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Abstract 

With the aim to enhance the energy conversion efficiency of the rainbow shape piezoelectric transducer, an analysis model of 
energy conversion efficiency is established based on the elastic mechanics theory and piezoelectricity theory. It can be found that 
the energy conversion efficiency of the rainbow shape piezoelectric transducer mainly depends on its shape parameters and ma-
terial properties from the analysis model. Simulation results show that there is an optimal length ratio to generate maximum en-
ergy conversion efficiency and the optimal length ratios and energy conversion efficiencies of beryllium bronze substrate trans-

ducer and steel substrate transducer are (0.65, 2.21
) and (0.65, 1.64
) respectively. The optimal thickness ratios and energy 

conversion efficiencies of beryllium bronze substrate transducer and steel substrate transducer are (1.16, 2.56
) and (1.49, 

1.57
) respectively. With the increase of width ratio and initial curvature radius, both the energy conversion efficiencies de-
crease. Moreover, beryllium bronze flexible substrate transducer is superior to the steel flexible substrate transducer. 

Keywords: energy conversion efficiency; rainbow shape; piezoelectric transducer; theoretical analysis; energy harvesting; elec-

tromechanical coupling coefficient 

1. Introduction1 

The use of microelectronic devices has grown stead-
ily in the past few decades. It is a challenge to provide 
efficient and clean power for these devices. In most 
cases, these devices have all relied on the use of elec-
trochemical batteries for providing electrical energy to 
work. However, the increase in power used by the 
electronics has led to a reduction in battery lifespan 
and has limited the functionality of the devices. In or-
der to extend the life, researchers have begun explor-
ing methods of obtaining electrical energy from the 
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ambient energy surrounding the devices. Potential en-
ergy sources are available in the operating environ-
ment of microdevices include solar, thermal, acoustic 
vibrations, electrical, or some combination thereof. 
Because of the widespread and high energy density [1], 
more and more researchers are interested in harvesting 
ambient vibration energy. 

After reviewing and making a comparison of meth-
ods of scavenging vibration energy, Roundy, et al. [2-3] 
have concluded that piezoelectric harvesters [4-13] 
scavenging ambient vibration energy are very promis-
ing, because the piezoelectric harvesters have signifi-
cantly higher efficiency than other potential power 
scavenging technologies, such as electrostatic harvest-
ers [14], electromagnetic harvesters [15], etc. Further-
more, the piezoelectric harvesters require no external 
voltage source and are particularly attractive for use in 
micro-electro-mechanical systems (MEMS). As a re-
sult, piezoelectric materials for scavenging energy 
from ambient vibration sources have recently seen a 
dramatic rise in the use for energy harvesting. This 
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includes the use of resonant piezoelectric-based struc-
tures of cantilever beam configuration. Other harvest-
ing schemes [16-18] include the use of long strips of pie-
zoelectric polymers in ocean or river-water flows, piez 
oelectric ‘cymbal’ transducers, piezoelectric ‘drum’ 
transducers, and piezoelectric windmill for generating 
electric energy from wind energy. However, these piezo-
electric devices can only harvest the vibration energy 
of one direction and they have low efficiency in the 
surroundings with random vibration. With the aim to 
harvest multi-direction ambient vibration energy, a 
novel multi-direction ambient vibration energy har-
vester is proposed and a novel rainbow shape piezo-
electric transducer is applied to the multi-direction 
vibration energy harvester [19]. Liu and Chen [19] have 
studied the feasibility of the rainbow shape piezoelec-
tric transducer to harvest vibration energy. With the 
aim to enhance the generated electric energy, the en-
ergy conversion efficiency of the rainbow shape pie-
zoelectric transducer should be studied. 

In this paper, a method is presented to estimate the 
energy conversion efficiency of the rainbow shape 
piezoelectric transducer. Moreover, the numerical 
simulation is performed to analyze the influence of the 
shape parameters and material properties of the rain-
bow shape piezoelectric transducer on energy conver-
sion efficiency. 

2. Structure and Principle of Rainbow Shape Piezo-
electric Transducer 

Figure 1 shows the schematic diagram of the rain-
bow shape piezoelectric transducer consisting of a 
metal flexible substrate, two piezoelectric films and 
four electrodes. The metal flexible substrate sand-
wiched between two piezoelectric films and the piezo-
electric film sandwiched between two electrodes. In 
Fig. 1, bp, lp and tp are the width, length and thickness 

of the piezoelectric film respectively; bm, lm and tm the 
width, length and thickness of the metal flexible sub-
strate respectively; and R is the initial curvature radius 
of the transducer. 

 

Fig. 1  Sketch map of rainbow shape piezoelectric transducer. 

The rainbow shape piezoelectric transducer can be 

deformated as the external force applied to the trans-
ducer. So the strain and stress of the piezoelectric films 
change at the same time. According to the piezoelec-
tricity theory, electric charge can be generated on the 
surface of the piezoelectric films as the strain and 
stress change. The linear constitutive equations that 
describe the mechanical and electrical behavior of 
piezoelectric materials are as follows [20]: 

 
e� �S s T dE  (1) 

 
t� �D dT E�  (2) 

where S and T are strain and stress tensors, respec-
tively; D and E the electric displacement and electric 
field vectors, respectively; also, se is the elastic com-
pliance matrix evaluated in a constant electric field, �t 
a matrix of permittivity values that are evaluated at a 
constant stress, and d a matrix of piezoelectric strain 
coefficients. 

3. Theoretical Analysis of Energy Conversion 

Based on the principle of the rainbow shape piezo-
electric transducer, the generated electric energy de-
pends on the deformation or stress distribution of the 
transducer. In the analysis, the theoretical derivation 
of the energy conversion efficiency is for 
quasi-static behavior and the excitation force ap-
plied to the rainbow shape piezoelectric transducer 
is F. Based on the calculation formulas of potential 
energy of piezoelectric materials and the mechanical 
analysis of the transducer, the generated charge and 
voltage of every piezoelectric film can be expressed 
as follows: 
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where i=1 denotes arc inside piezoelectric film and 

i=2 denotes arc outside piezoelectric film; Ep and Em 
are the elastic modulus of the piezoelectric film and 

metal flexible substrate respectively; 33�  and 31d are 

the element of t� and d respectively; and 
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Based on Eqs. (3)-(4), the potential energy under 
constant voltage and constant current can be deduced. 
For the short circuit, there will be Vi=0, which is 
equivalent to constant voltage. 

For the flexible substrate, the potential energy den-

sity can be described as 

 2
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where dum, 
1,mS  and 

1,mT  are the potential energy 

density, the strain and the stress of the flexible sub-
strate, respectively. 

Thus, the constant voltage potential energy of the 

flexible substrate is 
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By Eq. (6), the constant voltage potential energy of 

the flexible substrate can be obtained as follows: 
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For the piezoelectric film, the potential energy den-
sity can be described as 
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where pdu , 1,pS  and 1,pT  are the potential energy 

density, strain and stress of the piezoelectric film, and 

3D  and 3E  the electric displacement and the electric 

field of the piezoelectric film. 

Correspondingly, the constant voltage potential en-

ergy of the inside piezoelectric film of the rainbow 

shape piezoelectric transducer is 
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By Eq. (9), the constant voltage potential energy of 

the inside piezoelectric film of the rainbow shape pie-

zoelectric transducer can be obtained as follows: 

 
2

p 2 2

p1 p 11 6 7 82

2 2

p 31 6 7 8

2

p 21 6 8 8 7

[ ( 2 )
2

          ( 2 )

( 2 2 2 2 )]

V E R
U b p p e p c p ce

h
b p p c p a p ac

b p p ce p ae p c p ac

� � � �

� � �

� � � �

 

(10)

 

where 

p p2

6

1
sin

2 2

l l
p F R

R R
� �

� �� �
� �

 

2 2 2 m m
7 p

p p p

cos 4 cos
2

1
       sin sin

2 2 2

l l
p F R l R

R R

l l l
R

R R R

�� � "��
�� �

� � �� �
�� ��

 

p p p2 2 m
8

1
2sin cos sin

2 2 2 2

l l ll
p F R

R R R R
� �

� � � �� �
� �

 

The constant voltage potential energy of the outside 

piezoelectric film of the rainbow shape piezoelectric 

transducer is 
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Based on Eq. (11), the constant voltage potential 

energy of the outside piezoelectric film of the rainbow 

shape piezoelectric transducer can be obtained as fol-

lows: 
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By Eq. (7), Eq. (10) and Eq. (12), the total potential 

energy of the whole rainbow shape piezoelectric trans-

ducer in the case of constant voltage can be written as 

 m p1 p2

V V V VU U U U� � �  (13) 

For the open circuit, both the current and the applied 

external voltage are zero. Thus, the voltage on the 

rainbow shape piezoelectric transducer is equivalent to 

the generated voltage Vi. According to Eq. (5), the 

constant current potential energy of the flexible sub-

strate can be obtained: 
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According to Eq. (8), the constant current potential 

energy of the inside piezoelectric film of the rainbow 

shape piezoelectric transducer can be obtained: 
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Correspondingly, the constant current potential en-
ergy of the outside piezoelectric film of the rainbow 
shape piezoelectric transducer is 
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By Eqs. (14)-(16), the total potential energy of the 
whole rainbow shape piezoelectric transducer in the 
case of constant current can be written as 

 m p1 p2

I I I IU U U U� � �  (17) 

According to the definition of the effective electro-
mechanical coupling coefficient, the effective electro-
mechanical coupling coefficient of the rainbow shape 
piezoelectric transducer can be expressed as 
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By substitution of Eq. (13) and Eq. (17) into Eq. 
(18), then the effective electromechanical coupling 
coefficient can be obtained. 

As the effective electromechanical coupling coeffi-
cient is calculated out, then the maximal energy con-
version efficiency can be obtained as follows: 
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4. Simulation and Analysis 

4.1. Comparison of generated voltage with data from
 finite element simulation and experiment 

The performance of the rainbow shape piezoelectric 
transducer can be obtained by the analytical equation 
derived above. However, the analytical equation needs 
to be verified because of some assumptions applied 
during the derivation. One effective method to verify 
the analytical equation is to compare the analytical 
results with the finite element (FE) results and experi-
mental results. Here, only the generated voltage of the 
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rainbow shape piezoelectric transducer with beryllium 
bronze substrate is considered. In the calculations, we 
use polyvinylidene fluoride (PVDF) as the piezoelec-
tric material and use beryllium bronze as the flexible 
substrate material. Furthermore, the solid-98 is chosen 
to model the piezoelectric layer and the solid-92 is 
used to model the flexible substrate. Table 1 gives the 
material properties and structural parameters of the 
rainbow shape piezoelectric transducer analyzed in this 
paper. The other parameters of the transducer are given 
as 
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where the unit of e is C/m2 and the unit of c is 109 
N/m2. 

Table 1  Dimensions and material properties of rainbow 
shape piezoelectric transducer 

Parameter PVDF 
Berylium 
bronze 

Steel

Density/(kg·m�3) 1 780 8 290 7 800

Elastic modulus/GPa  131 210 

Poisson ratio 0.3 0.35 0.3 

Thickness/mm 0.2 0.1 0.1 

Width/mm 4 4 4 

Length/mm 12 12 12 

Relative dielectric constant 12   

Initial curvature radius/mm 8 

 
Figure 2 shows the relationship between analytical 

solution, FE simulation and experiment results gener-
ated by voltages and the piezoelectric film thickness 
when a constant excitation force 1.0 N is applied. The 
optimal thicknesses of the piezoelectric film from the 
analytical solution, FE simulation and experiment are 
all 0.2 mm. It can be found that the results from ana-
lytical solution are in a good agreement with the FE 
simulation results and experimental results. This sug-
gests that the derived analytical equations are valid. 

4.2. Energy conversion efficiency 

In order to demonstrate the influence of shape pa-
rameters and materials of the rainbow shape piezo 
electric transducer on energy conversion efficiency, 

 

Fig. 2  Effect of piezoelectric film thickness on generated 
voltage. 

some numerical results are presented in the following 
text. 

Here, the length ratio of the piezoelectric film to 
flexible substrate is denoted by � = lp/lm. Figure 3 
shows the effect of the length ratio on energy conver-
sion efficiency of the rainbow shape piezoelectric 
transducer with beryllium bronze flexible substrate and 
steel flexible substrate under constant external force 
1.0 N. Obviously, the optimal length ratios of the 
rainbow shape piezoelectric transducer with beryllium 
bronze flexible substrate and steel flexible substrate 
are both 0.65, and the maximum energy conversion 

efficiencies of the transducers are 2.21
 and 1.64
 
respectively. 

 

Fig. 3  Effect of length ratio on energy efficiency. 

The thickness ratio of the piezoelectric film to flexi-
ble substrate is denoted by � = tp/tm. Figure 4 presents 
the relationships between the energy conversion effi-
ciencies and thickness ratios of the two transducers 
under constant external force 1.0 N. It can be found 
that the optimal thickness ratios for the transducers to 
obtain peak energy conversion efficiencies are differ-
ent and the optimal thickness ratios of the transducers 
with beryllium bronze flexible substrate and steel 
flexible substrate are 1.16 and 1.49 respectively. Cor-
respondingly, the maximum energy conversion effi-

ciencies of the transducers are 2.56
 and 1.57
 re-
spectively. 
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Fig. 4  Effect of thickness ratio on energy efficiency. 

Comparing Fig. 3 with Fig. 2, it is found that the 
optimal thickness ratios for the beryllium bronze sub- 
strate transducer to obtain maximal voltage and maxi-
mal energy conversion efficiency are different. The 
reason is that the energy conversion efficiency depends 
on the converted electric energy and the converted 
electric energy is the product of voltage and charge. 
Furthermore, the charge decreases with the increase of 
thickness ratio. Therefore, the optimal thickness ratio 
for energy conversion efficiency is smaller than that 
for voltage.  

Furthermore, the simulation results suggest that the 
transducer with optimal length ratio and thickness ratio 
has the largest energy conversion efficiency. The rea-
son is that the converted electric energy of the trans-
ducer increases with the increase of the length ratio, 
whereas the strain of the transducer decreases. As a 
result, the energy conversion efficiency of the trans-
ducer would reach maximum at an optimal length ratio. 
As the thickness ratio changes, the results of the en-
ergy conversion efficiency are similar to the length 
ratio. 

The width ratio of the piezoelectric film to flexible 
substrate is denoted by � = bm / bp. Figures 5-6 show 
the effect of the width ratio and initial curvature radius 
on energy conversion efficiency of the rainbow shape 
piezoelectric transducer under constant external force 
1.0 N. It can be found that the energy conversion effi-
ciencies of the transducers both decrease as the width 
ratio and initial curvature radius increase. However, 
the effect of the initial curvature radius is smaller. This 
suggests that the transducers with smaller width ratio 
and initial curvature radius have larger energy conver-
sion efficiency. The reason is that the strain of the 
transducer decreases as the width ratio increases, so 
small width ratio will be beneficial for converting 
electric energy. In addition, the normal component of 
the exciting force decreases with the increase of the 
initial curvature radius. As a result, the strain of the 
transducer decreases. 

Furthermore, it can be found that the energy conver-
sion efficiency of the transducer with beryllium bronze 
flexible substrate is larger than that of steel flexible 
substrate. It suggests that beryllium bronze flexible 
substrate transducer is superior to the steel substrate 

transducer and the beryllium bronze should be utilized 
for the rainbow shape piezoelectric transducer to en-
hance the energy conversion efficiency. 

 

Fig. 5  Effect of width ratio on energy efficiency. 

 

Fig. 6  Effect of initial curvature radius on energy efficiency. 

5. Conclusions 

A method is presented to estimate the energy con-

version efficiency of the rainbow shape piezoelectric 

transducer. The research results show that both the 

shape parameters and elastic modulus exert great in-

fluence on energy conversion efficiency and the results 

obtained from analytical equation are in a good 

agreement with those from FE results and experimen-

tal results. With the increase of length ratio, there is an 

optimal length ratio to generate maximum energy 

conversion efficiency, and the optimal length ratios 

and energy conversion efficiencies of beryllium bronze 

substrate transducer and steel substrate transducer are 

( 0.65, 2.21
) and ( 0.65, 1.64
) respectively. The 

optimal thickness ratios and energy conversion effi-

ciencies of beryllium bronze substrate transducer and 

steel substrate transducer are (1.16, 2.56
) and ( 1.49, 

1.57
) respectively. With the increases of width ratio 

and initial curvature radius, the energy conversion ef-

ficiencies both decrease. On the other hand, beryllium 

bronze flexible substrate transducer is superior to the 

steel flexible substrate transducer. Although the theo-

retical derivation of the energy conversion efficiency is 
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quasi-static behavior and it is not directly applicable 

for vibration-based energy harvesting, it is helpful for 

the optimization design of the rainbow shape piezo-

electric transducer. 
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