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1. Introduction

In [1], Eloe and Ahmad studied the problem
u +f(t,u) =0, te(0,1), (1.1)
u0) =0, u'(©)=0,...,u"?20)=0, au(n) =u(l), (1.2)

where0 < n < 1,0 < an™! < 1,andf : [0, 1] x R — R is a continuous function, and they proved the existence of
solutions for the problem (1.1)-(1.2) whenf is either sublinear or superlinear. In this paper, we are interested in the existence
of both sign changing solutions and positive solutions for this problem under conditions different from those imposed in [1].
Our approach is based on the application of three different fixed point theorems. In the last section of the paper we extend
the results obtained for this problem to the boundary value problem consisting of Eq. (1.1) and the multipoint boundary
condition

m—2

u©0) =0, v(©0)=0,....u"?0) =0, u(l)=) o).
i=1

First, we introduce some notation and preliminary facts that are used throughout the paper. Let E = C°([0, 1], R) be the
Banach space of all continuous functions from [0, 1] into R endowed with the norm

lull =sup{lu@®)| : 0 <t <1},
and let L'([0, 1], R) be the Banach space of integrable functions on [0, 1] with the norm

1
uls =/ u(s)] ds.
0

We need the following lemmas in the sequel. The first three of these are due to Eloe and Ahmad.
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Lemma 1.1 ([1, Lemma 2.2]). Let 0 < an™ ! < 1.If u € E satisfies the differential inequality u™ (t) < 0for 0 < t < 1and
the boundary conditions (1.2), thenu > 0 on [0, 1].

Lemma 1.2 ([1, Lemma 2.3]). Let 0 < an™ ! < 1.If u satisfies u™ (t) < 0 for 0 < t < 1 and the boundary conditions (1.2),
then

inf u(t) = y|lull,
te[n,1]
where y = min {an”‘l, a(l—nd—an!, 77"_1}-

Lemma 1.3 ([1]). The Green’s function G(t, s) associated with the problem (1.1)-(1.2) is defined by

a(s)t"! .
W, fo<t<s<1,
G(t,s) = o (1.3)
a(s)Ht" ! 4 (t —s)™ !
© (+(1), T fo=s=t=<1,
n—1!
where
(1—s)"!
Ti—ap =S
a(s) = —1 —1
(1—-9"" —a@m—s9)"
— Tpp—— , S=n

It is easy to prove the following result.

Lemma 1.4. The Green'’s function G(t, s) associated with the problem (1.1)-(1.2) is negative on (0, 1) x (0, 1) and satisfies

1+0“7n71
J’_
1—ann1

G(t, s)| =

= o) ] =0, forallt,s € [0, 1].

Remark 1.1. In [1], there were a couple of misprints that have led to some confusion. For example, the « in the second
part of the expression above for a(s) was missing. Also, although it was not stated explicitly, it is implied in Lemma 1.2 that
an < 1in order to ensure that y is positive.

2. Existence of sign changing solutions

In this section, we are concerned with the existence of sign changing solutions for the problem (1.1)—(1.2) under different
kinds of growth conditions on the nonlinear function f. Such problems were considered by, for example, Infante [2] and
Infante and Webb [3] for the case n = 2. Our main result in this section is the following.

Theorem 2.1. Assume that one of the following hypotheses is satisfied.
(a) There exist q € L'([0, 1], RY), a continuous function F : R — R™*, and a constant ry > 0 such that
If(t,u)| < q(t)F(u) forall (t,u) €[0,1] xR
and

o
max F(y) <

Wy .
lyl<ro onlqlq

(b) There exist q € L' ([0, 1], R*) and a continuous function F : R — R such that
Ift,w)| < q(t)F(u) forall(t,u) € [0,1] xR
and
onfolqly < 1,

where

. _F(s)
lim — =
s—0 S

Fo.
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(c) There exists a continuous function F : [0, 1] x R — R that is nondecreasing in its second argument and a constant r; > 0
such that
If(t,u)| < F(t,u) forall(t,u) €[0,1] xR

and

1
L5

/ F(s,r1)ds < —.
0 0,

n
Then the problem (1.1)-(1.2) has at least one solution.

The proof of this theorem makes use of the following result known as Schauder’s fixed point theorem.

Theorem A ([4]). Let E be a Banach space and let C C E be a bounded, closed, and convex subset of E. Let A : C —> C be a
completely continuous operator. Then 4 has a fixed point in C.

Proof of Theorem 2.1. Set C = {u € E : |lu|| < ro} and define the operator 4 : C —> E by

1
Au(t) = — f G(t, s)f (s, u(s)) ds.
0
We can easily verify that fixed points of the operator «4 are solutions of the problem (1.1)-(1.2). A standard application of

the Arzela-Ascoli theorem guarantees that «4 is completely continuous. All we need to show is that A(C) C C.
(a)Fort € [0, 1], we have

1
| Au(t)] 5/ |G(t, s)|q(s)F (u(s)) ds
0

IA

1
On / q(s)F(u(s)) ds
0

onlqly max F(y)
lyl<ro

IA

<r0

forall u € C. Thus, ||Aul|| < ro, and so A(C) C C.
(b) Choose € > 0 so that o,,(Fg + €)|q|1 < 1.There exists rqg > 0 such that

- F(v)
|v|] <19 implies |—— —F
v

<e.
Fort € [0, 1],
1
[Aut)| < f |G(t, s)|q(s)F (u(s)) ds
0

< on(Fo + €)lql1[u(s)]

< on(Fo +€)Iqliro

=<

To

for allu € C. Hence, ||Au|| <rpandso 4A(C) C C.
(c)For t € [0, 1], we have

1
| Au(t)] 5/ |G(t, s)IIf (s, u(s))| ds
0

IA

1
an/ F(s, Ju(s)|) ds
0

IA

1
o / Fs. lul) ds
0

IA

1
on/ F(s,r1)ds
0
=n
for all u € C. Therefore, ||Au| < r; and so A(C) C C. This completes the proof of the theorem. O

We will illustrate the above theorem with a couple of examples.
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Example 2.1. Consider the nonlinear third-order boundary value problem

v+ ttu+1)°/10=0, te(0,1), (2.2)
u(0) =0, u'(0)=0, u(1/2)=u(1). (2.3)
Note that

|G(t,s)| < o3 =4/3 forallt,s € [0, 1].

By taking q(t) = t*/10 and F(u) = |u + 1/°, we then have |g|; = 1/50, so condition (2.1) holds with ry = 1. From part (a)
of Theorem 2.1, the problem (2.2)-(2.3) has at least one nontrivial solution.

Example 2.2. Consider the problem
V' + 3 /lu+1=0, te(0,1), (2.4)
u(0) =0, u'(0)=0, u(1/2)=u(l). (2.5)

By taking q(t) = t3 and F(u) = /[u + 1], then from part (c) of Theorem 2.1 with r; = 1, the problem (2.4)-(2.5) admits at
least one nontrivial solution.

3. The sublinear case

In this section, we are concerned with the existence of solutions for the problem (1.1)-(1.2) under a sublinear condition
on the function f. Our main result of this type is the following.

Theorem 3.1. Assume that there are functions q;, ¢, € L'([0, 1], RT) such that
If(t, w)| <qi(t)|u] + q2(t) forallt €[0,1] and u€R.
If onlq1|1 < 1, then the problem (1.1)-(1.2) has at least one solution.

The proof of this theorem will make use of the following Leray-Schauder nonlinear alternative.

Theorem B ([5,4]). Let E be a Banach space and let $2 be a bounded open subset of E with 0 € 2, and let A4: 2 — E be a
completely continuous operator. Then either there exist u € d£2 and > > 1 such that Au = Au, or there exists a fixed point
u* € 2 of the mapping A.

Proof of Theorem 3.1. Let £2 is a bounded open set to be chosen later, letu € 9£2, and let A > 1 be such that Au = Au. For
t € [0, 1], we have

1 1
X/ IG(t, )|If (s, u(s))| ds
0

[u(t)| <
1
< on/ (@1 ) |u(s)| + qz(s)) ds
0
< on (qilillull + lgz211) -

Hence, ||u|| < on (Iq1l1llull + |gz2]1), or ||u]| < (M) =M.With2 ={ue€E : |u]]| <M + 1}, the second alternative

1—onlq1h
in Theorem B is not satisfied, so the existence of a solution to the problem (1.1)-(1.2) follows. O

Example 3.1. Consider the nonlinear third-order problem

U+ B J/u+t+1=0, te (1), (3.1)
u(0) =0, u'(0)=0, u(1/2)=u(1). (3.2)

Taking f(t, u) = t3/[u[+t+1,q:(t) = t3,and q;(t) = t + 1, Theorem 3.1 implies that the problem (3.1)-(3.2) has at least
one nontrivial solution.

As a final remark in this section, we should point out that since the trivial solution satisfies the boundary conditions, it
is possible that the solution whose existence is guaranteed in Theorems 2.1 and 3.1 may in fact be the zero solution. The
added condition that f (t, 0) = 0 ensures that this is not the case (see Examples 2.1, 2.2 and 3.1).
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4. Existence of positive solutions

Under suitable assumptions on the nonlinear function f, we shall prove the existence of a positive solution to the problem
(1.1)—(1.2). The proofs rely on the Guo-Krasnosel’skii fixed point theorem in cones given in Theorem C. This approach has
been used by many authors in the last ten years. In a very nice paper that recently appeared, Webb [6] used the fixed point
index to prove the existence of positive solutions. He made use of a careful analysis of the Green’s function.

Theorem C ([7,8]). Let E be a Banach space and K C E be a cone in E. Assume that §2, and $2, are two bounded open sets in E
such that 0 € 21 and §21 C $25. Let A : K N (£2; \ £21) —> K be a completely continuous operator such that either:

(i) lAull < |lu|l for u € K N 082, and ||Aul| > ||ul| for u € K N 382, or
(ii) |lAull > lu|l for u € K N 0821 and || Aul| < |[ul| for u € K N 352,.

Then 4 has at least one fixed point in K N (£2; \ £27).

We will prove three existence theorems; the first one is the following.

Theorem 4.1. Suppose that f : [0, 1] x Rt — R™ is continuous and there exist positive constants M, M, Cy, and C, such
that

(i) f(t,u) <M fort € [0,1]and0 < u < Cy, and
(i) f(t,u) = My fort € [, 1]and yG; <u < Gy,

where C; = 0,M; and G, = M, ! |G(n, s)|ds. Then the problem (1.1)-(1.2) has at least one positive solution.
"

Proof. Without loss of generality, we assume that C; < C, and set
21={ue€E : |ju| <C} and 2, ={u€E : |u| <G}.
We take as our cone the set
K = {u €E : u>0and tg{lglr}]u(t) > y||u||}.
A standard application of the Arzela-Ascoli theorem shows that the operator + is completely continuous. It also follows by

Lemma 1.2 that 4 maps K into K.
Letu € KN 9§24, i.e,u € K and |u|| = C;. We then have

IA

1
0 < Au(t) / |G(t, s)|f (s, u(s)) ds
0

O'an
G
= lull.

IA

Taking the supremum, we obtain
[[Aull < |lull onK N ds2;.
Letu € K N 082,,i.e,u € K and ||u]| = C,. Using the fact that min;¢,,1) u(t) > y |lul|, we have

1
Au(n) =/ IG(n, )If (s, u(s)) ds
0

1
> / 1GG1, 9)If 5. u(s)) ds
n

v

1
Mz/ IG(n, s)| ds
n
= C2
= [lull.
Thus,
llAul > Jlul onK N 3s2,.

By Krasnosel’skii’s fixed point theorem, Theorem C, the problem (1.1)-(1.2) has a positive solution u(t) such that C; < ||u||
<G. O
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To illustrate this result, we have the following example.

Example 4.1. Consider the nonlinear third-order problem

v 4+ f(t,u) =0, te(0,1), (4.1)
u(0) =0, u'(0) =0, u(1/2) = u(1),
where
3 4
Zﬁr"“, ift e[0,1,ue [o, 3]
343 343 4
fit,u) =1t [(27, 648 — f) u — 36, 864 + \Zf} , iftef0,1,ue [g’ 2] ,
3,4 . 1
1152t°u”, ift e 5,1 ,u € [2,400).

It is easy to see that f%l IG(3,s)|ds = 11 and y = ;. Theorem 4.1 is satisfied with M; = 1, C; = 4/3, M, = 1152, and

C, = 8, so the problem (4.1)-(4.2) has at least one positive solution u(t) with 4/3 < |ju|| < 8.

Our second existence theorem in this section employs a type of growth condition on the nonlinear function f very
different to those used in our previous theorems.

Theorem 4.2. Suppose that f : [0, 1] x RtY — R™ is a continuous function and there are continuous functions Fy, F,, Gy,
G, : Rt — RT, where F; and G are nonincreasing and % and % are nondecreasing, such that

Gi1(u) + Gy(u) < f(t,u) < Fy(u) + F,(u) forall (t,u) € [0, 1] x RT.

If there exist constants ro, Ry > 0, 1o # Ry, such that

F(ro) G2(YRo) !
o,F1(0) (1 + F, (To)) <ry and Gi(Rp) (1 + Gl (VRo)) /7; |G(n, s)|ds > Ry, (4.3)

then the problem (1.1)-(1.2) has at least one positive solution.

Proof. With no loss in generality, we may assume that ry < Rg and set
21 ={u€E : |ul| <re} and £, ={u€E : |u|] <Re}.
Ifu € KN g2y, then

0 < Au(t)

IA

1
On / (F1(u(s)) + F2(u(s))) ds
0

F>(ro)
F0) (1
o )( +F1(To)>

IA

IA

To
[lull.

We then have
lAull < flul onK N as2.
Ifu € K N d$2,, then

1
Au(n) 2[ |G(n, $)If (s, u(s)) ds
0
1
> / 1G(1, $)If 5. u(s)) ds
n

1
2/ 1G(n, 9)| (G1(u(s)) + G2 (u(s))) ds
n

Gz(U(S))) ds
G1(u(s))

1
:f IG(n, )G (u(s)) (1 +
n
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Gz(J/||U||)> ds
Gi(y [lul)

(¥Ro)
Gi(Ry) [ 1+ 2 /G, d
1( o)( +G1(yR0)) i |G(n, 5)| ds

Ro
= lull,

v

/ 1G(n, $)|G1(llul) (1 +

v

50
llAul > Jlul onK N 3s2,.

By Krasnosel’skii’s fixed point theorem, the problem (1.1)-(1.2) has at least one positive solution u(t) with ry, < |u||
<Rg. O

As an example of Theorem 4.2 we have the following.

Example 4.2. Consider the third-order problem
t2+1 [
t2 42
u(0) =0, u'(0) =0, u(1/2)=u(1). (4.5)
The first inequality in (4.3) is satisfied with r; = 4. The second inequality in (4.3) reduces to 1+ e®0/32 > 288R,e®0/40, which

is clearly satisfied for sufficiently large Ry. Theorem 3.1 then shows that the problem (4.4)-(4.5) has at least one nontrivial
solution u(t) with 4 < |lu|| < Ro.

u” + e /0 eV, te (o), (44)

Our final existence theorem is the following.

Theorem 4.3. Suppose that f : [0, 1] x Rt — R* is continuous and there are q;, q; € L'([0, 1], RT) and a continuous
function F : R — R7 such that

qi(OF (W) < f(t,u) < qa()F(w) forall (t,u) €[0,1] x RY,

onfolgzl1 < 1, and yFsqi > 1,
where

= lim (—) € (0, +00), Foo = lim Q € (0, +00),

s—0t+ s—+o00

and
1
ﬂzfmmﬂmw¢>a
n

Then the problem (1.1)-(1.2) has at least one positive solution.
Proof. Choose ¢ > 0 such that o,(Fy + €)|q2|1 < 1. There exists H; > 0 such that
F(x) < (Fp+¢€)x for0 < x < Hj.
Let
={uek : |ull <Hi}

and take u € K N 9£2¢. Then,

1
0 < Au(t) < anf q2(s)F (u(s)) ds
0

IA

1
%/qmw®%+a$
0

on(Fo + €)llulllgzlh
l[ull-

IAIA

Hence,

lAull < [lull onK N ag2.
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Now choose € > 0 so that (Fx — €)q] > 1. There exists H, > 0 such that
F(x) > (Fs — €)x forx > Hs.
Let H, = max {2H;, Hy/y } and set
2, ={u€E : |ul] <H,}.

Foru € K N 082, we have
Au@):téhcmHNau@»ds
zténamwvsm@»$
> fnl IG(n, $)|q1()F (u(s)) ds
> /nl IG(n, $)|(Foo — €)|u(s)|q1(s) ds

1
> / IG(n, )| (Foo — €y lullgq(s) ds
n
> lul.
Thus,
lAull > Jlull onK N ds2,.

Krasnosel’skii’s theorem again implies that the problem (1.1)-(1.2) has at least one positive solution u(t) with H; < |u]|
< H,. O

As an example of this theorem, we give the following.

Example 4.3. Consider the nonlinear third-order problem

1
u” + §(t3 + 1) (u+sinu+2940uarctanu) =0, t € (0, 1), (4.6)

u(0) =0, u'(0) =0, u(1/2)=u(l). (4.7)

Takingq; = 1,q2(t) = >+ 1,and F(u) = % (u 4+ sinu + 2940 u arctan u), the hypotheses of Theorem 4.3 are satisfied, so
the problem (4.6)-(4.7) has at least one positive solution.

We can also prove the following corollary.

Corollary 4.4. Suppose that f : Rt — R™ is continuous and satisfies

fo= lim @ € (0,+00) and fo = lim @ € (0, +00),
s—0t S s—>+o00 §

with
onfolgli <1 and yfeGs > 1,

where

1
qs = / |G(n, s)|q(s) ds > 0.
U

Then the problem
u™ 4+ q(Of W) =0, te(0,1), (4.38)
u@©) =0, v(©0)=0,....,u"? =0, aul®) =ul), (4.9)

has at least one positive solution.

Remark 4.1. In the same way as is done in [ 1], we can prove the following:



1670 J.R. Graef, T. Moussaoui / Computers and Mathematics with Applications 58 (2009) 1662-1671

If either
() fo = limg_, o+ =
(b) fo = limg_, o+ =

then the problem (4.8)—(4.9) has at least one positive solution.

f@s)
f()

= 0and fy, = lim,_, 4 fT‘ +00, or

= +o00 and foo = limg, .0 = 1o —q,

5. Extensions

The results above can be extended to the m-point boundary value problem

u™ 4 f(t,u)=0, te(0,1), (5.1)
u0 =0, u(©)=0,....,.u"?0)=0 ul)= iociu(ni), (5.2)

wherenow 0 <1y <1 < -+ < Npm_z < 1, > 0,and D = Z:" 12 o)~ 1 < 1. A direct calculation (or see, for example,
Pang et al. [9]) shows that the Green’s function associated with this problem is

t"- 1(1 s 1 —S)"_lt”_l -
(n_1)v(1_D)+s<Z; m ifo<tr=<s<1,
D L Gl L (i —9)""¢"!

S (—-1D!1-D) ' (n—1)! ;“im’

We then have that u is a solution of the problem (5.1)-(5.2) if and only if

H(t,s) = (5.3)

ifo<s<t<1.

1
u(t) = —/ H(t, s)f (s, u(s))ds,
0

and moreover the following estimate is satisfied:

1 1+D
el = ot 1 o | = o

1-D

Theorems 2.1 and 3.1 hold with o, replaced by p,; this is also the only change that needs to be made in the proofs. In
order to extend Theorems 4.1-4.3 to the problem (5.1)-(5.2), we will need the following lemma.

Lemma 5.1. Let 0 < apm_onm_y < 1.If usatisfies u™ (t) < 0for 0 < t < 1 and the boundary conditions (5.2), then
inf ]u(t) > Ilull,

telnm—2.1
where

. Otm—z(l - nm—Z) n—1 n—1
F'=miny———, m-2My_2 Np_af -
{ (1 - am—an—Z) " m=22 fm-2

Proof. The proof of this lerpma is similar in some respects to the progf of Lemma 1.2 aboye, i.e.,, Lemma 2.3 in [1], so we
only sketch the detAails. Let t denote the zero of u/(t) in (0, 1). Then v/ (t) = 0 and ||u|| = u(t). We consider two cases.
Case 1. Assume t < 1. The line joining the points (1, u(1)) and (-2, u(Nm—2)) is given by
u(l) - U(ﬂm—z)

v(t) =u(l) + ———(t —1).
1—Nm-

Observe that

u®) < v(d) = u(n) 4+ BT UOn2) )
1- Nm—2

Now u(1) = min;cpy,, ,, 1) u(t) and op_u(nm—2) < u(1),so

u(®) — ulmm—2) _ (1)[ — Olm_27)m—2 ]

u(t) <u(1) — tm—2(1 — Nn_2)

1—nmo
Thus,

u(1) > |:ozm_2(l—17m_2)] u(d),
1 —am_2nm—2
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SO

Am—2(1 — Np—2)
— | llull.

min u(t) > [
1—am2nm—2

telnm—2.1]
Case 2. Assume that n,,_, < t. There are two possible subcases.
Case 2(a): u(nm—z) > u(1). In this case min;cy,, , 1 u(t) = u(1). An argument like the one in [1] yields
u(t) > u®)t" ! foro <t <t
so
U(m—2) > 5 llull.

Thus,

u(t) > u(1) > dpou(Mn—2) > ctm_ani 5 llull,

u(t) = amanp_sllull fornm <t <1. (5:5)

Case 2(b): u(nm—2) < u(1). Now we have min;¢(y,, , 17 u(t) = u(m—2). Like in Case 2(a), we have

u(t) > u(m-2) > n b llull. (5.6)

The conclusion of the lemma then follows from (5.4)-(5.6).
The results in Section 4 now hold for the problem (5.1)-(5.2) with y, n, and o, replaced by I, nn—», and pp,
respectively. O
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