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An ideal K is called strongly nilpotent in a Jordan algebra J if there is an
n such that any product of elements of J having n or more factors from K
vanishes. Jacobson has shown that any solvable ideal K is strongly nilpotent
in any finite-dimensional linear Jordan algebra J (equivalently, K generates a
nilpotent ideal in the universal multiplication envelope #(J)). In this paper
we extend this result to quadratic Jordan algebras and weaken the
hypotheses to finiteness of K alone: if K is a solvable finitely generated
quadratic Jordan algebra, then K generates a nilpotent ideal in #/(J) (and
hence is strongly nilpotent in J) for any algebra J > K, as long as either (i)
the scalars @ form a noetherian ring or (ii) J/K is also finitely generated.
Previously only the case J = K was known: the Albert-Zhevlakov theorem
asserts that a finitely generated quadratic Jordan algebra K is solvable iff
#(K) is nilpotent.

Throughout we are concerned with ideals K in quadratic Jordan algebras J
over an arbitrary ring of scalars @. Since the ideals in J are the same as
those in the wnital hull J= @1 +J, J will always denote a unital Jordan
algebra, while K will denote a not-necessarily-unital Jordan algebra. We will
usually be concerned with K which is finitely generated as algebra; note that
this is a much stronger condition than K being finitely generated as ideal
in J.

A unital Jordan algebra J is equipped with a product U, ) quadratic in x
and linear in y and a unit element 1 such that

(QIN) U =1Id
(QJ2) V. U =UV, ., 0.1)
(QJ3) Upiory = U U, U,

hold strictly. The axiomatization for a non-unital algebra is more involved:
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K is equipped with products U, y and x* quadratic in x and linear in y, such
that {5, p. 273]

(CJ1) Vex=Ve

(CJ2) uV,=v.u,

(CJ3) Udx?) = (x*)* (0.2)
(CJ4) o= & =Ux)

(CJ5) Up=Us

(CJ6) Ue=Uy

hold strictly. Here

V-\’..V(z) = {xyz} = Ux.: Ps U.\'.z = Ux+z - Ux - Uz9
V_\,(}Y) =Xo}, Xoy= (x + y)l _ XZ _ yl'

The archetypal example of a Jordan algebra is the algebra 47 obtained from
an associative algebra A via x’=xx, U, y=xyx (s0 xo p=xy+ px.
{xyz} =xyz + zyx); a Jordan algebra is special if it is isomorphic to a
subalgebra of some 4.

1. STRONG NILPOTENCE

In this section we introduce the notion of strong nilpotence of an ideal and
relate it to ordinary nilpotence and solvability. An ideal K <1 J is a subspace
such that a product falls in K as soon as one factor does: Uy,J and U, K
(hence also K?, KoJ, {JJK}) are contained in K. We are interested in
conditions under which K acts nilpotently on a larger algebra J.

An algebra K is solvable if some derived algebra vanishes, D"(K) =0,
where D°(K)=K, D**'(K)=D(D*(K)) for D(L)=U, L. These derived
algebras are again ideals in J in K is, since in general if B, C are ideals so is
their quadratic product U, C (spanned by all U,c for b€ B, c € C).

An algebra K is nilpotent if some power vanishes, K" = 0, where K" is
spanned by all products of n or more factors from K (counting U,y as
having two factors x). Nilpotence is a stronger condition than solvability: we
always have

D(K)=K?, D¥(K) = K3 (1.1)

but in general we do not have D?(K)> K" for any n unless K is finitely
generated (see 4.4).
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The powers K" of an ideal need not be ideals; to remedy this we define the
nth power K of K in J to be the space spanned by all products of
elements of J having n or more factors from K. By definition the K*/"’s
form a decreasing sequence of ideals in J. We say K is strongly nilpotent in J
if some K" = 0. Since

K" CK(""”, (12)

we see that strong nilpotence implies nilpotence.

We can relate strong nilpotence to multiplications of K on J. The
multiplication algebra .#(J) is the subalgebra of End,(J/) generated by all
multiplication operators U,. U,,, V,,, V, (a,b€J). By #,(K.J) we
denote the ideal in the multiplication algebra . #(J) spanned by operators
with n or more factors from K; here if x, y € K, a € J, then U, and U, , and
V., count as two factors, while V, and V, , and U, , count as one factor
from K. Since J is unital, we can write

K" = #(K; I\ + A,_(K; DK (1.3)

(compare [3, p. 475]); the second term can be omitted when 3 € @ since
then K =4V, 1. By (1.3) strong nilpotence of K in J is equivalent to the
vanishing of some .#,(K;J) (K" =0=.#4,(K;J)=0= K"+ =0).
Moreover, vanishing of some .#,(K;J) is equivalent to ordinary associative
nilpotence of the multiplication ideal of K on J

AEK; D)= (K D) = AU + Vi) #U) (14)

(as in (2.3), (24), Vy=Vy,and Vi =V, Vi — Uy and Uy, =V, V,—
V., are generated by Vi, and Uy, so these are the only multiplications
involving K that we need) since

AK; )" < #,(K;J), M, (K J)c #(K; D). (1.5)

Indeed, .#(K;J)" <. #,(K;J) is clear, and 4 (K;J)c.#(K;J)" holds
since any spanning monomial from .#,(K;J) contains i factors {/, and j
factors Vy , for 2i 4+ j > 2n, hence 2(i + j) > 2n and i + j > n, therefore, has
at least n factors from #(J) U, + Vi ;1. #(J)=#(K;J).

Thus just as nilpotence of K is equivalent to nilpotence of its
multiplication algebra, so strong nilpotence of K in J is equivalent to
nilpotence of its multiplication ideal.

1.6 PROPOSITION. An ideal K is strongly nilpotent in J iff its
multiplication ideal .#(K;J) is nilpotent in the multiplication algebra
#U). |



STRONG NILPOTENCE IN JORDAN ALGEBRAS 491

In view of (1.1), (1.2) we have
strong nilpotence = nilpotence = solvability.

Our main goal is the converse of this in the finitely generated case,

1.7 STRONG NILPOTENCE THEOREM. A solvable finitely generated
quadratic Jordan algebra K is strongly nilpotent in any extension J > K
(equivalently, its multiplication ideal . #(K;J) is nilpotent) such that either
(i) @ is noetherian or (i) J/K is finitely generated. [

It was Zhevlakov [6] who first showed that results previously obtained for
finite-dimensional algebras could be extended to finitely generated algebras.
(We will see in 4.9 that K is automatically finitely spanned over & when it is
solvable and finitely generated. so it is not far from being finite-dimensional
in this case). Note also that when K is finitely generated the condition that
J/K be finitely generated too is equivalent to the condition that J itself be
finitely generated.

1.8 ExampLE. The Strong Nilpotence Theorem (indeed, even the Albert—
Zhevlakov theorem 5.3) fails if K is not finitely generated: over an arbitrary
@ we can construct a Jordan algebra K with

(i) J=K has J/K spanned by one element;
(ii) K is solvable, D*(K) =0 (even Penico-solvable, P(K) = 0);
(iii) J and K are special;
(iv) K is not nilpotent, Vi K+ 0 for all n.
(Note that we cannot strengthen (i) to (ii’) D(K)=0 since then
K*=D(K)=0 and K would be nilpotent.) Let 4 =/\(X) be the unital

exterior algebra on a space X, and K < M,(4)? the Jordan subalgebra of all
3 o) for x € X, a € A. Here the Jordan products are

o065
(G o) D= (5 %)
el ) (6 e

since x’=xyx=0 in A=/\(X), so K is indeed a Jordan subalgebra;
moreover P(K) < (§ 4) is trivial, P2(K)=0. If X = @ ®x, is an infinite-
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dimensional free module over @, then for k,= (% o), k=(g o) we have
Vo Vi kX =(58)fora=x,Ax, A - /\xz,,,l/\xz,,io. |

1.9 Remark. It is not clear to what extent conditons (i) or (ii) are
necessary for 1.7. As we remarked before, by 4.9, K will always be finitely
spanned. Let us show that strong nilpotence holds at least when K = &k is
spanned by one element, no matter what J and @ are (so (i) and (ii) are
superfluous in this case). Here k o a = t(a)k, kX = ek, k" =" "'k, 2U,a =
ko(koa)—k*oca=ct(@)k,and V, , -V, ok =V, o - Vo (QUsa,) =
e"t(a,) --- t{a, k. But solvability of K forces nilpotence of k, some
e"k =k™=0, hence Vi ,K=UgJ=0, Vy}'=U; =0, and A#(K;J)""=0
(we will see in Lemma3.l that A(K;J)"c{Uyx+ Vi, ,}"#),
and by (0.1) (QJ2) this is contained in {> Ui Vi 't #()). 1

1.10 Remark. In many situations, nilpotence of the multiplication ideal
H(K )= # ) Ug+ Vi, #(J) is equivalent to nilpotence of the ideal
AKTy= AU + Vit #(J) generated by all pure multiplications
#(K) of K on J. We always have #(K;J)>.7 (K;J), and if ; € &, we
have equality (since 2V, =2V, V,—2U, = [V, V.| + V.., from (2.4).
(2.3)). The proof of 3.5 will show that nilpotence of . # (K:J) implies that of
#(K;J) if either (i) K/D(K) is finitely generated over noetherian @ or (ii)
J/K is finitely generated.

However, in infinitely generated characteristic 2 situations nilpotence of
. £'(K;J) need not imply that of . #(K: J), as the following example shows.

1.11 ExAMPLE. Over any @ of characteristic 2 there exists a Jordan
algebra J with trivial ideal K, Ue=Vi=#HK)=.1 (K J)=0, but
Vi ;%0 for all n, so. #(K;J) is not nilpotent. We construct J as the unital
hull of the algebra J built on the exterior algebra A(L ®M)=L®M DN
(N= @,,,4*(L ® M)) with Jordan products defined by

(+m+n)?=0,
Ul+m+n)l'+m +n)y=IAmAn +iAm An+!l' AmAn.

It is easy to check that J satisfies the Jordan axioms of (0.2): since
V.=x?=0 identically in J, the axioms (CJ2)-~(CJ4) are trivial, and the
others reduce to (CJ1') V=0, (CI5") U U, =0, (CIJ6') U U.U =0,
which follow from charactenstlc 2 and alternation of the product in N (for
x=l+m+n, x'=0I'4+m +n" we have in (CJl') V  x'=U, x=
(IAm'+ U AmyAn+(IAmAnr +I AmAn)y+IAmAn +m An)=
20AmAn +IAm An+l' AmAn)=0, in (CJ5') UJ(U.x")=
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IANmA(U.x") (as Ux'eNy=siAmAN(IAmAn +IAm An+
' AmAn)=0, hence in (CJ6') U, U U,=0 too). Here K=M® N is a
trivial ideal, K> =0 and J < N K, and .#(K) =0 since Uy =V, =0. If
L=@®®l;,, M= @ ®m, are infinite-dimensional free ¢-modules, then
Viem = VipmLrsa A M) = Upm U mle A m) = L AmA
LAmy- ALAm AL, Am,,  #0in A(L@® M), so V' K #0 for any
r, and . #(K; J) is not nilpotent. 1

1.12 Remark. The above Example 1.11 is not special since if J < A7 is
special of characteristic 2 and K <1J is an ideal with #(K)=0
(Ug=Vg=0), then Vi ,=0 and .#(K;J)* =0. Indeed, in terms of the
associative product in 4, ¥V =0 means k o x = kx + xk = [k, x| vanishes for
all k € K, x € J, so k commutes with J, hence k[x?, z] = [xkx, z] € [K,J]| =0
since K is an ideal in J, whence k[xo y,z|]=0 by linearization. Thus
Vi Vigx=kkV.V.x = kkzo(xoy) = k'klxoypz]=0, and
VK.J VisJ=0. 1

This does not seem to carry over by induction to show ./ (K;J/)"=0=
(K, J)*" = 0: any induction involves the action of K and J on a bimodule
derived from J, and so involves representations. We now turn to this more
general concept.

2. UNIVERSAL NILPOTENCE

We want to strengthen the Strong Nilpotence Theorem 1.7 to say that
#(K;J) acts nilpotently not only on J but on any larger algebra E > J; here
we place no finiteness restrictions on E, and K need not remain an ideal in
E. This leads us to consider multiplication representations and their abstract
versions, quadratic representations and specializations.

If J is a subalgebra of a Jordan algebra E and M a subspace invariant
under outer multiplications by J (i.e., under U, and V), then the restrictions
u=UM,v.=V M, v, =V, |MtoM of the multiplication operators
by J afford a multiplication representation (u, v) of J on M. If J is unital and
the unit of J acts as unit on M, then we have a unital representation [4,
Theorem 4, p. 282] satisfying

(UQ1) u =1
(UQZ) ' :uL'(_\')y..\' = Ve plly = Uy Vs x (2 1)
(UQ3) Aul'(xb,\' = ﬂ.\'/'ly:ux

as in (0.1): for a general multiplication representation one derives from (0.2)
that
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(CSI) y =V,

X, X X
(CSZ) Vex? = Vi x = Vs
(CS3) Moy =Hy yVy =Vl = Velly y — UV, (2.2)
(CS4) Hys gy =Hx gV = Vy xly S Virlly p — UV s
(CS5) Uy Z,U;
(CS6) TREN

hold strictly. Abstractly, any pair of maps (4, v) from J to Endg,(M)
satisfying (2.2) is called a quadratic representation of J on M (and M is
called a J-bimodule) |4, Proposition 15, p. 298]. Any such abstract represen-
tation is realized as a concrete multiplication representation via the split null
extension

E=JdM, Uromy@n=U,y® {un) + v, (m)}

[4, Theorem 17, p. 300]. More abstractly yet, any pair of maps (g, v} from J
to any associative algebra A satisfying (2.2) is called a quadratic
specialization of J in A (quadratic representations being the special case
A = End,(M)). Since any associative algebra 4 can be realized as an algebra
of linear transformations on a space M, these three concepts are equivalent
formulations of the behavior of Jordan multiplications by J.

To rearrange operators in quadratic representations we will make use of
the following consequences of the defining identities (2.2):

Vo=V =V =l u, =vi—v,, (2.3)

Vg = VeV =y s (2.4)

Vep F V= Vo s (2.5)

Vipbls T HYy = Bz, (2.6)

Mixpzy T Hocovonz: = Mol S MM+ Ve U2V, o (2.7)
Vatrin: = Ve Ve — M sblys Vogne e = Yy Ve — Ml o (2.8)
sty ] = oy = Hugoyy =HyVa = Hyoy sV (2.9)
[ty ] = oy = Beorey = Veably = Velly oy s (2.9%)

[:ux’ vy.z] = —V_\, ay,xoz + vy.L'(x): +xlor + vlv"(.\’)y.z + {vx oy.z vy,x cz } v.\" (2' 10)

:uxﬂy:uz _:uz:uy:u.r = lu!.\',v:l + :uLv'(x)U(_v)z.z _:ulx,v:].zvy.x + #:v,v.L'(.\'U" (21 1)
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These can be found in [2; 3, (10), p. 469); 4] (2.11) comes from (2.7), (2.8),
(2.6).

There is a universal gadget for quadratic specializations, the universal
multiplication envelope [4, p. 289] consisting of an associative algebra Z/(J)
and a universal quadratic specialization (u,v) through which all other
quadratic specializations factor. Thus the properties of #'(J) are the
“universal” properties satisfied by all quadratic specializations of J. The
condition that #(K:J) act nilpotently on any M inside any E is precisely
the condition that the universal multiplication ideal

(K J)=#(juK)+ (K. # ()
be nilpotent in #(J). This ideal is slightly larger than the ideal
KT =7 ()u(K) + oK)} 7 ()

generated by all pure multiplications by K (this is the universal analogue of
(K3 J) of (1.10), and again we have 7(K;J)=%(K;J) if 1€ @), Our
main goal in this paper is to prove the

2.12 UNIVERSAL NILPOTENCE THEOREM. A solvable finitely generated
Jordan algebra K generates a nilpotent ideal in the universal multiplication
envelope #Z (J) of any extension J 0> K such that either (i) @ is noetherian or
(ii) J/K is finitely generated: the universal multiplication ideal % (K;J) is
nilpotent in Z(J). O

Since the regular muliiplication representation of J on itself factors
through the universal one via an associative homomorphism Z (J)—.#(J)
sending #(K;J)—.#(K;J), nilpotence of #(K;J) will imply that of
#(K;J), so Universal Nilpotence 2.12 will imply Strong Nilpotence 1.7.
Moreover, we recover Jacobson’s result for linear Jordan algebras: if J is
finite-dimensional over a field @, then it and any ideal K <1 J are finitely
spanned, hence finitely generated as algebras. The same works whenever @ is
noetherian,

2.13 CoRrOLLARY. If J is finitely spanned over a noetherian ring @, then
any solvable ideal K <1J generates a nilpotent ideal in the universal
multiplication envelope. |

Example 1.8 shows that if a solvable K is not finitely generated, it need
not act nilpotently on itself. Now we show that even if K act trivially on
itself, it need not act nilpotently on all bimodules.

2.14 ExampLE. The Universal Nilpotence Theorem 2.12 fails if K is not
finitely generated (even if K is trivial and @ is a field and J/K is finitely
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generated): we can construct an example K <JJ over an arbitrary @ such
that

(i) J=K has J/K spanned by one element,
(ii) K is trivial, K> = D(K) =0 (hence P,(K) = 0),
(ili) J and K are special,
(iv) J has a representation with u, =0 but vk ,+#0 for all n, so
Z (K; J) is not nilpotent.

Indeed, let K= @ @z, be the trivial Jordan algebra on an infinite-
dimensional free module, (u,v) the quadratic specialization of K in
A =/A\(K) given by #,=0, v,=2z Any time that 4 =0 conditions (2.2)
(CS3)—(CS6) hold, and (CS1)~(CS2) reduce to v, , ="V, Vy (2 ="Ver =V}
when in addition X itself is trivial (K* = U, K = 0), these conditions further
reduce to the alternating condition v,v,=0. Since our v alternates by
x Ax=0in A(K), we see (u, v) is indeed a specialization with g =10 but
Vex = kvt =v"#0 since v, v, v, =z, Az, A - Az, #0 in
A(K). Then #(K;J) cannot be nilpotent either since #(K;J)"=0=
vg.x =0=vg =0 for all quadratic specializations (u,v). 1

3. THE FIRST STEP

In this section we will establish the first step towards Universal
Nilpotence, that a sufficiently high power of #/(K;J) falls into #(D(K); J):
in the following section we will iterate this to get the final result. We begin
by showing that we can commute multiplication operators past v, , and u,.

3.1 CoMMUTATION LEMMA. If K. L are outer ideals in J, then in
Z =% (J) we have
(1) the ideal in 7 generated by vy, is v # =# vy, .
(it) the ideal in %' generated by uy is u % = # u,.
(iii) the multiplication ideal of K is #(K)J)= vy, +ugi? =
# oy s+ ugh
(iv) if S is a unital set of generators for J modulo L, then

Uk =Vg s,
(v) {UK,.L?/ + uKzuLZ?/}m,+m2-1 < UZI,'.L,?/ + (uk'lull)mzi/*
(Vi) og, 7 +uZ V" ol u

Proof. (i) Since v ,# is a right ideal and Z'v,, a left ideal, it suffices to
prove they coincide, and by symmetry it suffices if Z'v, ;, < v, ,#; but this
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follows from (2.10), u,v, ;=0 g+ {Vaors— Vraottla— Vaokaor T
Vkv@isart T Veak» Where aok, U@k€EK and aol, a®ol€L by
outerness if a€J, k€K, I€L. (i) As above it suffices to show
Zug Cugy but this follows from (2.9), u,u,=uu, +uy 4+ Ui —
Ug o ila + Ul fOr a €J, k € K. (iii) The right sides coincide by (1), (i),
and they coincide with #Z(K;J) since (as in (1.4)) vg=vg ,, Ug ;=
UkU;— Uy Uy x = Uy, k. — Uk, are generated by vy ; by (2.3), (2.4), (2.5).
(iv) The set {a €J| vy, v s, Z} is a subalgebra (it is a linear space
containing 1 € S and closed under the product U, b since v ra)p = Vi.ulp.a —
Up pUg = Vg qVp.a + Upplla — Uy 1 Upld, by (2.8)), which contains S and L by
definition, hence contains all of J. (v) (I, + L) ™t [P 4 [T for any
ideals I,. 1, since in a product of m, + m, — 1 > (m, — 1)+ (m, — 1) factors
from I, I, there must be at least m, factors from I, or at least m, from I, :
furthermore {vy 7" =vg,Z by (i), {uu, Z }" = (ugu,)"Z by (ii). (vi) is
the special case m, =m, m, =1 of (v).

Instead of using straightening arguments as in [3]|, we derive all our
nilpotence results from alternating arguments: we exhibit multiplication
monomials as alternating functions of their arguments modulo higher ideals,
so in finitely spanned situations a suitably long product must fall into the
higher ideal.

3.2 ALTERNATING LEMMA. If K, L are outer ideals in J then so is UgL.
and for k,€ K, I, € L we have in % =% (J)

(i) ., " Uk, is an alternating Junction of the k’s modulo the ideal
e + ukuL}// and of the I's modulo the ideal {vy (- \x + Ugxu, |7

(ii) if L <aJ is an ideal, then w, u, ---u,  u, is an alternating
symmetric function of the k’s modulo the ideal Z (U L3 J).

Proof. UL is outer by (2.9): Uy(U )= U (Uyl) + Uy il + Uyiape! +
U@’ o )= U, laol) for ack, Usk€K and UJd,a’ol, aoclEL by
outerness of K,L (@€ J, k€K, [€L). (i) follows from (2.8): v, ,v,, =
Uiqonr T Uillygs Uk iUkg = Uk uaee T Uiy and the fact that vy, 7.
Ckvyx®s UgZ = (ugZ Yu,Z') are ideals by the Commutation Lemma
3.1(i, ii). (ii) is symmetric in the &’s by (2.11), uu,uy,. — uy uuy = Uy +
U ek = Uyaxny ke Uk — e U ugor TOr Ul {klk'}, U, U k" € Uy L (where
Uk" € L requires L <1 J), and falls into Z' (U, L. J) if some k is repeated by
(0.10(QI3), uuyuy =ty

The two finiteness conditions we are interested in are when K/D(K) (@
noetherian) and J/K are finitely generated. Both are subsumed under the case
when J/L is finitely generated for some K>L>K (usually L=K or
L = K). Clearly J/K is finitely generated if J/K already is; we now construct
R and show J/K is finitely spanned when K/D(K) is finitely generated and @
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is noetherian. First we make a simple observation that K/D(K) is finitely
spanned as soon as it is finitely generated.

3.3 Lemma. If K/D(K) is generated by n elements |k}, then it is
spanned by fi = in(n + 3) elements {k;, ki, k; o k; (i < j)}.

Progf. K is spanned modulo D(K)= K* (see (1.1)) by all monomials in
the generators of degree < 3, namely, the n elements k,, the n elements k;,
and the jn(n—1) elements k;ok; (i<j), where n+n+in(n—1)=
sn(n+3). 1

Next we construct K = Int(K, D(K)) as a special case of an inner
transformer Int(K, L), and show that J/K is finitely spanned.

3.4 INNER TRANSFORMER LEMMA. If K, L are outer ideals in J, then so
is the set

Int(K,Ly={z€J|Ugz< L}

of elements transforming K into L from the inside. In particular, the inner
annihilator Inann(K) = Int(K, 0) and the closure K = Int(K, D(K))> K are
outer ideals when K is.

If Ko L are ideals in J with K/L spanned by n elements over a neotherian
ring @, then J/Int(K, L) is also finitely spanned by m(K, L, J, n) elements
(m<int(n+ 1) if @ is a field).

In particular, if K/D(K) is generated by n elements over a noetherian @,
then J/K is finitely spanned by m(K,J,n) elements (m< (1/16)n*(n+ 1)
(n+2)(n+ 3 if ® is a field).

Proof. Clearly Z =Int(K, L) is a linear space, and it is outer-invariant
since by (2.9*) for a€J, z€Z, k€K, we have Uy(U,z)=Uy(U,z)+
Ugorz + Upiaye sz + VarUpz — Vo (U, oy 12) € L since k,ao k, Uk € K and
Ugzc L and L is invariant under U,, V,, V,. As particular cases we may
take L =0 and L = D(K) = U K (which is outer by (3.2)).

If K o L are ideals with K/L finitely spanned, then by passing to J = J/L
it suffices to assume L =0 with K finitely spanned, and to show that
J/Inann(K) is finitely spanned (Int(K, L) is the preimage in J of Int(K, L) =
Int(K, O) = Inann(K) in J, so J/Int(K, L) = J/Inann(K) as linear spaces).
But if X is spanned by %,...., k, over @, we have imbeddings

J/Inann(K) — Quad,(XK) - Symm(M,(K)),
where Quad,(K) denotes the space of quadratic maps from K to itself and

Symm(M (K)) the symmetric n X n matrices with entries in K. Here
Inann(K) is precisely the kernel of the map J— Quad,(K) given by a- g,
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(where g,(k) = U,a is linear in a and quadratic in k, and maps K into itself
when K is an inner ideal U,J < K). The map Quady(K)— Symm(M,(K)) is
given by q-(q;), where g;=q(k;), q;=q(k;, k) = qlk; + k;) —q(k;) —
g(k;); it is an imbedding since if q(k;) = g(k;, k;) = 0 on a spanning set {k;}
for K, then g vanishes identically on K. Since K (and hence Symm(M,(K))
too) is finitely spanned over @, the same is true for the imbedded subspace
J/Inann(K) when ¢ is noetherian. In general we have no estimate for
the rank m(K, O,J, n) of this subspace, but when @ is a field we
have m = dimg(J//Inann(K)) < dimy,(Symm(M,(K))) = 3n(n + 1) dimy(K) =
min+ 1)

In particular, for L = D(K). Int(K, L) = K we see J/K is finitely spanned
by m(K,J, n)=m(K, D(K),J, ) elements if K/D(K) is generated by n
elements (then by (3.3) it is spanned by #=13in(n+ 3) elements). If
@ is a field we have m<ia*(A+ 1)=3{3n(n +3)* 3 {n’ +3n+ 21 =
(1/16)n*(n 4+ 3)’(n+ (n+2). 1

We are finally ready to shove #Z(K;J) into Z (D(K);J).

3.5 THEOREM. There are universal constants f(n, m) such that whenever
K is an ideal in J with K/D(K) generated by n elements and J/K is unitally
generated by m elements (e.g., if (i) @ is noetherian, m=m(K,J, n)
depending only on n when @ is a field, or (ii) J/K is generated by m
elements), then

(K3 JY™m™ < # (D(K): J).

Proof. By (3.4) the hypotheses are satisfied in both cases (i), (ii). By
3.1(iv) we have vy ;% =vg g, # for § = {1, x,,..,x,} a unital generating
set for J modulo an outer ideal L > K (e.g., L = Int(X, D(K)):I?, using
(3.4)). By induction {v, ,Z}" =vy ¢, # (if true for r, then {v, ,Z}"*' =
Vksur? Uk 7 = Vgsor VxsulZ = vi'su # by 3.1(i) and the case
r=1). By 3.2(1), vy 4, *** Us,.q, i an alternating function of the a’s in S UL
modulo {vg gk + Ut % < {vg  +uylZ, hence for r>m + 1 either some
a; falls in L or some a, € S appears twice, so in either case the product falls
in {vg, + ug\# since L > K; thus v 52 < {ve, + ug} #. Using 3.1(vi) twice
we see ({vg, +uglZ) " S (o, +ug ) < (v +ugdZ, so by
3.1(iii)

(3.6) If L oK are outer ideals in J and J/L is unitally generated by m
elements, then

WKL) e o g

Assume now that L < K. If K/D(K) is generated by »n elements, then by
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3.3 it is spanned by a set T of = 3n(n + 3) elements, and K is spanned by
TUD(K). By 3.2(i), Vi, -V, is an alternating function of the
k;,€ TUD(K) modulo {vU(K,L P rugu V% clopy ,Hugt (BY
DEFINITION OF L < K = Int(K, D(K)), which vanishes into v,, % if
some k; € P(K), and if r > A, then either some k; falls into D(K) or some
k,€ T appears twice; hence in either case the product falls into
lvngo s+ ugl#. Thus vit cu,# + % (D(K);J), and Z (K; )™+ 90108
(opt' +ug)Zy (by (3.6)) C (ux# + # (D(K);J))*, hence by 3.1(ii)

(K3 J)m =D+ 0s < ys v 4 7 (D(K ) J). (*)

By 3.2(ii) with L=K<qJ we have u, u, -~y M, an alternating
function of the k; € K modulo Z(UyL;J)= 7/(D(K) J) since K is spanned
mod D(K) by 71 elements k; as in (3.3) we see u, is spanned mod 7 (D(K); J)
by the A=3a(7+1) elements u, (i<j) for ky=k; ky=k +k
(K=Y @k +DK)=>uy=3Pu,, + 2 Pup,, + Lugnx, + Yoy <
Y Quy, + X P(uy, — uy, —ty,) + Z(D(K);J)), hence if r > 7, some u,, is
repeated and the product falls in Z(D(K):J): uy ™' cZ(DK)J). If
s=2r—1>2n—1 (i.e., >2i=n(+1)), then r>a and
uy <% (D(K); J), so by (*)

?/(K;J)(m+2)(’7+l’ﬁ(ﬁ+”C?/(D(K);J). (**)

Thus we may take f(n,m)=na(+ 1)’(m+2)=1in(n+3){3(n" +
3n+ 22 (m+2)=(1/8) n(n+ 1)*(n+2)*(n+ 3)(m+2).

3.7 Remark. Example 2.14 shows that Theorem 3.5 fails if K/D(K) is
not finitely generated: there D(K)=0, J/K is unitally generated by 0
elements, @ is arb1trary, yet Z (K;JY & % (D(K); J) since v} . # O for any f
but Z(D(K); J)=0. |

3.8 Remark. Statement (3.6) holds for any subspace L > K with
L > {LKJ} such that J/L is unitally generated by m elements since even
though v, ;% need not be an ideal in this case we still have vy vy, ©
{vx, +uxt# (by linearized (2.8) when {JKL}c<L), and we can use
7 KNP =#(K;J)"*? to pass from rtor+ 1. 11

3.9 Remark. At this point we could deduce the Universal Nilpotence
Theorem 2.12 from the Albert-Zhevlakov Theorem 5.3: we have
(K JY"™ c#(D(K);J) S {vg g +ug )% (since  vp,, CUxkkx DY
Uitk sa = —Vutnak: T Victaren)s hence Z (K5 JY" < {vog g +uxh? (by 3.1) <
#,K)#%, which vanishes for sufficiently large r since Z,(K) is a
homomorphic image of #(K) (the universal quadratic specialization of J in
# restricts to one of K in #,(K), which factors through Z(K)), and Z (K) is
nilpotent for solvable finitely generated K by Albert—Zhevlakov. [
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3.10 Remark. 1If $ € @, then Z(K;J) =% v, + ug}\% = .7(K;J) just as
in (1.10). In general, the hypothesis that J/K be finitely generated is
necessary in characteristic 2 to get Z(K;J) nilpotent modulo . 7(K; J) as in
3.9: Example 1.9 has .7 (K;J)=0 but #(K;J) not nilpotent, hence
#(K; ) &. 1 (K;J) for any r and therefore Z(K;J) & . 7(K:J). |1

Rather than appeal to the Albert—Zheviakov Theorem (whose proof in [3 |
involved the Zhevlakov Straightening Argument and a digression into
Penico-solvability), we will give a self-contained proof of Universal
Nilpotence by iteration of 3.5.

4. THE FINAL STEP

So far we have shown that under certain hypotheses on K a power of the
multiplication ideal Z'(K;J) falls into the multiplication ideal Z (D(K); J) of
the derived ideal. If these hypotheses are inherited by all the derived ideals,
we can iterate the procedure: taking /' = f(n,, m,) --- f(n,, m,) in 3.5 we get

4.1 THEOREM. There are universal constants f(n,,m,,..., n,,m,) such
that whenever K is an ideal in J such that for i=1,.,k we have
D'~ '(K)/D(K) generated by n; elements and J/Int(D'~"(K), D'(K)) unitally
generated by m; elements (e.g., if either (i) @ is noetherian,
m,=m(D""'(K),J,n)or (ii) each J/D'~'(K) is unitally generated by m,
elements), then

7/([{;])[‘"1-"'1 ..... gt y) C?/(D"(K),J) I

It remains to find useful conditions on K which guarantee that all
D'~'(K)/D'(K) and J/Int(D'~'(K), D(K)) remain finitely generated. Our
applications will be to solvable ideals D*(K) = 0; if K/D(K), D(K)/D*(K)....,
D*"Y(K)/D*(K) are all finitely generated, then so is K/D*(K)=K, so a
natural condition is that K itself be finitely generated. Note that if in addition
we assume that J/K is finitely generated by m elements, then automatically J
(and all homomorphic images J/Int(D'~'(K), D'(K))) is generated by n + m
elements.

The only difficulty involved with the hypothesis that K is finitely
generated is showing it is inherited by derived ideals. The key is the
following special case of the Albert—Zhevlakov Theorem.

4.2 LemMA. If K/D(K) is generated by n elements, then for d=
2f(n, 0)(n + 2) + 4 we have

K%< D*(K).

481°81:2-15
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Proof. Set J=K where K is generated by k.., k, modulo D(K). Then
J/K is unitally generated by m = O elements, so by 3.5 we have

K TY"O = #(D(K); J). (*)

It suffices to consider a monomial p =M, --- M,q of degree > d in K, where
each M;isa U,, U, ., or V, (z;, w, either a k; or an element of D(K) since
these operators generate .#,(K)), and g has degree 3 or 4, with
2f(n,0)(n+2)+4 = d < degree(p) < 2r+4 (since degree(M,) < 2,
degree(g) < 4). But then f(n, 0)(n+2)r, so p€E.#(K)qc
AK;JYOD DKY (g€ K =D(K) by (1.1))c.#(D(K);J)"**D(K)
(by (*)) < Voo + Upiyt A ) D(K) (by 3.6 with L, K replaced by
D(K) since J/D(K)=(®1+ K)/D(K) is unitally generated by m=n
elements) U, x, D(K) = D*(K). 1

4.3 FiNITE GENERATION THEOREM. There are universal constants d,(n)
such that whenever a Jordan algebra K is generated by n elements, then
D*(K) is generated by <d,(n) elements.

Proof [3, Proposition 9, p.481]. It suffices to construct d(n)=d,(n)
since then by induction d, , ,(n) = d(d,(n)) works for D**'(K) = D(D*(K)).
It also suffices to construct d for the free Jordan algebra on n generators (the
polynomials with zero constant term inside the free unital Jordan algebra J
on x,,.., x,) since any algebra with n generators is a homomorphic image of
this free K. We will show we can take d(n) to be the number of Jordan
monomials s(x,...., x,) with 3 { degree(s) < d = 2f(n,0)(n + 2) + 4. Let S be
the set of all such monomials. To see that S generates D(K) = K*, it suffices
to generate all monomials p of degree > 3; if degree(p) < d, then p is already
one of the generators while if it has degree > d, then by Lemma 4.2 it lies in
D*(K)=Upy,D(K), hence is a sum p=3U,q;+> U, ,q; for
Di»q;,r; € D(K) monomials of lower degrees (this property of degrees
requires freeness of J), and by induction the p,, g;, r; are generated by S,
hence p is too. |1

Now we are able to extend 5.3 to higher derived ideals, yielding a result
slightly stronger than Universal Nilpotence 2.12 and Strong Nilpotence 1.7.

4.4 UNIVERSAL CONSTANTS OF NILPOTENCY THEOREM. There are
universal constants f(n, m. k) and g(n, m, k) such that if K <1 J is an ideal
generated as algebra by n elements, where either (i) @ is noetherian
(m=(K,J)) or (ii) J/K is unitally generated by m elements, then

(l) K(g(n.m.k)..l) CDk(K),
(2) #(K:JY'"mmR < Z(DXK); J).
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If @ is a field in case (i), then f(n, K, J, k) and g(n, K, J, k) depend only on
n, k, not on K, J.

Proof. It suffices to construct the f(n, m, k) satisfying (2) since then we
may take g(n, m, k)= 2f(n,m, k) + 1 in (1): by (L.1), (1.3) K¢=KY*"'
UK I < # (K JYT < #(DXK): JW (by (2) since. # is a homomorphic
image of #') = D*(K) (since D*(K) <1 J is an ideal).

We can construct f(n, m, k)= f(n,,m,)--- f(n,,m,) as in Theorem 4.1:
we have D'"'(K) (hence also D'~'(K)/D'(K)) generated by n,=d, ,(n)
elements by 4.3, and J/Int(D'~'(K), D'(K)) by m; elements (in case (i) m; =
m(D'~"(K),J, n;) as in 3.4, and in case (ii) we noted we can take m, = m + n
since if J/K has m generators and K has n, then J and all homomorphic
images have m + n generators). ||

4.5 Remark. Theorem 4.4 does not seem to follow from Universal
Nilpotence 2.12. It is not clear how to construct a universal pair (J,. K,) for
K, generated as algebra by n elements (it is easy for K, generated as ideal
by n elements) and J,/K, by m elements. One could try to construct (J,, K,,)
inside a direct product: every pair (J, K) is a homomorphic image of the free
algebra J(x,..., X,,, z ... 2z,}, and we can form the product J, =[]/,
K, =[]K, over all pairs (J,,/,) with J, a quotient of J; if J, denotes the
subalgebra of J, generated by the x;, =[] x,,, and K, that generated by the
z;;=[12z,, then any pair (J, K) is a homomorphic image of (J,.K,). but
there is no reason that K, should be an ideal in J,. H§

4.6 Remark. Theorem 4.4(1,2) do follow from Theorem 2.12 in the
special case J = K: if K is generated by n elements, then

Kf(n.k) CDk(K), /‘/(K)gln.k) C//(Dk(K); K)

[3. Proposition 8, p. 479] since these refer only to K and hence there is a
universal object for this situation (and a bound for the universal object gives
a universal bound for all objects). Namely, let K be the free (non-unital)
Jordan algebra on n generaters; for each & the factor algebra K = K/D*(K)
is solvable of index k and finitely generated, hence by 2.12 (or even the
weaker Albert-Zhevlakov Theorem 5.3) K and #(K) are nilpotent:
K/ =% (K)* =0 for some f, g, hence K/ c D*(K) and #(K)¢ < # (D*(K); J)
(using 7 (J/LY=#(J)/# (L:J)), and since any algebra with n generators is
an image of K we see f= f(n, k) and g = g(n. k) are universal bounds. [

4.7 Remark. We can now see that the apparent generalization from
finite-dimensionality to finite generation of the ideal K in the Nilpotence
Theorems 1.7, 2.12, 4.4 is largely illusory:

4.8 PROPOSITION. [f a Jordan algebra K is solvable, then it is finitely
generated over @ iff it is finitely spanned over P.
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Proof. A finitely spanned algebra is always finitely generated. Suppose
conversely that K = &[x,...,x,| is finitely generated and D9(K)=0.
Considering the chain K > D(K) > D*(K)> --- o D4K) =0, it suffices to
show each D*(K)/D**'(K) is finitely spanned. But here L = D¥(K) remains
finitely generated by Finite Generation 4.3, say L= ®|y, .., »,|. so
DX(K)/D**'(K)=L/D(L) is finitely spanned by the Vi Yiiyio ¥, by
3.3). 1 '

However, it is a surprising generalization that finite-dimensionality of J is
unnecessary in the noetherian case—that no hypotheses on J are needed, and
universal nilpotence results solely from the solvability and finiteness of K.

5. CONSEQUENCES

We can recover the results of [3] on nilpotence and Penico-solvability. An
ideal K <1 J is Penico-solvable in J if some P"(K) =0, where P°(K) =K and
P**Y(K)=P(PX(K)) for P(LY=P/(L)=U,J. K is intrinsically Penico-
solvable if it is Penico-solvable in its unital hull J = K. Since

K"
“ <
D"(K) c P¢(K) KD (5.1)
¢
Pj(K)
we see
Nilpotence = intrinsic Penico-solability = solvability. (5.2)

In the finitely generated case the converse holds.

5.3 ALBERT-ZHEVLAKOV THEOREM [3,p.479|. The following are
equivalent for a finitely generated Jordan algebra K:
(i) K is solvable,
(i) K is intrinsically Penico-solvable,
(iii) K is nilpotent,
(iv) the multiplication algebra #(K) is nilpotent.
(v) the universal multiplication algebra % (K) is nilpotent.
Proof. Always (v)= (iv)= (iii)=> (ii))=> (i) in view of (5.2), and
(i) = (v) by applying the Universal Nilpotence Theorem 2.12 to the unital
hull /=K. 1
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5.4 Remark. This result shows that local nilpotence and local solvability
coincide, so the locally nilpotent radical Loc (J) coincides with the locally
solvable radical Locs (/). The latter is easier to construct: a maximal locally
solvable ideal L <7 J always exists, and the only hard part is showing that
J/L contains no more locally solvable ideals K/L. This is equivalent to the
fact that K/L and L locally solvable imply K locally solvable, i.e., if K, is a
finitely generated subalgebra modulo L, then it is solvable: D"(K,)=
L,cL=some D"*"™(K,)=D"(L,)=0.(The corresponding relation
K"*™ = (K")" for nilpotence is false.) Here it suffices if L, is fintely
generated, so the only nontrivial step in the construction of the locally
solvable radical is to verify that D(K,) is finitely generated if K, is (Finite
Generation Theorem 4.3): this seems to require Lemma4.2 (i.e.. 3.5 for
m =0 plus 3.6, where 3.5 for m = 0 seems to require the same steps and just
as much work as 3.5 for general m). It would be desirable to have a more
direct and elementary proof of 4.3. [

Using 3.6 we can obtain the equivalence of solvability and Penico-
solvability for ideals K <1J as long as J (but not necessarily K itself) is
finitely generated.

5.5 THEOREM |3, Proposition 5, p. 473]. If J is generated by n elements,
then

PXn 4 (K) = DX(K) (5.6)

for any ideal K <1J. In particular, an algebra K is solvable iff it is
intrisically Penico-solvable iff it is Penico-solvable in any finitely generated
extension J > K.

Proof. We have the general fact (compare [3, (20), p. 473])
P (LYc D(L) + Ventrs = Ve s PIL) (L <2 J) (5.7)

since, for r =1, P*(L)} = U,,,J is spanned by U,.,,J = U, U,U.Jc U, L=
D(L) and U\ .y4.piznad © Vi, ., PL) for z€ L, a € J, and if (5.7) holds for
r, then it holds for r+1 by P**(J) = P*P(L)) < D(P'(L)) +
Vewrnn s P(P(L)) (by the case r=1) < D(L) + Vpoq,{DIL) +
Venirs = Ve, sP(L)} (by the induction hypothesis) < D(L) +
VP’*HL)..I VP'(L).JP(L)'

For (5.6) we induct on k, starting with k =0 (P*(K) = D*(K) = K). If the
result is true for k, then it is true for k4 1 since P*+*"U+NK) =
P (prt(KY)) < D¥(P"t3(K)) (by the induction hypothesis on k)
DXD(K)) + V1K) (by (5.7) for r=n + 2) < DX(D(K) + {Vy 4 + UxIK)
(by 3.6 for L=K, m=n noting the ideal K is invariant under
multiplications) = D*(D(K)) = D**'(K). 1
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5.8 PENICO’Ss THEOREM (3, p. 473). If J is finitely generated. then an
ideal K <1 J is solvable iff it is Penico-solvable. 1

5.9 Remark. We can further simplify the proof of Universal Constants
4.1 if we assume K is Penico-solvable in J rather than merely solvable: There
are universal constants f(#,,..., n,) such that whenever K is an ideal in J
such that K and all Penico-derived ideals P!~ '(K) (i = ..., k) are generated
as algebras by n; elements, then

V(Y < 2 (PYKY D).

Proof. If K=P°(K) is generated by n, elements, then by 3.3 it is
spanned by 77, elements mod P(K) (even mod D(K)); thus, by 3.2(i), vi'} ' <
{Upyy + Ugt#. By 3.0(ii, vi), #Z(K;JJ)" " (o, +u "y <
prg + U C {Upx)y + URIZ. But uycZ(P(K),J) for r>#, by
3.2(ii) (namely, uy = ugu, --- u,u, is a symmetric alternating function of the
K's modulo #Z(U,J;J)=%(P(K);J)). Hence if we set f(n)=
(A, + 1)(#1, + 1), we have Z(K;JY'"? <« Z (P(K);J); this is the case k = 1,
and the general case follows by induction. 1

5.10 COROLLARY. [f K is Penico-solvable and all PX(K) are finitely
generated, then % (K;J) is nilpotent and K is strongly nilpotent in J. 1

Note that 2.12(ii) implies 5.10 when J/K is finitely generated; to pass
from 5.10 to 2.12(ii) we would need to know that the P*(K) inherit finite
generation. At present no inheritance result like 4.3 is known for the Penico-
derived ideals:

If J and K are finitely generated, are all P%(K) finitely generated too? (5.11)

It would suffice if PX(K)/D*(K) are finitely generated (since all D*(K) are by
4.3). Also the case n =1 would suffice. This holds if @ is noetherian since
P,(K)/D(K) < K/D(K) and the latter is finitely spanned by 3.3. The result
also holds if J = K by [3, Proposition 9, p. 481].
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