension 7z, we shall use multi-indices «, 8 N® with the usual
notation:

‘0‘1:20‘]‘; ajﬁﬁ:(aliﬁly""dniﬂn);
1

a =B if a—pBeN? a!zna]-!;
1
freR re = rjn - rin; 0,% = (8for)* = d™for{r -+ 9 foran.
The Hilbert space LYQ, dg) is represented by 5 and its scalar product
is represented by {, >.

1. Tne WEYL CORRESPONDENCE

The starting idea in any pseudodifferential operator theory is to establish a 1-1
correspondence between polynomials on X and differential operators on
O: a(q, p) <> d(q, —i0/0q) and then to extend this correspondence to larger
classes of functions; the function a is called the (full) symbol of the operator 4.
The purpose of this correspondence is to study the operators ¢ via their symbols.

The symbol map is usually such that if 4 has constant coefficients, & =
P(—i0]éq;), then its symbol is the same function as that of the scalar variables p,
(a = P( p;)) (thus, since the symbol of —i8/dq; is p; , we can write p for —i(/2q)).

The extension of the symbol map to differential operators with variable
coefficients involves some arbitrariness. For operators on an affine space Q,
the Weyl prescription [7] has important symmetry advantages. Given a C*
function a(g, p) polynomial in p, it defines 4 by its action on the functions
ue Cy=(Q) as

B +q N ipta—d’ /
@) = @myt | a(L5L p)ulg) erardpag. (1)
PxQ
This formula defines a differential operator: Let

agp) = Y alg)p* and ¢ =g+

lafgm

Then

(@uq) = @y Y. [a (g + r12) poulg + r) e dp dr,
(by parts) = (2m)7t Y f(—i —%)a [aa (q + 12—) u(g + r)] e~ dp dr

-5 (i foafa+ )]

=0
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(by the Fourier inversion theorem), and the result has the form 1< €.(q) &,°u(q)
by the Leibniz formula.
Equation (1.1) defines & as an integral operator of kernel

Glalgd = @ayt [ a (51, p) e ap (1.2)

Let¢" = (¢ + ¢')/2,7 = ¢’ — ¢, corresponding to the decomposition @ ©Q =
4 @ R (4 = diagonal subspace of Q @ Q; R = antidiagonal subspace of
O @ 0). Equation (1.2) reads

q" —r/21d|q" + 72y = (2ny! fP a(q”, p) e=**" dp; (1.2%)
hence
glélq) = (Fa)yg, q)

where # is a partial Fourier transformation between the conjugate spaces P
and R, not acting on the space 4.

In the form (1.2), the Weyl correspondence can be considerably extended
[5, 8]: # is a continuous isomorphism of

(X)) (=F(Q) x S (P)) onto  F(Q x Q) (=F(4) X L(R));
hence to any ae &’(X) it associates an “‘operator” 4 of integral kernel in
F(Q x O): 4 makes sense as continuous sesquilinear form on F(Q) X F(Q):
(u, v) — {v | d | u), or equivalently as a continuous operator .(Q) — -(Q).

The map a->4d was introduced by Weyl [7] to “quantize” classical
observables; in this context we have here Planck’s constant # = 1, until stated
otherwise. The map 4 — a is a Wigner transformation [9], and we call a(x)
the Wigner symbol of the operator 4.

Mathematicians commonly associate with a given symbol a(x) a different
operator a™, which is such that [1, 3]

(aMu)(q) = (2m)7* fpxo alg, p)u(q’) €' dpdg’  (ue Ce(Q));
hence

M L0 \®
Y a@r) = ¥ a@(-ig).

(,&’<m |zxém ( 8q )
Another most interesting operator prescription is the Wick (or “normal”)
ordering @ — :a: [10, 11]. Some properties of the correspondences a — a¥
and @ — :a: are listed in the Appendix.
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1.1. Some Properties of the Weyl Correspondence [12, 13]

It is immediately checked that in the sense of operators on #(0Q),

i=1 (the identity operator),

a = ¢y (multiplication by the coordinate function g;),
~_ .0

b= aq;

T T
If T(p)+ V(g)e Oy(X) we can define T(p) 4 V(g) by Eq. (1.2) and
T(p) + V(4) by the operator functional calculus [14]: These two definitions
coincide (the latter is the Schrédinger quantization for Hamiltonians of the

standard type p%/2m + V(q)).
The most interesting are the various symmetry properties (not satisfied by
other symbol maps).

—ForallmeN and «, Be C,

T T —
(g + BpY™ = (o -+ BPY™, (1.3)

and this property characterizes the restriction of the Weyl correspondence to
polynomials (proof in [13])

—For all o, B R,

T T . i
exp i(ag + Bp) = exp i(of + Bp)- (1.4)

Proof. 'The operator («f -+ Bp) admits the Hermite functions as entire
vectors [14]; for any finite linear combinations # and v of such vectors,

<u | expi(ad + Bp) | v) is defined (as z:’ (@™ m)u | (af + BPY™ | ©)), and
(ulexpi(eag + pp) | v) = (u|e**2expindexpifp|vy  (cf. [7])

= 902 | wr(g) einlg + B)dg
o

= (27r)‘lf F(v @ u¥) eeatsn) gy
x

= j (@ @ u*) Fetorrdn = (y |ﬂ@‘ o>

ox0

and this extends by continuity to u, v € & (the closed linear span of the Hermite
functions).

Conversely, extending (1.4) by linearity to superpositions of exponentials,
one can recover the Weyl correspondence [1].
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—a* =4 (in the sense of sesquilinear forms), since the kernel given by
(1.2) trivially satisfies (g | a* | 9> =<¢ | d|¢* By contrast, the mathe-
maticians’ symbol for the adjoint of an operator is rather complicated [2, 3]
(see Appendix).

In particular if a(x) is real-valued, the form & is symmetric (Hermitian).
There is no known characterization of those real symbols for which a self-
adjoint operator (densely defined) on the Hilbert space L*Q) can be associated
to the form 4 (a symmetric operator as simple as ¢ has no self-adjoint extension
[15]). We shall give a partial solution to this problem for a class of symbols.

1.2. Metaplectic Covariance

Let Mp(s#) —" Sp(X) denote the metaplectic representation of the symplectic
group of X [16]: It is a double covering of Sp(X) by a subgroup of the unitary
group of 5°; every % € Mp(4#) is not only a unitary map on L¥ Q) but it extends
to a continuous isomorphism of %’(Q) [17]. The Weyl quantization has the
interesting covariance property

P
VU e Mp(#), Vae S'(X), U — ao (@), (1.5)

which implies that Weyl quantizations with respect to different symplectic
frames on X are isomorphically equivalent.

With minor changes in notation, we have given a proof of Eq. (1.5) in' [5].
Here we mention it only as another symmetry of the Weyl quantization, which
is not shared by the other ordering procedures listed in the Appendix.

1.3. Hilbert—Schmidt Operators

The Fourier transformation & introduced above is a unitary map from
LA(X, dx/(2m)") onto LY(Q X Q, dg X dgq) by Parseval’s identity. But the operators
with L? kernels are the Hilbert—Schmidt operators [14] and they form a Hilbert
space LX) for the norm

B, Ayps =TeBA=[ (qIBIg»<qlA14>dgdy.

Hence the Weyl correspondence restricted to L¥(X, dx/(27)) is a unitary map
onto F¥H).

2. AN ALGEBRA OF SYMBOLS

Grossmann, Loupias, and Stein [1] have defined a space of symbols, denoted
here GLS symbols, which give rise to pseudodifferential-like operators under
Weyl quantization. We review and strengthen their results here. Symbols
presenting some analogies have been defined by other authors [18].
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2.1. GLS Symbols of Order <m

A GLS symbol of order <{m is any function @ € C=(X) satisfying (for a real
number m)

VaeN#3IC, >0, | o) < Gl + || x|p)m-labrz, @.1)

where we let || x |2 == ¢* -+ p? (but any other quadratic norm on X would do).

The space S,, of these symbols can be topologized by the seminorms || a ||, =
supgex (| 8*a(x)| /(1 + ||  [Z)om-11/2); it is then a Fréchet space.

S, is stable under complex conjugation; any operator d,* maps S, into S,,_|
continuously; multiplication of functions sends S,, X S,,- into S, . We have
S C S, (a continuous inclusion) if m’ <C m. The space S_, = (Vner Sm (With
the coarsest topology making all inclusions S_,, C S,, continuous) is the Schwartz
space #(X). We denote S = |J,.en S, the space of all GLS symbols.

The main differences from the usual definitions of symbols [2, 3] are: (1) The
latter involve a growth condition in the p coordinates only (while we take
stronger growth conditions, isotropic in phase space and Sp(X)-invariant);
(2) That growth condition is expressed [3] by an asymptotic series

g, p) ~ Y i@ 1) (17— +o0),

=0

where each a,_; is positively homogeneous in p of degree =m — j, while
our condition (2.1) is only an inequality. Here we can also define subspaces
of symbols S, C S, by a condition stronger than (2.1):

0
a(x) ~ Y, a,_,x) in the sense that
=0

(lxl] — +00),
Vae N2 Vre N,

@&ﬂzaﬁﬂ<mmwwm 02

where each a,,_;(x) is positively homogeneous in x of degree (m — j); but this
requirement is too strong in view of realistic phys1ca1 applications (see Section 4).
(Note: By convention, any sum of the form Z,_o( .) has value 0.)

2.2. Symbols Defined by Asymptotic Series

We say that the symbol a € S, admits an asymptotic expansion ¥, ¢ @,,_; with
Ay € Sy, If for all neN, (@ — Z] 0 am_,) € S8,,_,; this is denoted a ~
> @-; (more general descending asymptotic expansions could be allowed). A
given symbol admits an infinity of expansions of this form, but the converse is
more interesting: to find a symbol having a given expansion.
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Treorem 2.2.1. (i) Given any sequence {@,,_; € S,,_;};en there exists ac S,
such thata ~3; a,_;.
(i1)  The set of symbols a such that a ~3; a,,_; is the class of a modulo S__,

Proof. Let {A},cn be a sequence of positive numbers increasing to oo,
and let y € C°(R) be a monotonic function such that y(r) = 0 for r <{ 1 and
x(r) = 1 forr == 2. We define

a0 = Y x (L) 0 ) = 3 anso.

=0 ] =0

In any compact subset of X this sum is actually finite, so it defines a C®

function a(x). Now we must control the behavior of a(x) when || x || — 400
for a suitable choice of the sequence {A;}. For any « e N2 and je N,

o [x ( I : I ) i) = ) G (oo (131 x| ) 62y,
by the Leibniz formula; estimate (2.1) then yields
o [ (15 ens]| < 25 [ (S5 1o

In the RHS we can replace each || x [[IfI/AI8] by 218l (obvious if |B| = 05 if
[B] >0, itis due to (e%)(| x| /A) = 0 if || x || > 21). We now choose

A = sup ( S 200, sup | 9Bx(f))

lal<i \[ATn
let x(Il }/A) @ s(%) = ap_y(x). Whenever || < j,
[ 0@y (%)) < Al & [[7=7=1od L] o frod=lolt,
since the left-hand side vanishes when ||z || <{ A;. The series Y ; ¢~a,,_;(x) is

thus uniformly bounded by a geometric series if || 2]| > | + ¢, and we have

| 8°a(e)| =

Fans) + 3. a3

{ Pttt O(| x ||m=1el) as || x || — o0,

< Cyll= l"‘|+m|—1*

where we have used (2.1) for a,,(x) (=a,(x) for [|x| > 2X)). So we have
a(x) € S, . The same argument shows that

n-1

a(x) - Z am—:i(x) € van .
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Now:
n—1 n—1 n—1
2@~ Y an ) = (29 = X an) + T @y 20
i=0 0 0
and the second term vanishes 1dentlcally for || x || = 2M,_, , owing to the form

of the cutoff function . Hence a — Y, 0 @i € Spn provmg ().

(i) a~3;a @y,—; means that for all " a Z] 0 a,_;€S,_,, which is
equivalent to (a — Z]_O Ay) — (@ — Yy N @i) € Sy > OF (@ — a) € Sy
foralln ie,a—aecS_.

This motivates the following:

DreriniTION 2.2.2. Wesay that g, ~ a,if @, — a, € S_, ;theclassof ae S,
in the quotient space S, = S,,/S_,, or asymptotic class of a, is denoted &;
we let § = 8/S_, = Un S, . (In this language, Theorem 2.2.1 just states
that any formal series Y5 o @,,_; With @,_; € S,,_; defines a (unique) element
of §,,.)

2.3. Quantization of Symbols

Every GLS symbol a(x) is an element of O,(X)C .#'(X); hence by Weyl
quantization it defines a continuous map 4: F(X) — &'(X); we call S,, (resp. S)
the image of S, (resp. S) under ~. The properties of the operators 4 & .S are
discussed in Section 3, but we give a preliminary result here.

TueoreMm 2.3.1. (1) 4 maps F(Q) into F(Q) continuously; hence by duality
it extends to a continuous operator '(Q) — S'(Q) (also denoted G).
(i) IfaeS,withm << —I, 4 maps # = L¥Q) into itself, and 4 € L*HK).
(i) IfaeS_.,dmaps S (Q)into F(Q) continuously.
Proof. (i) LetaeS, and uc (Q). In the sense of distributions,

(au)g) = (2m) [ dp dr alq + ]2, p) u(g + r) i7"
Px0
= f dp dr I(g, p, 7) i7" 2.3)
PxQ

and du € S(Q) if every distribution ¢g*0%(du) is actually a bounded function. Since
o8(du) = (2m) [dp dr 0,%(a(q + 7/2,p) - u(g + 7)) e7*" is a sum of integrals
of the same type as (2.3), it suffices to prove that ¢*(du)(¢) is a bounded function
of g.

To do this, we shall exploit the oscillatory character of the integrand (due
to e} as ||p|| and ||7|— o0, by the well-known method of successive
integrations by parts.

580/29/1-8
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First, for any integer &,

A ; I ) b
aug) = [ drttg p,ryer = | dr LI (1 4 pp e

Ag.p,7) = lg.p,7)
— d 1 k ipr] i _ A k ipr
= [Tl — 4 = [t — a0 e e
(by parts, using the rapid decrease of all 2,°I(g, p,7) as || 7 || - o). We take k

large enough to let (1 — 4,)%(I(g, p, 7)/(1 + || p |2)¥) = J(g, p, ) be absolutely
integrable in p; this is possible because a(x) satisfies condition (2.1).
Then, for any integer &’ we get, similarly,

e aw Jepr)
f,, P g pr) et = fpxodpdr(l S (e

Thus we have reduced ourselves to (definite) integrals of the form

_ (g + 1/2, pNPuNg 4 1) e
[Kapndpar = [ apar SEEAEELILILET @es,)

since (2.4) is a sum of such terms.
We now bound the integrand K(g, p, r) from above. If a’'€ S,,, let m, =

max{m/2, 0}; by (2.1): | a'(g, p)l < O[(1 + 1 g1 + I p [By™] < OU(1 + || g [2y™+
(1 + i pIPym+]. Also, for every NeN: | 8%u(g)] < Crg(l 4 [[g[®)~N. Lemma
2.3.2 (below) then yields, for || ¢]| or || r || — o0,

la'(g + 7/2, p)l < OI(L + 1L qIPY™ (1 4 l17 [B™(1 41 pIP)™],
[ &Pulq +7)] < O[CRp(1 + 11 q PN + [l 7 [HN];

hence,

| K(g, p, 1)l < OLCk(L + 11 g™ 7ML [ p Y™ [ [Py

= dep dr < O[Cis(l + 11 gi®™]  forall MeN,

by a suitable choice of N (=>M + m_) and of k and &’ (depending on N). More
generally we would obtain, for all M, «,

(L + 11 g IP)Mo(du)(q)] < eClp = ¢ SU%{I(I + [lgBNFulg)l},

for some N, f; hence ¥ —% . is continuous.

The adjoint operator of % —%" & is then an extension of @ to a continuous
operator &' —* S,
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Proof of (il). Trivial, since m < —I implies S,, C L*X), and by Section 1.3
Weyl quantization sends L} X) onto £3(5¢).

Proof of (iii). Ifae S_, = F(X), the kernel of dis in S(Q x Q) by Fourier
transformation, it then defines a continuous sesquilinear functional on &(Q),
i.e., a continuous map ¥'(Q) — F(Q). Operators of this type are thus “infinitely
regularizing.”

The proof of (i) required the following:

Lemma 2.3.2. For all g, r €,
(A +1lg+r PF <201+ [ gP)*A + 17 [P). 25)
Proof. For (1) we have
(I+llg+rP) <20+ gl +1rP) <21 +1gPA+ 7).
For (—1) the result follows from

1+H¢1Hz)’

N o1
A+lg+r®=14+(qll—1lrl) >2(1+1er2

since

2fL + (gl =7 DI + 7P — A +1qlP)
=1+ (lgh—=207*+ 20710 gll —I7[)* > 0.

2.4. The Twisted Product of Symbols

By Theorem 2.3.1(i), the operator product b of two GLS operators makes
sense as a continuous mapping F(Q)— F(Q). db has a kernel in .#(Q X Q),
and by isomorphism (1.2) there is a unique ¢ € &’(X) such that ¢ = ab. ¢ is
called the twisted product of @ and b; it can be computed by expressing (@byu = ¢u
(for ue F(Q)) via the transformation % (Eq. (1.2)). By a straightforward
computation,

o) = F b1 g)) = F [ daaialana1b19))]
— 7 ([ a(Fag ¢)F)" )
(2]
=72 f . dgy dpy dg, dp, a(qg + g1, p + p) blg + g2, p + 1») ghimra—esn)
X
= g2 f dx; dx, a(x + %) b(x -+ xp) el (2.6)
X!

which illustrates the special role played by the symplectic form w of X in the
Weyl correspondence [1, 8,9]. The integral (2.6) is defined in the sense of
distributions.
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THEOREM 2.4.1. (i) S is an associative *-algebra for twisted multiplication,
which is a continuous map from S, m, X Sm, into Sy, +m, (for any my , my > —o0).
The twisted product c of a and b€ S is given by Eq (2 6).

(i) c(x) admits the asymptotic expansion (Groenewold [19])
1
(@) ~ z (2) Mutn, — Puduals + ) s + ) 27)

n
denoted c(x) ~ a(x)[exp(i/2)(8,0, — 8,8,)] b(x).
(iti) If a or b is a polynomial in x, expansion (2.7) is a finite sum which is
exactly equal to c(x).
CororrLary 2.4.2. (i) S is a Lie algebra for the iwisted commutator (a, b) —
{{a, b}} = c defined by
&= [d’ b]—,',i) and {{S'ml ’ Sm2}} C Sm1+m2—2 .
(i) {{a, B}(x) ~ a(x)[2 sin((9,8, — 8,0,)/2)] b(x). (2-8)
(iii) If a or b is a polynomial in x of degree <2,
{{a, b}} = {a, b} (the ordinary Poisson bracket).
(The operation {{, }} is the Moyal bracket [20].)

Levmma 2.4.3. For any polynomial O(x, , &,) there exists a differential operator
P(0y, , 0y ) (with constant coefficients) such that

Q(xl , xz) e2iw(w1,x2) = P(axl , a%) e2iw(ac1,x2).

Proof. For convenience we denote Y = X?; let y = (%, ,x,) €Y. The
statement to be proved is invariant by linear transformations of Y; but there
exists such a transformatlon under which e%@@.:%) becomes a nondegenerate
gaussian exp(l Z] 1697 (Vjie; = £1) (this follows solely from the non-
degeneracy of the 2-form ). Then it is known that the Hermite-like polynomials

exp (mi > ejy,-z) 3,* exp (’Z ejy,z)a o€ N¥
generate all polynomials in y; hence the result.

Proof of Theorem 2.4.1. (i) We need only prove the continuity of the
mapping (2.6): (a, b)) —> ¢ from S, xS, into Sy, +m, ; the other algebraic
properties are those of the corresponding operator multiplication. We thus
want

dc(x) = 2 f dxy dxy 8,8a(x -+ xy) b(x -+ x,)] 20D (2.9)
X2
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and

il el
SUP T [ B)mcem D72

bounded by some seminorms of & and 5.

We shall prove both statements by defining the RHS of (2.9) as an oscillatory
integral (the derivation under [in (2.9) is then legitimate). The proof is essentially
the same as for Theorem 2.3.1. By the Leibniz formula, the RHS of (2.9) is a

sum of terms of the form
f dxy diy O3'a(x -+ xy) O2b(x + x,) eHlenm) (v + o =)

alx + x;) | Bh(x 1 %) Py (@
(T g [B)f (1 |y [BYRe & Freke\Zan

— f dx, dx, 8,) ™) (2.10)

for all &, , kN, where Py x, 1s the polynomial in 0o, and g, such that
Py o (0n, 5 0p) €0 = (1 il H 0y [BYE(1 - |[ oy B Feeier(@e ) (by Lemma 2.4. 3).
Inthe sense of distributions, (2.10) means

Ogla(x -+ %) 72b(x + x,) RIACEN
dx, dxy Py, o (—0, , —0, .
fx1 Xy AXg 7»1.762( 1 2) [(1 + [ HZ)lcl (1 ¥l % Hz)kz]

and this integral converges for k, and k, large enough, since a and b are GLS
symbols. Since the derivations 9, and 0, can only improve the behavior of the
integrand L(x, %, , x,), the latter can be bounded by

o [ dgta(x + %) 93b(x + x,) ]
(T F T P T+ 1T P

<0 [ B @il 1B lloo(l 4 1| & + a2 leal) 2

(1 +llx 4 %, |(m2—|a21)/2)]
(1 ] ey B2

T T
and using Lemma 2.3.2,
SO e, 1Bl A+ [ )mrmalDre
X (1 41 %, Hz)|(m1-lcc1|)/2|—k1(1 1} g Hz)[(mz—|a2|)/2l—k2].

This upper bound is also (, , x,)-integrable for k; and &, large enough, so
that we get (with m: m;, + m,)

| Oc(x)|

lelly = SUP (1 = [Py /2 =

< const X max {lal,, &, Q.E.D.
dl (!2=lx
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The proof of (ii) essentially amounts to a stationary phase expansion of integral
(2.6) around the critical point x; = x, = 0 (we recall (cf. Lemma 2.4.3) that
e¥(@.%) i 2 Gaussian phase function around y = (%, , ;) = 0).

We first replace a(x 4 x,) b(x 4 x,) by its Taylor polynomial to some order n:

[a(s + %) be + x)]s = 3, L 0,7la(x + ) B(x + 2))mo -
le|gn ™
The remainder R (%, ¥) has the form

) % Oy°[a(x + 0xy) b(x + 0x,)]  for some 9€[0, 1];

laj=n+1 &

hence by Lemma 2.3.2, | R, (x,y)] < O(|x|*™"||y|*) for some & > 0;
similarly, | 8,2R,(x, ¥)] < @()] x|>~"—181=1 || y |F®)) for some k(B), because 8,°R,,
is the remainder of the Taylor expansion in y of 8,%(a(x -+ x,) b(x -+ x,)). By
the same argument as that in the proof of (i), all this implies

[ R, 9) 1 dy diy e S«
X

It remains to compute 72 | f(x, y) e2(@.2) dy for f polynomial in y of degree
<n. For each monomial 8 (8 € N¥), [( y8/B!) e¥=@2) dy is the coefficient of

(i in
f eifu eziw(xl ap) dy _ f ei(§1m1+fgo:g+2w(w1 ap)) dy

e g t/Rulrey #E)) j i@t #Eal2 m—pty/2) dy

— 7T2l e—(i/2)(:1ng—t2n1)

(where &€ = (£;, &) = (L1s >G> me) ER¥is dualtoy = (g1, P1, g2 » Po), and
#: X* — X is the isomorphism such that £ - x = w(#¢, x) Vxe X V¢ e X*).
Hence,

8 . L0018 _
2l f%T ezw(:cl 25) dy — % [-—l 5?] [e (2 /2) (yng cznl)]f—o .
By linearity we get for any f(x, ) polynomial in y of degree n:

ioley, 2, 1 - 07%, — i —Lan
a2l jf(x’ y) 82 (g o) [BIZ y [—l —ag] [e (i/2) (Cyme—ta 1)] . auﬂf(x’ y)y=0
<n
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which is formally equal (by Taylor’s formula) to
[P Emm | 5] fymo = eXPE/2)(Ca2s, — 20d5) (% Huco

= Z ]:l( ) [(aqlaﬂz 6q23,,1)kf (x’ y)]w=0 .

kgn/z

Summing up: For each n e N we have
7% [ dwy divy als + ) bl + xp) €l

= o [ d dfals + 3 B(x + 5] S (mod Sp_py]

1 /iy
= Z F (_;—) (60181)2 - adzam)k[a(x + xl) b(x + xZ)]“1=m2=0
kgny2 [mod Sy_p_4]

= Y @)  [mod S,
kgnj2

Hence the twisted product satisfies c(x) ~ Y5_y (%) With ¢, € S;y_sp , in the

sense of Section 2.2.
This is precisely what is meant by Eq. (2.7). Q.E.D.

(iii) If a(x)is a polynomial, a(x + x;) is a polynomial in », , and ¢(x) is the
sum of the finite series
ﬂ_—zl zy, J- dx1 dx2 aq’ya'y a(x) ql'p,l' b(x + xz) e2z’(q1pz—qu1)

04707 a(x)

ST f dx, dx,

= (by parts) =% Z

v [(—%_ —%h_)v (_ _;_ aiqz_)v' b(x + xz)] e2i(q1p2—<12171)

=3 BB [ [(1 2V (5 ) o 50 o0 )

—(Z51 (50020) (T 577 (= 520 )t + 2 5 + 5o,

) = 3. 27 () ol = 20l + 2 B+ e
(a finite sum) Q.E.D.
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Remarks. A formal proof of (ii) (which also works for any stationary phase
expansion) is to expand e#@.%)[(27)! in a series of distributions

1 sioe. 21 (i
@y o) Y (2] (@085, — P0,)" 8(a) B,

nl
= nl

understood as the formal Fourier transform of the Taylor series

embimend 3 (=5 e — Ly

n!
on!

that series is then substituted into (2.6) to yield expansion (2.7).

—The use of a different symbol map (see Appendix) leads to a different
(less symmetrical) operation on symbols corresponding to operator multipli-
cation.
The proof of Corollary 2.4.2 is straightforward.

Prorosition 2.4.4. The following subspaces of S are subalgebras for twisted
multiplication:
—the subspace S defined by condition (2.2),
—the subspace of polynomials in x,
—the subspace of symbols a(q, p) polynomial in p, i.e., symbols of standard
partial differential operators on F(Q) (resp. polynomial in q).

PROPOSITION 2.4.5. S_,, is a two-sided ideal of S, hence § = S|S_,, is an
algebra for “twisted multiplication modulo S_,,’ (defined by (2.7) [1].
We omit the proofs (elementary).

2.5. The Inversion of Symbols

We seek conditions under which the inverse d-1 of a GLS operator d e S
exists in S and can be computed. We shall actually solve this problem modulo
S_., . If @ = b, the asymptotic class b of the symbol 5 is the inverse for twisted

N
multiplication mod S_,, of & in the sense that
a exp % (3,8, — 8,8)b = 1. (2.11)

We look for & in the form of a descending expansion b(x) = S0 b_as(®) with
b_y;(x) € S,_s; (for some m") computed recursively so as to satisfy (the parametrix

method): . .
ab, = 1,

0
ab_y + (i/2) a(9,8, — 0,0,) by = O,

g1
ab——zj + Z JJj—k(x) am) b—27c = 0)
k=0
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where o (x, ¢,) is the differential operator on X defined by

yfx, O )u = a [—]:T (%)k (8400 — 5,05(1)’“] u  (Yue ),
1e.,

L (W e o
(%, 0,) = — =) (1) ' (9,70} a) &, 0,". 2.12
% 82) M:‘;,:kvlv!(2)( ) @sla e, (212)

We can thus choose

Ba) = ey b 2k) =~ o5 [z IEEETIN I EAE)

THEOREM 2.5.1. A sufficient condition for the existence in S of the asymptotic
inverse b is that b_y; € S,,_y; for some m’ € R (then b = Y5 b,_o; € S,,7). This is
realized under the following condition: a(x) = 0 for all x, and

Vae N2, | &a(x) <o a@)] x| for x| — oo, (2.14)

Remark. 'This condition states not only that a(x) should not vanish for finite x,
but that it should not tend to 0 too rapidly as || x || — co. This condition is not
necessary: Given any expansion of & such as @ = 3y @p_{(@n; € Sm_y), the
previous method can be adapted in an obvious way provided a,(x) % 0 (Vx)
and | &%a,,_;(x)] < ¢ | @n(*)] [ 2|71 (Ve N, Va e N2Y), the latter condition
belng satisfied, for instance, if a,, is homogeneous of degree m (then, moreover,

beS_,).

Proof of the theorem. Condition (2.14) with | o | = 1 implies || V,(log | a(x)))]| <
w'fl| x|l for m' = maxy,_; {¢,}; hence | l/a(x)| < O(lx|™) as [[x]||— 0. A
repeated use of Eqgs. (2.12)-(2.13) allows us to show recursively on j and | « |
that

YieN, VYaueN=, [ (%) < cj | by(x)| || 2|12
hence

| #%b_y(@)| < Ol =" ~14%)  and by eS, .  QED.

This almost settles the question of the existence of the inverse operator 4-L.
For if b(x) is any GLS symbol admitting the previously found 5 as an asymptotic
class, we have

A

ab 1 +¢é for some ¢eS_,

— 4=t = b(1 + &L _ @1)

Operator ¢ is compact on #; except if by accident (—1) happens to be an
eigenvalue of &, (1 4 &) exists (by the Fredholm alternative). Writing
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(1 + & = 1 + d: & -4 s continuous; hence by the relation d = —¢ — d¢,
RZQC 7N continuous, so that deS_, = 41 = 5(1] + tf) €8,  and its
symbol class is 5.

Remark. Procedure (2.13) can be simplified by noting that 46 = 1 = 8¢ = 1;
hence Eq. (2.11) implies

afexp — (5/2)(80, — 8,0,)16 = 1. (2.16)

System (2.11)~(2.16) splits as
d[cos((8,0, — 0,0,)/2)16 = 1, (2.17%)
a[sin((8,8, — 8,00)/2)16 = 0. (2.17-)

f

Equation (2.17+) alone determines the &_,; by separate recursions on even and
oddj:
1 1 J—1
by = PR by = [ ‘%(i—k)bvﬂc],
0

ak=

1 i—1
b_y = 0,y bp2j1) = — 2 [Z eMz(i—k)[’—z(zkﬂ)] = 0;

k=0

hence all &_,; with j odd are actually zero, and Eq. (2.17-) then yields an infinite
set of identities satisfied by the b_,; .

2.6. The Twisted Square Root of a Symbol

In Section 2.7, we shall seek conditions under which a GLS operator d e S
is positive. For this it is natural to check whether 4 admits a symmetric operator
square root & = bb, with b € S real-valued. We can solve this problem mod S_,
along the same lines as those in Section 2.5:

Tueorem 2.6.1. If ae S, satisfies (2.14) and a{x) > O for all x, there exists
a real-valued b € S, ,, such that

a= 5[exp(i/2)(5qgﬂ - 5,,54)]5.
Proof. Since all 58,8, — 3,8,)%+1 b = 0, by symmetry,

S

[Cos(éqép - 5@ ‘q)/ 2)]5

d::

We try b = 3 b_y; with b_4;€ S, ;. We can choose by(x) = (a(x))!/2, and
b_,; recursively as the solution of the equation

o [l (B e =

34" k=5
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i.€.,

—1 (—1)F [ 8,0, — 0,0, \%* )

b_-:——-—( b . a“p r7¢ b)),

Y 20 j,ﬂ_;k:j 4 [ (2k)! ( 2 ) ] 4
30,97

b_,; is real-valued, and condition (2.14) implies recursively on j and | « |:
| 8*b_gs(%)] < €5 | Byl0)] -] a0 [[71I=45
hence
| 8%b_g(x)| < O] x||m/2-1x1=4) and  beS,,.
If b € S,,, is any real symbol of asymptotic class b, then

4 ==06+¢  for some real-valued ce S_ . (2.18)

Remark. As in Section 2.5, we can relax the hypothesis of Theorem 2.6.1:
If a =3 a,,_; with a,_;€S,,_;, the previous method of finding b can be
adapted if we only require: a,(x) >0, a and all a,_; real-valued, and
[ 00, i(x)] < cio | @u(®)] || % {71217 (V], o).

2.7. Some L? Properties of GLS Operators

We begin by introducing a class of comparison operators: the powers of the
quantized harmonic oscillator. Let H = £ with h(x) = || %[22 = }(g? -+ p?).
Then forallneZ: (1 + H)" € S,, and its symbol behaves like (1 + || #]]/2)* X
(1 + #(1)) as || x || — co. The proof is tedious but simple, using Theorems 2.4.1
(for n > 0) and 2.5.1 (for n < 0).

We now consider 4 € S,, as a (possibly unbounded) operator on # = L%(().

Treorem 2.7.1. (i) If m < 0, 4 is compact.
(ii) If m < —I, A is of Hilbert—Schmidt class.
(i) Ifm << —2I, A is of trace class.
Proof. (i) see Theorem 2.3.1(ii). (i) If m <C 0, some power A* € Sy, (with
ke N, k& > I/l m]) is Hilbert—Schmidt by (ii); hence 4 is compact. (iii) If

e
m < —2l, A is the product B(B-'4) with B = (1 4+ ky™*e S,,; and B'e
S a2 » hence B-14 € S, , ; both B and B-14 are Hilbert-Schmidt, so that 4 is

of trace class.

Tueorem 2.7.2. (i) If a€ S, is a semibounded function: a(x) > M > — 0
and satisfies (2.14), then 4 is a semibounded symmetric operator for which the
Friedrichs (self-adjoint) extension exists.

(i) The operators in S, are bounded.

(iii) For almeR and neN withn > m/2: If Ae S,,, Al + Hy™is a
bounded operator; hence A is defined on the dense domain of H™ in 3.
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Proof. (i) We let M > 0 (the general case follows trivially). Then,
hypothesis (2.14) is automatically satisfied if @ € S, (this is needed for proving
(ii)). Using Theorem 2.6.1, we can write Eq. (2.18): @ = §2 - ¢ in the sense of
continuous operators & — &, with & and ¢ real-valued, ceS_,. Then 4
is a densely defined symmetric operator on #°, whose associated quadratic form
is semibounded (52 defines a positive form and ¢ is 2 symmetric bounded operator
by Theorem 2.7.1(i)). The Friedrichs extension theorem [21] then holds and
defines a semibounded self-adjoint extension 4 of 4: 4 > —|/ é|| 1.

Note that a(x) > 0 does not imply that 4 is a positive operator; as a one-
dimensional counterexample, let a(x) = p%* + ¢ with 0 < e << }; then
a = @)2 4 (e — H1 admits (¢ — %, +o0) as spectrum and is not a positive
operator. Our proof provides no estimate for the lower bound of & in the general
case. The result is mainly useful as a criterion of self-adjointness. (Note:
Berezin and Shubin [31] prove that if a(x) is real-valued and if a(x) 4- 7 satisfies
(2.14), then 4 has deficiency indices (0, 0); hence its closure is self-adjoint.)

(i) IfaeS,, then Re a(x) is bounded above and below; (i) then implies
that Re a is a bounded operator, and similarly for Im a; hence 4 is bounded.

(iii) If a€ S, and n > mf2, a(1 + H)y ™€ S, and is a bounded operator
by (ii).

We can somewhat refine the result of (iii). For each n € Z, let £, be the Hilbert
space obtained by completion of the domain of (1 + H)" in & for the inner
product (%, v) — <{u, v, = {(1 + H)™«, (1 + H)"v). We obtain a sequence of
spaces

o CHofyC - CHGCHy=HCHLCoCoH, C oo

(k > 0), where 5#, and 3, are dual of each other for the inner product of .
Moreover, #(Q) = (\iez # and its topology is given by the directed family of
seminorms || |, ; hence ' (Q) = Urez 7 [14, 22].

ProposiTioN 2.7.3. Let A€ S,, . For every ncZ with n = m/2, and for all
ke Z, A is a continuous map H;, — Hp_n -

Proof. It suffices to show that 4 is bounded on the domain of (1 + H)* in
A, which is dense in 3%, for the topology of 5%, . For any vector % in the domain,
Au = (1 -+ Hy=*[(1 + H)*" A(1 + Hy*)(1 + HY*u. But (1 + H)* is an
isometry of 4, into 5, [(1 + H)Ye" A(1 + H)*]e Sp ; hence it is a bounded
operator on 4, and (1 + H)"* is an isometry of 5# into ¢, _, .

Letting & — o0 (resp. —00) we would recover the continuity of 4 from &
to & (resp. & to F).



PSEUDODIFFERENTIAL OPERATORS 123

3. AsympTOTIC QUANTUM MECHANICS AND ADMISSIBLE OPERATORS

We refer to “asymptotic quantum mechanics” when dealing with power series
expansions of quantum mechanical quantities in Planck’s constant #%. The
mathematical structure of quantum mechanics [23] depends explicitly on
# € RT\{0}, which can be considered as a variable parameter of the theory.
Although 7% is a constant in nature, this viewpoint can be useful because certain
quantum mechanical quantities tend as # — 0* to their “analogs” of classical
Hamiltonian mechanics [24], and in many physical instances the actual value of %
is relatively so small as to make a perturbative computation “around” classical
mechanics a sensible operation. The works of Maslov [25], Leray [26], and
Duistermaat [27] have brought out the analogy between these small-% expansions
and the ordinary asymptotic expansions in pseudodifferential operator theory.
A specific pseudodifferential algebra can be introduced [4, 5] to deal directly
with fi-expansions. It is analogous to the GLS algebra, but with additional
requirements on the explicit behavior in # of the symbols. We thus need to
rewrite Sections 1 and 2 showing the explicit dependence in # everywhere

(> 0).

3.1. The Weyl Quantization

It associates to a classical function a(q, p) the integral operator on J# = L¥(Q)
of kernel (cf. Eq. (1.2)):

(q1as1 g = (Faa)g, q) = (i)t f al(g + ¢')2, p) e dp. (3.1)

The conditions of validity and the properties of this Weyl quantization are
the same as those in Section 1 (up to some normalization constants); in particular,
F 1s a continuous isomorphism &’(X) — (0 X Q) and also an isometry
LAX, dx/(27h)") — L¥Q X Q) ~ L% #). The coordinate functions become

quantized as

g, =g, (multiplication by g;),
&= —ih-" s
oq;

hence they generate the well-known Schrodinger representation of the canonical
commutation rules: [¢;, py]_ = ## 8,1 (=% 8;,1). The other properties listed
in Section 1 stay unchanged.

3.2. Admissible Symbols

An admissible symbol of order <m (meR) is any C* function ae C~
([0, %y} x X) (for some unspecified 0 < %, <{ o) such that for all je N the
mapping # — (&//0h%) a(#, -) is C* from [0, &,) into S,,_,; (note that regularity
in # is required up to £ = 0).

580/29/1-9



124 A. VOROS

The space of such symbols is denoted (7, ; we put on it the topology of uniform
convergence on compacts of [0, #;) of every derivative &/a/of? in S,,_,; . We have
Ay CUif m' < mywelet_,, =N Wpand I = ), X,,, .

The Taylor series at £ = 0 of a symbol a € (7, ,

tl(k, ') ~ Z a]'hj) a; € Sm—2j ’ (32)
0

defines an asymptotic expansion both in the sense of Section 2.2 and in the sense
of functions of ias % — 0F; for all ne N,

n—1
(a(h, Y=Y akﬁk) /hn
k=0
stays in a bounded set of S,,_,, as # — 0.
The leading term ay(x) is the principal symbol.
The asymptotic study for # — O will identify as zero any symbol admitting
the expansion Yy 0 - #” in the sense of (3.2). We are thus led to define:

—The subspace 4" of neghgible symbols as the space of symbols ae
such that ¢ ~ 0in the sense of (3.2); i.e., a(f, -) € S_, and for alln € N: a(#, -)/A"
stays in a bounded set of S_, as # — 0.

—The quotient spaces (7,, = N, (T _o = A_oJ N, B = OYN of
asymptotic classes of symbols modulo A47; the class of a is noted 4. Note that
here we let the space A" (and not (¥_,) play the same role as the space S_, in
the GLS case.

Turorem 3.2.1.  Every formal series Yy a# with a; € S,,_,; defines an element
of (., uniquely.

The proof can be done similarly to the proof of the analogous theorem,
Theorem 2.2.1.

3.3. Quantization of Admissible Symbols

For every 0 < # < #,, a(#, -), is an operator in S,, with all the properties
listed in Section 2.3; we call it an admissible operator.

Many important operators of quantum mechanics are indeed admissible
operators: for instance (/ = 3), the components of the angular momentum
4 X p, the squared angular momentum (§ X P)? (it has the symbol

(q X p)? — 3#%/4), and all Hamiltonians $%/2 + @with polymonial interaction
potentials. Nonpolynomial potentials (V' € C<(Q) are never admissible (V" ¢ S)
[33];* but this restriction disappears if we replace condition (2.1) by:
3m, ne R Va, B e N | 8,50, fa(x)] < Cos(l + 1| g ™14 (1 + { p ()18

1 We thank J. Chazarain for calling our attention to this fact.
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3.4. The Twisted Multiplication of Admissible Symbols

As in Section 2.4, it is defined so as to correspond to the operator multipli-
cation under the now #-dependent Weyl quantization.

Turorem 3.4.1. (1) ¥ is an associative *-algebra for twisted multiplication,
which is a continuous map from (1, X (L, 110 Oy s, ( for all my , my = — o0):
(a, b) — ¢, given by

o, x) = (wh) 2 f dy dsy alh, x 4 %) bl ¥+ ) gioenmi (3 3)
X

(ii) ¢ admits the asymptotic expansion in ([:
oy %) ~ @(h, x)[exp(ifi/2)(0q,0p, — 05 0q,)] b(H, X). (3.4)

(Its principal symbol is co(x) = ay(x) by(x).)
(iii) If a or b is polynomial in x, expansion (2.7) is a finite sum which equals
c(x) exactly.

The proof is identical to that of Theorem 2.4.1. All other statements in
Section 2.4 have easy to find analogs; in particular, (7 is a *-algebra for the
“twisted multiplication modulo A" defined in Eq. (3.4).

3.5. The “Twisted Inverse” of an Admissible Symbol

Here we can make a stronger statement than the analog of Theorem 2.5.1:

THEOREM 3.5.1. Let acOl, a ~Y, afi’ in the sense of Section 3.2, with
ay(x) 5= O for all x and ay(x) satisfying, as || x || — oo,

Yo e N2, | 0va;(x)] < ¢y | ag(x)] | & [im1ei-2, (3.5)

Then for all  small enough, é, admits an operator inverse of the form by , with

b e 01 of principal symbol 1]ay(x).

Proof. We begin, as in Theorem 2.5.1, by computing the asymptotic class
b =73, b# using the parametrix method; in particular, by(x) = 1/ay(x).
Condition (3.5) is needed to keep ay(x) from tending to zero too fast as || x || — oo
and it guarantees that for some m’ e Rand all je N: b;€ S,,_,; . Forany be
having this asymptotic class b, we then have

by =1+ ¢4 for some ce A",

hence:

a5t = by(1 + &7\ (3.6)
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The new fact here is that not only is &, (€ S_,) a Hilbert-Schmidt operator
for all %, but its operator norm is a rapidly decreasing function of # as # — 0,
since for all e N,

| éxl < Tr &%és = Quh)~|| (8, *)

HLz(X)

. il #
< (2@h)~'C, “ ENEIEE

i - o

L2

This guarantees that for # smaller than some (undetermined) upper bound,
the operator inverse (1 4 #,)~* exists (and can be computed by its Neumann
series or by the Fredholm method); also, (1 + &)t = 1 + d; with de .4
hence @1 given by (3.6) is an admissible operator with 4 as asymptotic class.

Q.E.D.

Remark. 'The reader can check that condition (3.5) is preserved under twisted
multiplication and twisted inversion. (The role of this condition is suggested

L L. . P N
by its implication that, in the sense of operator theory, (a(#, -); — a,z) Is 2 regular

. A Tl NN & .
perturbation of ag; , namely, that (a(f, -), — aq) (@)™t €S, and its operator
norm is O(#)).

3.6. Some L? Properties of Admissible Operators

We consider for every # € (0, #,) fixed, and for a € (¥, , the operator 4; on
H = L¥(Q). Since a(#h, ')€.S,,, Theorems 2.7.1 and 2.7.2 hold without

modification, but we can also strengthen point (1) of Theorem 2.7.2.

THEOREM 3.6.1. Let ac(l, a ~Y, a#’ in the sense of Section 3.2, with
ag(x) > 0, a(h, x) and a(x) e R for all x € X, j € N. If a satisfies (3.5), then for
all #i small enough, d, is a positive operator.

Proof. We begin by assuming that agy(x) > &k > 0. Then (a — k2)e (¥
also satisfies (3.5) (use | gg(x)’ << 2| @o(x) — k/2|) and has a positive principal
symbol. As in Theorem 2.6.1, we can compute a real-valued symbol b~y b

/\
with b;€.S,.5o; (if a€(Z,) such that (a — k/2); — bh y + & with ce A’
real-valued. Then d, — 6,2 + (k)1 + &,, with b, symmetric and &, self-
adjoint with operator norm = «(#*): for % small enough this norm is <<%/2, and
then d, is a positive operator.

If inf .y {ay(x)} = 0, we know by condition (3.5) that ay(x) = K| x|[™
still holds for some m’ € R. Fixne N, n = m'[4; let h(x) = || x || and define the
operator A" = (1 + hy)* d,(1 + hy)". By Theorem 3.4.1, A' = 2y with
aell, a ~Y a#, and @'y = (1 + || x|2)2" a(x). We can check that a’
satisfies the hypothesis of Theorem 3.6.1 (using the fact that (3.5) is satisfied
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by a and by (1 + A), and is preserved under twisted multiplication), and also
a'o(x) = k > 0. By the previous argument &y is a positive operator for small #,
but then so is d; = (1 + B,) ™ d'x(1 + k)™

4. ApMISSIBLE FUNCTIONALS AND PHYSICAL APPLICATIONS

Assume that we are interested in the spectrum and in the eigenfunctions of a
given self-adjoint admissible operator A = d, . It is convenient, in order to have
the discrete and continuous spectra on the same footing, to work in the “Dirac
formalism,” i.e., with Gelfand triplets [28]. Since the algebra of admissible
operators admits .#(Q) as a common dense invariant domain such that & —4 &%
is continuous (Theorem 2.3.1), we can use the Gelfand triplet #(Q) CL¥Q)C
F'(0): The “eigenfunctions” of the continuous spectrum are tempered distri-
butions (those of the discrete spectrum lie in LXQ)).

Is it then reasonable to devise a regular perturbation scheme to compute the
eigenfunctions of 4 in power series of 7 ? Even if we ignore the difficulties linked
with the discrete spectrum (which becomes continuous in the classical limit
#i = 0), the answer is certainly no; even in the simplest case (cf. the WKB
method), the eigenfunctions exhibit very bad caustic singularities. An alternative
approach eliminates this difficulty: We associate to every u € %'(Q) the linear
functional on ¢Z_ (for fixed # > 0),

c ey, — <u(g) @ w (@), (Fae)g> 4 )s

in the sense of the inner product between F(Q x Q) and (O X 0O). Let
pulf) = QeA)t F il u @ u*)e &'(X). By the Parseval identity for distri-
butions,

U @ u*, (F4e)) o oxarxerioxo) = pulf); By ) o () xsr(x) 4.1)

(p,, is the “Wigner function” of the distribution # [9]).

In many solvable cases, {p,(f), c(#, -)> (of Eq. (4.1)) is a continuous linear
functional of ¢(#, ) € S_,, (for % 5= 0) whose value is a C* function of % (up to
#i = 0). Since (¥_,, consists of the C*® maps % — ¢(#, ) € £(X), an equivalent
statement is that p, must be a C* map: # € [0, #;) — p,(#) € &'(X); we call all
such C* maps % € [0, %)) — p(%) € S'(X) admissible functionals (acting on (7_);
they form the space #'(X). ~ ~

Twisted multiplication extends to a mapping & X &' — & by duality [8]:
If acll, be &, the twisted product of @ and b is the functional de¥_, —
<b, €y (x)xs(x) » Where e € (I_, is the twisted product of a* by d: ¢, = dptdy .
Equations (3.3) and (3.4) remain true when a € %, b %' [5].

A reasonable perturbative scheme is then to compute the ‘“‘coeflicients”
pn € F'(X) such that p,(%) ~ 3 p.h" (in the weak sense) as % — O+,
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Unfortunately we have no theorem stating that for a given admissible operator,
suitable eigenfunctions u € %(Q) define functionals p,(%) that are admissible
(we know this to be true only for some exactly solvable cases; see examples
below). What we know is that in many other cases the eigenvalue equations for
pu s Apy = p,A == Ep,, can be formally solved to any order #”, yielding very
reasonable coefficients p, € #'(X); no singularities are ever encountered.
Moreover, in completely integrable situations the equation p, (%) ~ g p.fi"
can then be solved algebraically (again formally, to any order) to yield an
eigenfunction u of the Maslov (WKB) type u(q) = (%, q) €5'?/* (away from
caustics); in the case of discrete eigenvalues corresponding to this situation,
they, too, can be computed.

This whole scheme uses properties of admissible functionals which follow by
duality from those of admissible operators; we refer the reader to [5] for details.

Here are two explicit examples of admissible functionals in one dimension:

—if u is the ground state of the harmonic oscillator

S
Ixlk _ %2 42, ¢ ; i
3 T T3 g -+ 2 (of eigenvalue 2),

then

pulh) = L e— @I Z [%. (W) 8(q) &( p)] %

0

—If u is the eigenfunction of the “Airy operator”

with “eigenvalue” 0 (in the continuous spectrum),

ool — 7717—%— Jjw dr - e—itt/2AhgiT(a—TR 2V [exp (Tﬁ_ _%)] s (q _ _f;),

whereas the function u itself (u(g, ) = 211/3(2m)t/2 #-2/8 4i(—2+1/3%%~2/3g)) has a
caustic singularity at ¢ = 0 and cannot be regularly expanded in powers of #.

In conclusion, although the mathematical theory is not yet complete, the
theory of admissible operators and functionals seems to lead to methods for
solving pseudodifferential equations asymptotically that are more regular, and
probably more general, than the usual methods.
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APPENDIX: OTHER SymMBoL MaPs

Different correspondences between symbols and operators can be viewed as
different prescriptions for ordering the noncommuting operators ¢; and —i(0/eq;)
in a formal expression given as a(g, —70/0q).

The usual ordering in mathematics associates to a function a(x) an operator a™

such that [2, 3]
(aMu)(g) = (2m) fPXQ alg, p) wg') e~ dp dg’. (Al)

If a(x) = b(q) ¢( p), then a™ = b(g) ¢(—id/éq); this ordering puts all differen-
tiations to the right. In particular, as compared with Eq. (1.4), [exp #(ag+Bp)]™ =
exp(iag™) - exp(¢8p™). Note that for any a(x) = f(q) - g( p), a¥ = 4, in parti-
cular ¢ = g; and p; = —i0/og; (on Cy>(Q)).

The adjoint (¢™)* (in the sense of forms) arises from the symbol

b(g, p) = (2m)7! on a*(qg + 7, p") PP dp’ dr. (A2)

In the sense of oscillatory integrals, the mapping a*(x) — b(x) defined by (A2)
1s a continuous isomorphism of S,, (same style of proof as that for Theorem 2.4.1)
Equation (A2) admits the formal asymptotic expansion

e | /
bop) ~a(g—igp) = ¥ p(iecaar).  (A2)

The mapping a — a™ is 1-1 from S,, onto S,, ; for every a€ S, , a¥ = g
with the symbol o’ € S,, defined by

ad(gp) = Quyt [ alg—5.p)ewrrdp dr, (A3)
Px0
and (A3) defines a continuous isomorphism S,, — S,, ; the inverse formula of
(A3) is
14 r ’ 7 4 ’
ag,p) = @) [ @ (q+5,p) e dp dr. (Ad)
Px0Q

The corresponding asymptotic formulas are

o ~algtyg.r) = T a(3) e ag
S 1/ —f ol (A5)
a(g, p) ~ a (q 3 % ’ P) = z (“2—) 9 0, a'(q, p)-

aeN¢ al

Thus the Weyl ordering and this ordering lead to the same operator spaces.
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But the operator relation ¢™ = aMpM defines a symbol multiplication (a, b) — ¢
which is different from twisted multiplication (Egs. (2.6 and 2.7)):

eg, p) = (2m)~ fx ag,p + ') blg + ¢, p) e dp’ dy’ (A6)

: , 1,
~a(g, p —10)Wg + s Py = 2. = (—)* 8, alg, p) 8,°5(q, p)

aeNE &°

= a[exp(—i0,0,)]b. (A7)

An inverse ordering (putting all differentiations to the left) can similarly be
defined. The two orderings clearly do not share the Weyl ordering’s invariance
property with respect to linear symplectic automorphisms of X.

A Wick (or “normal’) ordering can be associated to every Euclidean structure
on X. By a symplectic automorphism, any positive definite quadratic form on X
can be put in the “normal” form A(x) = %2; wi(g? + p2) (all w; > 0). We
introduce the isotropic coordinates z; = (g; -+ p;)/2'/3, =; = (g; — ip;)/2V/%;
the quantized operators £, (resp. ;) are the creation (resp. annihilation) operators

of the harmonic oscillatorf(x\). The Wick quantization of a classical function
expressed as a(z, Z) is an operator :a: such that if a(z, 2) = 3 b,(2) ¢;(%) then
:a: =Y b{%) c,(8). This prescription determines :a: for all polynomials a(z, %),
for instance. To quantize general functions, in a class of symbols for instance,
the most convenient way is to define :q: as a pseudodifferential operator on
analytic functions #(2) in the Bargmann—Fock—Segal (or holomorphic) represen-
tation [29], where :2;: is multiplication by z; and :%;: = 9/0z; ; then Wick
ordering in this representation is analogous to the mathematical ordering (all
differentiations ©/0z; pushed to the right). But since the Bargmann function
spaces have a quite different structure, this analogy is rigorous in a nontrivial
way; here we simply give the formal analogs of Eqs. (A2’) and (A7) wtihout
their rigorous derivation:

—For the adjoint :a(z, 2):" = :a*(z, 2):,
—for the product of “normal’ symbols (in the sense that :c: = :a::b:),

«(z, &) ~ a(z, 2)exp(d:4,)] b(z, 7);
ie.,
ash: ~ Y L 0z%a - 0,°b: .
o aeN? ol i :

This last formula is known as Wick’s theorem for normal-ordered products [10].
It is an exact relation for polynomials.

Further properties of Wick orderings are discussed in [11].

Some other gquantization procedures, with their associated symbols calculus,
are discussed in [30].
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Geometric quantization [32], when performed in the canonical coordinates
(g, p) of X, also associates an operator a? on Cy*(Q) to suitable functions a(x).
According to Gawedzki [32, p. 215} a9 = (a — (¢/2) 9,0,4)" (with our
notation), hence formally: a? = 2’ with a'(q, p) =3 a1z (1/aD)(E[2)1¥10,20 %a(q, p),
by (A5), and a2 = & only for a(x) polynomial of degree <(2; otherwise the
algebraic structure is not very attractive.

Note added in proof. When this manuscript was completed we received an article
(previously unknown to us) by Berezin and Shubin [31] which deals with the same
spaces of symbols and gives several of the results proved here in Section 2. We have
nevertheless kept our text unchanged with the idea that more detailed proofs than those
in Ref. [31] might be useful.
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