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Abstract

In this paper, we study tight criteria of cadlag Hilbert valued processes and prove the tightness
of Hilbert valued square integrable martingales and Hilbert valued semimartingales by using their
characteristics. These extend appropriate results of Jacod and Shiryaev (1987). We also discuss
the property of Hilbert valued martingale measure and introduce the concept of convergence
of martingale measures in distribution. The sufficient and necessary conditions are provided for
strongly orthogonal martingale measures with independent increments. The conditions are given
for convergence of martingale measures.

Keywords: Hilbert valued semimartingale; Limit theorem; Martingale measures; The Skorokhod
topology; Tightness

0. Introduction

The tight criteria of cadlag Hilbert valued processes has been discussed by Joffe and
Métivier (1986) and Métivier and Nakao (1987). But it is difficult to apply this tight
criteria to prove the tightness of cadlag Hilbert valued semimartingales by using their
characteristics as Jacod and Shiryaev (1987). This problem will be solved in this paper.
Another purpose of this paper is to study the weak convergence of integrable Hilbert
valued martingale measures in distribution which is a sort of organic combination of
weak convergence of vector random measures (Thang, 1991) and weak convergence
of Hilbert valued martingales in distribution.

In Section 1, we will review the property of Hilbert valued semimartingale and de-
fine characteristics of Hilbert valued semimartingale and study the principal property
of Hilbert valued semimartingales. In Section 2, we will study martingale measures
and the relationship of martingale measure with independent increments and its char-
acteristics. In Section 3, we will discuss the property of Skorokhod space D(H') which
is the space of all cadlag function: R, — H, where H is a real separable Hilbert
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space. We obtain the sufficient and necessary conditions for subsets of D(H) being
relatively compact (Theorem 3.2). It extends Theorem VI-3.21 of Jocad and Shiryaev
to infinite dimension space. As Jocad and Shiryaev (1987), we will give tightness of
sequences of cadlag Hilbert valued locally square integrable martingales (Theorem 3.6).
In Theorem 3.7, we will give the sufficient and necessary conditions for tightness of
cadlag Hilbert valued semimartingales which is the extension of Theorem VI-4.18 of
Jacod and Shiryaev on Hilbert space. In Section 4, we will discuss the convergence
of Hilbert valued semimartingales as Jacod and Shiryaev: (i) convergence of semi-
martingales with independent increments; (ii) convergence to a semimartingale with
independent increments. These extend the appropriate results of Jacod and Shiryaev. In
the end, we will define and study the convergence of integrable Hilbert valued mar-
tingale measures in distribution. The general theorems are given for convergence of
martingale measures in distribution. As the discussion in convergence of semimartin-
gales, we also study the following cases: (i) convergence of martingale measures with
independent increments; (ii) convergence to a martingale measure with independent
increments.

1. Preliminaries

Let H be a real separable Hilbert space with scalar product x - y and norm || - ||. In
this paper, stochastic processes with values in H are studied.

Let {e;},5, be an orthonormal basis of H. Put H&Q\H = {y : y = }_, 4je: ®
epllylli =22 | A4y | < oo}, then H& H is a Banach space with the norm || - ||;. It
is said to be the nuclear space of H, which is included in the Hilbert—Schmidt tensor
product HQ,H = {y : y = Zw Aijei®e;, Zia’ A,zj < oo}. The space H®,H is a Hilbert
space with {e; (Eer}I.J.>l as an orthonormal basis and norm |y[l> = (3_;; g?j)l/z, The
injection from H& H into H®,H is continuous. We assume once and for all the
stochastic basis (2, #,%,,P) is given and % o, = V0% ,.

Let M be a H-valued square integrable martingale, then |[M]|? is a non-negative
submartingale. By Doob—Meyer decomposition theorem, there exists a predictable, in-
creasing process, denoted by (M)({M)o = 0) such that |[M||>~ (M) is a real martingale.
Also there exists a finite variation process, denoted by [M], which is uniquely defined
up to P-equality with the following properties:

(i) ||M||* — [M] is a martingale;

(ii) (M) is the dual predictable projection of [M];

(i) [M], = (M), + > ., [|AM;]|?, for all >0, where M°® is the continuous mar-
tingale part of M.

Let M be a H-valued square integrable martingale. For every pair stopping times
S, T(S<T), put

ay (1S, T1) = E (IMr|* — |M51?) = E (IIMr — Ms|?),

w08, T = E (MF? — MP*) = E (M7 — Ms)®?),



Y. Xie/l Stochastic Processes and their Applications 59 (1995) 277-293 279

we have ap = Tru,. As Theorem 158 of Métivier (1982), we may use Radon-
Nikodym theorem for H®;H-valued measure to obtain the existence of a H® H-
valued predictable process Qu, for every predictable G

uu(G) = / Ouday.
G
Moreover, Q) takes values in the set of positive symmetric elements of H & H and

TrQu(w,s) = ||Op(w.9)|l, =1, ay-as.

The process ((M)), = f(; Oud(M) is predictable with finite variation, admits uy, as
its Doleans measure, and M®2 — ((M)) is a H®, H-valued martingale.

Also there exists a H® H-valued cadlag process, which is uniquely defined up to
P-equality, denoted by [M] and called the tensor quadratic variation of M with the
following properties:

(i) M®: —[M] is a H® H-valued martingale,

(i) [M]= (M) + 3, (AM)® = [M°[+ 3" (AM)®* P-as.,

the series on the right hand side are absolutely convergent in H®H for all +>0.

Lemma 1.1. [f a semimartingale X satisfies | AX||<a, it is a special semimartingale
and its canonical decomposition X = Xy + M + A satisfies ||A4||<a and
1AM £ 2a.

Definition 1.2. A map h : H — H is called truncation if it is bounded, continuous,
and that exist b > 0 and ¢ > 0 such that A(x) = x when ||x||<b and A(x) = 0 when
lix|| > ¢. We denote by % the class of all truncation functions.

Let X be a H-valued semimartingale on (2, %,%,,P). For h € €, AX —h(AX)# 0
only if ||AX]|| > b for some b > 0 and the following formulae

X(h)y = 14X — h(AX)], X(h) =X —X(h) (1.1)

SK-

define a H-valued right continuous process X (k) with finite variation and a H-valued
semimartingale X (4). Since AX(h) = h(AX) is bounded, by Lemma 1.1, X(k) 1s a
special and we consider its canonical decomposition

X(h) = Xo + M(h) + B(h).

where M (k) is a local martingale and B(4) is a locally integrable, predictable process
with finite variation.

Definition 1.3. Let & € € be fixed. We call characteristics of X (or characteristics
associated with A if there is an ambiguity on %) the triplet (B, C,v) consisting of:

(i) B is a H-valued predictably finite variation process B = B(h);

(ii) C is a H&,H-valued continuous process and C, — C takes values in the set
of positive symmetric element of H®H for every s < t, namely C = ({(X°)), where
X° is the continuous martingale part of X;
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(ii1) v is a predictable random measure on %, x #(H), namely the compensator of
the random measure u¥ associated to the jumps of X:

p¥(de,dx) = Z I ax, 70y &5.ax,)(dE, dx)

§s>0

where £,(dx) is Dirac measure.

We see that C and v do not depend on the choice of the function A, while B = B(h)
does.

Since AX(4) is bounded and so does AM(h), M(h) is a locally square integrable
martingale. This implies that ((M(h))) exists. We denote by C = ((M(h))), which is
called modified second characteristics of X (associated to 4).

Theorem 1.4. Let X be a H-valued semimartingale with Xy = 0. Then it is a pro-
cess with independent increments if and only if there is a version (B,C,v) of its
characteristics that is deterministic.

A H-valued semimartingale X is called locally square integrable if it is a special
semimartingale whose canonical decomposition X = Xg + N + A satisfies that N is a
locally square integrable martingale.

As the proof of Proposition 1I-2.29 in Jacod and Shiryaev (1987), we have the
following:

Proposition 1.5. Let X be a semimartingale with characteristics (B, C,v) relative to
the truncation h.

(a) X is a special semimartingale if and only if (||x||*> \ |lx||)-v is locally integrable.
In this case, the canonical decomposition X = Xo + N + A4 satisfies

A=B+x~h(x))-v, 44,= / xv({t} x dx). (1.2)
H

(b) X is a locally square integrable semimartingale if and only if ||x[|? - v is locally
integrable. In this case, the canonical decomposition X = Xy + N + A4 satisfies (1.2)
and

(V) :C+x®2""§ [/HxV({s} ><dx)]®2

:C+x®2-v—Z(AAs)®2. (1.3)

RE

2. Definition and basic properties of Hilbert valued martingale measures

Let E be a Lusin space, #(E) be the Borel o-field on E and .#(E) be the linear
space formed by all H-valued measures with finite variation on #(E). We consider
a H-valued set function U(w,A4) defined on Q x o/, where &/ is a subring of #(E)
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which satisfies:

IUN3 = ENUMI*] < 00, VA€ o,

ANB=0 = U)+UB)=UUB) as. VAB¢c ..

We will say that the map U is o-finite when there exists an increasing sequence
{E;}az1 of E such that:

(1) U,E, = E,

(2) Vn, &, = &g, C o,

(3) sup{||U(A)||2:4 € &} < o0

The set function U will be said countable additive if for each n, for each sequence
{4;};21 of &, decreasing to 0,]|U(4,)||, tends to 0. Then it is easy to extend U by
U(A) = lim, U(ANE,) on every set of & such that the limit exists in L3, (Q, #,P). A
set function which satisfies all these properties is called a o-finite L3,-valued measure.

Definition 2.1. Let (Q,.%,%,,P) be a filtered probability space satisfying the “usual
conditions”,
(1) {M(A4),t=20,4 € o/} is said to be a H-valued % -martingale measure if:
(i) Mo(A4) =0 for all 4 € .o/,
(i1) {M(A)},,, is a F-martingale for all 4 € .o/,
(i) M():.of — L%, is a H-valued o-finite measure for all 1 > 0.
(2) A H-valued martingale measure M is said to be orthogonal if, for any two disjoint
sets A,B € .7, ((M(A4),M(B)})) = 0.
(3) A H-valued martingale measure M is said to be strongly orthogonal if, for any
two disjoint sets 4,B € o, [M(4),M(B)] = 0.

Definition 2.2. If M is a H-valued martingale measure and if, for all 4 € .o/, the map
t — M,(A) is continuous, we will say that M is continuous. If the map ¢+ — M,(A4) is
cadlag, we will say that M is cadlag.

Definition 2.3. Let M and N be two H-valued % -martingale measures on Lusin spaces
E and E’, respectively. If they satisfy: for all A € o7 and B € /' M(A) % N(B) is a
H®,H-valued .Z,-martingale, then we will say that M and N are orthogonal.

It is clear that we can associate each set 4 € ./ with a predictable process O, which
takes values in the set of positive symmetric elements of H&,H and the increasing
process (M(A)), such that ((M(4))) = [, 0«d(M(4)). The processes can be regularized
to be a H&| H-valued measure on #, x ./ in the following case.

Theorem 2.4. (a) If M is an orthogonal %, martingale measure, there exist #, pre-
dictable, o-finite positive random measure v(ds,dx) on R, x E and positive symmetric
H & H-valued process Q(s,x),? x f-measurable, such that for all A € </, the pro-
cesses (v([0,7] x A)),5, and fo ) £ O(s,x)v(ds,dx) are predictable, and satisfy

W([0.1] x 4) = (M(A)), /0 /A O(s, ¥)v(ds, dx) = ((M(4));, P-as.
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forallt > 0 and A € o/, where P is the predictable o-field We denote (M) by v
and ({M)) by v. It is clear that v = Trv.

(b) If M is a strongly orthogonal &,-martingale measure, there exist random o-
finite positive measure u(ds,dx) and o-finite positive symmetric H®\H-valued mea-
sure Ji(ds,dx), F-optional, such that for all A € o/, the processes (u([0,£] X 4)),5
and (([0,£] x A)), are optional, and satisfy

u([0,1] x 4) = [M(4)],, H([0,2] x A) = [M(A)];, P-as.

for all t > 0 and A € /. Moreover, we have that v and v are predictable dual
projection of u and T, respectively. We denote by [M] by u and [M] by L

Proof. It is the same as the proof of Theorem 2.5 of Walsh (1986). [

Definition 2.5. Let M be an orthogonal martingale measure with (M) = v. M is said
to be integrable if Ev(R, x E) < oco. M is said to be locally integrable if there exist a
sequence of stopping times 7, | oo and a sequence of compact subsets {K,},., which
exhausts E such that Ev([0,7,] x K,;) < oo for all n>1.

In this paper, we only consider the following martingale measure M: for all t > 0,
M({t} x dx) is a random H-valued measure on #(E). Put M({¢} x 4) = M,(4) —
M,_(A), for all 4 € B(E). M({t} x dx) is called the jump of M at time ¢. Put

a(ds,dy) = ZI{M({S}xdx);éO}E(s.M({s}xdx))(dt,dy)-
s>0
We will say that o is the random measure associated to the jumps of M. In the
following, we will assume that o is an integer-valued random measure and has dual
predictable projection, denoted by f. It is easy to compute for all / € Co(R; X E),g €
Cy(H) (which is the set of g which is continuous on H and there exists a > 0 such
that g(x) = 0),

/()./Hg(x))’(ds,dx) 2/0' ///(E)g(/‘gf(s,x)y(dx)> a(ds,dy),
/0. /Hg(x)l(ds,dx) = /0. ///(E)g (/E f(s,x)y(dx)) B(ds,dy), @.1)

where 7 is the jump measure of X = f; f f(s,x)M(ds,dx) and 4 is the dual predictable
projection of 7.

We will say that (v, ) is the characteristics of martingale measure M.

In the following, we will study the properties of martingale measures with indepen-
dent increments.

Definition 2.6. Let M be an % ,-martingale measure.

(a) M is said to be with independent increments (in short MMII), if for all 0 <s <1,
the random measure M, — M; is independent from o-field % ;.

(b) A time >0 is called a fixed time of discontinuity for M if P(M({t} x dx) # 0)
> 0.
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Theorem 2.7. Let M be an orthogonal martingale measure. Then M is MMII if and
only if there is a version (v, ) of its characteristics that is deterministic.

Proof. (Necessity) Let M be an orthogonal martingale measure with independent in-
crements. For every f € Co(Ry X E), X = fo fE f(s,x)M(ds,dx) is a square integrable
H -valued martingale with independent increments. Hence, by Theorem 1.4, we have

(X)) = /0 /E 25,005, )(ds, dx), (22)
is positive symmetric H &1 H-valued processes and deterministic. Under the basis (e; &
€;)ij>1, we obtain that the real processes f; [ f2(s,x)Qy(s,x)v(ds,dx)i,j =1 are de-
terministic. The arbitrariness of f yields that Q;;(s,x)v(ds,dx) is deterministic. Hence
Q(s,x)v(ds,dx) is deterministic. By (2.1), we deduce that f is deterministic.

(Sufficiency) Suppose that ({M)) and p are deterministic. From (2.1) and (2.2),
we have the characteristics of X = [/ [p f(s,x)M(ds,dx) are deterministic for all
f € Cp(R; x E). Hence X is H-valued martingale with independent increments. This
implies that M is a martingale measure with independent increments. [

Corollary 2.8. Let M be an orthogonal, continuous martingale measure. Then M is
MMII if and only if {(M)) is deterministic.

Corollary 29. Let E = {ay,...,a,} and let m',....,m" be n orthogonal square in-
tegrable, continuous H-valued martingales. Put M(A) = Y .. mi0,(A). Then M
is MMII if and only if (m',...,m") is a H"-valued martingale with independent
increments.

3. Tightness of a sequence of Hilbert valued semimartingales

In this section, we will lay down the last comerstone that is needed to derive func-
tional limit theorem for Hilbert valued processes and study tight conditions of Hilbert
valued semimartingales. These extend appropriate results of Jacod and Shiryaev (1987)
and Joffe and Métivier (1986) and Thang (1991).

Let {e,,}nz‘ be an orthonormal basis of H. For any x € H, put x = Zf‘;, xiey, if
I1, maps H onto the finite dimensional space R” of vectors (xi,...,x,)

X b (xlv""xn)a (31)

then there is a continuous mapping V, of R” into H, where
n
Va(xi,....x,) = Zxkek (3.2)
k=1

and clearly |[x — V, o II,x|| — 0 when n — oo, for all x € H.

Definition 3.1. (a) We denote by D(H) the space of all cadlag function « : R, — H
(it is called the Skorokhod space).
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(b) If « € D(H), we denote by a(¢) the value of a at time ¢ and by a(z—) its left-
hand limit at time ¢ (with «(0—) = «(0) by convention), and Aa(t) = a(t) — a(z—).

For every o € D(H), we define
w(a; 1) = sup [la(s) — ()|

s.el

where / is an interval of R ;

wy(e, 0) = sup{w(o;[t,t +0]) : 0<t<t + 0N}, 0 >0, N> 0,

wi(a, 0) = inf{ m<axw(a; [tic1,t)):0=8 <t < -+ <t =N,
Isr
inf(t; — ;1) >0}
i<r
It is easy to prove the following theorem.

Theorem 3.2. (a) There is a metrizable topology on D(H), called the Skorokhod
topology, for which this space is Polish, and which is characterized as follows: a se-
quence {a,}, converges to « if and only if there is a sequence {J,},, C A such that

4 = 1|l

o =Sup | A(s)—s|=0 n— o0,
5

sup ||ty © An(s) — A(8)|| = 0 n — oo, VN > 0.
s<N

(b) A subset A of D(H) is relatively compact under the Skorokhod topology if
and only if the following conditions hold:
(i) sup,c,sup,cy l[a(s)|| < oo for all N > 0;
(it) limg_g sup,c , wy(x,0) =0 for all N > 0;
(iii) For every ¢ > O,N > 0, there exists n € N, such that

sup sup ||a(s) — V, o T,o(s)|| <e.
a€EA s<N

Where A is the set of all continuous function i:R,; — Ry that are strictly increasing,
with A(0) = 0 and A(t) — oo as t — oo.

Let X be a H-valued cadlag process, defined on a triple (€, %, P). Then it may be
considered as a random variable taking its values in the Polish space D(H ) equipped
with Skorokhod topology.

Theorem 3.3. Let X" be H-valued cadlag process which is defined on some

space (2", F",P") for n=1. The sequence {X"}, ., is tight if and only if
(1) for all N > 0,¢ > 0, there exist ng € N and K > 0 such that

nzny = P" (sup 1X > K) <&
SN

(i1) for all N > 0,¢ > 0,9 > 0, there are ng € N and 0 > 0 such that

nzny = P'(wy(X",0)=n)<e;
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(i) for all N > 0,e > 0,n > 0, there are ng,m € N such that

nzm = P (s I Vo M 2 <

s<N

Proof. [t is the same as the proof of Theorem VI-3.21 of Jacod and Shiryaev. [

Definition 3.4. A sequence {X"}, ., of processes is called C-tight if it is tight and if
all limit points of the sequence { £(X")}, ., are law of continuous processes.

Lemma 3.5. Suppose that for all n,q € N, we have a decomposition
,X" — Unq + an + qu

with (i) the sequences {U"} . | are tight;
(ii) the sequences {V"}, ., are tight and there is a sequence {aq}q>1 of real
numbers with limy_. a, = 0, lim, . P" (sup, . y HA V;“’H > a,) =0 for all N > 0;
(iii) for all N > 0, ¢ > 0, limy_.oc limsup,_ . P" (sup,y | W5“|| > &) = 0.

Proof. That {X"} satisfies condition 3.3(i) is trivial. By inequality

| X" = Vo HpX"|| < JU™ — Vo T, U™
+ V™M — Vo O, V™| + 2| WM

and the conditions (i)—(iii), we know that {X"} _, satisfies condition 3.3(iii). As in
the proof of Lemma VI-3.32 of Jacod and Shiryaev, we get that {X"} _, meets the
condition 3.3(ii1). [J

Let X and Y be two increasing processes defined on the same stochastic basis. We
say that X strongly majorizes Y, and we write ¥ < X, if the process X — Y is itself
increasing.

The following theorem is the extension of theorem VI-4.13 of Jacod and Shiryaev
on Hilbert space.

Theorem 3.6. We suppose that X" — X is a locally square integrable martingale on
B = (Q,F", F,P") for each n. Then for the sequence {X"} to be tight, it is
sufficient that:

(1) the sequence {X3'},. | is tight (in H);

(i) the sequence {{(X"))},, is C-tight (in D(H® H)).

nzl

Proof. Put U™ = V, o I1,(X"), V™ = 0 and W" = X — U". We have X = U" +
yra + wni, By the Lenglart’s inequality and the hypotheses, we get Lemma 3.5(iii)
by using Theorem 3.3 for {(W™)). Lemma VI-3.32 of Jacod and Shiryaev implies the
tightness of {U"},>,. Hence, {X"},>, is tight by Lemma 3.5. [



286 Y. XielStochastic Processes and their Applications 59 (1995) 277-293

Theorem 3.7. Let {X"}, ., be a sequence of H-valued semimartingales. For the se-
quence {X"} ., to be tight it suffices that

(i) the sequence {Xy'},, is tight (in H);

(ii) for all N > 0,e > 0,

lim limsup P" (v*([0,N] x {|lx]| > a}) > &) = 0. (3.3)

a o0 poo

(iii) for all N > 0,6 > 0,n > 0 and p € N, there exist no,m € N with
nzn — P" (g,,O(l —VmoIly)- vy 211) <e. 3.4)

(iv) each one of the following sequences of processes is C-tight:

(1) {B"}51

@ {c},
(3) {gp - V"},5, for all p € N. where g,(x) = (p||x||=1)*AL,1 is the identical
transformation on H.

Moreover, (i)x(iii) are also necessary for tightness of {X"}, ..

Proof. (a) Let U™, V" and W™ be the same as in the proof of Theorem 3.6. From
(1.1), we get X = X(h) + X(h) for some truncation A. By using Theorem VI1-4.8 of
Jacod and Shiryaev, we deduce that {U"},~ is tight for all g=1.

From Theorem 3.3 and Lenglart’s inequality, the hypotheses imply, for any 6 > 0
and N > 0,

970 pooo

lim limsup P" {sup 1X(h) — Vg o I X(h)| > 6} =0 (3.5)
(<N
and by the definition and (3.4), we obtain

lim limsup P" {sup X (h), ~ Vg0 N X ()| > 5}
<N

4% psoo

< lim limsup P" {sup 1 4(X; — V, o ILXG| ;a} (3.6)
t<N

42X puoo

< lim limsup P" {v"([0,N] x {||x — V0o I x| =a}) > ¢} =0
4700 p—oo
for all ¢ > 0 and some a > 0. (3.5) and (3.6) yield that {W"9},., satisfies the
condition 3.5(iii). Hence {X"},, is tight by Lemma 3.5.
(b) Conversely, the proof of the conditions (i) and (ii) is the same as in the proof
of Theorem VI-4.18 of Jacod and Shiryaev.
Let

A:’ = ZI{HA/\T_V:"C'”":(A/Y;')” = ‘/ﬂ}’

st

A, = V' ([O,N] X {x = Vo Ilpx : ||x — ¥y 0 x|l =1/p}).
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~n . . ~n .
Then A4 is the compensator of A" on #". So A" is L-dominated by 4 . Since

gpoU = VwoIly) -l = (pAX! = Vo Mu(AX])| - 1) AT <A (37)

s<t

and

sup | AX] — Vi o y(AX)|| <2 sup || X — V0 [T, X]]]
s<t

s<t

the tightness of {X"}, ., implies that

lim limsup P" (/if > s) =0 (3.8)

M—00 4L oe

for all ¢ > 0 by 3.3(iii). From (3.7) and (3.8), we obtain

lim limsup (gpo(/ = VpolIl,) -y > ¢) =0
for all ¢ > 0. Hence g,({ —V,yoll,)-v" meets the condition (iii) because
it is L-dominated by g,o(/ —V,oll,)-pui. [

4. Convergence to semimartingale with independent increments

In this section and Section 5, the setting is as follows: for every n =1, we consider a
stochastic basis #" = (Q", #", #{,P"),E" denotes the expectation with respect to P".
All sets, variables, processes, martingale measures, with the superscript n are defined
on #", and the limit process, martingale measure are defined on stochastic basis # =
(Q,F, #,,P), usually without mentioning.

As the proof of Lemma VII-3.20 of Jacod and Shiryaev, we have the following
lemma.

Lemma 4.1. Let X" and X be locally square integrable H-valued semimartingales
with independent increments and suppose X has no fixed time of discontinuity. Sup-
pose that X" = N" 4+ A" and X = N + A are canonical decomposition. If X" Zx,
we have g -v' — g - v under Skorokhod topology in D(R) for all g being continuous.
bounded function on H which is 0 around 0 and has a limit at infinity.

Lemma 4.2. Assume that X" 25X and that for each t > 0, the sequence of
random variables {sup, WX/}, is uniformly integrable. Then if B,(t) = E"X
and B(t) = EX,, we have B, — B under Skorokhod topology in D(H).

Proof. Put Bi(¢) = E"(ILX"), B*(t) = E(II;X,),k>1, n=1. For all k=1,x"2x
implies f£ — ¥ in D(R*) by Lemma VII-3.8 of Jacod and Shiryaev. Hence f§ is the
only possible limit point of the sequence {f"},>: in D(H). Therefore it remains to
prove that the sequence {f"},5, is relatively compact. In view of Theorem 3.2(b), it
is enough to prove that the set 4 = {f"},> meets the conditions 3.2(b) (i)—(iii).
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For any N > 0,¢ > 0 and 6 > 0, by Theorem 3.3, xnLx yields that there exist
ng, m € N such that

P (sup |X — Vo X7 > 5) <& nzng. (4.1)
SEN

Since
sup sup (5] < sup £ ( sup 7] ) < o0 (42)
nzls<N 21 s

and
sup [|X) — Vyy 0 I, X]'|| <2 sup |IX]], (4.3)
s<N sEN

we have that {B,},>1 meets the condition 3.2(b)i) by (4.2) and
{sup,en I1X7 ~ Vi o X}, , is uniformly integrable from {sup,.  [| X/}
formly integrable. Hence

nzl

sup sup [|u(s) — Vi © HpPa(s)| < sup E"(Sup X" = Vin o X[ |1)
nzl s<N nz1
implies {f,},>1 meets the condition 3.2(b)(iii).
Finally, by f* — B" (n — o0) in D(R™) and {f,},>, meeting the condition
3.2(b)(iii), we easily deduce that {f,},>, meets the condition 3.2(b)(ii). [

Theorem 4.3. Let X" and X be the same as in Lemma 4.1. IfX"-(j—>X, [[AN*|| <a
for all nz1, and sup,(N"), < oo for all t > 0, then we have the following:
(i) A" — A under Skorokhod topology in D(H);
(ii) ((N")) —> ((N)) under Skorokhod topology in D (H&H);
(iii) g -v! — g- v, for all t > 0, g € CS(H), where CJ(H) is the set of all
continuous, bounded function g =0 on H satisfying that there are a>0, b>0 (a < b)
such that g(x) =0 for ||x||<a,||x|| > b.

Proof. We suppose that X nLx. By Lemma 4.1, we have the condition (iit). Since
sup,, Var({({N"))), < oo for all t > 0, by using Lemma VI1-3.34 of Jacod and Shiryaev,
we obtain

2 +K2E((N"),2)} < oo,

sup £ (sgp IIN.fII“) < sup {Kia? [E(N)P)]

n s&t n
where K|, K, are constants, and the sequence {sup,, ||NJ||”},> is uniformly inte-
grable if p < 4. As in the proof of Theorem VII-3.13 of Jacod and Shiryaev, we

deduce that the sequence {sup,, ”Xs"||},,>, is uniformly integrable.

Note A} = E"X', A, = EX;, X "—’LX , and X" and X are H-valued semimartingales
with independent increments, Lemma 4.2 yields that 4" — A4 under the Skorokhod
topology in D(H ), that is, {X"} meets (i).

Finally, since X has no fixed time of discontinuity and 4 is continuous, X" Lx and
A" =5 4 yield N"-25N. This implies (V)% 2N ®:. Hence we have ((N")) — ((N))
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under Skorokhod topology in D (H&,H) by Lemma 4.2. That is, {X"} meets the
condition (ii). [

Theorem 4.4. Let X" and X be locally square integrable H-valued semimartingales
and let X be with independent increments and without fixed time of discontinuity.
Suppose that {X"} satisfies

lim limsup P" (JIx[*Igx) »a) - V) > 1) =0, V20, 5 > 0. (4.4)
a—=0C hooc

Then we have X"—2>X if the following conditions hold
(i) sup, ., 4" — A5||-=0 for all t>0;
(i) sup,, [{N"))s = (V)5 =0 for all >0
(iii) ¢ - v;’L»g v, for all t >0, g € Cj(H).
Proof. Since X has no fixed time of discontinuity, 4 and ({(N)) are continuous by (1.2)

and (1.3). The hypotheses (i) and (ii) yield that {4"} and {((N"))},., are C-tight.
g-v is increasing, continuous function on R, for every g € C; (H), the hypothesis (iii)

implies ¢ - v'—2>g - v. Hence {g-v"},s, is C-tight. So {X"} | meets the condition
3.7(iv). Because of X = 0, it is clear that 3.7(i) is met. For all N > 0,& > 0, there
is a € Q. such that g, - vy <v([0,N] x {|jx|]| > 1/a}) <s&, we have by the condition
(iii)
PEO([0N] < {lx]| > 2/a}) > 2e) <P'(llga - vi = ga - vvll > &) — 0.
That is, 3.7(ii) is met. For every g € Cj(H), there are « > 0,6 > 0 such that
g(x) =0 for |jx|| <a and g<b, then
gol =Vyuolly)- vy
<OV([OONY X {x = Vo Myx : ||x = Vo x| =al) — 0. m — oo
Hence
P'(go(I = ViyoIly) vy > 2¢)
<P(|go(I = Vo Iy) vy —go(I = Vyoll,)-vy|l > &)
+Pgo (I —V,oll,)-vy > &)

implies that the condition 3.7(iii) is met by the condition (iii). Therefore {X"} _, is
tight by Theorem 3.7.

From Theorem VIII-2.18 of Jacod and Shiryaev, we obtain that I1,X "—’y}—>17,,,X on
[0,T] for all m=1 and T > 0. Hence X is the only possible limit for the sequence
{X"}. This means xLx. O

Corollary 4.5. Let X" and X be the same as in Lemma 4.1. Assume that
lim limsup [|x|| T (jxy>ay - Vi =0, VYt > 0 (4.5)

Then we have the conditions 4.3(i)-(iir).
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5. Convergence of integrable H-valued martingale measures

In this section, we only study integrable H-valued martingale measures. For sim-
plicity, we still call them martingale measures.

Definition 5.1. Let A" and M be martingale measures. We say that M" converges to
M in distribution and write M"—S5M if for every [ € Cp(Ry x E),

| e omrds, - [ risxmds, dx).
0 JE 0o JE

Theorem 5.2. Let M" and M be orthogonal martingale measures, (M") = v' and (M)
=

(i) Suppose

lim limsup P"(V/([O,N]1x E) > a)=0, YN > 0, (5.1)

a— 00 n—00

(/0./EIAIMn(ds,dx),...,/O'/EIA‘_Mn(ds’dx))
—({»(/OV/EIA,M(ds,dx),.._’/O'/EIAAM(ds,dx)) (5.2)

Jor all sequence {A,,... Ay} of v-continuous disjoint sets.
Then we have M" LM
(ii) Let M"-2M and
lim limsup P"(v(4,) > ¢)=0, Ve>0 (5.3)

m—0o0  p—oo

for all sequence {Apn}, ., of closed v-continuous sets such that limy_ .. ¥(Am) = 0,
we have

/ / Li(s,x)M"(ds, dx )L / / Ly(s,x)M (ds, dx).

o JE o JE

Sor all v-continuous set ACR, x E.

Proof. It is the same as the proof of Theorem 2.4 of Xie (1994). [

Remark. This theorem is an extension of Theorem 3.2 of Thang.

Corollary 5.3. Let M" and M be strongly orthogonal martingale measures with in-

dependent increments and M be continuous. If (5.2) is replaced by the condition that
for all v-continuous set A

/0 | /E Lu(s,x)M"(ds, dx)-2> /0 | /;E Lu(s, x)M(ds, dx), (5.4)

the conclusion of Theorem 5.2(i) remains true.
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Proof. Let {4;},, be a sequence of v-continuous disjoint sets. From (5.4) we have

wi= [ [ narsan s [ [ a0 =x v<isk (5.5)
0 E 0 E

Since M is continuous martingale measures with independent increments, we know
that X’ (i<k) are continuous square integrable independent H-valued martingales.
(5.5) implies that {X”"}n;1 is C-tight for all i<k. Hence, {X" = (X"l""’X"k)}n>1
is C-tight. Suppose Y is limit point of {X"}. By Skorokhod’s theorem, there ex-
ists a subsequence {X"} of {X"} such that X"» — ¥, a.s. under Skorokhod topol-
ogy on D(H*). Since M" and M are strongly orthogonal martingale measures with
independent increments, we have that X! . X"% and X' ., X* are independent,
respectively. X' — X', as. implies £(Y) = £(X). This implies that (5.2)
holds. [

Let v',v € .#(E) be random measures on Z(FE), we say that v' converges to v in
distribution and write v'—v if for any f € Cx(F), fE f(x)v"(dx)-—y:» fE Fx)v(dx).

Theorem 5.4. Let M" and M be H-valued orthogonal martingale measures. ((M")) =
V', ({M)) =7, and let " and B be the dual predictable projections of random
measures associated to the jumps of M" and M, respectively. Suppose that M s
strongly orthogonal and has no fixed time of discontinuity and MMII, and for all
t>0,0>0 feCyRy xE),

{
lim limsup P" / /
470 n—oo 0 J.#(E)

]{HfEf(&X)y(dX)H>a}ﬂ"(ds,dy) > 5} =0. (5.6)

2

/ S (s,x) y(dx)
E

Then we have M"—>M if the following conditions hold:
. £
(i) v'—v;

(i) for all f € Cy(R, x E),g € Cg(H),t > 0,

/01 /.,,(,5) g ( | (s,x)y(dx)) p(ds.dy)
- /01 ///(E)g (-/E f(s’x)y(dx)> B(ds,dy).

Proof. Since M is MMII, we know that v and f are deterministic by Theorem 2.7.
For f € Co(R, x E), we put

X" = | " = | . .
/O/Ef(s,x)M (ds,dx), X /O/Ef(s,x)M(ds,dx) (5.7

Then X" and X are H-valued square integrable martingales, and X has no fixed time
of discontinuity and with independent increments. Let A" and 4 be the dual predictable
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projections of the random measures associated to the jumps of X” and X, respectively.
For all g € C;(H), we have g- A" 5g . 4, for all t > 0 by the condition (ii) and
(2.1). The condition (i) yields

nmy V 2 —n _5/'_) . 2 — _
(xmy) = /O /E F2(s.x)V'(ds, dx) /0 /E F2(s.0)W(ds,dx) = (X)),

(5.6) implies that X" satisfies (4.4). Hence x-Lx by using Theorem 4.4. The arbi-
trariness of f implies M"—5M. O

Corollary 5.5. Let M" and M be strongly orthogonal MMII and let M have no fixed
time of discontinuity. Let V', v, B" and [ be the same as in Theorem 5.4. Suppose

t
lim limsup//
a=00 paoo Jo J wE)

forall t > 0, f € Co(R, x E). we have MM if the following conditions hold,
o n P
(i) V'V,

(ii) for all t > 0,g € Cj(H), f € Cy(R, x E),

| S ([ r0man) pras.ar)
— /0: //,(E)g (fEf(s,x)y(dx)> B(ds, dx).

Proof. The proof is exactly as in Theorem 5.4, one has only to replace Theorem 4.4
by Corollary 4.5. [

2
L1, s o} (05 49) = 0.
(5.8)

/ (s.0)y(dx)
E

Theorem 5.6. Let M" and M be the same as in above theorem. Suppose | M"({s} x
E)| <b,s20,n=1,b is a constant. Then MM if and only if the condition 5.5(i)
and (i) hold.

Proof. We only prove necessity. Suppose M"-“.M. For any f € Cp(Ry x E), let
X" and X be the same as in the proof of Theorem 5.4. Then X" and X are square
integrable H-valued martingales with independent increments and X has no fixed time
of discontinuity. From the hypotheses, there is @ > 0 such that ||4X"||<a for n=1
and sup,{X"), < oo for all ¢+ > 0. By Theorem 4.3, we have

(@) ((X")) — ((X)) for Skorokhod topology in D (HQH);

(b) g- A/ — g- A forall t > 0,9 € Cj(H).

This means that [ [ £2(5,%)7(ds, dx) =5 Jo J& 7(s,x)¥%(ds,dx) and

/01 ././/(E)g (/E f(s,x)y(dx)) B'(ds,dy)
- /ot ///(E)g (/E f(s’x)y(dx)> p(ds,dy).
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By / and g being arbitrary, we deduce that 5.5(1) and (i1) hold. [J
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