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1. Introduction

We consider the Cauchy problem for the time dependent damped wave equation

{utt—Au—i—b(t)ut—i-lulp_]uzo, V(t,x) e RT x RN, (1)
(u, ue)(0,x) = (ug, u1) (%), vx e RN, :
Here u is real-valued, b(t) = bo(1+t)~#, bg>0, —1<B <1, p>1and N >1.
When b(t) is a positive constant, i.e. 8 =0, the problem (1.1) is reduced to
{utt_Au+Ut+|u|p_1u=0, V(t,x) e RT x RN, (12)
(u, ur)(0, %) = (uo, u1)(x), vx e RN, :
The solution u to (1.2) can be expected to behave as the solution to the problem for the corresponding heat equation
{—A¢+¢r+|¢|p1¢=0, v(t.x) eRY x RY, (13)
$(0,X) = ¢o(x), vxe RN,

In fact, Kawashima, Nakao and Ono [11] showed that there exists a unique time-global solution

ue X :=C([0,00); H') N C'([0, 00); L?)
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to (1.2) for any data (ug, u1) € Xo := H' x L where

1 N+2 00, N=1,2,
SPEINToL T2, N3,
and that, when 1+ 3§ < p < [NNfzz]Jr, the global solution u decays as
[u®] . =07 2)

for (ug, u1) € XoN (L™ x L"), 1 <r < 2. After this result, in the supercritical case

2
> N)=1+ —,
p > pr(N) N
it is shown in [4,8,10,16] that the asymptotic profile of the solution u is 6pG(t, x), that is,
u(t,x) ~6pG(t,x) ast— oo,

where

Ix|?

G(t,x) = (4rrt)~2e~ ‘i

o0
902/(uo+u1)d?<—//Iul"”ludxdt.

RN 0 RN

and

In the critical case p = pr(N), see Hayashi, Kaikina and Naumkin[6,7]. In the subcritical case p < pr(N), applying the
weighted L%-energy method, Nishihara and Zhao [17] showed that the solution u of (1.2) uniquely exists, which satisfies for

t}Oand1<pgﬁ,

1

Jutt, ). < Clo( +6) 71+, (14)

with the assumption that I3 := [pn e‘”"‘z(u% +|Vug2 + ug’H)dx < oo for some 8§ > 0. The decay rate (1.4) is same as that of
the self-similar solution

—ern ()
wo(t,x) =(t+1) f Sl

to (1.3) when 1 < p < pr(N). So (1.4) works effectively in the subcritical case. In fact, when p is near to pp(N), the

self-similar solution wy(t, x) was proved to be an asymptotic profile in Hayashi, Kaikina and Naumkin [5].

The aim of this paper is to estimate the decay rate of solutions to (1.1) in general case of b(t) = bo(1 + t)~# with
—1 < B < 1, which is effective in the subcritical case. In the supercritical case the solution will behave as that of the
corresponding linear equation. For the linear problem, using the Fourier transform method, ]J. Wirth [23,24] got several
sharp LP — L9 estimates of the solution u for —1 < g < 1.

N+2
Theorem 1.1. Suppose 1 < p < =2 —

L}. Ifu € C([0, 00); HY) N C1([0, 00); L?) is a weak solution to (1.1), then the following decay estimates hold:

1< B <1and (up,uy) € H' x L? with compact support supp{(ug, u1)} C By := {x; |x| <

||u(t)||]_l < C(t+])7(ﬁ7%)(l+ﬂ), ”u(t)”,_z < C({._,_])*(ﬁ*%)(l#’ﬁ)’

where the constant C depends on |lug||y1, |lu1ll;2 and the size L of the support.

Notice that for
N+2
[N —2]+
there exists a unique weak solution to (1.1) for some T > 0 in the space

Xr :=C([0,T); H') n C'([0, T); 1?)

1<p<

whose support is in Bq;; (see [19]). Hence, if we obtain the decay estimates for u € Xr, then we have both the global
existence of solution and decay rates when 1 < p < [NN_+22]+.

In the case of a semilinear source term, instead of the absorbing one in (1.1), the first author showed the unique global
existence of solution with small data in [14] in the supercritical case p > pr(N), and some blow-up results in case of
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1+ % 2 < p<1+ # with 0 < 8 < 1. When B =0, see [12,15,20,27,28] for details. For the space dependent damped wave
equatlon see [9,13,21].

Theorem 1.1 is proved by the weighted L%-energy estimates in the next section. In Section 3, we give some results on
both the self-similar solutions to the related time dependent semi-linear parabolic equation and decay properties of the
solution to the time dependent linear parabolic equation, as well as the discussion about the critical exponent. In the final
section we summarize our results and future considerations.

2. Weighted L2-energy estimates

For the solution u € X7 to (1.1) with compact support it is sufficient to obtain the decay estimates with the constant C
independent of T for the proof of Theorem 1.1.
First we take g € [0, 1). Multiplying (1.1) by e*¥u;,, since

e ug - b(tyue =2V b(o)|ucl,
we get that

afexv eV
=—|—(lu Vul?) + ——[uPt | = v . (e?¥u,Vu
| S e 9y + S (¢ uevu)

V|2 2 2y
+ew[{(b(t) | ﬁfl) wt}lutl +p+1//1'”'pH]Jri—mva”—uer/flz- 1)

And multiplying (1.1) by e2¥u, since

3 (1
e?'u-b(tue =boe™ (14077 — <§u2>

8t<bzo 2‘//(1+t) Bu? )+(_b0wt(l+t)7ﬂ+ﬂ O(l—l—t) PR ]) 202,

we obtain

_ 0 2 b® 2\ _v. (e2v 20 1oy o [ B 2yt
O_at[e (uut—i— 5 u )} v (e uVu)+e [Vul|* + wt+2(1+t) b(t)u” + |u|
+ eV (=2yuue — [ug|* +2uVy - Vu). (2.2)

Here, we choose

|x?
(t+to)'*F
for suitable small parameter a > 0 and large to > 1. Thus,
x| Yy —a 2x
(t+to)?+F’ (t+to)F
So it is easy to see that
VY2 4a 1 4a
0 1+B AP S+ Pbo
Multiplying (2.1) by (to + t)? to cover the bad term —e®¥ |u,|? in (2.2), we can get that
_ 0 [ez‘/’(to +0)f e (to +1)f
at 2 p+1

4 8 2t + )P
2y _ _ _ B 2 2y p+1
e H<b° (11 B)bo (to+t)1—ﬁ> (fo+0) Wr}”f}“ o1

pe*’ (1 1 2 (to+1)F
_W 5|VU|2+p+l|u|p+1 +T|wt U—Utvvf|2~ (2.5)

Y(t,x)=a (2.3)

Yr=—-a(l1+p)

b(t). (2.4)

(luel® +Vul?) + |u|P“] — V- (¥ (to + ) ur Vu)

Since

1 1
g eV uVor|* = _—%(wt)zwmz — 29U Vu - Vi + |V P ue )

lﬁ IVyI*
Vul® + ——
——|Vu? " |uel

)
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the sum of (2.5) and v - (2.2) with v > 0 yields

9 to+ ) vb to+ ) to+ )P
_|:62W<g|ut|2+vuut+—o 2)+92W<%|VU|2+%|U|PH>]

u
at 2 200+ 6)B
-V- (ez‘/’(to +6Pu,vu + vez'”uVu)
4a B 1
29 B 2
+e bo — — —v)—=(to+t u
H( T A+Pby  (t+D'P > 210 )'”f}' !
B 1 B 2 2
Ve ——————— — —Yp(to+ ¢ Vu vl — b(tu
+( 2o+ D1-P 2Wt(0+) [Vul” + Wt+2(1+t) ()
— 2y (to + )P
+(v— B S Ye(to +t) >|u|p+1]
(p+D(to+0)1-# p+1
+ eV (=2vyruu; + 2vuVy - Vu)
<0.
b b b
Then, we choose v= -, 0 <a <1 and to > 1 such that bo—“fﬁ—%—UZ =2, v—thfﬂ > 78, and v
Since
2 2w 0 : b(t))?
— = - (- t
|—2vuu| v(b(t)) ue - (—veb())%u
% 1 2
< —=Yh(Hu? — 40—
2‘/ft u vb(t)lutl
v 4v
=—cytbOu? — — v (1+ 0P u,,
2 bo
and

v v 4a
2vuVy - Vu g—Vu2+4vV 2u2<—Vu2—4v-7bt u2,
| ¥ | 4| | VY| 4| | e Ot

we integrate (2.6) over RN to get

d to+6)f b b to+ )8 to+ )

_/-ezklf (O;)|ut|2+—Ouut+—0b(t)u2+M|Vu|2+w|u|p“ dx
2 16 2 o+1

dt 8
RN

+co / eV { (1= v (to + 0P uel? + (1 — Ye(to + ) Vul* — yeb(t)u?
RN

+ (1= e (to + ) |ulP T + |u|PT} dx

d~
= EE¢(t; u) + Hy (t;u) <0.

Define

Ey(t;u) = / eV {(to + 0 (|uc® + 1Vul® + [ul”t) + b(t)u?} dx.
RN

Then we have

c1Ey (6 u) <Ey(t;u) < C1Ey (6 u).
Since

Hy (t; u) =co/e2‘”{(l — Ye(to + 0P ) (lue* + [ Vul® + [ul?+1) + P — yeb(©)u?} dx,

RN

we multiply (2.7) by (to + t)¥ to obtain

i{(t—i—t)kf Gw)+E+t)k (H G — — Fytw) <o
dr o v AT Ty V)

()

B
(p+1)ty

415

(2.6)
b

16°

(=2}

S

=

=

[e2]

(2.10)
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We can estimate (x) as

(+) = Hy (t; u)—LE (t; u)
v el

kCi(to + )P
= /ez‘”{co(l —1//t(t0+t)ﬁ)—%}(|uflz+wu|2+|u|p“)dx

kC
+/e2‘/f{co(|u|ﬁ+1 —Yeb(Ou?) — ib(t)uz}dx
t+to
RN
=11+ 1.

Choose tg large enough such that 2co > [’iﬁ Thus,

Co
> / €2V (1 = (b0 + 07 (Iue > + |Vu? + u] 1) dx
RN
To estimate I, denoting

|X|2 d c N
= x| Tyl and 2f=RV\ 2,

we divide I into to two parts:

12=[+/21121+122-

2 0F
Here we choose x > 1, then
a(l K kC
1222/e2‘”<c0 (d+pr _ kG )b(t)uzdx+60/e2‘”|u|"+1 dx}c()/ez‘”ml"“ dx>0

t+to t+to
2 2 2

and using Young's inequality with 1+ + -1+ =1, we get
2 p—1

I<C1b0
I > /ew <C0|U|p+] — mllz) dx
o

2/e2‘”<60|u|”“ - %Olulp“ —C(t+1)*(”’3)%>dx
@

C _ pt1
>§/e2¢|u|p+1dx—C(t+l) (1+’3)P*1/dx
2 £

Co p+1 (1+A‘3)N
> 2/ eV u|Ptldx — ct +1) WPt

o
Combining (2.12)-(2.15), we have

k
(t+to)’<<H¢(r u) — +—E,/,(t u))

ot | AN
>C2(t+t0)k/ez‘/’(1—wt(1—H)ﬁ)(luflz+|Vu|2+|u|/’+])dx—C2(t+t0)"(t+1) A+p G5+

RN
It follows from (2.10) and (2.16) that

%{(tom"h(t; u)}+C2(t+ro)"/e2‘”(1 — (1 +0F) (Jue? + [Vl + [ulP 1) dx

RN
)p+1 L 04BN (1+ﬂ)N

<Gt +to)fe+1)" M

(211)

(212)

(213)

(214)

(2.15)

(2.16)

(2.17)
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B g
t+t \ [ES t+t ’

p+1 L A+AN
2

Noting that £ for some 0 <€ <1 we choose

—(1+ﬁ) =-1+e¢,

ie.,

k=(1 N 1 218
( +,3)<—1—5>— +e€. (2.18)

Thus, integrating (2.17) over [0, t], we obtain

t
€+ D¥Ey (t; u>+/<r+1>"/e2¢(|uf|2+|Vu|2+|u|"“)dxdr<c+cz(r+1>€.
0 RN
It follows that
— p+1 N
Eyt;u) <Ct+ 1) THAG =2+

In particular, we have

N
/Z%(t)u dx < C(t+ 1)~ HPER— D+
RN

which implies that
/ €20y dy < C(t + 1) OGN _ oy 1y HOGED),
RN
Thus, we obtain
[u®],2 < Ct+ 1)~ FT— DI, (219)

Moreover, since

1 1
2 2 1 N N(1+8)
lu||, :/e'//|u|.e*‘/fdx< ( /92'/f|u|2dx> (/e”%jx) < C(t + o)~ T DA+HHGE
RN RN RN
we have
Ju®], < =TT, (2.20)

So, in case of B € [0, 1), we proved Theorem 1.1 by (2.19) and (2. 20) In case of g8 e (—1,0), we only need to modify the
proof mentioned above. Instead of (2.5)-(2.2), we multiply (1.1) by (b(t))2 e?Yu, and b(t) e2Yu, respectively, to obtain

a[ e ) ) eV o1 e?Vuvu
ﬁ[zw(t))z (luel™-+1Vul) + <p+1><b<t)>2'”' ]_v b
2

(. IV wf) 29 -

e {( Ty b0 )be o noe?2 "
—28 eV e

(r+1)(b(t))2( (el =+ IVul) + 2 >}

eV 5
—W|1ﬁtvu—Utvlp| =0, (221)

and

D[ oy ((uue u? B e2Vuvu 21/f{|Vu|2_ |u|/’+l}
at[e (b(t)+ )] Vo o "t o

2y i Ll M}_
e {( 2wt+t+1)b(r) o T bo | (2.22)
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Now we take

W(t x)—aL
T+ )P
and note that
IVy > 4a 5 4a
" 1Y T har st

instead of (2.4). The remaining proof is exactly same as the proof mentioned above.

3. Discussions on the critical exponent

In this section we want to discuss both the critical exponent 8 for the effectivity of the damping term +b(t)u; and the

critical exponent p when the damping term is effective.

As shown in Wirth [22-24], 8 =1 is critical whether the damping is effective or not. We observe this fact from the point

of the decay rates of solutions to the corresponding linear parabolic equation
1
-~ —A¢p=0, (t,x) eR" xRN
o bO) ¢ (£, %)
with the initial data

$(0.x)=¢o(x), xeRN.
The solution ¢(t, x) of (3.1)-(3.2) is represented by

B (t,X) = (e(fé%mabo)()o=/Gs(t,X—y)¢o(y)dy,
RN
where
t

Gp(t x)—(4nB(t))’%e‘4§'<2r) B(t) -—/d—t
= ' ") b(r)

0
Note that Gp(t, x) is the Gauss kernel when b(t) = 1. By the Hausdorff and Young inequality
11 1
If*glee <N fllrliglia, 1< p,q,r<oowith T + q 1,

we have for y e NN, Ng={0,1,2,...}, 1<g<p<ooandt >0,

14 N1y
|8Y 6 (t, )] ,» < Cligollia(B@) 227>,
and
Yi-b-ul B
B(t)

/ 2 ”
1-L-lgl [<|B (t)|> n |B (t)|:|'
B(t) B(t)
When, in particular, b(t) = bo(1 +t)~#,

1
arpld+07F =11, p# -1,
b]—ologe(l—H), Bg=—1,

|07 ¢ (t. )] » < Cligolla (B(®))~

|828Y ¢(t. )|, < Clidolla (B®)~

B(t) =

and, as t — oo,
orthy, p>-1,

B(t) =14 O(log,t), B=-1,
o(1), B <—1.

(3.1)

(3.4)

(3.6)

(3.7)
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Hence, for t > tg > 0,

a+pN (1 _1y a+Alyl
q p 2

Cligollpat™ 2 '@ . B>-1,
4 . _N(l_1y_lyl
[0 E )10 < clgoliatiog, 1 3G—-%,  p=_1, (3.8)
Cligollra, B <-1,
_(Hﬂ)N(l_l)_(lHﬁ)l}/\_]
Cligollpat 2 @ » 2 ., B>-1,
4
||3tax ¢(t, ~)||Lp g C”¢O”Lq[loge t]_%(%_%)—hz/—‘—ltfl’ ,3 — —1, (39)
Cligollat?, B<—1
and
_UHEAN 11y A+Plyl
Cligollpat 2 @ p 2 .,  B>-1,
2qY
[0705 0. o <7 Clgoliatiog, e 2G5~ 512, g _1, (3.10)
CligpollratP=T, B<—1.

Now, let u(t, x) be a solution to the linear damped wave equation

Uy — Au+btu, =0, (t,x) eRT xRN (3.11)
with the initial data

(U, u)(0,%) = (ug, u1)(x), xeRN. (312)

Then, if the solution u is assumed to behave as the solution ¢ to (3.1)-(3.2) as t — oo, then the L!-norms of both Au
and b(t)u; decay with the same rate t—'=# when 8 > —1, while the L'-norm of u; decays with the rate t—2. Since uy
should decay faster than Au and b(t)u; for the diffusion phenomena, 8 should be less than 1. In fact, when —1 < 8 <1,
Wirth has shown in [24] that the solution u and its derivatives Vu and u; behave samely as ¢, V¢ and ¢, respectively,
for p with % + % =1, 1<q <2 and for the data of (3.12) with suitable regularity. The diffusion phenomena is also shown
when —1/3 < 8 < 1. On the other hand, when B8 > 1, Eq. (3.11) is governed by the wave part, not the parabolic part. See
also [18,25,26]. When 8 < —1, we do not know how the solution u behaves.

Next, when —1 < 8 < 1 or the damping is effective, we consider the self-similar solution to the semilinear problem (1.1).
The related time dependent semi-linear parabolic equation including the sourced semilinear term is

—Ap+b(t)pr £19|P 1p=0, V(t,x)eR" xRN. (3.13)+
To avoid the effect of the constant by, we change the time scale with t = ct, and the equation for
P (T, %) =¢(t,X)
is written as
—Ap+cPhoc+ 1) Ph £161° 19 =0, (1.x) eRT xRN, (3.14)+
To seek self-similar solutions
—_ _14B X
pT.x)=0C+71) 7TFl —57 |
(c+1)2
it is easy to see that F(y) satisfies

c*Pbo(1+ B) yVF+ c*Pho(1+B)

AF
+ 2 p—1

F=+|FI°7'F, VyeRN. (3.15)+
For the existence of self-similar solutions we have the following proposition.
Proposition 3.1. Choose the constant ¢ > 0 as c!t#bg(1 4+ ) = 1.
M fl<p<prN)=1+ % then there is a unique smooth radial symmetric solution f(|y|) = F(y) to Eq. (3.15)4 with
f() >0, onl0,c0); f'(0)=0; and rl_i)rgor% f@)=0.

(2) There are infinitely many radially decreasing solutions to Eq. (3.15)_ when p < % and the solutions are positive if and only
if p > pr(N).
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Proof. The result (1) is proved by H. Brezis, L.A. Peletier and D. Terman in [1]. For (2), the results can be obtained from
A. Haraux and F.B. Weissler [3] as well as M. Escobedo and O. Kavian [2]. O

By the Proposition 3.1 our problem (3.13); has the self-similar solution

_ LB [X|

wo(t,x) = [cA+0)] 7T f ———5 |, (3.16)
[cA+0]Z
with ¢'*#bg(1 + B) =1 when p < pr(N). The decay rate is

1 N
[wott. )|, <c+ PG, (317)
which is same as (2.19)-(2.20). When p > pr(N), the exponent M(l — %) of LP-decay rate (1 < p <2) of u to (3.11)-
(3.12) is bigger than (1 + ﬂ)(ﬁ — %). Therefore, pr(N) is exactly critical from the viewpoint of the diffusion phenomena

or effective damping. Also, we note that, if the solution to (1.1) behaves as that to (3.11)-(3.12), then as t — oo,

1 _f+AN 1
/|u|ﬂ*1u(t,x)dx:o(tﬁ A
RN

PN = o (1= H 1),

b(t)
ie.

1
p—1 1 :
—b(t)/|u| u(t,x)dxe L (0,00) if p > pr(N).
RN

Hence we conjecture that, when p > pr(N), the asymptotic profile of the solution u to (1.1) is given by 6oGp(t, x) (6p: some
constant). In the critical exponent p = pp(N) we will have a slightly sharper decay rate than (2.19)-(2.20) thanks to the
absorbing term, but this also remains open.

4. Summary

We summarize our results and future considerations on the problem (1.1).

The case —1 < B < 1 (effective damping case).
In Theorem 1.1 we obtained the decay rates of the solution to (1.1) with compactly supported data in H! x L2,

1 N 1 N
Jue )] =0 (7T 2EP), Ju, o] o = 0 (T PTTHTR) (41)
N+2
IN=2I;

In the subcritical case p < pp(N) =1+ % we have a self-similar solution to the corresponding parabolic equation
(3.13)4 in Proposition 3.1, whose decay rates are same as (4.1). Hence, our decay rates in (4.1) are optimal from the view
point of the diffusion phenomena. Though the self-similar solution is expected to be an asymptotic profile of the solution
to (1.1), it remains open. Even in the case g =0, we have the fact in [5] only when pr(N) — & < p < pr(N),0<e K 1.

In the supercritical case p > pp(N), the solution of the linear problem (3.11)-(3.12) related to (1.1) is shown in [24] to
decay with its rate

as t — oo provided that 1 < p <

for the data in LP, % + % =1, p €[1,2] with suitable regularity. Also, the solution of the corresponding linear parabolic
problem (3.1)-(3.2) decays with

[6. 9 =0), o )], =0("F0P), (42)

as seen in (3.8), whose rates are sharper than (4.1) in the supercritical case. If u behaves as (4.2), then b(l—t)|u|f’_1u €

L1(0, 00; L1). Hence, even in the case of semilinear problem (1.1) we can expect the solution u to decay with the same rates
in (4.2). More precisely, we expect that the solution u(t, x) behaves as 6pGp(t, x) for some constant 6y, where Gp is given
in (3.4).

In the critical case p = pr(N) the solution to Eq. (1.1) will decay with slightly faster rates than (4.1) or (4.2), thanks to
the absorbing semilinear term. We also note that, though (4.1) is available in the critical and supercritical cases, the rates
are less sharp than the expected ones.

The case g > 1.
As in [23], when 8 > 1, the damping is not effective, and even for the semilinear problem (1.1) the solution will behave
as that of the corresponding wave equation. The case 8 =1 is critical and the situation will be delicate as in [22].
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The case B < —1.
We have no result in this case. As pointed in [24, Theorem 28], the solutions to the linear damped wave problem
(3.11)-(3.12) converge to a function that is generally non-vanishing as t tends to infinity. See [24] for detail.
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