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ABSTRACT

The iterative method of Cimmino for solving linear equations is generalized to
linear inequalities. We also present a Richardson-type iterative method for solving the
inequality problem, which includes the generalized Cimmino scheme. Convergence
proofs are provided.

1. INTRODUCTION

Cimmino [3] devised a beautiful iterative scheme for the solution of a
finite system of linear equations in the Euclidean n-dimensional space R™.
Cimmino’s method starts with an arbitrary point in R" as an initial approxi-
mation, and then calculates at each step the centroid of a system of masses
placed at the reflections of the previous iterate with respect to the hyper-
planes defined by the system of equations. This centroid is taken as the new
iterate.

Our purpose in this paper is twofold. First we derive from Cimmino’s
method a new iterative algorithm for solving a system of linear inequalities.
The idea is to calculate at each step the centroid of a subsystem of masses
placed at the reflections of the previous iterate with respect to the bounding
hyperplanes of only the violated half spaces defined by the system of
inequalities.

Secondly, we show how to modify a Richardson-type iterative least-squares
algorithm in order to obtain a new algorithmic scheme for computing a
solution of a system of linear inequalities. We prove that the sequence of
iterates generated by this scheme converges to a solution of the system of
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inequalities, provided that there exists one, from any initial approximation.
Finally, we show that the Cimmino-like algorithm is actually a special case of
the algorithmic scheme, and therefore also converges.

The problem of solving systems of linear inequalities arise in numerous
fields, e.g., in linear programming [4,12], or in image reconstruction from
projections [2,7]. In addition to Cimmino [3] the reader may consult House-
holder [8, p. 119] or Gastinel [5, p. 160]. Kammerer and Nashed [10, 11]
generalized Cimmino’s method to integral equations of the first kind. Votruba
[16] examined Cimmino’s method in the setting of generalized inverses.

2. A CIMMINO-LIKE ALGORITHM FOR LINEAR INEQUALITIES

We consider the system of linear inequalities
{a;,x)<b,, iED, (1)

where (a,, x) is the Euclidean inner product of a; and x in R", b,&€R, and
®=(1,2,..., p}. To avoid triviality we assume that p=>2.

For each i € 9 define the closed half space L, = {x€R"|{a;,x><b,} and

its bounding hyperplane H, = {x€R"|{a;,x)=Db,}. Define L =N seolis
and assume throughout that L 5 &, i.e., we assume that there exists a solution
to (1). The task of solving (1) will be referred to as the linear feasibility
problem.

We would like to emphasize that the assumption L+ &, i.e., that the
linear feasibility problem is indeed feasible, is made throughout the whole
paper. The question of how the algorithms presented here behave when there
is no solution to the system (1) is a critical one, since with many problems it
cannot be said a priori whether a solution exists. However, we will not
consider the issue in this paper, but leave it open for further investigation.

Let {1,};cs be a given set of positive real numbers called masses. We
work hereafter with the normalized masses {m, }; ¢4 obtained by

& m;

i e, (2)

for which 37_,m;=1 and 0<m,;<1 for all i €.



METHODS FOR LINEAR INEQUALITIES 201

For x*€R" and i€ define
A b—{a,,x*
¢} = min{0, ————~ (ai.x7) , (3)
lla, il

where || -1 stands for the Euclidean norm in R". Accordingly, if x"ELi, then

k— bi—(a;, x*) <

i
la,lI*

and c}=0 otherwise.
Define I, = {ilcF <0}, i.e., the set of indices of & for which x¥ violates the
half space L, in the sense that x*&L,. Next define

(S g2,
1 i L=1,

where |I;| denotes the number of elements in I;. Observe that ., is defined
only when I, @; if I, = &, then x* is a solution of (1).

With these definitions and notations at hand we state the Cimmino-like
algorithm for solving linear inequalities.

ArcoriteM 1. x°€R™ is arbitrary; calculate I; if I, =@ then stop.
Otherwise,

p
thtizghy 2 > mcha;. (5)
Pr =1

Convergence of this algorithm to a solution of the linear feasibility
problem will follow from the results presented in the sequel. As a matter of
fact, the factor 2 in (5), which ensures the positioning of the masses at the
reflection points, may be replaced by a sequence of relaxation parameters.

By replacing each linear equation with a pair of linear inequalities,
Cimmino’s original method for systems of equations is readily recovered from
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Algorithm 1. Cimmino’s original algorithm reads:

14 bh.— ) k
xk+1:xk+ g 2 m, i <az’2x >ap (6)
‘u'i:I Ila,”

where u=2Z7_ m,. It solves the problem

{a,,x)=b,, ieop, (7)

3. A MODIFIED LEAST-SQUARES ALGORITHM

In matrix notation, the system (1) takes the form

Ax<b, (8)

where A is a pXn matrix whose ith row is a’. Denote by p(Q) the spectral
radius of a matrix Q, and by R.(Q) its range. The following theorem presents
a well-known iterative method for solving the least-squares problem. The
proof may be found, e.g., in [15].

TrHEOREM 1. Let M be a given positive definite matrix, and define
Izl = x™Mx. The following method:

xF T l=xk+ a ATM(b— Ax¥), (9)

with 0<a<2/p(ATMA) and x°€R(AT), generates the solution of the
problem

Min [Ix]i (10)
subject to x € {x|llb — Ax||,, is minimum} ’

In order to state our modification of (9) some definitions are needed. Let

{x*)%_, be a sequence of iterates; denote by r*=b— Ax* the residual vector,

and by r* the ith component of r*. We also introduce a diagonal matrix D*
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defined by

it (11)

ké{l it jel, (ie.ifr*<0),
0 otherwise.

ALGORITHM 2 Let M =(m,;) be a positive definite matrix with nonnega-
tive elements. x°ER" is arbltrary Calculate r* = b — Axk. If r* =0 then stop.
Otherwise,

xktl=xk+ o, ATM*(b—Ax*), (12)

where M* = D*MD* and the parameters {a;} are restricted to 0<a,<
2/p(ATM*A).

THEOREM 2. Any sequence of iterates {x*}¥_, generated by Algorithm 2
converges to a solution of the system (1).

4. CONVERGENCE

In proving Theorem 2 we will use a convergence theory developed by
Gubin, Polyak, and Raik [6].

DerFiNiTION 1. A sequence {x¥)}_, is called Fejer-monotone with respect
to the set L if for every xEL

Bkt —x i <lla*—x| forall k=0. (13)

It is easy to check that every Fejer-monotone sequence is bounded.
Denote by d(x, L;) the Euclidean distance between a point x€ER" and a

set L, [i.e., d(x,L;) = inf,; llx—yll], and define

¢(x) = supd(x, L,). (14)

=
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The fundamental convergence theorem of Gubin et al. [6] is:

Tueorem 3. Let L, CR" be convex closed sets for all i€ P, and
L= N, _uL;# . If for a sequence {x*)7_, the following conditions hold:

(i) {xf=, is Fejer-monotone with respect to L, and
(ii) limy _ o 6(x*)=0,
then x* — x*€ L.

k— o0

Proof. Follows from Lemma 5 and Lemma 6 of Gubin et al. [6]. ]
Theorem 2 will be proved by establishing the conditions of Theorem 3.

ProposITION 1. Any sequence {x*)Y_, generated by Algorithm 2 is
Fejer-monotone with respect to L, provided that x*€ L for all k=0.

Proof. Let x€L (i.e., b—Ax=0), and define e* = x*—x. Then from
(12)

ekt 1=eF+a, ATdF, (15)
with d* = M*r*_ It follows that

le*tL12=leX |2+ af{l ATd* |2+ 2a, ATd¥, ¥ ). (16)
From x €L, we obtain
r=—(a, 0" (17)

hence,

4 P
(Ald*, ety=— 3 df(—(a, e*))<— T afrt

i=1 i=1

=—(d*, "), (18)
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provided that

d¥<0 (19)

for all i and all k.
To see that (19) holds, observe that

df=(M**),=(D*MD**) =D} ¥ myr, (20)

i€l
where m,; are the entries of M, which are nonnegative by assumption, and
that ri"<0 whenever j€1,.

Turning now to the second term on the right-hand side of (16), we
decompose the semidefinite matrix M* as M*=W7*W and use the inequality

(Qy,y)<p(Q)y.y), (21)

which holds for any symmetric and positive semidefinite matrix Q (e.g. [14, p.
35]), to obtain

| ATd 2= ( ATM*rk | ATMArky = ( MFAATM*rk | rky
=((WAATWT)Wrk Wrky.
<p(WAATWT)(Wrk, wrk)
=p(ATM*A)(d*, r*). (22)
Combining (18) and (22) into (16), we get
lle* T LI2< ek |12+ oy axp( ATM*A) —2](d¥, rFy, (23)
where (d*, r*y=(Wrk,WrkFy=0.
Since 0<a,<2/p(ATM*A) for all k=0 in Algorithm 1, the desired
conclusion
ekt ti<ile”l]

follows. [ ]



206 YAIR CENSOR AND TOMMY ELFVING

Let the orthogonal projection of x*ER" onto the half space L,CR" be
denoted by P(x*).

LemMa 1. cfa,=P(x*)—x* for all i€®P and all k=0.

Proof.  Simple. u

The next proposition establishes condition (ii) of Theorem 3.

PROPOSITION 2. Any sequence {x*}?_, generated by Algorithm 2 has
the property

klim ¢(x*)=0. (24)

Proof.  Fejer-monotonicity implies that the sequence {||x*—x[}%_, is
monotonically decreasing, thus converging. It follows then from (23) that

klirr; (d*,r*y=0. (25)
But (d*,r*)y=(MD**, D**); thus,

lim D**=0 (26)

k—oc
and
(Dkrk)i:(),-k”ai H2

imply that
d(x*, L) =1 P(«%) —x*II=lIck a,ll

D %),
= l(Ha,-n)'l o &

for every i €99, and the finiteness of % ensures that

klim é(x*)=0. u
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5. THE CIMMINO-LIKE ALGORITHM AS A SPECIAL CASE

Here we show that the Cimmino-like algorithm (Algorithm 1) is a special
case of the modified least-squares algorithm (Algorithm 2), thereby providing
the desired convergence of the Cimmino-like algorithm.

The connection between the two algorithms is obtained by defining, for
Algorithm 2, the p Xp matrix

"a,

M=(m,)= (5 mi”z ) (28)

where 3:‘;’ is the Kronecker delta, m, are the masses of Algorithm 1, and aiT are
the rows of A.
The following lemma will be used.

LemMa 2. p(ATM*A)< ¥ m <l

iel,
Proof. From the equality

ATM*A = 2 m;; a; azT (29)

=N

and from the fact that p(Q)=I1Qll,, the l;-norm of Q, for any symmetric
matrix Q (see, e.g., [14, p. 41]), we obtain

p(ATM*A)=|| ATM*A |l ;=1 3 mya,a]

iel,

< 2 mii“aiaiTuzz 2 m;;p;. (30)

i€l i€l

A . . . .
Here each p, = p(a,al) is a simple eigenvalue (since a;aT has rank one and

we have assumed a7 0) which corresponds to the eigenvector x=a,, and
p;=lla;ll% (31)

Now (28), (30), and (31) imply the desired result, since 2, ;m;<1. [ |
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To establish our claim that Algorithm 1 may be regarded as a special case
of Algorithm 2, we prove that

<2< 2 (32)
br  p(ATM*A)

for all k=0.

Proof. Case 1. 1f |I;|=1, then by Lemma 2

o = p(AM*A)= 3 m=m <1,
el

where I, ={I}; hence

Case 2. For |I[,|>1 let us consider for a moment instead of (5) the
iteration

p
K l=xk+ 8, > micla,, Bk:f;' (33)
i=1

From Lemma 2

k —p
ohs 3 mi= g
el

hence 2/0*>2/p,> B, >0 as long as 0<w<2. Therefore, Algorithm 1 with
(5) replaced by (33) converges for 0<w<2. We now investigate separately
the case w=2.

Lemma 2 guarantees that 2 /p¥=2 /u,. If for some k=0 this inequality is
not strict, then

Pr=m= 2 m, (34)
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which is, by (30), equivalent to

NS muaafliy= > mylla,alll,. (35)

il i€l

Corollary Al, which we defer to the Appendix of the paper, shows that if (35)
holds, then the vectors a; are almost identical for all i€ I, i.e.,

a,=k.a iel,. (36)

t T

Therefore, for an iteration index k for which (34) holds, the system (1) splits
into

b,
(@xy<gs,  (k>0)
b‘ GET, (37a)
(a0 (k<0)
(a;,x)<b,, €I, (37b)
b, b,
Put b}= min 7+, k;>0, and b= , k;<<0. Then (37a) is equivalent to
i€l k 151,c k
{a,x)<b]
(a,x)y=h;. (38)

Note that by<b| since L# @. Suppose |[,|>1. Then (a,x*)>b} and
{a,x*y<bj and hence by>b} which is a contradiction. We conclude that
only one type of inequality in (38) is present which implies that the new [ i of
the system is a singleton and case 1 of this proof applies. ]

APPENDIX
Here we prove a corollary which we used in the proof of (32) above.

CoroLrARY Al.  If

“ 2 m;;a,;a; ”2 E mii”aia{”2’

i€l i€l
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then

a,=k,a icl,

where k, are nonzero numbers.
We need the following two lemmas

LEmma Al. Let A, B be two positive semidefinite and symmetric
matrices. Assume the (A+B)u=p, , gu, Az=p,z and Bo=pgzv, where the
spectral radii p, and pg are simple eigenvalues of A and B. Then

IA+BI,=IAll,+IBll, = u=kz=k,p.

(39)

Proof. A_=p,z implies z’Az=p,z"z, so that pa=z"Az/z"z. Similarly,
pg=0"Bo/v'v and p,, z=u'(A+B)u/u'u. From [|[A+Bl,= p(A+B)—
p(A)+p(B) we get

~ uAu  2TAz _ v"Bo

_ u'Bu » T
ulu 275 oTv ulu

r
But $<0 since p, >

and, by the same token, T=0, so that S=T=0
hence

uTAu zTAz
= —Pa-
ulu P

This shows that Au=p,u which proves that u=k,z because p, is simple
In a similar manner we get u=k,v

LemMma A2, Assume that {A,};c; is a given family of symmetric and
. i defini

positive semidefinite matrices where I is some finite index set. Also let
C= Y A,, Cx=pcx, and A,x,=

p;x; where p, are simple eigenvalues. Then
i€l

IClly= 2 1Al =

iel

x,=k;x Vi€l

(40)

Proof.  Use induction and Lemma Al
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Corollary Al now follows directly from Lemma A2 since a,a’a,=p,a;, as

in the proof of Lemma 2, and p, are simple eigenvalues, provided a,+0. 1R
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