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Abstract We give an abstract characterization of algebras of partial functions from
A" to A endowed with the operations of the Menger superposition and the set-
theoretic difference of functions as subsets of A”*!.
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1. Let A" be the n-th Cartesian power of a set A. Any partial mapping from A"
into A is called a partial n-place function. The set of all such mappings is denoted
by F(A", A). On F(A", A) we define the Menger superposition (composition) of
n-place functions O: (f, g1,...,8n) > flg1---gn] as follows:

@, c)€ flgr...gn]l <— @b)(@, b)) egi A+~ A@.by) €gan(bo)e f) (1)

foralla e A", b= (by,...,by) € A", c € A.

Each subalgebra (@, O), where @ C F(A", A), of the algebra (F(A", A),O) is a
Menger algebra of rank # in the sense of [2—4, 8]. Menger algebras of partial n-place
functions are partially ordered by the set-theoretic inclusion, i.e., such algebras can
be considered as algebras of the form (@, O, C). The first abstract characterization
of such algebras was given in [9]. Later, in [10, 11] there have been found abstract
characterizations of Menger algebras of n-place functions closed with respect to the
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set-theoretic intersection and union of functions, i.e., Menger algebras of the form
(®,0,N), ($,0,U) and (&, 0, N, V).

As is well known, the set-theoretic inclusion C and the operations N, U can be
expressed via the set-theoretic difference (subtraction) in the following way:

ACB<«—> A\B=9, ANB=A\(A\B),
AUB=C\((C\A)N(C\B)),

where A, B, C are arbitrary sets such that A C C and B C C.

Thus it makes sense to examine sets of functions closed with respect to the sub-
traction of functions. Such sets of functions are called difference semigroups, while
their abstract analogs are called subtraction semigroups. Some properties of subtrac-
tion semigroups can bee found in [1]. The investigation of difference semigroups was
initiated by Schein [7].

Below we present a generalization of Schein’s results to the case of Menger al-
gebras of n-place functions, i.e., to the case of algebras (&, O, \, &), where @ C
F(A", A), & € ®. Such algebras will be called difference Menger algebras.

2. A Menger algebra of rank n is a non-empty set G with one (n + 1)-ary operation
o(x,¥1,.--,Yn) =x[y1...y,] satisfying the identity:

x[yt-oyallzr -zl = x[yilzi . 2ol ynlzr - 24l 2

A Menger algebra of rank 1 is a semigroup. A Menger algebra (G, o) of rank
n is called unitary if it contains selectors, i.e., elements ey, ..., e, € G such that
x[er...ey]=xand ¢;[x|...x,]=x; forall x,xy,...,x, €G,i=1,...,n.One can
prove (see [2, 3]) that every Menger algebra (G, o) of rank n can be isomorphically
embedded into a unitary Menger algebra (G*, 0™) of the same rank with selectors
e1,...,e, & Gsuchthat GU{eyq, ..., e,} is a generating set of (G*, 0™).

Let (G, 0) be a Menger algebra of rank n. Consider the alphabet G U {[, ], x},
where the symbols [, ], x do not belong to G, and construct the set 7,,(G) of polyno-
mials over this alphabet by the following rules:

(@) x € T,(G);

®if i € {1,...,n}, a,bl,...,bi_l,bi_H, ....b, € G, t € T,(G), then
alby .. .bifll‘bl#l, ..y e T,(G);

(¢) T,(G) contains those and only those polynomials which are constructed by (a)
and (b).

A binary relation p C G x G, where (G, 0) is a Menger algebra of rank n, is

e stableif forall x,y,x;,yi€G,i=1,...,n

(6, 3)s (X1 Y1) s s y) € p —> (x[x1 ... X0 YLy -+ yul) € p:

e [-regular,ifforany x,y,z; € G,i=1,...,n

x,y) € p—> (x[z1 ... 2], Y21 - 2a) € p;
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Subtraction Menger algebras 113

e v-regular,if forall x;, y;,z€ G,i=1,...,n
(X1 YD) (ns ) € p —> (2lxr .. xa), 2[y1 - yal) € p;
e i-regular (1 <i <n),ifforallu,x,y e G, w e G"
(x.y) € p—> (u[w|;x], ulw|;y]) € p:
o weakly steady if forall x,y,z € G, t1,t» € T,,(G)
x, ), (2. 11(0), (z.2(0)) € p —> (2. 2(x)) € p,
where w = (w1, ..., wy,) and u[w|; x] = u[w; ... wi—1XW;41 ... wy]. Itis clear that
a quasiorder' on a Menger algebra is v-regular if and only if it is i-regular for every

i=1,...,n. A quasiorder is stable if and only if it is both v-regular and /-regular.
A subset H of a Menger algebra (G, o) is called

e stable if

g, 81,.--,8n€H —glg1...gnl € H;
e an /-ideal, if forall x,hy,...,h, €G

(hi,...,hy) e G"\(G\ H)" —> x[h1...h,] € H,;
e ani-ideal (1 <i <n),ifforall h,u € G, w e G"
he H— u[w|;h] € H.
Clearly, H is an [-ideal if and only if it is an i-ideal forevery i =1, ..., n.

Definition 1 An algebra (G, —, 0) of type (2, 0) is called a subtraction algebra if it
satisfies the following identities:

x—(y—x)=x, 3)
x—(x—y)=y—(y—x), “)
x=y)—z=x—-2)—y, (%)

0-0=0. (6)

Proposition 1 (Abbott [1]) Every subtraction algebra satisfies the identity
0=x—x. (7

Proof Below we give a short proof of this identity:

IRecall that a quasiorder is a reflexive and transitive binary relation.
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114 W.A. Dudek, V.S. Trokhimenko

®

020-((0=(x-1)=0)20-(0-0)—x—1))ZL0- (0- (x —x))

Q-0 = (-1 -02x-x)— (x=0) —x)
9 (x— ((x—O)—x)) —xez)x—x,
as required. 0
From (7), by using (3), we obtain the following two identities:
x—0=nx, 0—x=0. 8)

Similarly, from (4), (5), (7) and (8) we can deduce the identities

(k= —(x—-2)— -y =0, ©)
(x—(x—y)—y=0. (10)

Thus, subtraction algebras are implicative BCK-algebras (cf. [5, 6]).

Definition 2 An algebra (G, 0, —,0) of type (n + 1,2,0) is called a subtraction
Menger algebra of rank n, if (G, 0) is a Menger algebra of rank n, (G, —,0) is a
subtraction algebra and the conditions

x—=ylz1...znl=x[z1...2x] = ylz1 ... 20], (1)

u[wl; (x = (x — )] =ulwl; x] — ulw]; (x — y)1, (12)

x—y=0Az—11(x)=0Az—10()=0—z—1x)=0 (13)
hold forall x, y,z,u,z1,...,zs € G,we G",i=1,...,nand 11, 1 € T,,(G).

By putting n = 1 in the above definition we obtain the notion of a weak subtraction
semigroup® studied by Schein (cf. [7]). Such semigroups are isomorphic to some
subtraction semigroups of the form (@, o, \).

3. Now we can present the first result of our paper.

Theorem 1 Each difference Menger algebra of n-place functions is a subtraction
Menger algebra of rank n.

Proof Let (@, 0, \, @) be a difference Menger algebra of n-place functions defined
on A. Since, as it is proved in [2], the superposition O satisfies (2), the algebra (@, O)
is a Menger algebra of rank n. From the results proved in [1] it follows that the op-
eration \ satisfies (3), (4) and (5). Hence (@, \, @) is a subtraction algebra. Thus,

2 A weak subtraction semigroup (S, -, —) is a semigroup (S, -) satisfying the identities (3), (4), (5), x(y —
zZ)=xy—xzand (x — (x —y))z=xz— (x — y)z.
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Subtraction Menger algebras 115

(2,0, \, @) will be a subtraction Menger algebra if (11), (12) and (13) will be satis-
fied.

To verify (11) observe that for each (a, c) € (f \ g)[h1...h,], where f, g, hy,...,
hy, € ®,ac A", c € A there exists b = (by,...,b,) € A" such that (b,c) € f\ g
and (a, b;) € h; foreachi =1, ..., n. Consequently, (b,c) e f and b, ¢) ¢ g. Thus,
(a,c) € flhy...hy). If (a,c) € g[hy ... hy,], then there exists d=(,...,d,) e A"
such that (cz, c)€ gand(a,d;) € h; foreveryi =1,...,n.Since hy, ..., h, are func-
tions, we obtain b; =d; foralli =1,...,n. Thus b = d. Therefore (l;, ¢) € g, which
is impossible. Hence (a, c) ¢ g[h ...h,]. This means that (a,c) € f[hy...h,]\
glh1 ... hy,]. So, the following implication

@ c)e(f\Qlhi...hn] —> (@, c) € flhr...ha]\ glh1.. . h4l

isvalid foranya € A", ce A,ie., (f\@lh1...h,]C flh1... b\ glh1... Ayl

Conversely, let (a,c) € f[hy...hy]1\ glh1...h,]. Then (a,c) € flh1...h,] and
(a,c) & glhi...h,]. Thus, there exists b= (by,...,b,) € A" such that (l;, c) e f,
(b,c) ¢ g and (a,b;) € h; foreach i =1,...,n. Hence, (b,c) € f\ g and (@,c) €
(fA\QIlht...hyl. So,

(a,c) € flhr...hnd\ glh1...hy]l —> (a,c) € (f \ @)A1 ... hyl
foranya e A", ce A, ie., flh1...hy)\ glh1...hy 1 C (f\ @lh1...h,]. Thus,
(AN ...hy]l= flhr.. ha]\ glhy ... Byl

which proves (11).

Now, let (a, ¢) € ulw|i (f \ (f \ gl =ulali(f Ng)l, where f,g,u € ®,w € ",
a € A", ¢ € A. Then there exists b = (b1, ...,by) € A" such that (a,b;) € f N g,
(a,bj) e wj, je{l,...,n}\ {i} and (b,c) € u. Since (a,bj)) € fNg implies
(a,bi) ¢ f\ g, we have (a,c) € u[wl|; f] and (a,c) ¢ ulw|;(f \ g)]. Therefore
(a,c) € ulw|; f1\ ulol; (f \ g)]. Thus, we have shown that for any a € A", c € A
holds the implication

@, c)euldli(f\(f\g)]— @ o) eulwl fl\u[@li(f\g)].

which is equivalent to the inclusion u[w|; (f \ (f \ g)] Culw|; f1\ ulw|;i (f\ )]

Conversely, let (a,c) € ulw|; f]1\ ulw|;(f \ g)]. Then (a,c) € ulw|; f] and
(a,c) ¢ ulw|i(f \ g)]. The first of these two conditions means that there exists
b= (b1, ..., by) € A" such that (a, b;) € f, (a,bj) ew; foreach j e {1,...,n}\ {i}
and (b, c) € u. It is easy to see that the second condition (a, c) ¢ u[w|; (f \ g)] is
equivalent to the implication

n
(Vc?)<(c‘z,d,-)efA A (a,dj)eij(c?,c)eu—>(c‘z,d,»>eg>, (14)
J=1j#
where d = (d,, ..., d,) € A". From this implication for d = b, we obtain
n -
@byefn J\ @byewjrbc)eu— @b)eg,

j=1,j#i
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116 W.A. Dudek, V.S. Trokhimenko

which gives (a, b;) € g. Therefore (a,b;) € f Ng= f \ (f \ g). This means that
(a,c) eulw|i(f\ (f\g))] So, the implication

@, c) euldl; f1\u[@li(f\ @] — @ c) eul@l:(f\(f\o)]

is valid for all @ € A", ¢ € A. Hence u[wl; f]1\ ulol; (f \ &)] Culoli(f \ (f\ g)].
Thus

ul@li (f\ (fF\ Q)] =ulali f1\ u[ali(f\&)].

This proves (12).

To prove (13) suppose that for some f,g,h € @ and t1,# € T,(P) we have
f\g=0,h\t1(f)=@and h\th(g)=2. Then f C g, h Ct;(f) and h C 12(g).
Hence f = g o Ap, s and pry & C pry f, where pry f denotes the domain of f and
Apy, 7 is the identity binary relation on pry f.

From the inclusion & C ,(g) we obtain

h=ho Aprlf Chig)o Aprlf =n(go Aprlf) =n(f),

which means that (13) is also satisfied. This completes the proof that (@, O, \, @) is
a subtraction Menger algebra of rank 7. g

To prove the converse statement, we should first consider a number of properties
of subtraction Menger algebras of rank n, introduce some definitions and prove a few
auxiliary propositions.

4. Let (G, 0, —, 0) be a subtraction Menger algebra of rank 7.

Proposition 2 In every subtraction Menger algebra of rank n we have
O[x1...x,]=0, x[x1...xi-10xi41...x,]1 =0
forallx,x1,....,.x, €G,i=1,...,n.
Proof Indeed, using (7) and (11) we obtain
Olx1...x,] =0 —=0)[x1...x,]=0[x1...x,] —O[x1...x,]=0.

Similarly, applying (12) and (7) we get
u[w]; 0] = u[wl; (0~ (0—0))] = ulw]; 0] — u[W]; 0—0)] = u[w]; 0] — u[w|; 0] = 0,
which was to show. 0

Let w be a binary relation defined on (G, o, —, 0) in the following way:

w:{(x,y)erG|x—y=O}.
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Subtraction Menger algebras 117

Using (7), (8) and (9) it is easy to see that this is an order, i.e., a reflexive, transitive
and antisymmetric relation. In connection with this fact we will sometimes write
x <y instead of (x, y) € w. Using this notation it is not difficult to verify that

0<x, x—y=<x, (15)
X<y<«—x—(x—y)=ux, (16)
X<y—x—z<y-—z, (17)
x<y—z—-y<z-—ux, (13)
X<yAu<v—x—-v<y—u (19)

holds for all x, y,z,u,v e G.
Moreover, in a subtraction algebra the following two identities

=y —y=x-—y, (20)
x=y)—z=x—-20—(—2) (21)
are valid (cf. [1, 5, 6]).

Proposition 3 The relation w on the algebra (G, o, —, 0) is stable and weakly steady.

Proof Let x <y for some x,y € G. Then x — y =0 and
x—=—Mz1...22]=0[z1...24] =0 —=0)[z1...2,]=0[z1...2,] —O0[21...24]1 =0
forall z1, ..., z, € G. This, by (11), implies
x[z1...zal = ylz1-..221 =0,

ie., x[z1...2p] < ylz1...2,]. Thus, w is [-regular.

Moreover, from x <y, using (8), we obtain x — (x — y) = x, which together
with (4), gives y — (y — x) = x. Consequently, for any u € G, w € G" we have
ulwl;(y — (y — x))] = u[wl; x]. This and (11) give u[wl|; y] — ulw|;(y — x)] =
u[w|; x]. Hence, according to (15), we obtain u[w|; x] < u[w|; y]. Thus, w is i-

regular forevery i =1, ..., n. Since w is a quasiorder, this means that w is v-regular.
But w also is /-regular, hence it is stable.
It is clear that w is weakly steady if and only if it satisfies (13). 0

Proposition 4 The axiom (12) is equivalent to each of the following conditions:

x <y — u[wl;i (y —x)] =ulwl; y] — u[w]; x], (22)
X<y—t(y—x)=1(y)—t(x), (23)

3In the case of semigroups the fact that @ is weakly steady can be deduced directly from the axioms of a
weak subtraction semigroup (cf. [7]).
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118 W.A. Dudek, V.S. Trokhimenko

Hx —(x=y) =1(x) —1(x = y) (24)

forallx,y,ue G,weG",i=1,...,n,t €T,(G).

Proof (12) — (22). Suppose that the condition (12) is satisfied and x < y for some
x,y € G. Then, according to (16), we have x — (x — y) = x. Hence, by (4), we obtain
y—(—x)=x.Thus, y —x =y — (y — (y — x)), which, in view of (12), gives
ulwli (y =)l =ulwl; (y — (y — (v =)D = ulwliy] —ulwli(y — (y —x))] =
u[wl; y] — u[w];x]. This means that (12) implies (22).

(22) — (23). From (22) it follows that for x < y and all polynomials ¢ € T,,(G) of
the form ¢ (x) = u[w|;x] the condition (23) is satisfied. To prove that (23) is satisfied
by an arbitrary polynomial from T;,(G) suppose that it is satisfied by some ¢’ € T;,(G).
Since the relation w is stable on the algebra (G, 0, —, 0), from x < y it follows ¢’ (x) <
t'(y), which in view of (22), implies

u[wl; (t' ) — ' (0)] = ul[wl;i ¢’ ] —ulwl;i ' (0]

But according to the assumption on ¢’ for x < y we have t'(y) —t'(x) = t'(y — x), so
the above equation can be written as

u[wlit'(y — )] =u[wli ' (y)] — u[wl; ' (x)].

Thus, (23) is satisfied by polynomials of the form 7 (x) = u[w|;¢’(x)].

From the construction of T}, (G) it follows that (23) is satisfied by all polynomials
t € T, (G). Therefore (22) implies (23).

(23) — (24). Since, by (15), x — y < x holds for all x,y € G, from (23) it fol-
lows t(x — (x — y)) =t(x) — t(x — y) for any polynomial ¢ € T,,(G). Thus, (23)
implies (24).

(24) — (12). By putting 7 (x) = u[w|; x] we obtain (12). O

On a subtraction Menger algebra (G, o, —, 0) of rank n we can define a binary
operation A by putting:

Ay ¥ x—x—y. (25)

By using this operation the conditions (11), (16), (24) can be written in a more useful
form:

u[wli(x & y)] =ulwl; x] —u[wli(x — )], (26)
Xx<y<—>xAy=x, 27
t(x Ay)=t(x) —t(x —y), (28)

where x,y,u e G,we G",i=1,...,n,t € T,(G). Moreover, from (11) and (25),
we can deduce the identity:

x AWz1...znl=xlz1... 20l A Ylz1 ... 28] (29)
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Subtraction Menger algebras 119

The algebra (G, A) is a lower semilattice. Directly from the conditions (3)—(10)
we obtain (cf. [1]) the following properties:

X<yAx=<z—x=<yAkg, (30)
X<y—xAz<yAz (3D
xXAy=0—x—-y=u, (32)
(x=y)Ly=0, (33)
XA(QY—2=xAy)—(x A2), (34)
X—y=x—(xAYy), (35)
xAy)—G—-—2=xAyALz, (36)
Ay —z=x—-2) A (y—2), (37
(xxAy)—z=@x—2) Ay (38)

forall x,y,z€G.

Proposition 5 In a subtraction Menger algebra (G, o, —, 0) of rank n the following
conditions

tx—y)=t(x)—1(x Ay), (39)
1(x) —1(y) =t(x—y) (40)
are valid for eacht € T,(G) and x,y € G.
Proof From (35) we obtain t (x — y) =t(x — (x A y)) forevery ¢t € T,,(G). (25) and
(15) imply x A y < x, which together with (23) gives t (x —(x A y)) =1(x) —t(x A y).
Hence, t(x — y) =1t(x) —t(x A y). This proves (39).
Since x A y <y, the stability of w implies #(x A y) <1(y) for every t € T,(G).

From this, by applying (15) and (18), we obtain 7(x) — #(y) <t(x) —t(x L y) =
t(x — y), which proves (40). d

By [0, a] we denote the initial segment of the algebra (G, —, 0), i.e., the set of all
x € G such that 0 < x < a. According to [7], on any [0, a] we can define a binary

operation Y by putting:

d
nyga—((a—x)A(a—y)) 41
for all x,y € [0, a]. It is not difficult to see that this operation is idempotent and
commutative, and 0 is its neutral element,i.e., x Yx=x,x Y y=y Y x,x YO0=x
for all x, y € [0, a].
Proposition 6 Forany x,y € [0, b] C [0, al, where a, b € G, we have

b—((b—x))\(b—y)):a—((a—x))\(a—y)). 42)
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120 W.A. Dudek, V.S. Trokhimenko

Proof Note first that b = b A a because b < a. Moreover, from x < b and y < b,
according to (18), we obtain a —b <a — x and a — b < a — y. This together with
(30) givesa—b <(a—x) A (@a—y).Thus, (@ —b) — ((a—x) A (a—y))=0.

By (15) we have b — ((a@ — x) A (a — y)) < b, which implies

bk(b—((a—x)k(a—y)))zb—((a—x))k(a—y)). 43)
ObViouslybzbJ&b:b)\a,)c:bJL)c,y:bJ&y.Therefore:4
b—(b—x) AL (b~ )

:bAb—((bAa—be)A(bAa—bAy))

Eoab—(bA@—x) Kb A@=y)=bAb=bA(@=x)A(a—y)

Dhab—((a—x)L@a—y)Eb—(@a—x) A @—y))
=aib—(a—x) A @a—y) 2 @—(@—b)—(@a—x) x (@a—y)
Z@—(@-nAr@-y))-(@a=—b—(a—x)x@-y))
=(a—(@-0r@-y))-02a—(@a—x) A @-y).

which completes the proof. g
Corollary 1 The condition (42) is valid for all x, y € [0,a] N [0, b].

Proof Since [0,a] N [0,b] =[0,a A b] C [0,a] U [0, b], by Proposition 6, for all
x,y €[0,a]lN[0, b] we have:

a—((a—x))\(a—y))zakb—((akb—x)k(akb—y)),
b—((b—x))\(b—y)):a)\b—((a)\b—x)k(a)\b—y)).
This implies (42). O

From the above corollary it follows that the value of x Y y, if it exists, does not
depend on the choice of the interval [0, a] containing the elements x and y. In [1] it
is proved that for x, y, z € [0, a] we have:

xAxYy =x, (44)
XY (x Ay)=x, (45)
XYY Yz=xY(yYz), (46)
XAQYD=EAY) Y (x A2), (47)
XYQPAD=xYy A(xY2), (48)

4To reduce the number of brackets we will write x A y — z instead of (x A y) —z.
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Subtraction Menger algebras 121

GYy—z=&x-2Y (-2, (49)
x<zAy<z—xYy<z, (50)
ysx—x=x-y) Yy, (D
x=@xYy —Q-—x), (52)
X=X AY)Y (x—y). (53)

From (44) it follows x <x Y y.

Proposition 7 If for some x,y € G there exists x Y y, then forallu € G, z, w € G",
i =1,...,n there are also elements x[z] Y y[z] and u[w|; x] Y u[w|; y], and the
following identities are satisfied:

(x Y ylzl=x[z] ¥ ylzl, (54)
u[ )i (x Y y)] = ulwl]; x] Y ul@]; yl. (55)
Proof Suppose that the element x Y y exists. Then x <a and y < a for some a € G,

which, by the [-regularity of the relation w, implies x[z] < a[z] and y[z] < a[z] for
any z € G". This means that x[z] Y y[z] exists and

@Y NEIE (@ = ((@=x) & (a—))E1'E alz] = ((a —x) A (@ — y))[Z]
(29)

= alz] — ((@a —0)[Z] A (a — y)IZ])

2 alz] - ((alz] - x[2]) A (alz] — yl21)) ‘= x[2] ¥ yIZ].

This proves (54).

Further, from x < a, y < a and the i-regularity of w we obtain u[w|; x] < u[w|; a]
and u[w|; y] < u[w]; a]. Hence, the element u[w|; x] Y u[w]; y] exists. Since x < x Y
yandy <xYy,wealsohave u[w|; x] <u[w]|; (x Y y)] and u[w|; y] < u[w]|; (x Y y)],
which, according to (50), gives

ulw); x1Y ulwl]; y] < u[wl;(x Y y)]. (56)
On the other side, the existence of u[w|; x] Y u[w|; y] implies

ulwl; x] <ulwl; x] Y ulw|; y] and u[w]; y] <u[w]; x] Y ulw]; y].

Moreover,
u[@li e Y 9] = u[ Bl — 0] S @l (¢ ¥ y) = 6 —0)] L ulwls 2.
Consequently,
u[wl; (x Y )] —u[wli(y —x)] <ulwl; x] Y uw]; y]. (57)
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Buty —x <y, so, u[wl];(y — x)] < u[w]; y] and
u[wli (v —x)] < ulwl; x]Y ulwl; y].
This and (57) guarantee the existence of the element
(u[wl; e Y )] = ulwli (v = 0)]) Y u[@]; (y = x)]
such that
([l ey )] = ulwli (v = 0]) ¥ u[@l;i (v — )] <uldl; x] Y ulw]; y].  (58)
Since u[w|; (y — x)] <ulw|; y] <u[w]; (x Y y)], the last inequality and (51) imply
([wlix ¥ »] =ulwli(y = 0)]) Y u[@li(y — )] = u[@]; (x ¥ p)],
which together with (58) gives
u[wl; (e Y y)] < ulwl; x1Y ul]; y].
Comparing this inequality with (56) we obtain (55). g

Corollary 2 If for some x,y € G an element x Y y exists, then for any polynomial
t € T, (G) an element t(x) Y t(y) also exists and t (x Y y) =t(x) Y t(y).

Proposition 8 Forall x,y € G and all polynomials t1, t; € T,(G) we have:
nHx Ay Anp(x—y)=0.
Proof Lett;(x Ay) Ata(x —y) = h.Obviously h <tj(x Ay)and h < tp(x —y). Since

(x —y) <tr(x),wehave h <tr(x). Thus,x Ay <x,h<ti(x L y)and h <tr(x).
This, in view of Proposition 3 and (13), gives 1 < ,(x A y). Consequently,

h<n(x—y) An(x A y). (59)
Further,
n(x—y) — @A) 2 (0) —nx & y) —nx Ay)
D h) -y Ene -y
Therefore,

nx—y) Ao Ay Do —y) — (b —y) —nk AY)
=hx—y)—hx—y)=0,

which together with (59) implies 2 < 0. Hence & = 0. This completes the proof. [J
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Proposition 9 Forall x, y, z, g € G and all polynomials t1, t; € T,(G) the following
conditions are valid:

Hx A A =t(x ALy Ablx Ay), (60)
Hx Ay Az An(y) <ti(x Ly) Lh(y A2), (61)
<X AAg=Sth(YyAz) —g=<tx AyAz). (62)

Proof To prove (60) observe first that for z =#1(x A y) At2(y) wehave z <t (x A y)
and z < #,(y). Since the relation w is weakly steady and x A y <y, from the above
we conclude z <t (x A y),i.e,t1(x A y) Ata(y) <tr(x A y). This, by (31), implies
nx Ay An(y) <ti(x Ly) Ata(x A y).

On the other side, the stability of w and x A y <y imply f,(x A y) < t2(y) for
every t» € T,(G). Hence, tj(x A y) A (x A y) <t1(x A y) A t2(y) by (31). This
completes the proof of (60).

Further: ti(x Ay A2) At (y) =t1(x A2) L y) Ata(y) @ Hx Az) Ay) Arr((x A
) Ay)<ti(x A y) Ata(y A z) proves (61).
Finally, let g <#;(x A y) and g <t>(y A z). Then
g =tnlxAy)An(yAiz)
LAy A (p0) - 66 -2)
Z (1A L nm) = (10 Ay A by - 2)
E (6 ) Al A y) = (10 kY An(y —2)
LHE AN A (6 Ay —6( =) S AY) —h(y=2)
< (A —-2)Enr Ay o).
This proves (62) and completes the proof of our proposition. O
Corollary 3 Forall x,y, z € G and all polynomials t1, ty € T, (G) we have:

HxAyAz) An(y)=6nkx Ay) Ay Az). (63)

Proof Wehavetj(x Ay) Ah(y Az) <ti(x Ay)andty(x Ay) Aa(y A2) <t (Y A 2),
so by (62) we obtain f1(x A y) A f2(y Az) <t1(x Ay A z). Considering now that
1nx Ay) Ay Az) =n(y Az) <n(y), by (30), we get t1(x A y) Afa(y A2) <
f1(x Ay A z) At2(y). Taking now into account the condition (61) we obtain (63). UJ

5. Let (G, 0, —, 0) be a subtraction Menger algebra of rank n.

Definition 3 By a determining pair of a subtraction Menger algebra (G, o, —, 0) of
rank n we mean an ordered pair (¢*, W), where ¢ is a v-regular equivalence relation
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defined on (G, 0), e* = e U{(ey, e1), ..., (en,en)}, €1, ..., ey, are the selectors of the
unitary extension (G*, 0*) of (G, 0) and W is the empty set or an [-ideal of (G, 0)
which is an g-class.

Definition 4 A non-empty subset F of a subtraction Menger algebra (G, o, —, 0) of
rank n is called a filter if:

(1) 0¢ F;
2) xeFAx<y—yekF;
B)xeFAnyeF—xAyeF

forallx,y e G.

If a,b € G and a ﬁ b, then [a) = {x € G|a < x} is a filter with a € [a) and
b ¢ [a). By Zorn’s Lemma the collection of filters which contain an element a, but
do not contain an element b, has a maximal element which is denoted by F, ;. Using
this filter we define the following three sets:

Wap={xeG|(VteT(G))t(x) ¢ Fup),
ap ={(x. ) €GXGlx Ay¢ WapVx,yeWas},

gz’b = Sa,b U {(elael)a R (envel’l)}'

Proposition 10 Forany a,b € G, the pair (&, Wy p) is the determining pair of the
algebra (G, 0, —,0).

Proof First we show that ¢, 5 is an equivalence relation on G. It is clear that this
relation is reflexive and symmetric. To prove its transitivity let (x, ¥), (¥, z) € &4,p-
We have four possibilities:

@ xAygWapAyAlzgWap,
(b) x)\ygéWa,b/\y’ZEWa,b,
© x,yeWapANyAilzg Wap,
d) x,yeWap ANy, z€Wup.

In the case (a) we have #1(x A y), 5(y A z) € F,p for some 1,12 € T,,(G). Since
F, p is afilter, then, obviously, #1(x A y) A ©2(y A 2) € Fy p. This, according to (63),
implies t1(x Ay A 2) A 2(y) € Fap. But t1(x Ay A 2) At2(y) <t1(x A 2), hence
also t1(x A z) € Fyp,ie.,x Az ¢ Wup. Thus, (x,2) € €4p.

In the case (b) from x A y ¢ W, ; it follows ¢ (x A y) € F, p for some polynomial
t € T,(G). But x A y <y, and consequently #(x A y) <t(y). Thus t(y) € F,», i.e.,
y ¢ W, b, which is a contradiction. Hence the case (b) is impossible. Analogously we
can show that also the case (c) is impossible. The case (d) is obvious, because in this
case x, z € W, ;, which means that (x, z) € &, 5. This completes the proof that &, j is
transitive.

Moreover, if x € W, p, then t(x) ¢ F, ;, for every t € T,,(G). In particular, for all
t(x) =t (u[w|; x]) € T,(G) we have t'(u[w|; x]) ¢ F,p. Thus, u[w|; x] € W, for
every i =1,...,n. Hence, W, ;, is an i-ideal of (G, 0), and consequently, an /-ideal.
It is clear that W, j is an g, p-class.
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Next, we prove that the relation &, 5, is v-regular. Let x = y(e4,5). Then x A y ¢
Waporx,ye W,p. Inthe case x, y € W, , we obtain u[w|; x], u[wl|; y] € W, 5 be-
cause W,  is an [-ideal of (G, 0). Thus, u[w|; x] = u[w|; y](e4,p). Inthecase x L y ¢
W,.» elements u[wl; x], u[w]; y] belong or not belong to W, ; simultaneously. In-
deed, if u[w|; x], u[w|; y] € Wy », then obviously u[w|; x] = u[w|; y](e4,p). Now, if
ulwl; x] ¢ Wg p, then t(u[w|; x]) € F,p for some t € T,(G). Since x Ay ¢ Wy,
then also #;(x A y) € F, p for some t; € T,(G). Thus t1(x A y) A t(u[wl|; x]) € Fap,
which, by (60), implies f1(x A y) A t(u[w];(x X y)]) € Fyup. But #1(x A y) A
tlwli(x A y)I) < t(u[wl; y]), hence t(u[wl; y1) € Fap, ie., ulwli yI ¢ Wap. So,
we have shown that x A y ¢ W, , and u[w|; x] ¢ W, imply u[w|; y] ¢ W4 p. Sim-
ilarly we can show that x A y ¢ W, and u[w|; y] ¢ W, p imply u[w|; x] ¢ Wy p.
Therefore, we have proved that in the case x A y ¢ W, j, elements u[w|; x], u[w|; y]
belong or not belong to W, ; simultaneously.

So, if for x A y ¢ W, » we have u[w|; x], u[w|; y] € W, p, then clearly u[w|; x] =
u[wl; yl(eq,p). Therefore assume that u[w|; x] ¢ W, , (hence u[w|; y] ¢ Wy 5). Thus,
XAy & Wap, ulw|jx]1¢ Wyp, ie., t(x X y) e Fap, ti(ulw|; x]) € F,p for some
t,t1 € T,,(G). Hence, t (y Ax A y) At (u[w]; x]) € Fy,p. From this, according to (63),
we obtain 7 (y A x) Aty (u[wl;(x A y)]) € Fyp. This implies 1 (u[w]; (x A y)]) € Fap.
Since u[wl; (x A y)] < ul[w|; x] and u[w|; (x A y)] < u[w]; y], we have u[w]; (x A
y)] < ulw]; x] A u[w]; y], which, by the stability of w gives f;(u[w];(x A y)]) <
ti(u[w|; x] A u[wl; y]). Consequently, ¢ (u[w|; x] A u[wl; y]) € Fup, so u[wl|; x] A
ulw|; y1 ¢ W p, i.e., u[w|; x] = u[w|; yl(eq,p)- In this way we have proved that the
relation g4 is i-regular for every i =1, ..., n. Thus it is v-regular. g

Proposition 11 All equivalence classes of &4 1, except of Wy p, are filters.

Proof Indeed, let H # W, 5 be an arbitrary class of ¢, 5. If x € H and x <y, then
x KNy=ux ¢ W, , consequently, (x, y) € &,,5. Hence, y € H. Further, let x,y € H,
then (x,y) € €45. Thus x Ay ¢ Wy p, ie., t(x A y) € Fyp for some t € T,,(G).
Butx Ay=x A (x Ay), hence,t(x A (x A y)) e Fapandx A (x Ly) ¢ Wsp. So
X =x A y(€q,p). This implies x A y € H. Thus, we have shown that H is a filter. [J

Proposition 12 [f x Y y exists for some x,y € Wy pp, then x Y 'y € Wy p.

Proof Letx Y y exists forsome x,y € W, . If x Yy ¢ W, p, thent(x Y y) € F, ;, for
some ¢t € T,,(G), and, according to Corollary 2, #(x Y y) =t (x) Yt (y). If t (x) & Fya.p,
then F, 5, is a proper subset of the set

U={ueG|@z€Fup)zAt(x)<u}

because t (x) € U.

We show that U is a filter. 0 ¢ U because, by (15), we have 0 < z A #(x) for any
z€Fup.Lets e U and s <r. Then z A t(x) <s for some z € Fy ;. Consequently,
zAt(x)<r,soreU.NowletseUandr eU,ie.,zi At(x) <sandzp At(x) <r
for some z1,z2 € Fy . Since Fy p is a filter, we have z1 A z2 € F, . Hence, (z1 A
22) A t(x) <s A r, which implies s A r € U. Thus U is a filter. But by assumption
F,p» C U is a maximal filter, which does not contain b, so b € U. Consequently,
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Z1 A t(x) < b for some z1 € F, . Similarly, if #(y) ¢ Fy 5, then zo A t(y) < b for
some z2 € Fy . This implies z A #(x) <b and z A t(y) < b for z =z1 A z2. Hence
(z At(x)) Y (z A £(y)) exists and

(Z A t(x)) Y (Z A t(y)) =z A (t(x) Y t(y)) =z At(x Yy eF,

by (47). But by (50) we have (z A 1(x)) Y (z A t(y)) <b,s0z At(x Y y) <b. Since
ZAt(x Y y) € F,p, then, obviously, b € F, ;, which is impossible. So, t(x) € F, j, or
t(y) € Fyp,hencex ¢ W, p ory ¢ W, pp, contrary to the assumption that x, y € W, p.
Thus, the assumption that x Y y ¢ W, 5 is incorrect. Therefore x Y y € W, 5. |

6. Each homomorphism of a Menger algebra (G, 0) of rank » into a Menger al-
gebra (F (A", A), O) is called a representation by n-place functions. Thus, P : G —
F (A", A) is a representation, if

P(x[yi...yal) = P[P ... P(yn)]

for all x, y1, ..., y» € G. A representation which is an isomorphism is called faithful
(cf. [2-4, 8]). A representation P of (G, o) is a representation of (G, o, —, 0) if

P(x—y)=Px)\P(y) and P0)=02

forall x,y € G.

Let (P;)ie; be the family of representations of a subtraction Menger algebra
(G, 0, —,0) of rank n by n-place functions defined on pairwise disjoint sets (A;);c;-
By the sum of the family (P;);e; we mean the map P: g — P(g), denoted by
Y ics Pi, where P(g) is an n-place function on A = | J;; A; defined by P(g) =
Uier Pi(g). Itis clear (cf. [2, 3]) that P is a representation of (G, 0, —,0).

Similarly as in [2, 3] with each determining pair (¢*, W) we can associate the so-
called simplest representation P+ w) of (G, 0) which assigns to each element g € G
the n-place function P+ w)(g) defined on H = Ho U {{e1}, ..., {e,}}, where H) is
the set of all e-classes of G different from W such that

(Hls"‘9Hn9H)€P(8,W)(g) <—>g[H1Hn]CH’

for (H,, ..., Hy) e HEU{({e1}, ..., {e,})} and H € H.

Theorem 2 Each subtraction Menger algebra of rank n is isomorphic to some dif-
ference Menger algebra of n-place functions.

Proof Let (G, 0, —, 0) be a subtraction Menger algebra of rank n. Then the sum

P= 3 P,
a,beG,ath

of the family (Pex , . Wa))a,beG, agh of simplest representations of (G, o) is a repre-
sentation of (G, 0).
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Now we show that P is a representation of (G, o, —,0). Let Hy be the set
of all g, p-classes of G different from W, ;. Consider Hy, ..., H,, H € H, where
H =Ho U {{e1},...,{en}}, such that (Hi,...,H,, H) € P(S;‘J,,Wa,h)(gl — g2) for
some g1, g2 € G. Then, obviously, (g1 — g2)[H) ... H,] C H # W, ;. Thus (g1 —
g2)[x] € H for each x € Hy x --- x H,, which, by (11), gives g1[x] — g2[x] € H.
But gi[x] — g2[x] < g1[x] and H is a filter (Proposition 11), hence gi[x] € H.
Thus (g1[%] — g2[%]) A g2[X] =0, by (33). Consequently, (g1[] — g2[%]) A g2[X] €
Wa.p, because the other g, p-classes as filters do not contain 0. This means that
g1lx] — g2lx] # g2[x1(eq.p). Hence, g2[x] ¢ H. Therefore gi[H; ... H,] C H and
glh1 ... H,]N H = @, which implies

(Hy, .o Hyy H) € Pery w, ) (80D \ Pz, W, ) (82)-

In this way, we have proved the inclusion

Pier , Wap) (81— 82) C Pex | w81\ Pz, w4 (82)- (64)

To show the reverse inclusion let
(Hy, .o, Hyy H) € Per, w, ) (80D \ Pz, W) (82)-

Then (Hy,...,H,, H) € P(sjj_b,Wa,b)(gl) and (Hy,...,H,,H) ¢ P(g;b,wa‘b)(gz), ie.,
gi1lH...H,] C H and g[H; ... H,]N H =@. Thus g([x] € H and g>[x] ¢ H for
allx € Hy x---x Hy. Since from g1[x] A g2[X] ¢ W, p, it follows g1[x] = g2[X1(¢4,b)
and g2[x] € H, which is a contradiction, we conclude that g;[x] A g2[x] € W, .

If g1[x] — g2[x] € W, p, then, by (53) and Proposition 12, we obtain gi[x] =
(g1[x] A g2[x]D) Y (g1[x] — g2[x]) € W, . Consequently, g1[x] € W, », which is im-
possible because g[x] € H. Thus, (g1[x] — g2[x]) A g1[x]=g1[x] — g2[x] & Wa 5.
Hence, g1[%] — g2[%] = 1[%](¢4,). This implies (g1 — g2)[¥] = g1[%] — g2[¥] € H.
Therefore, (g1 — g2)[H1 ... H,] C H, i.e., (H,...,H,,H) € P(g:b,wayb)(gl — g2).
So, we have proved

Peer ) Wa) @D\ Pz, W, 1)(82) C Plex w4 (81 — 82)-

This together with (64) proves

Peer , Was) (81— 82) = Piex, w, 1) (81 \ Plez , w, ) (82)

which means that P(g; — g2) = P(g1) \ P(g2) for g1, g2 € G. Further, P(0) =
PO —-0)=P(0)\ P(O) =2a. So, P is a representation of (G, o, —, 0) by n-place
functions.

We show that this representation is faithful. Let P(g;) = P(g2) for some
81,82 € G. If g1 # g2, then both inequalities g; < g, and g» < g1 at the same time
are impossible. Suppose that g1 £ g>. Then g| € Fy, 4, and, consequently,

({el}’ L ] {en}v Fgl,gz) E P(g*

£en Wey.00) (82)-
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»ng,gz)(gl) = Pex ng_g2)(g2), then, obviously,

Since Pex
1 81:82°

81:82

({el}v---7{en}7Fg1,g2) EP(S* ng,gz)(gZ)-

81:82°

Thus {g2} = gal{e1}...{en}] C Fy, 4,, hence g» € Fg, o,. This is a contradiction be-
cause Fg, o, is a filter containing g; but not containing g». The case g» £ g1 is anal-
ogous. So, the supposition g # g» is not true. Hence g; = g and P is a faithful
representation. The theorem is proved. g
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the source are credited.
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