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1 Introduction

The linear multiplet1 plays an important role in the context of matter-coupled supergravity

theories with eight supercharges in four, five and six dimensions. There are two reasons

for the significance of this representation of supersymmetry that can be attributed to its

possible realizations as: (i) a dynamical multiplet; or (ii) a composite multiplet. In the first

realization, the linear multiplet without central charge [22] (nowadays, often called theO(2)

multiplet [23, 24]) provides a dual off-shell formulation for the massless hypermultiplet,

in which one of the four physical scalars of the hypermultiplet is dualized into a gauge

(d − 2)-form in d dimensions. In the d = 4 case, the O(2) multiplet describes the field

strength of the massless N = 2 tensor multiplet [8, 25]. In the second realization, which

is most relevant for this paper, the linear multiplet takes on the role of a Lagrangian for

a locally supersymmetric action [4, 5]. This action principle turns out to be universal

in the sense that it supports general off-shell supergravity-matter theories.2 Different

1In four-dimensional N = 2 Poincaré supersymmetry, the linear multiplet was introduced by Sohnius [1]

as a superfield Lagrangian for the matter hypermultiplet [2] coupled to the Yang-Mills vector multiplet [3].

The linear multiplet action was generalized to N = 2 supergravity by Breitenlohner and Sohnius [4], and

then reformulated by de Wit, van Holten and Van Proeyen [5] within the N = 2 superconfomal tensor

calculus [6–8], see [9] for a recent review. The linear multiplet actions, and their use, in five-dimensional

N = 1 and six-dimensional N = (1, 0) supergravity theories were described in [10–17] and [18] respectively.

It should be mentioned that in five dimensions different authors use different notations, N = 1 or N = 2,

for supersymmetric theories with eight supercharges. The notation N = 1 is used, e.g., in refs. [19–21].

The rationale for its use is that the case of eight supercharges corresponds to simple supersymmetry. The

alternative notation N = 2 is used in [10–17]. The rationale for this choice is that dimensional reduction

of five-dimensional theories with eight supercharges leads to N = 2 theories in four dimensions. Here we

follow the conventions of [19–21].
2Its universality may be readily justified in the case of 4D N = 2 supergravity. Within the off-shell

formulation for supergravity-matter systems given in [26–28], any dynamical system can be described using

the curved projective superspace action. This action can be recast as a chiral action with specially chosen

Lagrangian [29]. The latter may equivalently be rewritten, using a simple transformation, as a linear

multiplet action.
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theories correspond to different composite linear multiplets. In this paper we present

three-dimensional (3D) analogues of the linear multiplet action.

The linear multiplet action actually involves two building blocks: an Abelian vector

multiplet and a linear multiplet, the latter with or without central charge (no central charge

is possible in six dimensions). The vector multiplet is dynamical and model-independent.

The linear multiplet is composite and contains all the information about the dynami-

cal system under consideration. Within the superconformal tensor calculus, the action

is formulated in terms of the component fields [5], which is useful for many applications.

However, this component approach obscures a geometric origin of the action. On the other

hand, the action acquires a simple geometric interpretation as a supersymmetric BF term

when formulated in curved 4D N = 2 harmonic superspace [30] (as an extension of the

rigid supersymmetric construction given in [31]) or, in the case of the linear multiplet

without central charge, in curved 4D N = 2, 5D N = 1 and 6D N = (1, 0) projective

superspaces [19–21, 26–28, 32].3 From the viewpoint of x-space practitioners, a disad-

vantage of these superspace approaches is that some work is required in order to reduce

the action to components. Recently, there has appeared a new formulation for the 4D

N = 2 linear multiplet action [38] that combines the advantages of both the superconfor-

mal tensor calculus and the powerful superspace techniques. It made use of 4D N = 2

conformal superspace [39] in conjunction with the superform approach to the construction

of supersymmetric invariants [40–43].

The superform formulation given in [38], and its extension to describe 3D N = 1 con-

formal supergravity [44], has recently been applied to derive off-shell N -extended conformal

supergravity actions in three dimensions for the cases N ≤ 6 [45, 46].4 In the past, the

off-shell actions were known only for N = 1 [48] (see also [44]) and N = 2 [49] conformal

supergravities. Refs. [45, 46] made use of the novel off-shell formulation for 3D N -extended

conformal supergravity [50] called conformal superspace.5 Within the superspace setting

of [50], conformal supergravity is simply a gauge theory of the N -extended superconformal

group. Conceptually, this supergravity formulation is very similar to that for N -extended

Yang-Mills multiplets in superspace. Here we use this analogy to develop a superform re-

alization, in conformal superspace, for N -extended supersymmetric Chern-Simons actions,

with 1 ≤ N ≤ 4. Using different techniques, the supersymmetric Chern-Simons actions

were originally constructed in [53, 54] for the case N = 1, in [55, 56] for N = 2,6 in [57]

for N = 3. The N = 4 supersymmetric BF term was first constructed in components [58],

then in N = 2 superspace [59], N = 4 harmonic superspace [60, 61] and also in N = 3

harmonic superspace [62]. The N = 4 case is actually very special, since a non-Abelian

N = 4 Chern-Simons action does not exist. This will be discussed in more detail in the

main body of our paper.

3The harmonic [33, 34] and projective [35–37] superspaces are powerful approaches to engineer off-shell

supersymmetric theories with eight supercharges.
4The off-shell action for 3D N = 6 conformal supergravity was independently constructed in [47].
5The conventional off-shell formulation for 3D N -extended conformal supergravity [51, 52], also known

as SO(N ) superspace, is obtained from conformal superspace by gauge fixing some of the local symmetries,

see [50] for more details. Within the SO(N ) superspace setting, the most general off-shell supergravity-

matter couplings were constructed in [52] for the cases 1 ≤ N ≤ 4.
6The Abelian N = 2 Chern-Simons action was first constructed by Siegel [53].
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Using the superform realization of the Chern-Simons actions given, it becomes trivial

to construct linear multiplet actions for the cases N = 2, 3, 4; the relevant constructions

are given in the main body of our paper. We demonstrate that these actions are actually

universal for N = 3 and N = 4 in the sense that the most general off-shell N = 3

and N = 4 supergravity-matter systems presented in [52] may be described using the

appropriate linear multiplet action. This simplifies the problem of constructing component

actions for N = 3 and N = 4 off-shell supergravity-matter systems. We should emphasize

that our statement of universality concerns the off-shell locally supersymmetric theories.

The on-shell locally supersymmetric nonlinear sigma models in three dimensions have been

described, e.g., in [63–67].

This paper is organized as follows. In section 2 we describe the N -extended non-

Abelian vector multiplet in conformal superspace. In section 3 our method to construct

supersymmetric Chern-Simons actions is briefly described. In section 4 we derive the cur-

vature induced three-forms for N ≤ 4. The component expressions for the supersymmetric

Chern-Simons actions with N ≤ 4 are given in section 5. Section 6 is devoted to the

N = 2 linear multiplet action. In section 7 we work out the N = 3 linear multiplet action

and apply this construction to the cases of (2,1) anti-de Sitter supergravity and N = 3

topologically massive supergravity. In section 8 we work out two N = 4 linear multiplet

actions and make use of these actions to study (2,2) anti-de Sitter supergravity and N = 4

topologically massive supergravity. Some implications of our results and open problems

are briefly discussed in section 9.

We have included a couple of technical appendices. Appendix A includes some salient

facts about the conformal superspace of [50]. In appendix B we give the supersymme-

try transformations for vector multiplets with N ≤ 4. In appendix C we briefly review

covariant projective N = 3 supermultiplets and demonstrate universality of the N = 3

linear multiplet action. In appendix D we sketch the structure of left and right covariant

projective N = 4 supermultiplets and demonstrate universality of the two N = 4 linear

multiplet actions.

2 Vector multiplets in conformal superspace

In this section we show how to describe Yang-Mills multiplets within the superspace formu-

lation of [50], known as conformal superspace. Conformal superspace is based on gauging

the entire superconformal algebra. Its essential aspects are summarized in appendix A.

To describe a Yang-Mills multiplet in the 3D N -extended conformal superspace

M3|2N of [50], parametrized by coordinates zM = (xm, θµI ), we introduce gauge covariant

derivatives

∇ = EA∇A , ∇A := ∇A − iVA , (2.1)

with EA = EA
M∂M the inverse vielbein, ∇A the superspace covariant derivatives obeying

the (anti-)commutation relations (A.4) and V = EAVA the gauge connection taking its

values in the Lie algebra of the Yang-Mills gauge group GYM. The generators of GYM

– 3 –
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commutes with all the generators of the superconformal algebra (A.3). The Yang-Mills

gauge transformation acts on the gauge covariant derivatives as

∇A → eiτ∇Ae
−iτ , τ † = τ , (2.2)

where the gauge parameter τ(z) takes its values in the Lie algebra of GYM.

The gauge covariant derivative algebra is

[∇A,∇B} = −TAB
C∇C −

1

2
R(M)AB

cdMcd −
1

2
R(N)AB

PQNPQ −R(D)ABD

−R(S)AB
γ
IS

I
γ −R(K)AB

cKc − iFAB , (2.3)

where the torsion and curvatures are those of conformal superspace but with FAB corre-

sponding to the gauge covariant field strength F = 1
2E

B ∧EAFAB. The field strength FAB

satisfies the Bianchi identity

∇F = 0 , ∇[AFBC} + T[AB
DF|D|C} = 0 (2.4)

and must be subject to covariant constraints to describe an irreducible vector multiplet.

The structure of the constraints and their consequence is different for N = 1 and for N > 1.

Below we describe the various cases.

2.1 The N = 1 case

In the N = 1 case, one imposes the covariant constraint [53, 54]

Fαβ = 0 . (2.5)

Then one derives from the Bianchi identities the remaining components

Faβ =
1

2
(γa)β

γGγ , (2.6a)

Fab = −
i

4
εabc(γ

c)γδ∇γGδ , (2.6b)

together with the dimension-2 differential constraint on the spinor field strength

∇αGα = 0 . (2.7)

Furthermore, the Jacobi identities require Gα to be primary and of dimension-3/2:

SβGα = 0 , KbGα = 0 , DGα =
3

2
Gα . (2.8)

2.2 The N > 1 case

For N > 1 one imposes the following dimension-1 covariant constraint [55, 57, 68]

F I
α
J
β = −2iεαβG

IJ , (2.9)

where GIJ is antisymmetric, primary and of dimension-1

GIJ = −GJI , SI
αG

JK = 0 , KaG
IJ = 0 , DGIJ = GIJ . (2.10)

– 4 –
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These constraints are a natural generalization of the N > 1 constraints in four dimen-

sions [3, 69]. The Bianchi identities then give the remaining field strength components:

Fa
I
α =

1

(N − 1)
(γa)α

β∇βJG
IJ , (2.11a)

Fab = −
i

4N (N − 1)
εabc(γ

c)αβ [∇K
α ,∇

L
β ]GKL . (2.11b)

The N = 2 case is special because GIJ becomes proportional to the antisymmetric

tensor εIJ

GIJ = εIJG . (2.12)

The components of FAB then become

F I
α
J
β = −2iεαβε

IJG , (2.13a)

Fa
J
β = εJK(γa)β

γ∇γKG , (2.13b)

Fab = −
i

4
εabc(γ

c)γδεKL∇γK∇δLG . (2.13c)

The Bianchi identities imply a constraint on G at dimension-2

∇γI∇J
γG =

1

2
δIJ∇γ

K∇K
γ G . (2.14)

Unlike for N = 2, in the case N > 2 the field strength GIJ is constrained by the

dimension-3/2 Bianchi identity

∇I
γG

JK = ∇[I
γ G

JK] −
2

N − 1
δI[J∇γLG

K]L . (2.15)

This constraint may be shown to define an off-shell supermultiplet, see e.g. [50, 70].

3 Chern-Simons and curvature induced three-forms

In this section our method to construct supersymmetric Chern-Simons actions is outlined.

This method heavily builds on the superform formalism for the construction of supersym-

metric invariants [40–43]. First of all, we sketch its salient points in the framework of 3D

N -extended conformal superspace. The formalism makes use of a closed three-form

J =
1

3!
EC ∧ EB ∧ EAJABC , dJ = 0 . (3.1)

Under an infinitesimal coordinate transformation generated by a vector field ξ = ξM∂M =

ξAEA, the three-form varies as

δξJ = LξJ ≡ iξdJ+ diξJ = diξJ . (3.2)

We note that δξJ = δgctJ, where δgct stands for the general coordinate transformation

associated with ξ. As discussed in appendix A, the gauge group of conformal supergravity,

– 5 –
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G, is generated by two types of transformations: (i) covariant general coordinate transfor-

mations, δcgct, associated with a parameter ξA; and (ii) standard superconformal trans-

formations, δH, associated with a parameter Λa. The covariant diffeomorphism δcgct(ξ) is

related to the ordinary one δgct(ξ) by the rule [50]

δcgct(ξ
A) = δgct(ξ

AEA
M )− δH(ξ

AωA
a) . (3.3)

The closed three-form J is required to transform by an exact three-form under the

standard superconformal transformations,

δHJ = dΘ(Λa) . (3.4)

If we assume the components ξM and Λa vanish at spacetime infinity, then we have the

supersymmetric invariant

S =

∫

M3

i∗J . (3.5)

Here M3 denotes the bosonic body of the curved superspace M3|2N and i : M3 → M3|2N

is the inclusion map.

Suitable actions must also be gauge invariant for any additional gauge symmetries of

the theory under consideration. If the closed three-form J transforms by an exact three-

form under the gauge transformations,

δJ = dΘ , (3.6)

then the functional (3.5) is a suitable candidate for an action.

Our method to construct Chern-Simons actions is analogous to the one used in [45, 46]

to derive the conformal supergravity actions for N ≤ 6. In the super Yang-Mills case,

following [45], we will construct a closed three-form J by finding two solutions to the

superform equation

dΣ = 〈F 2〉 := tr
{
F ∧ F

}
. (3.7)

The first of these solutions is the Chern-Simons three-form ΣCS,

ΣCS = tr

{
V ∧ F −

i

3
V ∧ V ∧ V

}
. (3.8)

It changes by an exact three-form under the Yang-Mills gauge transformation (2.2),

δτΣCS = d tr
{
i dτ ∧ V

}
. (3.9)

It is invariant under the standard superconformal transformations,

δHΣCS = 0 . (3.10)

The other solution, the so-called curvature induced form ΣR, is defined to be such that its

components are constructed in terms of the field strength FAB and its covariant derivatives.

– 6 –
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This three-form is required to be invariant under the Yang-Mills gauge transformations (2.2)

and under the the standard superconformal ones,

δτΣR = 0 , (3.11a)

δHΣR = 0 . (3.11b)

The existence of ΣR is not guaranteed for arbitrary N and crucially depends on the explicit

structure of the constraints obeyed by the field strength. If ΣR exists, the properties of

ΣCS and ΣR imply that their difference

J = ΣCS − ΣR = tr

{
V ∧ F −

i

3
V ∧ V ∧ V

}
− ΣR (3.12)

is an appropriate closed three-form that constitutes a supersymmetric action.

We would like to emphasize that the three-form ΣR is required to be conformally

invariant, eq. (3.11b). Actually, it turns out that the only non-trivial invariance condition

on ΣR is with respect to the special conformal generators KA. It is equivalent to the

condition [45]

SJ
βΣa1···an

I1
α1
· · ·

Ip−n
αp−n = in(γ[a1)β

γΣJ
γ a2···an]

I1
α1
· · ·

Ip−n
αp−n . (3.13)

The above scheme is an example of a known construction where an invariant derived

from a closed super d-form can be generated from a closed, gauge-invariant super (d+ 1)-

form provided that the latter is Weil trivial, i.e. exact in invariant cohomology (a concept

introduced by Bonora, Pasti and Tonin [71] in the context of anomalies in supersymmetric

theories). Examples of this include higher-order invariants in other supersymmetric theories

which were studied, e.g., in [72, 73].

4 Non-Abelian curvature induced three-form

We introduce the curvature induced form ΣR = 1
3!E

C ∧ EB ∧ EAΣABC as the covariant

solution to the superform equation7

dΣR = tr{F ∧ F} , 4∇[AΣBCD} + 6T[AB
EΣ|E|CD} = (tr{F ∧ F})ABCD . (4.1)

By covariant we mean that the components ΣABC are directly expressible in terms of FAB

and their covariant derivatives. It should be emphasized that the curvature induced form

can only exist if the field strength F is constrained in a such a way that eq. (4.1) can be

satisfied.

To see this, consider the N > 1 case where one finds at the lowest dimension the

condition

Eδ
L∧E

γ
K∧Eβ

J ∧E
α
I

(
−24εαβεγδtr{G

IJGKL}−4∇L
δ Σ

I
α
J
β
K
γ +12i(γa)αβδ

IJΣa
K
γ

L
δ

)
= 0 . (4.2)

7When referring to the components of the curvature induced form we will use Σ instead of ΣR to avoid

awkward notation.

– 7 –
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On dimensional grounds, the most general ansatz to take for ΣR is8

ΣI
α
J
β
K
γ = 0 , Σa

J
β
K
γ = i(γa)βγtr{Aδ

JKGPQGPQ +BGJLGK
L} . (4.3)

It will turn out that the curvature induced three-form, based on the ansatz (4.3), can only

be found for N < 4. It is in these cases that we have

tr{GIJGKL}=AδK[IδJ ]Ltr{GPQGPQ}+
B

2
δK[Itr{GJ ]PGL

P } −
B

2
δL[Itr{GJ ]PGK

P } (4.4)

for some A and B.

Below we give the solution to eq. (4.1) on a case by case basis.

4.1 The N = 1 case

Since F is constrained by eq. (2.5), solving (4.1) is straightforward. One finds9

Σαβγ = Σaβγ = Σabγ = 0 , (4.5a)

Σabc = −
i

4
εabctr{G

γGγ} . (4.5b)

Since the only non-zero component of this three-form is primary, ΣR is indeed conformally

invariant by virtue of equation (3.11b).

4.2 The N = 2 case

In the N = 2 case, we can replace GIJ with its Hodge-dual:

G :=
1

2
εIJGIJ , GIJ = εIJG . (4.6)

Then we have

tr{GIJGKL} = 2δI[KδL]Jtr{G2} = δK[IδJ ]Ltr{GPQGPQ} . (4.7)

Using the constraint (2.14) one finds the solution

ΣI
α
J
β
K
γ = 0 , (4.8a)

Σa
J
β
K
γ = 2i(γa)βγδ

JKtr{G2} , (4.8b)

Σab
K
γ = −εabc(γ

c)γδtr{∇
δKG2} , (4.8c)

Σabc = −
i

2
εabctr{2∇

γ
KG∇

K
γ G+G∇γ

K∇K
γ G}. (4.8d)

The curvature induced three-form can be shown to obey equation (3.11b).

It is often advantageous to make use of the complex basis for the N = 2 covariant

derivatives, see [50, 52] for details. In this basis, the field strength is given by

F = Ēβ ∧ EαFαβ + Eβ ∧ EaFaβ + Ēβ ∧ EaF̄aβ +
1

2
Eb ∧ EaFab , (4.9)

8This is analogous to the ansatz taken for conformal supergravity [45].
9Keep in mind that eq. (4.1) is identically satisfied once it is solved up to and including the level of the

highest dimension component, see [74].
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where its components are

Fαβ = −2εαβG , (4.10a)

Faβ = i(γa)β
γ∇γG , (4.10b)

F̄aβ = −i(γa)β
γ∇̄γG , (4.10c)

Fab = −
i

8
εabc(γ

c)γδ[∇γ , ∇̄δ]G . (4.10d)

The corresponding curvature induced form (4.8) may be expressed as

Σ = Ēγ ∧ Eβ ∧ EaΣaβγ +
1

2
Eγ ∧ Eb ∧ EaΣabγ +

1

2
Ēγ ∧ Eb ∧ EaΣ̄abγ

+
1

6
Ec ∧ Eb ∧ EaΣabc , (4.11)

where the components have the explicit form

Σaβγ = −2i(γa)βγtr{G
2} , (4.12a)

Σabγ = −εabc(γ
c)γδtr{∇

δG2} , (4.12b)

Σ̄abγ = −εabc(γ
c)γδtr{∇̄

δ
G2} , (4.12c)

Σabc = iεabctr{2∇
γG∇̄γG+G∇̄

γ
∇γG} . (4.12d)

4.3 The N = 3 case

In the N = 3 case we define the Hodge-dual of GIJ as

GI :=
1

2
εIJKG

JK , GIJ = εIJKGK , (4.13)

which implies

tr{GIJGKL} = 2δK[IδJ ]Ltr{GPGP } − 2δK[Itr{GJ ]GL}+ 2δL[Itr{GJ ]GK} . (4.14)

Furthermore, the Bianchi identity (2.15) gives

∇I
γG

J = ∇[I
γ G

J ] +
1

3
δIJ∇K

γ GK , (4.15a)

∇γJ∇γ[JGI] = 2∇γJ∇γJGI − 8εIJK [GJ , GK ] , (4.15b)

∇I
α∇

J
βGJ = −

3

2
εαβ∇

γ
P∇

P
γ G

I + 3i∇αβG
I + 9εαβε

IJK [GJ , GK ] . (4.15c)

Using the above identities one finds the solution

ΣI
α
J
β
K
γ = 0 , (4.16a)

Σa
J
β
K
γ = 2i(γa)βγtr{δ

JKGIGI − 2GJGK} , (4.16b)

Σab
K
γ = 2εabc(γ

c)γ
δtr{∇

[K
δ GI]GI −

1

3
∇I

δGIG
K} , (4.16c)

Σabc =
i

2
εabctr

{
2

9
(∇γKGK)(∇L

γGL)− (∇γ

[KGL])(∇
[K
γ GL])

− 2(∇γ
K∇K

γ G
L)GL + 8εIJKGIGJGK

}
. (4.16d)

Conformal invariance follows since ΣR obeys equation (3.11b).
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4.4 The special case of N = 4

In the previous subsections, we found that our approach struck an obstacle at the N = 4

case. In particular, eq. (4.4) no longer holds. Actually, the N = 4 case requires some

additional consideration. It is well known that the constraint (2.15) does not define an

irreducible off-shell supermultiplet for N = 4. In this case, the Hodge-dual of GIJ ,

G̃IJ :=
1

2
εIJKLGKL , (4.17)

obeys the same constraint as GIJ does,

∇I
γG

JK = ∇[I
γ G

JK] −
2

3
δI[J∇γLG

K]L , (4.18a)

∇I
γG̃

JK = ∇[I
γ G̃

JK] −
2

3
δI[J∇γLG̃

K]L . (4.18b)

As a result, one may constrain the field strength GIJ to be self-dual,

G̃IJ = GIJ , (4.19a)

or anti-self-dual,

G̃IJ = −GIJ . (4.19b)

These choices correspond to two different off-shell N = 4 vector multiplets, the left and

right ones, see [52] for more details.

Now, if we consider an irreducible N = 4 vector multiplet obeying either (4.19a)

or (4.19b), it may be seen that eq. (4.4) still does not hold. A possible way out is to

consider two vector multiplets and a generalization of eq. (3.7) of the form dΣ = tr
{
F1∧F2

}
.

However, this poses a problem for non-Abelian vector multiplets, since the two-form field

strengths F1 and F2 are not gauge invariant; instead, they transform covariantly under

the two different gauge groups.10 In this section, we therefore restrict ourselves to Abelian

vector multiplets.

We will consider the general case of two Abelian vector multipletsGIJ
+ andGIJ

− with the

two-form field strengths F+ and F− respectively. In this case the superform equation (3.7)

is replaced by

dΣ = F+ ∧ F− , 4∇[AΣBCD} + 6T[AB
EΣ|E|CD} = (F+ ∧ F−)ABCD . (4.20)

The Chern-Simons solution ΣCS to the above is

ΣCS = F+ ∧ V− = V+ ∧ F− + closed form , (4.21)

where V± are gauge one-forms associated with the two-form field strengths, F± = dV± .

10It should be mentioned that there is an alternative approach to the problem of constructing the N = 4

Chern-Simons action [75]. It is based on dualizing two scalars in the vector multiplet into vector fields and

constructing a theory involving three different vectors! However, as mentioned in [58], such an approach is

on-shell and cannot be used to construct matter couplings.
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The curvature induced three-form ΣR is the covariant solution to the superform equa-

tion (4.20) (when it exists). For N = 4 one finds at the lowest dimension of (4.20) the

condition

Eδ
L ∧ Eγ

K ∧ Eβ
J ∧ Eα

I (−24εαβεγδG
IJ
+ GKL

− − 4∇L
δ Σ

I
α
J
β
K
γ + 12i(γa)αβδ

IJΣa
K
γ

L
δ ) = 0 . (4.22)

The most general ansatz to take for ΣR is

ΣI
α
J
β
K
γ = 0 , Σa

J
β
K
γ = i(γa)βγ(Aδ

JKGPQ
+ G−PQ −BG

L(J
+ G

K)
− L) , (4.23)

which will lead to a solution if

GIJ
+ GKL

− = AδK[IδJ ]LGPQ
+ G−PQ +

B

2
δK[IG

J ]P
+ GL

−P −
B

2
δL[IG

J ]P
+ GK

− P . (4.24)

It is easy to see that if we let both GIJ
± be (anti-)self-dual then we cannot satisfy

eq. (4.24) for any A and B. However, imposing opposite duality conditions gives us a way

out. Taking GIJ
+ to be self-dual and GIJ

− to be anti-self-dual,

1

2
εIJKLG±KL = ±GIJ

± (4.25)

gives11

GIJ
+ GKL

− = δK[IG
J ]P
+ GL

−P − δL[IG
J ]P
+ GK

− P . (4.26)

Using the Bianchi identity (2.15) and the (anti-)self-duality conditions (4.25), one finds

the curvature induced form to be

ΣI
α
J
β
K
γ = 0 , (4.27a)

Σa
J
β
K
γ = −2i(γa)βγG

L(J
+ G

K)
− L , (4.27b)

Σab
K
γ = −

1

3
εabc(γ

c)γ
δ(∇δIG

IJ
+ G−J

K +∇δIG
IJ
− G+J

K) , (4.27c)

Σabc = iεabc

(
1

24
∇γ

J∇
I
γG+IKG

KJ
− +

1

24
∇γ

J∇
I
γG−IKG

KJ
+ +

1

9
∇γ

IG
IJ
+ ∇K

γ G−JK

)
. (4.27d)

One can check that eq. (3.13) holds.

As is known, the group isomorphism SO(4) ∼=
(
SU(2)L × SU(2)R

)
/Z2 allows us to

convert each SO(4) vector index into a pair of SU(2) spinor ones, for instance ∇I
α → ∇īi

α,

see [52] for more details. It is instructive to look at some of the above results in the

isospinor notation. The SO(4) bivector GIJ = −GJI is equivalently described by two

symmetric second-rank isospinors, Gij and Gīj̄ , which are defined as

GIJ → Gīi,jj̄ = −εīj̄Gij − εijGīj̄ , Gij = Gji , Gīj̄ = Gj̄ī (4.28)

and transform under the local groups SU(2)L and SU(2)R, respectively. For the Hodge-dual

SO(4) bivector G̃IJ defined by (4.17), we get

G̃IJ → G̃īi,jj̄ = εīj̄Gij − εijGīj̄ . (4.29)

11It is clear that GIJ
+ G−IJ = 0.
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The Bianchi identity (4.18a) is equivalent to the two analyticity constraints [52]

∇(īi
α G

kl) = 0 , (4.30a)

∇i(̄i
α G

k̄l̄) = 0 . (4.30b)

Thus the field strengths Gij and Gīj̄ are independent of each other. The (anti-)self-duality

conditions (4.25) are equivalent to

GIJ
− → Gīi,jj̄

− = −εīj̄Gij , Gij = Gji , (4.31a)

GIJ
+ → Gīi,jj̄

+ = −εijGīj̄ , Gīj̄ = Gj̄ī . (4.31b)

In accordance with [52], a symmetric isospinor superfield Gij under the constraint (4.30a)

is called a left linear multiplet or, equivalently, a left O(2) multiplet. Similarly, eq. (4.30b)

defines a right linear multiplet or, equivalently, a right O(2) multiplet.

5 Component actions

In the previous sections we have given a complete superspace description of the Chern-

Simons actions for non-Abelian vector multiplets with N < 4 and of the BF action for

Abelian vector multiplets in theN = 4 case. In this section we will derive the corresponding

component action. To do so we will need to elaborate on the component structure of the

theory. For a complete description of the component fields of the Weyl multiplet including

their supersymmetry transformations we refer the reader to [45]. Here we outline some of

the salient details.

The Weyl multiplet contains a set of gauge one-forms which appear explicitly in the

actions. These include the vielbein em
a, the gravitino ψm

α
I , the SO(N ) gauge field Vm

IJ

and the dilatation gauge field bm defined as

em
a := Em

a| , ψm
α
I := 2Em

α
I | , Vm

IJ := Φm
IJ | , bm := Bm| , (5.1)

where the bar-projection [54, 76, 77] of a superfield V (z) = V (x, θ) is defined by the

standard rule V | := V (x, θ)|θ=0. The remaining gauge fields are the spin connection ωm
ab,

the special conformal and S-supersymmetry connections fm
a and φm

I
α defined as

ωm
ab := Ωm

ab| , fm
a := Fm

a| , φm
I
α := 2Fm

I
α| . (5.2)

These connections turn out to be composite and their expressions are given in [45].

The Weyl multiplet also contains some auxiliary fields for N > 2. In the N = 3 case,

there is a single fermionic auxiliary field defined by

wα =Wα| . (5.3)

In the N = 4 case, the Weyl multiplet contains both bosonic and fermionic auxiliary fields,

w =W | , y = −
i

4
∇α

I∇
I
αW | , wI

α = −
i

2
∇I

αW | , (5.4)

where W denotes the Hodge-dual of W IJKL,

W IJKL = εIJKLW . (5.5)

– 12 –
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5.1 Vector multiplets in components

The component fields of vector multiplets may be extracted from the field strength GIJ .

For N > 1, we define the matter fields as follows12

gIJ := GIJ | , (5.6a)

λIα :=
2

N − 1
∇αJG

IJ | , (5.6b)

hIJ :=
i

N − 1
∇γ[I∇γKG

J ]K | , (5.6c)

χα1···αn

I1···In+2 := I(n)∇
[I1
(α1

· · ·∇In
αn)

GIn+1In+2]| , (5.6d)

where

I(n) =

{
i , n = 1, 2 (mod 4)

1 , n = 3, 4 (mod 4) .
(5.7)

A final component field vm is given by the bar-projection of the corresponding superspace

connection,

va = ea
mvm , vm := Vm| . (5.8)

The covariant field strength may be constructed from the bar-projection of the two-

form F = 1
2E

B ∧ EAFAB. Making use of the identity

Fmn = Em
AEn

BFAB(−1)εAεB (5.9)

and performing a component projection, we find

F̂ab := Fab| = fab +
1

2
(ψ[a

Kγb]λK)−
i

2
ψa

γKψb
L
γ gKL , (5.10)

where

fab = ea
meb

nfmn , fmn := Fmn| = 2(∂[mVn] − iV[mVn])| = 2(∂[mvn] − iv[mvn]) . (5.11)

The component fields of the vector multiplet form a tower [70], see figure 1.13

The coefficients chosen in eq. (5.6) allow for a straightforward truncation of higher N

cases to the lower N ones via a procedure analogous to the one described in [45]. For the

N = 1 case we have to switch off all matter fields except

λIα = λα = Gα| , (5.12)

with the field strength Gα defined in (2.6a).

The N = 4 case is special, since it allows for two inequivalent off-shell vector multiplets

with field strengths GIJ
+ and GIJ

− obeying the self-duality condition (4.19a) and the anti-

self-duality condition (4.19b) respectively. In this case we define the the component fields

12The coefficients are chosen so that the N = 1 case may be derived via the higher N cases.
13The tower is analogous to the one for the N -extended super Cotton tensor [45, 70].
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gIJ

�
�✠

❅
❅❘

χα
IJK λα

I

�
�✠

❅
❅❘

�
�✠

❅
❅❘

χα1α2
I1···I4 yIJ F̂α1α2

�
�✠

· · ·

�
�✠

χα1···αN−2
I1···IN

Figure 1. Component fields of the N -extended vector multiplet.

of the vector multiplets as

gIJ± := GIJ
± | , (5.13a)

λ(±)
I
α :=

2

3
∇αJG

IJ
± | , (5.13b)

h(±)
IJ :=

i

3
∇γ[I∇γKG

J ]K
± | , (5.13c)

χ(±)α1···αn

I1···In+2 := I(n)∇
[I1
(α1

· · ·∇In
αn)

G
In+1In+2]
± | , n = 1, 2 , (5.13d)

where g±
IJ is (anti-)self-dual

1

2
εIJKLg±KL = ±g±

IJ . (5.14)

The component one-forms are given by

v(±)a = ea
mv(±)m , v(±)m := V±m| , (5.15)

where V± is the gauge one-form associated with the field strength GIJ
± .

The (anti-)self-duality property of GIJ
± , eq. (4.25), reduces the degrees of freedom for

each vector multiplet by half. To see this, it is useful to replace h(±)
IJ by the fields

ĥ±
IJ =

1

2
(h(∓)

IJ + h̃(∓)
IJ)

= h(∓)
IJ ∓ 2wg∓

IJ ∓
i

4
[g+

P [I , g−
J ]

P ] , (5.16)

which prove to be (anti-)self-dual

1

2
εIJKLĥ±KL = ±ĥIJ± . (5.17a)
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The other implications of (anti-)self-duality are

χ±α
IJK = ∓

i

2
εIJKLλ±αL , (5.17b)

χ±αβ
IJKL = ∓εIJKLF̂±αβ . (5.17c)

Diagrammatically, this means that the components on the left hand side of figure 1 are

related to those on the right hand side via (anti-)self-duality. One can see that each vector

multiplet constitutes 8+8 degrees of freedom.

5.2 Off-shell component actions

Now we have all the ingredients to construct the component actions corresponding to the

closed forms

J = ΣCS − ΣR (5.18)

found in the previous sections. To do so we just need to apply the action principle (3.5),

S =

∫
d3x e ∗J|θ=0 ,

∗J =
1

3!
εmnpJmnp , e = det(em

a) , (5.19)

and make use of the formula

1

3!
εmnpΣmnp| =

1

3!
εmnpEp

CEn
BEm

AΣABC |

=
1

3!
εabc

(
Σabc|+

3

2
ψa

α
IΣ

I
αbc|+

3

4
ψb

β
Jψa

α
IΣ

I
α
J
βc|

+
1

8
ψc

γ
Kψb

β
Jψa

α
IΣ

I
α
J
β
K
γ |

)
. (5.20)

Here we present the resulting actions on a case by case basis.

Although all our actions are automatically supersymmetric, we give the supersymmetry

transformations of the component fields in appendix B.

5.2.1 The non-Abelian N = 1 case

The action is constructed using eqs. (3.8) and (4.5). From eq. (5.20) we find

1

3!
εmnpΣmnp| =

i

4
tr{λγλγ} . (5.21)

Combining this with the contribution coming from the Chern-Simons form (3.8) gives

S =
1

2

∫
d3x e tr

{
εabc

(
vafbc +

2i

3
vavbvc

)
−

i

2
λγλγ

}
. (5.22)

5.2.2 The non-Abelian N = 2 case

Using eqs. (5.20) and (4.8) we find

1

3!
εmnpΣmnp|=

1

2
tr

{
i

2
λ̃γK λ̃

K
γ − 2gh

}
+

1

2
(γa)γδψa

γ
I tr{gλ̃

δI}−
i

4
εabc(γa)γδψb

γ
Kψc

δKtr{g2},

(5.23)
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where we have defined

λ̃αI := εJIλ
J
α = −2∇αIG| , h :=

1

2
εIJh

IJ = −
i

2
∇γK∇γKG| . (5.24)

Using the above result and incorporating the Chern-Simons form (3.8) gives the action

S =
1

2

∫
d3x e tr

{
εabc

(
vafbc +

2i

3
vavbvc

)
−

i

2
λ̃γK λ̃

K
γ + 2gh− (γa)γδψa

γ
I gλ̃

δI

+
i

2
εabc(γa)γδψb

γ
Kψc

δKg2
}
. (5.25)

Expressing the above action in terms of the complex basis gives

S =
1

2

∫
d3x e tr

{
εabcvafbc + iλγ λ̄γ + 2gh

− (γa)γδψa
γgλδ + (γa)γδψ̄a

γgλ̄δ − iεabc(γa)γδψb
γψ̄c

δg2
}
, (5.26)

where we have made use of the component fields in the complex basis:

λα = −2∇αG| , λ̄α = −2∇̄αG| , h = i∇̄γ∇γG| . (5.27a)

5.2.3 The non-Abelian N = 3 case

Using eqs. (5.20) and (4.16) we find

1

3!
εmnpΣmnp| =−

i

2
tr

{
− 2χγχγ −

1

4
λγIJλγIJ − 2ihIgI − 8εIJKgIgJgK

}

+
1

2
(γa)γδψa

γ
I tr{λ

δIJgJ + 2iχδgI}

−
i

4
εabc(γa)γδψb

γ
Kψc

δ
Ltr{δ

KLgP gP − 2gKgL} , (5.28)

where we have defined

gI :=
1

2
εIJKG

JK | = GI | , (5.29a)

λα
IJ := εIJKλαK = 2∇[I

αG
J ]| , (5.29b)

χα :=
1

3!
εIJKχα

IJK =
i

3
∇I

αGI | , (5.29c)

hI :=
1

2!
εIJKh

JK =
i

2
∇γJ∇γ[IGJ ]| = −i∇γJ∇γJGI |+ 8iεIJKg

JgK . (5.29d)

Combining this with the contribution coming from the Chern-Simons form (3.8) gives

S=
1

2

∫
d3x e tr

{
εabc

(
vafbc +

2i

3
vavbvc

)
− 2iχγχγ −

i

4
λγIJλγIJ + 2gIhI − 8iεIJKgIgJgK

− (γa)γδψa
γ
I (λ

δIJgJ + 2iχδgI)

+
i

2
εabc(γa)γδψb

γ
Kψc

δ
L(δ

KLgP gP − 2gKgL)

}
. (5.30)
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As in [45], our choice of normalization for the component fields allows for a simple

truncation to the actions for lower values of N . For example, from the above action one

can truncate the auxiliary fields to N = 2 by taking (with I, J = 1, 2)

gI −→ 0 , λα
IJ −→ 0 , χα −→ 0 , hI −→ 0 ,

g3 −→ g , λα
I3 −→ λ̃α

I , h3 −→ h

}
. (5.31)

For the fields of the Weyl multiplet one performs a similar truncation, which is given in [45].

5.2.4 The Abelian N = 4 case

Using eqs. (5.20) and (4.27) we find

1

3!
εmnpΣmnp| =−

1

8
ĥIJ+ g−IJ −

1

8
ĥIJ− g+IJ +

i

4
λαI(+)λ(−)αI

+
1

4
(γa)γδψa

γ
I (λ

δJ
(+)g−J

I + λδJ(−)g+J
I)

−
i

4
εabc(γa)γδψb

γ
Kψc

δ
Lg+

KP g−
L
P . (5.32)

Combining this with the contribution coming from the Chern-Simons form (4.21) gives

S =
1

2

∫
d3x e

(
εabcv(+)af(−)bc +

1

4
ĥ+

IJg+IJ +
1

4
ĥ−

IJg−IJ −
i

2
λαI(+)λ(−)αI

−
1

2
(γa)γδψa

γ
I (λ

δJ
(+)g−J

I + λδJ(−)g+J
I)

+
i

2
εabc(γa)γδψb

γ
Kψc

δ
Lg+

KP g−
L
P

)
. (5.33)

6 Matter-coupled N = 2 supergravity

The results of sections 4 and 5 may be used to generate locally supersymmetric actions.

This idea can be illustrated, in a simple and transparent way, by considering the N = 2

case which we discuss below. Unlike in section 5, here we use the complex basis for the

N = 2 covariant derivatives, see [52] for details.

Let us consider a locally supersymmetric BF term described by the action

SBF =

∫
d3xd2θd2θ̄ E V G , E−1 = Ber(EA

M ) . (6.1)

Here V = V̄ is the gauge prepotential of an Abelian vector multiplet, and G = Ḡ a

real linear superfield, ∇2G = ∇̄2G = 0.14 The action (6.1) is invariant under gauge

transformations

δV = λ+ λ̄ , ∇̄αλ = 0 , (6.2)

with the gauge parameter λ being an arbitrary covariantly chiral dimensionless scalar.

Eq. (6.1) defines the N = 2 linear multiplet action.

14The constraints on G may be solved as G = i∇α∇̄αV, for some V. In certain cases, V is not a

well-defined local operator.
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It turns out that the action (6.1) may be recast in terms of a closed three-form

J = V ∧ F − Σ , dJ = 0 (6.3)

that involves three building blocks. First of all, F = 1
2E

B ∧ EAFAB is a closed two-form,

dF = 0, associated with G. Its components are defined as in eqs. (4.9) and (4.10) by

F = Ēβ ∧ EαF αβ + Eβ ∧ EaF aβ + Ēβ ∧ EaF̄ aβ +
1

2
Eb ∧ EaF ab , (6.4)

and are explicitly given as follows:

F αβ = −2εαβG , (6.5a)

F aβ = i(γa)β
γ∇γG , (6.5b)

F̄ aβ = −i(γa)β
γ∇̄γG , (6.5c)

F ab = −
i

8
εabc(γ

c)γδ[∇γ , ∇̄δ]G . (6.5d)

The second building block, V = EAVA, is the gauge one-form describing the vector multi-

plet associated with V . Modulo an exact one-form, we can choose the components of V as

follows:

Vα = i∇αV , V̄α = −i∇̄αV , Va = −
1

4
(γa)

αβ [∇α, ∇̄β ]V . (6.6)

The corresponding gauge-invariant field strength F = dV has the explicit structure given

by eqs. (6.4) and (6.5) with F and G replaced with F and G respectively, where G denotes

the gauge-invariant field strength

G = i∇α∇̄αV (6.7)

associated with the prepotential V . Finally, the three-form Σ is chosen to obey the equation

dΣ = F ∧ F . (6.8)

Its components are defined by

Σ = Ēγ ∧ Eβ ∧ EaΣaβγ +
1

2
Eγ ∧ Eb ∧ EaΣabγ +

1

2
Ēγ ∧ Eb ∧ EaΣ̄abγ

+
1

6
Ec ∧ Eb ∧ EaΣabc (6.9)

and have the following explicit form:

Σaβγ = −2i(γa)βγGG , (6.10a)

Σabγ = −εabc(γ
c)γδ(G∇δG+G∇δG) , (6.10b)

Σ̄abγ = −εabc(γ
c)γδ(G∇̄δG+G∇̄δG) , (6.10c)

Σabc =
i

2
εabc(4∇

γG∇̄γG+G∇̄γ∇γG+G∇̄γ∇γG) . (6.10d)

The components of Σ are symmetric under the interchange G↔ G. When G = G we have

agreement with eqs. (4.11) and (4.12) in the Abelian case.
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Associated with the closed three-form J , eq. (6.3), is the component action

S =
1

2

∫
d3x e

(
εabcvaf bc +

i

2
λγλ̄γ +

i

2
λγ λ̄γ + gh+ gh

−
1

2
(γa)γδψa

γ(gλδ + gλδ) +
1

2
(γa)γδψ̄a

γ(gλ̄
δ
+ gλ̄δ)

− iεabc(γa)γδψb
γψ̄c

δgg

)
, (6.11)

where the component fields are defined as in section 5 (in the complex basis):

g = G| , λα = −2∇αG| , λ̄α = −2∇̄αG| , h = i∇̄γ∇γG| , (6.12a)

g = G| , λα = −2∇αG| , λ̄α = −2∇̄αG| , h = i∇̄γ∇γG| , (6.12b)

va = ea
mVm| , (6.12c)

fab = F ab| − ψ[a
βF b]β | − ψ̄[a

βF̄ b]β | −
1

2
ψ[a

αψ̄b]
βF αβ

= −
i

8
εabc(γ

c)γδ[∇γ , ∇̄δ]G|+
i

2
ψ[a

β(γb])β
γλγ −

i

2
ψ̄[a

β(γb])β
γλ̄γ + ψ[a

αψ̄b]αg . (6.12d)

Eq. (6.11) is exactly the component form of the action (6.1).

Let us recall that the most general N = 2 supergravity-matter system (see [52, 78] for

more details) is described by an action of the form

S =

∫
d3xd2θd2θ̄ E L+

∫
d3xd2θ E Lc +

∫
d3xd2θ̄ Ē L̄c , (6.13)

for some real scalar L and covariantly chiral scalar Lc Lagrangians, ∇̄αLc = 0. Here E

denotes the chiral density.15 We assume that the dynamical supermultiplets include an

Abelian vector multiplet described by prepotential V with nowhere vanishing field strength

G = i∇α∇̄αV . This is the case for Type II minimal supergravity [52, 78]. Then, the first

term in (6.13) may be represented in the BF -form (6.1), specifically:
∫

d3xd2θd2θ̄ E L =

∫
d3xd2θd2θ̄ E VG , G := i∇α∇̄α

L

G
. (6.14)

We see that the linear multiplet action (6.1) allows us to describe a broad class of locally

supersymmetric models. However, this action principle is not universal for, in general, it

cannot be used to describe the chiral term in (6.13) and its conjugated antichiral one. On

the other hand, the (anti)chiral action is truly universal in N = 2 supersymmetry, due to

the identity [52]
∫

d3xd2θd2θ̄ E L =

∫
d3xd2θ̄ Ē L̄c , L̄c := −

1

4
∇α∇αL . (6.15)

As demonstrated in [80], this action can equivalently be described in terms of a closed

three-form Ξ, dΞ = 0, such that its components

Ξ =
1

2
Eγ ∧ Eβ ∧ Ea Ξaβγ +

1

2
Eγ ∧ Eb ∧ Ea Ξabγ +

1

6
Ec ∧ Eb ∧ Ea Ξabc (6.16)

15The explicit expression for E in terms of the supergravity prepotentials is given in [79].
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are expressed via L̄c as follows:

Ξaβγ = 4(γa)βγL̄c , (6.17a)

Ξabγ = −iεabd(γ
d)γδ∇̄

δL̄c , (6.17b)

Ξabc =
1

4
εabc∇̄δ∇̄

δL̄c . (6.17c)

In summary, the N = 2 linear multiplet action (6.1) is useful but not universal. As will be

shown in the next section, the situation in N = 3 supersymmetry is conceptually different.

7 Matter-coupled N = 3 supergravity

General off-shell matter couplings in N = 3 supergravity were constructed in [52]. Given a

supergravity-matter system, its dynamics can be described by a Lagrangian L(2)(v) which

is a real weight-two projective supermultiplet,16 with vi the homogeneous coordinates for

CP 1. The corresponding action is given by eq. (C.14). We assume that the dynamical

supermultiplets include an Abelian vector multiplet such that its gauge invariant field

strength Gij is nowhere vanishing, that is G :=
√
GijGij 6= 0. As shown in appendix C,

the action functional (C.14) can be rewritten as a BF term

SLM =
1

2πi

∮

γ

(v, dv)

∫
d3x d6θ E C(−4)V G(2) , (7.1a)

where V(v) is the tropical prepotential for the vector multiplet, ∇
(2)
α V = 0, and

G(2)(v) := Gijv
ivj , ∇(2)

α G(2) = 0 ⇐⇒ ∇(ij
α Gkl) = 0 (7.1b)

is a composite real O(2) or linear multiplet. The explicit expression for G(2)(v) in terms

of the superfield Lagrangian L(2) is given by eq. (C.20b). Different theories correspond to

different choices of the composite linear multiplet Gij . The action (7.1a) is invariant under

gauge transformations

δV = λ+ λ̆ , ∇(2)
α λ = 0 , (7.2)

where the gauge parameter λ is an arbitrary weight-0 arctic multiplet, and λ̆ its smile-

conjugate, see [52] for more details. Eq. (7.1a) defines the N = 3 linear multiplet action.

Instead of dealing with the symmetric spinors Gij and Gij , we can equivalently work

with the isovectors

GI := (ΣI)ijG
ij , GI := (ΣI)ijG

ij , (7.3)

where the sigma-matrices are defined by

(ΣI)ij = (1, iσ1, iσ3) = (ΣI)ji . (7.4)

16In what follows, we do not indicate explicitly the z-dependence of N = 3 and N = 4 superfields.
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7.1 Linear multiplet action

It turns out that the action (7.1a) may be recast in terms of a closed three-form:

J = V ∧ F − Σ , dJ = 0 , (7.5)

where F is the two-form field strength associated with GI and V = EAVA is the gauge

one-form associated with the prepotential V . The three-form Σ = 1
3!E

C ∧ EB ∧ EAΣABC

is given by

ΣI
α
J
β
K
γ = 0 , (7.6a)

Σa
J
β
K
γ = 2i(γa)βγtr{δ

JKGIGI −GJGK −GJGK} , (7.6b)

Σab
K
γ = εabc(γ

c)γ
δtr

{
∇

[K
δ GI]GI +∇

[K
δ GI]GI −

1

3
∇I

δGIG
K −

1

3
∇I

δGIG
K

}
, (7.6c)

Σabc = −
i

2
εabctr

{
(∇γ

K∇K
γ G

L)GL + (∇γ
K∇K

γ GL)GL + (∇γ

[KGL])(∇
[K
γ GL])

−
2

9
(∇γKGK)(∇L

γGL)

}
. (7.6d)

The component action generated by J is

SLM =
1

2

∫
d3x e

(
εabcvaf bc − 2iχγχγ −

i

4
λγIJλγIJ + gIhI + gIhI

−
1

2
(γa)γδψa

γ
I (λ

δIJgJ + λδIJgJ + iχδgI + iχδgI)

+
i

2
εabc(γa)γδψb

γ
Kψc

δ
L(δ

KLgPgP − 2gKgL)

)
, (7.7)

where the component fields are defined as in section 5. They are explicitly given by

gI = GI | , λα
IJ = 2∇[I

αG
J ]| , χα =

i

3
∇I

αGI | , hI = −i∇γJ∇γJGI | , (7.8a)

gI = GI | , λα
IJ = 2∇[I

αG
J ]| , χα =

i

3
∇I

αGI | , hI = −i∇γJ∇γJGI | , (7.8b)

va = ea
mVm| = Va|+

1

2
ψa

α
I V

I
α | , (7.8c)

fab = F ab| −
1

2
(ψ[a

Kγb]λK) +
i

2
ψa

γKψb
L
γ gKL

= −
i

12
εabc(γ

c)αβεIJK∇αI∇βJGK | −
1

4
εIJK(ψ[aIγb]λJK) +

i

2
εIJKψa

γ
IψbγJgK . (7.8d)

To prove that the N = 3 linear multiplet action (7.1a) has the component form (7.7),

it suffices to redo, in a 3D setting, the 4D N = 2 analysis given in [81].

7.2 Composite O(2) multiplet

We now present a special example of the composite O(2) multiplet defined by (C.20b). We

consider a vector multiplet Lagrangian of the form

L(2) ∝ G(2) ln
G(2)

iΥ(1)Ῠ(1)
, (7.9)
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where Υ(1)(v) is a weight-1 arctic multiplet and Ῠ(1)(v) its smile-conjugated antarctic

multiplet. The superfields Υ(1) and Ῠ(1) are pure gauge degrees of freedom [52]. In the rigid

supersymmetric limit, the Lagrangian (7.9) describes a superconformal vector multiplet,

which is the 3D N = 3 analogue of the 4D N = 2 improved tensor multiplet [82, 83].17

With the Lagrangian (7.9), the contour integral in (C.20b) can be evaluated using the

techniques of [85]. Alternatively, one may look for a dimension-1 primary superfield that

obeys the Bianchi identity (4.15a). The resulting composite O(2) multiplet is

GI = i
GJ

G2
∇α(I∇J)

α G−
i

4G3
GI∇α[JGK]∇α[JGK] −

i

18G3
GI∇α

JG
J∇K

α GK , (7.10)

where

G2 := GIGI =
1

2
GIJGIJ = GijGij (7.11)

is required to be nowhere vanishing. The O(2) multiplet may be expressed in terms of

SU(2) indices as follows

Gij = i
Gkl

G2
∇αij∇kl

αG−
i

4G3
Gij∇αkpGk

q∇α
l
(pGq)l −

i

18G3
Gij∇α

klG
kl∇pq

α Gpq . (7.12)

7.3 Supercurrent

Before turning to a consideration of specific supergravity models, it is worth giving a few

remarks concerning matter couplings to N = 3 conformal supergravity (see also [46, 50]).

In general, matter-coupled conformal supergravity is described by an action of the form

S =
1

µ̃
SCSG + Smatter . (7.13)

Here SCSG denotes the N = 3 conformal supergravity action [45] and Smatter the matter

action. The equation of motion for the Weyl multiplet is18

1

µ
Wα + Tα = 0 , (7.14)

where Tα is the matter supercurrent. As a result the supercurrent Tα must have the same

properties as the super Cotton tensor Wα. Specifically, Tα must be a primary superfield of

dimension 3/2,

SJ
βTα = 0 , DTα =

3

2
Tα , (7.15)

and obey the conservation equation

∇α
I Tα = 0 . (7.16)

The latter holds provided the matter equations of motion are satisfied.

17The 4D N = 1 improved tensor multiplet was introduced in [84]. The N = 2 construction of [82, 83]

is a natural extension of the one given in [84].
18The coupling constants µ̃ and µ differ from each other by some numerical coefficient.
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Matter-coupled Poincaré or anti-de Sitter supergravities can also be described by ac-

tions of the type (7.13) with 1/µ̃ = 0. The matter supermultiplets have to include a

conformal compensator. In what follows, the latter is assumed to be the vector multiplet

described by the field strength GI . The supergravity equation of motion is

T I
α = 0 . (7.17)

As an example, consider N = 3 AdS supergravity. It can be described by the La-

grangian [52]

L
(2)
SG =

1

κ

{
G(2) ln

G(2)

iΥ(1)Ῠ(1)
+

1

2
ξ VG(2)

}
, (7.18)

with κ and ξ the gravitational and cosmological constants respectively. The cosmological

term is a U(1) Chern-Simons term. The choice ξ = 0 corresponds to Poincaré supergravity.

The corresponding supercurrent is

κTα =
i

G
εIJKGI∇αJGK . (7.19)

One can show that if GI satisfies the equation of motion for V , GI + ξGI = 0, the super-

current does obey eq. (7.16).

7.4 (2,1) anti-de Sitter supergravity

It was discovered by Achúcarro and Townsend [86] that three-dimensionalN -extended anti-

de Sitter (AdS) supergravity exists in [N/2] + 1 different versions, with [N/2] the integer

part of N/2. These were called the (p, q) supergravity theories where the non-negative

integers p ≥ q are such that N = p+ q.

We wish to demonstrate that the Lagrangian (7.18) describes (2,1) AdS supergravity.

To see this we will degauge, following the procedure described in [50], the corresponding

equations of motion,

GI + ξGI = 0 , (7.20a)

κTα =
i

G
εIJKGI∇αJGK = 0 , (7.20b)

to SO(3) superspace [51, 52]. As in [50], the covariant derivatives of SO(3) superspace are

denoted DA = (Da,D
I
α).

Using the results of [50] we can degauge our expression for GI , eq. (7.10), to

GI = i
GJ

G2
(Dα(IDJ)

α − 4iSIJ)G−
i

4G3
GIDα[JGK]Dα[JGK]

−
i

18G3
GIDα

JG
JDK

α GK . (7.21)

The covariant derivatives DA no longer contain the dilatation and special conformal gen-

erators,

DA = EA
M∂M −

1

2
ΩA

abMab −
1

2
ΦA

PQNPQ . (7.22)
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The original local dilatation symmetry is now realized in terms of the super-Weyl transfor-

mations. In SO(3) superspace, there are two dimension-1 real torsion tensors, SIJ = SJI

and Ca
IJ = −Ca

JI . The super Cotton tensor Wα becomes a descendant of Ca
IJ ,

Wα =
i

12
εIJKDβICαβ

JK . (7.23)

We refer the reader to [50] for more details about the degauging procedure.

Using the super-Weyl transformation of G [52],

G′ = eσG , (7.24)

we can impose the gauge condition

G = 1 . (7.25)

Taking a spinor derivative of G then gives

GKD[I
αG

K] +
1

3
GIDK

α GK = 0 , (7.26)

which requires

DK
α GK = 0 , GJD

[I
αG

J ] = 0 . (7.27)

Note that the Bianchi identity now simplifies to

DI
αG

J = D[I
αG

J ] . (7.28)

Since the supercurrent vanishes, eq. (7.20b), we must also have

G[IDαJGK] = 0 . (7.29)

On the other hand, using eq. (7.26) we find

GIDαJGK = G[IDαJGK] +
2

3
GIDαJGK −

2

3
G[JDαK]GI

=
2

3
GIDαJGK −

2

3
G[JDαK]GI . (7.30)

Contracting the above with GI and implementing eq. (7.27) tells us that GI is covariantly

constant,

DαJGK = 0 . (7.31)

The fact that GI is covariantly constant strongly constrains the superspace geometry.

In particular, we have

0 = {DI
α,D

J
β}G

K

= 2iδIJDαβG
K − 4iεαβS

K[IGJ ] − 4iεαβδ
K[ISJ ]LGL

− 4iCαβ
K(IGJ) + 4iCαβ

L(IδJ)KGL , (7.32)
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which fixes the form of the curvature components as

SIJ = S(δIJ − 2GIGJ) , S := SK
K , (7.33a)

Cαβ
IJ = 0 . (7.33b)

The composite vector multiplet now reduces to

GI = −4SGI =⇒ 4S = ξ . (7.34)

Due to the equation of motion (7.20a), S is seen to be constant,

DI
αS = 0 . (7.35)

As a result, the covariant derivatives corresponds to (2, 1) AdS superspace [87]. Therefore

the theory (7.18) indeed describes (2,1) AdS supergravity.

Without a cosmological constant, ξ = 0, we find

SIJ = 0 , (7.36)

and the resulting geometry corresponds to Minkowski superspace.

7.5 Topologically massive supergravity

Topologically massive N = 3 supergravity19 can be described by the action

STMSG =
1

µ̃
SCSG + SSG , (7.37)

where SSG corresponds to the supergravity Lagrangian (7.18).

The equation of motion for the Weyl multiplet now becomes

Tα +
1

µ
Wα = 0 , (7.38)

compare with (7.20b). The equation of motion for V coincides with (7.20a).

We would like to degauge the equations of motion to SO(3) superspace. Eq. (7.38)

tells us that
i

κG
εIJKGIDαJGK = −

1

µ
Wα , (7.39)

where upon degauging the Cotton tensor is

Wα =
i

12
εIJKDβICαβ

JK =
i

6
DβICαβI . (7.40)

Using the gauge condition G = 1 we find

G[IDαJGK] =
i

6µ̂
εIJKWα , (7.41)

19Topologically massive N = 1 supergravity was introduced in [88, 89]. The off-shell versions of topolog-

ically massive N = 2 supergravity were presented in [80].
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where we have defined the constant

µ̂ =
µ

κ
. (7.42)

Contracting with GK gives

Dα[IGJ ] =
i

2µ̂
εIJKG

KWα . (7.43)

Therefore the Bianchi identity becomes

DI
αG

J =
i

2µ̂
εIJKGKWα = −

1

12µ̂
εIJKGKDβLCαβL . (7.44)

Next, we notice that on the one hand, due to eq. (7.44), we have

{DI
α,D

J
β}G

K = −
1

4µ̂2
εαβδ

K[IGJ ]W γWγ −
i

µ̂
GK(ID

J)
(αWβ) , (7.45)

while on the other we have

{DI
α,D

J
β}G

K = 2iδIJDαβG
K − 4iεαβS

K[IGJ ] − 4iεαβδ
K[ISJ ]LGL

− 4iCαβ
K(IGJ) + 4iCαβ

L(IδJ)KGL . (7.46)

Combining the two results gives

SIJ = S(δIJ − 2GIGJ)−
i

8µ̂2
W γWγG

IGJ , S = SK
K , (7.47a)

DαβG
I = −

1

2µ̂
GIJD(αJWβ) , (7.47b)

Cαβ
IJ =

1

4µ̂
εIJKD(αKWβ) . (7.47c)

These imply the equation of motion on Cαβ
I

DI
(αD

γJCβ)γJ + 24iµ̂Cαβ
I = 0 (7.48)

and the corresponding equation of motion on Wα

Dβ
JD

J
βWα + 24iµ̂Wα = 0 . (7.49a)

In addition to (7.49a), the Cotton superfield must obey the Bianchi identity

DαIWα = 0 . (7.49b)

Due to the conditions (7.47), the composite vector multiplet may be expressed as

follows

GI = 4SIJGJ +
i

8µ̂2
WαWαG

I = −4SGI −
3i

8µ̂2
W γWγG

I . (7.50)

Furthermore, from the equation of motion (7.20a) we see that S can be expressed in terms

of the Cotton tensor as

S =
ξ

4
−

3i

32µ̂2
WαWα . (7.51)
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For ξ = 0, a solution of the equations of motion for topologically massive supergravity is

obtained by settingWα = 0 in the above relations. This solution describes a flat superspace.

Linearizing the equations (7.49) around Minkowski superspace, it may be shown that Wα

obeys the Klein-Gordon equation

(✷−m2)Wα = 0 , m = 4µ̂ = 4
µ

κ
, (7.52)

with ✷ := ∂a∂a. For ξ 6= 0, the equations of motion for topologically massive supergravity

are solved by setting Wα = 0. Locally it describes (2,1) AdS superspace [87].

8 Matter-coupled N = 4 supergravity

The off-shell matter couplings in N = 4 supergravity were constructed in [52]. In general,

the action for a supergravity-matter system may be represented as a sum of two terms,

S = SL + SR, the left SL and right SR actions, which are naturally formulated in curved

N = 4 projective superspace M3|8 × CP 1
L × CP 1

R. The left action is given by eq. (D.12),

where the Lagrangian L
(2)
L (vL) is a real left projective multiplet of weight two, with vL = vi

the homogeneous coordinates for CP 1
L . The structure of SR is analogous.

We assume that the dynamical supermultiplets include two Abelian vector multiplets

such that their field strengths GIJ
+ and GIJ

− are self-dual and anti-self-dual, respectively,

and nowhere vanishing, G2
± := 1

2G
IJ
± G±IJ 6= 0. The anti-self-dual field strength GIJ

−

can equivalently be realized as a left O(2) multiplet GL(vL) := Gijv
ivj . The self-dual field

strength GIJ
+ can equivalently be realized as a right O(2) multiplet GR(vR) := Gīj̄v

īvj̄ . The

vector multiplet with field strength GIJ
+ can be described in terms of a gauge prepotential

VL(vL), which is a left weight-0 tropical multiplet with gauge freedom (D.16). The right

O(2) multiplet GR(vR) is constructed in terms of VL according to (D.17) and proves to

be a gauge invariant field strength. Similar properties hold for the vector multiplet field

strength GIJ
− except all ‘left’ objects have to be replaced by ‘right’ ones and vice versa.

As demonstrated in appendix D, the left action can be recast in the BF form (D.29),

whereG
(2)
R (vR) = vīvj̄G

ī j̄ is a composite rightO(2) multiplet defined by (D.30). Eq. (D.29)

defines the right linear multiplet action, SRLM. Obvious modifications lead to the left linear

multiplet action, SLLM. One of our goals in this section is to reduce the actions SRLM and

SLLM to components.

8.1 Left linear multiplet action

The left linear multiplet action is given by

SLLM =
1

2π

∮
(vL, dvL)

∫
d3xd8θ C

(−4)
L VLG

(2)
L , (8.1)

where G
(2)
L (vL) = vivjG

ij is a composite left O(2) multiplet, and VL(vL) is the tropical

prepotential of the vector multiplet with field strength GIJ
+ . The composite left O(2)

multiplet, G
(2)
L (vL), can be equivalently realized as the anti-self-dual SO(4) bivector GIJ

− .
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It turns out that the action SLLM may be reformulated in terms of the closed three-form

J = V ∧ F − Σ , (8.2)

where F is the super two-form associated with GIJ
− and V = EAVA is the gauge one-form

associated with the field strength GIJ
+ . The three-form Σ = 1

3!E
C ∧ EB ∧ EAΣABC is

ΣI
α
J
β
K
γ = 0 , (8.3a)

Σa
J
β
K
γ = −2i(γa)βγG+

P (JG−
K)

P , (8.3b)

Σab
K
γ = −

1

3
εabc(γ

c)γ
δ(∇δIG

IJ
+ G−J

K +∇δIG
IJ
− G+J

K) , (8.3c)

Σabc = iεabc

(
1

24
∇γ

J∇
I
γG−IKG

KJ
+ +

1

24
∇γ

J∇
I
γG+IKGKJ

− +
1

9
∇γ

IG
IJ
− ∇K

γ G+JK

)
. (8.3d)

The corresponding component action is

SLLM =
1

2

∫
d3x e

(
εabcvaf bc +

1

4
ĥ+

IJg+IJ +
1

4
ĥ−

IJg−IJ −
i

2
λαIλαI

−
1

2
(γa)γδψa

γ
I (λ

δJg−J
I + λδJg+J

I)

+
i

2
εabc(γa)γδψb

γ
Kψc

δ
L g+

KPg−
L
P

)
, (8.4)

where the component fields are defined as in section 5:

gIJ+ = GIJ
+ | , λIα =

2

3
∇αJG

IJ
+ | , ĥ−

IJ =
i

3
∇γ[I∇γKG

J ]K
+ | − 2wg+

IJ , (8.5a)

gIJ
− = GIJ

− | , λI
α =

2

3
∇αJG

IJ
− | , ĥ+

IJ =
i

3
∇γ[I∇γKG

J ]K
− |+ 2wg−

IJ , (8.5b)

va = ea
mVm| = Va|+

1

2
ψa

α
I V

I
α | , (8.5c)

fab = F ab| −
1

2
(ψ[a

Kγb]λK) +
i

2
ψa

γKψb
L
γ g−KL

= −
i

24
εabc(γ

c)αβ∇K
α ∇L

βG−KL| −
1

2
(ψ[a

Kγb]λK) +
i

2
ψa

γKψb
L
γ g−KL . (8.5d)

The component fields are defined so that ĥIJ− is anti-self-dual and ĥ
IJ

+ is self-dual, see

eq. (5.17b).

8.2 Right linear multiplet action

The right linear multiplet action is given by

SRLM =
1

2π

∮
(vR, dvR)

∫
d3xd8θ C

(−4)
R VRG

(2)
R , (8.6)

where G
(2)
R (vR) = vīvj̄G

ī j̄ is a composite right O(2) multiplet, and VR(vR) is the tropical

prepotential of the vector multiplet with field strength GIJ
− . The composite right O(2)

multiplet, G
(2)
R (vR), can be equivalently realized as the self-dual SO(4) bivector GIJ

+ .
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The action SRLM may be reformulated in terms of the closed three-form

J = V ∧ F − Σ , (8.7)

where F is the two-form field strength associated with GIJ
+ and V = EAVA is the gauge

one-form associated with the field strength GIJ
− . The three-form Σ = 1

3!E
C∧EB∧EAΣABC

is given by

ΣI
α
J
β
K
γ = 0 , (8.8a)

Σa
J
β
K
γ = −2i(γa)βγG−

P (JG+
K)

P , (8.8b)

Σab
K
γ = −

1

3
εabc(γ

c)γ
δ(∇δIG

IJ
− G+J

K +∇δIG
IJ
+ G−J

K) , (8.8c)

Σabc = iεabc

(
1

24
∇γ

J∇
I
γG+IKG

KJ
− +

1

24
∇γ

J∇
I
γG−IKGKJ

+ +
1

9
∇γ

IG
IJ
+ ∇K

γ G−JK

)
. (8.8d)

The corresponding component action is

SRLM =
1

2

∫
d3x e

(
εabcvaf bc +

1

4
ĥ+

IJg+IJ +
1

4
ĥ−

IJg−IJ −
i

2
λαIλαI

−
1

2
(γa)γδψa

γ
I (λ

δJg−J
I + λδJg+J

I)

+
i

2
εabc(γa)γδψb

γ
Kψc

δ
L g+

KP g−
L
P

)
, (8.9)

where the component fields are defined as in section 5:

gIJ− = GIJ
− | , λIα =

2

3
∇αJG

IJ
− | , ĥ+

IJ =
i

3
∇γ[I∇γKG

J ]K
− | − 2wg−

IJ , (8.10a)

gIJ
+ = GIJ

+ | , λI
α =

2

3
∇αJG

IJ
+ | , ĥ−

IJ =
i

3
∇γ[I∇γKG

J ]K
+ | − 2wg+

IJ , (8.10b)

va = ea
mVm| = Va|+

1

2
ψa

α
I V

I
α | , (8.10c)

fab = F ab| −
1

2
(ψ[a

Kγb]λK) +
i

2
ψa

γKψb
L
γ g+KL

= −
i

24
εabc(γ

c)αβ∇K
α ∇L

βG+KL| −
1

2
(ψ[a

Kγb]λK) +
i

2
ψa

γKψb
L
γ g+KL . (8.10d)

The component fields are defined so that ĥIJ+ is self-dual and ĥ
IJ

− is anti-self-dual, see

eq. (5.17b).

8.3 Composite O(2) multiplets

Similar to the N = 3 construction described in section 7.2, we now present special examples

of composite left and right O(2) multiplets. To constructG
(2)
R we consider a massless vector

multiplet Lagrangian of the form [52]

L
(2)
L ∝ G

(2)
L ln

G
(2)
L

iΥ
(1)
L Ῠ

(1)
L

(8.11)
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and make use of the representation (D.30).20 The contour integral in (D.30) may be

evaluated using the technique developed in [52]. A similar analysis may be used to construct

G
(2)
L . Alternatively, GIJ

+ ↔ G
(2)
R (vR) and GIJ

− ↔ G
(2)
L (vL) may also be found by looking

for primary superfields which obey the Bianchi identity

∇I
γG

JK
± = ∇[I

γ G
JK]
± −

2

3
δI[J∇γLG

K]L
± . (8.12)

The resulting composite O(2) multiplets are given by

GIJ
± = XIJ

∓ ±
1

2
εIJKLX∓KL ,

1

2
εIJKLG

KL
± = ±G±IJ , (8.13a)

where we have defined

XIJ
± :=

i

6G±
∇γ[I∇γKG

J ]K
± +

2i

9G3
±

∇αPG±KP∇αQG
Q[I
± G

J ]K
± . (8.13b)

To show that GIJ
± is primary and satisfies the Bianchi identity, the following identities

prove useful

GIK
± G±JK =

1

2
δIJG

2
± , (8.14a)

εIJKLG±LP = ∓3δ
[I
PG

JK]
± . (8.14b)

In the isospinor notation, the composite O(2) multiplets constructed read

Gīj̄ =
i

6G−
∇αi(̄i∇jj̄)

α Gij −
2i

9G3
−

∇αi(̄iGij∇
kj̄)
α GklG

jl

=
i

4
∇αi(̄i∇jj̄)

α

(Gij

G−

)
, (8.15a)

Gij =
i

6G+
∇α(īi∇j)j̄

α Gīj̄ −
2i

9G3
+

∇α(īiGīj̄∇
j)k̄
α Gk̄l̄G

l̄j̄

=
i

4
∇α(īi∇j)j̄

α

(Gīj̄

G+

)
. (8.15b)

These expressions may be compared with the 4D N = 2 results in [85].

For completeness we give the expressions for the composite O(2) multiplets in SO(4)

superspace:

Gīj̄ =
i

4
(Dαi(̄iDjj̄)

α + 8iSijīj̄)
(Gij

G−

)
, (8.16a)

Gij =
i

4
(Dα(īiDj)j̄

α + 8iSijīj̄)
(Gīj̄

G+

)
. (8.16b)

Here Sijīj̄ = S(ij)(̄ij̄) is one of the two irreducible components of the torsion superfield

S īi,jj̄ := SIJ(τI)
īi(τI)

jj̄ , defined by

S īi,jj̄ = Sijīj̄ + εijεīj̄S . (8.17)

20The arctic weight-1 hypermultiplet Υ
(1)
L and its smile conjugate Ῠ

(1)
L in (8.11) are purely gauge degrees

of freedom.

– 30 –



J
H
E
P
0
5
(
2
0
1
4
)
0
9
3

8.4 Supercurrent

The remainder of this section is devoted to a study of specific supergravity theories. To start

with, we would like to discuss the structure of the N = 4 supercurrent (see also [46, 50]).

Our consideration below is similar to the N = 3 analysis of section 7.3.

Consider a dynamical system describing N = 4 conformal supergravity coupled to

matter supermultiplets. In general, the supergravity-matter action has the form

S =
1

µ̃
SCSG + Smatter , (8.18)

where SCSG denotes the N = 4 conformal supergravity action [45] and Smatter the matter

action. The equation of motion for conformal supergravity reads

1

µ
W + T = 0 , (8.19)

where W is the N = 4 Cotton superfield and T is the matter supercurrent. It follows from

this equation that the supercurrent must have the same properties as W . Specifically, T

must be a primary superfield of dimension 1,

SI
αT = 0 , DT = T , (8.20)

and obey the conservation equation

∇α(I∇J)
α T =

1

4
δIJ∇α

K∇K
α T . (8.21)

Of course, the latter holds provided the matter equations of motion are satisfied.

Matter-coupled Poincaré or anti-de Sitter supergravities can also be described by an

action of the type (8.18) with 1/µ̃ = 0. The matter supermultiplets have to include two

conformal compensators. As before, these are chosen to be two Abelian vector multiplets

such that their field strengths GIJ
+ and GIJ

− are self-dual and anti-self-dual, respectively,

and nowhere vanishing, G2
± := 1

2G
IJ
± G±IJ 6= 0. The supergravity equation of motion is

T = 0 . (8.22)

As an example, let us consider N = 4 AdS supergravity. it can be described by two

Lagrangians, left and right ones, which were chosen in [52] as

L
(2)
SG,L =

1

κ

{
G

(2)
L ln

G
(2)
L

iΥ
(1)
L Ῠ

(1)
L

+ ξL VLG
(2)
L

}
, (8.23a)

L
(2)
SG,R =

1

κ

{
G

(2)
R ln

G
(2)
R

iΥ
(1)
R Ῠ

(1)
R

+ ξR VRG
(2)
R

}
. (8.23b)

where κ is the gravitational coupling constant and the parameters ξL and ξR determine a

cosmological constant. We recall that G
(2)
L (vL) and G

(2)
R (vR) are the gauge invariant field

strengths for VR(vR) and VL(vL) respectively. The cosmological term is described by the
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left and right BF terms in (8.23). It is known [52] that the action does not change if the

BF coupling constants are modified as

ξL → ξL + a , ξR → ξR − a , (8.24)

for any real constant a. For the action to be mirror invariant, we have to choose [52]

ξL = ξR ≡ ξ/2 . (8.25)

This choice will be assumed in what follows.

With the left and right Lagrangians given by (8.23), the supercurrent is

κT = G+ −G− . (8.26)

It may be shown that the equations of motion for VL and VR are equivalent to

GIJ
± + ξGIJ

± = 0 , (8.27)

where the composite superfields GIJ
± are defined according to (8.13). Using these equations

of motion, one can show that the supercurrent satisfies the conservation equation (8.21).

8.5 (2,2) anti-de Sitter supergravity

It turns out that the model (8.23) describes the (2,2) AdS supergravity. We will show this

by degauging the equations of motion for the compensators, eq. (8.27), and the equation

of motion for the Weyl multiplet,

T = 0 . (8.28)

Using the results of [50] we degauge GIJ
± to SO(4) superspace

GIJ
± =

i

3G∓
Dγ[IDγKG

J ]K
∓ +

4

G∓
SK

[IG
J ]K
∓ ∓

2

G∓
WGIJ

∓

+
2i

9G3
∓

DαPG∓KPDαQG
Q[I
∓ G

J ]K
∓

±
i

9G3
∓

εIJRSDαPG∓KPD
Q
αG∓QRG∓SK . (8.29)

We then use the super-Weyl transformations to impose the gauge condition

G+ = 1 . (8.30)

Taking a spinor derivative of G+ gives

G+JKD[I
αG

JK]
+ −

2

3
GIK

+ DJ
αG+KJ = 0 . (8.31)

Then using the (anti-)self-duality condition

D[I
αG

JK]
± = ∓

1

3
εIJKLDP

αG±LP , (8.32)
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we find

DJ
αG+IJ = 0 =⇒ D[I

αG
JK]
+ = 0 . (8.33)

The above tells us that GIJ
+ is covariantly constant

DI
αG

JK
+ = 0 . (8.34)

Since the supercurrent vanishes (eq. (8.28)) we have

G+ = G− = 1 . (8.35)

Similarly we deduce that GIJ
− is covariantly constant

DI
αG

JK
− = 0 . (8.36)

The covariant constancy of G±
IJ has immediate consequences on the superspace ge-

ometry. In particular, we have

0 = {DI
α,D

J
β}G

KL
±

= 2iδIJDαβG
KL
± − 4iεαβS

K[IG
J ]L
± + 4iεαβS

L[IG
J ]K
± + 8iεαβS

P [IδJ ][KG±P
L]

− 4iCαβ
K(IG

J)L
± + 4iCαβ

L(IG
J)K
± + 8iCαβ

P (IδJ)[KG±P
L]

∓ 4iεαβWδL[IG
J ]K
± ± 4iεαβWδK[IG

J ]L
± , (8.37)

which gives

SK[IG
J ]L
± − SL[IG

J ]K
± = 2SP [IδJ ][KG±P

L] ±WδK[IG
J ]L
± ∓WδL[IG

J ]K
± ,

Cαβ
K(IG

J)L
± − Cαβ

L(IG
J)K
± = 2Cαβ

P (IδJ)[KG±P
L] . (8.38)

The above leads to the constraints

SK(IG±
J)

K = 0 , SK
K = ±2W = 0 , (8.39a)

Cαβ
IJ = 0 . (8.39b)

Eq. (8.14a) and eq. (8.39a) tells us that SIJ takes the form

SIJ = 2SKLG±
I
KG±

J
L , SK

K = 0 . (8.40)

The composite O(2) multiplets now reduce to

GIJ
± = 4SK

[IG
J ]K
∓ . (8.41)

Combining the above result with the equation of motion (8.27) gives

SK
IGJK

± = −
ξ

4
G∓

IJ . (8.42)

Then making use of eq. (8.14a) fixes the form of SIJ as follows

SIJ = −
ξ

2
G

K(I
+ G−

J)
K . (8.43)
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Therefore SIJ must be covariantly constant

DI
αS

JK = 0 . (8.44)

The above geometry corresponds to (2, 2) AdS superspace [87]. To see this, we rewrite SIJ

in the isospinor notation

S īi,jj̄ =
1

2
ξGijGīj̄ , (8.45)

where

Gīi,jj̄
− = −εīj̄Gij , Gīi,jj̄

+ = −εijGīj̄ . (8.46)

As a result, the algebra of covariant derivative coincides with that for (2, 2) AdS super-

space [87].21

When ξ = 0 the covariant derivative algebra corresponds to that of N = 4 Minkowski

superspace.

8.6 Topologically massive supergravity

Topologically massive N = 4 supergravity can be described by the action

STMSG =
1

µ̃
SCSG + SSG,L + SSG,R , (8.47)

where the left SSG,L and right SSG,R actions correspond to the supergravity La-

grangians (8.23). Now, the supercurrent is non-zero, since the equation of motion for

the Weyl multiplet is

T +
1

µ
W = 0 =⇒ G+ = G− +

1

µ̂
W , (8.48)

where µ̂ = µ/κ. We choose again the super-Weyl gauge condition (8.30), G+ = 1. Then

using the (anti-)self-duality condition (8.32) we find that GIJ
+ is covariantly constant

DI
αG

JK
+ = 0 . (8.49)

Following similar reasoning as in the last subsection, we derive the constraints

Cαβ
IJ = 0 , SIJ = 2SKLG+

I
KG+

J
L , SK

K = 2W . (8.50)

The anti-self-dual composite O(2) multiplet, GIJ
− , becomes

GIJ
− = 4SK

[IG
J ]K
+ + 2WGIJ

+ . (8.51)

Using the equation of motion

GIJ
− + ξGIJ

− = 0 (8.52)

we find the form of SIJ to be

SIJ = −
ξ

2
G

K(I
+ G

J)
− K +

1

2
WδIJ . (8.53)

21The super-Weyl gauge condition used in [87] was G+ = G− = 2, which differs from ours, eq. (8.35).

However, this difference is irrelevant since G+ = G− may be normalized whichever way we like.
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Taking a spinor derivative of G− and using eq. (8.48) and the anti-self-duality condi-

tion (8.32) gives

DJ
αG−IJ = −

3

µ̂G−
G−IJD

J
αW , (8.54a)

D[I
αG

JK]
− = −

3

µ̂G−
G

[IJ
− DK]

α W , (8.54b)

which, due to the Bianchi identity (8.12), lead to

DI
αG

JK
− = −

3

µ̂G−
G

[IJ
− DK]

α W +
2

µ̂G−
δI[JG

K]L
− DαLW . (8.55)

Upon degauging to SO(4) superspace and using eq. (8.54), we find that the composite

vector multiplet GIJ
+ may be expressed as

GIJ
+ =

i

2µ̂2G3
−

GIJ
− Dα

KWDK
α W

+
i

4µ̂G2
−

GIJ
− Dα

KDK
α W −

ξW

µ̂
G+

IJ

− ξG−G
IJ
+ −

4W

G−
GIJ

− . (8.56)

Then the equation of motion

GIJ
+ + ξGIJ

+ = 0 (8.57)

leads to

0 =
i

2µ̂2G3
−

GIJ
− Dα

KWDK
α W +

i

4µ̂G2
−

GIJ
− Dα

KDK
α W −

4W

G−
GIJ

− . (8.58)

It follows that the equation of motion on W is

Dα
KDK

α W + 16iµ̂G−W +
3

µ̂G−
Dα

KWDK
α W = 0 , (8.59)

with

G− = 1−
1

µ̂
W . (8.60)

This equation must be solved in conjunction with the Bianchi identity (A.27).

For ξ = 0, a solution of the equations of motion for topologically massive supergravity

is obtained by setting W = 0 in the above relations. This solution describes a flat super-

space. Linearizing the equation (8.59) and the Bianchi identity (A.27) around Minkowski

superspace, it may be shown that W obeys the Klein-Gordon equation

(✷−m2)W = 0 , m = 2µ̂ = 2
µ

κ
, (8.61)

with ✷ := ∂a∂a.
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9 Concluding comments

In this paper we have worked out the linear multiplet action principles in N = 3 and

N = 4 conformal supergravities. At the component level, the N = 3 action is given by

eq. (7.7), while the N = 4 action is a sum of the left and right sectors, given by eqs. (8.4)

and (8.9) respectively. Using these locally supersymmetric actions, it is not difficult to

construct the component off-shell actions for the (2,1) and (2,2) AdS supergravities and

their topologically massive extensions. For instance, the composite O(2) multiplet, which

has to be used in the action (7.7) in order to describe the (2,1) AdS supergravity, proves to

be GI + 1
2ξG

I , where GI is given by eq. (7.10). The derivation of the component actions

will be given elsewhere.

In superspace, the off-shell formulations for (2,1) and (2,2) AdS supergravities were

given in [52]. The specific feature of (2,1) AdS supergravity is that its conformal com-

pensator is a vector multiplet that can be described in terms of the tropical prepotential

V(v).22 The specific feature of (2,2) AdS supergravity is that its conformal compensators

are two vector multiplets that can be described using the left and right tropical prepo-

tentials, VL(vL) and VR(vR).
23 As concerns the (3,0), (3,1) and (4,0) AdS supergravity

theories, the structure of the corresponding conformal compensators is not yet known,

which is an interesting open problem.

Our procedure of constructing composite O(2) multiplets can be used to generate

higher derivative couplings for vector multiplets, similar to the known results in 4D N =

2 supersymmetry [85, 90].24 To illustrate the idea, let us fix N = 3 and consider the

composite O(2) multiplet defined by (7.10). Choosing in (C.18) a composite prepotential

of the form

V(v) −→

[
G(2)(v)

G(2)(v)

]n

, n = 1, 2, . . . (9.1)

leads to a family of composite real O(2) multiplets

Hn
(2)(v) := Hn

ijvivj = ∆(4)

∮

γ̂

(v̂, dv̂)

2π(v, v̂)2

[
G(2)(v̂)

G(2)(v̂)

]n

, ∇(2)
α Hn

(2) = 0 . (9.2)

Here the contour integral can be computed using the technique of [85]. Now, we have two

types of composite O(2) multiplets, G(2)(v) and Hn
(2)(v), which differ by the number of

spinor derivatives involved. Both of them can be used to generate new composite O(2)

multiplets

∆(4)

∮

γ̂

(v̂, dv̂)

2π(v, v̂)2

[
G(2)(v̂)

G(2)(v̂)

]p [
Hn

(2)(v̂)

G(2)(v̂)

]q

, (9.3)

22If ξ = 0, the vector multiplet can be dualized into a weight-1/2 polar hypermultiplet [52].
23One of the vector multiplets can be dualized into a weight-1/2 polar hypermultiplet [52].
24For other constructions of higher derivative 4D N = 2 supersymmetric invariants, see [91, 92] and

references therein.
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with p and q non-negative integers. The above composite O(2) multiplets are expected to

appear in low-energy effective actions for quantum N = 3 supersymmetric gauge theories.

In general, such an affective action is given by (C.14) with a Lagrangian of the form

L(2) = G(2)L
(
G(2),G(2),Hn

(2), . . .
)
, (9.4)

where L is a homogeneous function of degree zero.

In the N = 4 case, we need two vector multiplets, G
(2)
L (vL) and G

(2)
R (vR), in order to

generate higher derivative composite O(2) multiplets.

In the rigid supersymmetric case, Zupnik has derived, building on the earlier work by

Howe and Leeming [93], harmonic superspace formulations for the N = 5 vector multi-

plet and corresponding Chern-Simons actions [94, 95]. In this setting, the off-shell vector

multiplet involves an infinite number of bosonic and fermionic degrees of freedom, which

makes possible the construction of Chern-Simons actions.

It is known that the harmonic superspace approach is the most elaborated scheme to

do supergraph calculations in off-shell theories with six and eight supercharges. It would

be interesting to see how quantum corrections of the type (9.4) are generated within the

background field formulation for quantum 3D N = 3 super Yang-Mills theories [96].
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A Geometry of N -extended conformal superspace

Here we collect the essential details of the N -extended superspace geometry of [50]. We

refer the reader to [50, 52] for our conventions for 3D spinors.

We begin with a curved three-dimensional N -extended superspace M3|2N

parametrized by local bosonic (xm) and fermionic coordinates (θµI ):

zM = (xm, θµI ) , (A.1)

where m = 0, 1, 2, µ = 1, 2 and I = 1, · · · ,N . The structure group is chosen to be

OSp(N|4,R) and the covariant derivatives are postulated to have the form

∇A = EA
M∂M − ωA

bXb = EA
M∂M −

1

2
ΩA

bcMbc −
1

2
ΦA

PQNPQ −BAD− FA
BKB . (A.2)

Here EA = EA
M∂M is the inverse vielbein, Mab are the Lorentz generators, NIJ are

generators of the SO(N ) group, D is the dilatation generator and KA = (Ka, S
I
α) are the

special superconformal generators.25

25As usual, we refer to Ka as the special conformal generator and SI
α as the S-supersymmetry generator.
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The Lorentz generators obey

[Mab,Mcd] = 2ηc[aMb]d − 2ηd[aMb]c , (A.3a)

[Mab,∇c] = 2ηc[a∇b] , [Mαβ ,∇
I
γ ] = εγ(α∇

I
β) . (A.3b)

The SO(N ) and dilatation generators obey

[NKL, N
IJ ] = 2δI[KNL]

J − 2δJ[KNL]
I , [NKL,∇

I
α] = 2δI[K∇αL] , (A.3c)

[D,∇a] = ∇a , [D,∇I
α] =

1

2
∇I

α . (A.3d)

The Lorentz and SO(N ) generators act on the special conformal generators KA as

[Mab,Kc] = 2ηc[aKb] , [Mαβ , S
I
γ ] = εγ(αS

I
β) , (A.3e)

[NKL, S
I
α] = 2δI[KSαL] , (A.3f)

while the dilatation generator acts on KA as

[D,Ka] = −Ka , [D, SI
α] = −

1

2
SI
α . (A.3g)

Among themselves, the generators KA obey the algebra

{SI
α, S

J
β } = 2iδIJ(γc)αβKc . (A.3h)

Finally, the algebra of KA with ∇A is given by

[Ka,∇b] = 2ηabD+ 2Mab , (A.3i)

[Ka,∇
I
α] = −i(γa)α

βSI
β , (A.3j)

[SI
α,∇a] = i(γa)α

β∇I
β , (A.3k)

{SI
α,∇

J
β} = 2εαβδ

IJ
D− 2δIJMαβ − 2εαβN

IJ . (A.3l)

The covariant derivatives obey the (anti-)commutation relations of the form

[∇A,∇B} = −TAB
C∇C −

1

2
R(M)AB

cdMcd −
1

2
R(N)AB

PQNPQ

−R(D)ABD−R(S)AB
γ
KS

K
γ −R(K)AB

cKc , (A.4)

where TAB
C is the torsion, and R(M)AB

cd, R(N)AB
PQ, R(D)AB , R(S)AB

γ
K and R(K)AB

c

are the curvatures corresponding to the Lorentz, SO(N ), dilatation, S-supersymmetry and

special conformal boosts respectively.

The full gauge group of conformal supergravity, G, is generated by covariant general

coordinate transformations, δcgct, associated with a parameter ξA and standard supercon-

formal transformations, δH, associated with a parameter Λa. The latter include the di-

latation, Lorentz, SO(N ), and special conformal (bosonic and fermionic) transformations.

The covariant derivatives transform as

δG∇A = [K,∇A] , (A.5)
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where K denotes the first-order differential operator

K = ξC∇C +
1

2
ΛabMab +

1

2
ΛIJNIJ + ΛD+ ΛAKA . (A.6)

Covariant (or tensor) superfields transform as

δGT = KT . (A.7)

In order to describe the Weyl multiplet of conformal supergravity, some of the com-

ponents of the torsion and curvatures must be constrained. Following [50], the spinor

derivative torsion and curvatures are chosen to resemble super-Yang Mills

{∇I
α,∇

J
β} = −2iεαβW

IJ , (A.8)

where W IJ is some operator that takes values in the superconformal algebra, with PA

replaced by ∇A. In [50] it was shown how to constrain W IJ entirely in terms of the super

Cotton tensor (for each value of N ). Remarkably, for all N the torsion tensor takes its

constant flat space value, while the Lorentz and dilatation curvatures always vanish:

T a = −iEβ ∧ Eγ(γa)γβ , Tα
I = 0 , (A.9a)

R(M)ab = 0 , R(D) = 0 . (A.9b)

We now summarize the resulting covariant derivative algebra for all values of N .

A.1 The N = 1 case

The N = 1 super Cotton tensor Wαβγ is a symmetric primary superfield of dimension-5/2

SδWαβγ = 0 , KdWαβγ = 0 , DWαβγ =
5

2
Wαβγ . (A.10)

The algebra of covariant derivatives is given by

{∇α,∇β} = 2i∇αβ , (A.11a)

[∇a,∇α] =
1

4
(γa)α

βWβγδK
γδ , (A.11b)

[∇a,∇b] = −
i

8
εabc(γ

c)αβ∇αWβγδK
γδ −

1

4
εabc(γ

c)αβWαβγS
γ , (A.11c)

The Bianchi identities imply an additional constraint on Wαβγ , the vanishing of its spinor

divergence,

∇αWαβγ = 0 . (A.12)

A.2 The N = 2 case

The N = 2 super Cotton tensor Wαβ is a symmetric primary superfield of dimension-2

SI
γWαβ = 0 , KcWαβ = 0 , DWαβ = 2Wαβ . (A.13)
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As in the N = 1 case, its spinor divergence vanishes,

∇αIWαβ = 0 . (A.14)

The algebra of covariant derivatives is

{∇I
α,∇

J
β} = 2iδIJ∇αβ − iεIJεαβWγδK

γδ , (A.15a)

[∇a,∇
J
β ] =

1

2
(γa)β

γεJK∇γKW
αδKαδ + i(γa)βγε

JKW γδSδK , (A.15b)

[∇a,∇b] = −
i

8
εabc(γ

c)γδ
(
εKL(∇γK∇δLWαβK

αβ + 4i∇γKWδβS
β
L)− 8WγδJ

)
, (A.15c)

where the U(1) generator J obeys

NKL = iεKLJ , J = −
i

2
εKLNKL , [J ,∇I

α] = −iεIJ∇αJ . (A.16)

A.3 The N = 3 case

The N = 3 super Cotton tensor Wα is a primary superfield of dimension-3/2,

SI
βWα = 0 , KbWα = 0 , DWα =

3

2
Wα , (A.17)

with vanishing spinor divergence,

∇αIWα = 0 . (A.18)

The algebra of covariant derivatives is

{∇I
α,∇

J
β} = 2iδIJ∇αβ − 2εαβε

IJLW γSγL + iεαβ(γ
c)γδεIJK(∇γKWδ)Kc , (A.19a)

[∇a,∇
J
β ] = iεJKL(γa)βγW

γNKL + iεJKL(γa)βγ(∇
γ
KW

δ)SδL

+
1

4
εJKL(γa)βγ(γ

c)δρ(∇
γ
K∇δ

LW
ρ)Kc , (A.19b)

[∇a,∇b] = εabc(γ
c)αβ

[
−

1

2
εIJK(∇α

IW
β)NJK −

1

4
εIJK(∇α

I∇
β
JW

γ)SγK

+
i

24
εIJK(γd)γδ(∇

α
I∇

β
J∇

γ
KW

δ)Kd

]
. (A.19c)

In order to define a large class of matter multiplets coupled to supergravity, it is often

useful to switch to an isospinor notation using the isomorphism SO(3) ∼= SU(2)/Z2. As

usual, this is achieved by replacing any SO(3) vector index by a symmetric pair of SU(2)

spinor indices, ∇I
α → ∇ij

α = ∇ji
α . The details of this correspondence are available in [52].

Here we only give the results essential for our discussion. Converting the indices of the

SO(3) generator NKL into isospinor indices gives

Nij,kl =
1

2
εjlJik +

1

2
εikJjl , N ij,kl = −

1

2
εjlJ ik −

1

2
εikJ jl , (A.20)

where the SU(2) generator J kl acts on the spinor covariant derivatives as

[J kl,∇ij
α ] = εi(k∇l)j

α + εj(k∇l)i
α . (A.21)
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eq. (A.19a) turns into

{∇ij
α ,∇

kl
β } =− 2iεi(kεl)j∇αβ + εαβε

jlW γSγ
ik + εαβε

ikW γSγ
jl

−
i

2
εαβε

jl(γc)γδ(∇γ
ikWδ)Kc −

i

2
εαβε

ik(γc)γδ(∇γ
jlWδ)Kc . (A.22)

We also have

{Sij
α ,∇

kl
β } = −2εαβε

i(kεl)jD+ 2εi(kεl)jMαβ + εαβε
jlJ ik + εαβε

ikJ jl . (A.23)

A.4 The N > 3 case

For all values of N > 3, we introduce the super Cotton tensor W IJKL, which is a totally

antisymmetric primary superfield of dimension-1,

SP
αW

IJKL = 0 , KaW
IJKL = 0 , DW IJKL =W IJKL . (A.24)

The algebra of covariant derivatives is26

{∇I
α,∇

J
β} = 2iδIJ∇αβ + iεαβW

IJKLNKL −
i

N − 3
εαβ(∇

γ
KW

IJKL)SγL

+
1

2(N − 2)(N − 3)
εαβ(γ

c)γδ(∇γK∇δLW
IJKL)Kc , (A.25a)

[∇a,∇
J
β ] =

1

2(N − 3)
(γa)βγ(∇

γ
KW

JPQK)NPQ

−
1

2(N − 2)(N − 3)
(γa)βγ(∇

γ
L∇

δ
PW

JKLP )SδK

−
i

4(N − 1)(N − 2)(N − 3)
(γa)βγ(γ

c)δρ(∇
γ
K∇δ

L∇
ρ
PW

JKLP )Kc , (A.25b)

[∇a,∇b] =
1

4(N − 2)(N − 3)
εabc(γ

c)αβ

(
i(∇α

I∇
β
JW

PQIJ)NPQ

+
i

N − 1
(∇α

I∇
β
J∇

γ
KW

LIJK)SγL

+
1

2N (N − 1)
(γd)γδ(∇

α
I∇

β
J∇

γ
K∇δ

LW
IJKL)Kd

)
, (A.25c)

where W IJKL satisfies the Bianchi identity

∇I
αW

JKLP = ∇[I
αW

JKLP ] −
4

N − 3
∇αQW

Q[JKLδP ]I . (A.26)

For N = 4, the equation (A.26) is trivially satisfied, and instead a fundamental Bianchi

identity occurs at dimension-2. Rewriting the super Cotton tensor as a scalar superfield,

as in (5.5), the Bianchi identity is

∇αI∇J
αW =

1

4
δIJ∇α

P∇
P
αW . (A.27)

We now we turn to a discussion of special features of the N = 4 case.

26The algebra for N ≤ 3 can be deduced from that for N > 3 [50].
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A.5 The N = 4 case

For each SO(4) vector VI we can associate a second-rank isospinor Vīi

VI ↔ Vīi := (τ I)īiVīi , (Vīi)
∗ = V īi . (A.28)

The original SO(4) connection turns into a sum of two SU(2) connections

ΦA = (ΦL)A + (ΦR)A , (ΦL)A = ΦA
klLkl , (ΦR)A = ΦA

k̄l̄Rkl . (A.29)

Note that

NKL → Nkk̄,ll̄ = εk̄l̄Lkl + εklRk̄l̄ . (A.30)

The left and right operators act on the covariant derivatives as

[Lkl,∇īi
α] = εi(k∇l)̄i

α , [Rkl,∇īi
α] = εī(k̄∇il̄)

α . (A.31)

In the isospinor notation, the Bianchi identity on W becomes

∇αīi∇jj̄
α W =

1

4
εijεīj̄∇α

kk̄
∇kk̄

α W . (A.32)

The algebra of spinor covariant derivatives becomes

{∇īi
α,∇

jj̄
β } = 2iεijεīj̄∇αβ + 2iεαβε

īj̄WLij − 2iεαβε
ijWRīj̄

− iεαβε
ij∇γ

k
īWSkj̄

γ + iεαβε
īj̄∇γi

k̄WSjk̄
γ

+
1

4
εαβ

(
εij∇γk

ī∇kj̄
δ W − εīj̄∇γ

j
k̄∇

ik̄
δ W

)
Kγδ . (A.33)

Note that

{S īi
α ,∇

jj̄
β } = 2εαβε

ijεīj̄D− 2εijεīj̄Mαβ + 2εαβε
īj̄Lij + 2εαβε

ijRīj̄ . (A.34)

B Supersymmetry transformations

In this appendix we give the supersymmetry transformations of the component fields for

vector multiplets with N < 5. For the supersymmetry transformations of the Weyl multi-

plet we refer the reader to [45]. In general there are additional auxiliary fields coming from

the super Cotton tensor W IJKL. These are defined for N > 3 as follows [45]

wIJKL :=WIJKL| , (B.1a)

wα
IJK := −

i

2(N − 3)
∇αLW

IJKL| , (B.1b)

yIJKL :=
i

N − 3
∇γ[I∇γPW

JKL]P | , (B.1c)

Xα1···αn

I1···In+4 := I(n)∇
[I1
(α1

· · · ∇In
αn)

W In+1···In+4]| , (B.1d)

where I(n) is defined by eq. (5.7). Expressions involving the component fields for lower

values of N may be derived via the truncation procedure given in [45].
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One readily finds the Q-supersymmetry and S-supersymmetry transformations of vm
to be

δQ(ξ)vm = −
1

2
ξγKem

b(γb)γ
δλKδ − iψm

β
JξβKg

JK , (B.2a)

δS(η)vm = 0 . (B.2b)

The S-supersymmetry transformations of the non-gauge fields are

δS(η)g
IJ = 0 , (B.3a)

δS(η)λ
I
α = 4ηαJg

JI , (B.3b)

δS(η)h
IJ = −2iηα[IλJ ]α − 2ηαKχα

IJK , (B.3c)

δS(η)χα
IJK = −6iη[Iα g

JK] . (B.3d)

Their Q-supersymmetry transformations are

δQ(ξ)g
IJ = −iξγKχγ

IJK − ξγ[IλJ ]γ , (B.4a)

δQ(ξ)λ
I
α = iξαJh

JI − 2iξβJ∇̂βαg
JI + 2iξβI F̂βα , (B.4b)

δQ(ξ)h
IJ = 2iξαK∇̂α

γχγ
IJK − 2ξα[I∇̂α

γλJ ]γ − 8iξαKwα
IJLgL

K

− 8iξαKwα
PK[IgP

J ] + 2ξαKw
IJKLλαL + 4iξαK [gK[I , λJ ]α ]

+ iξαK [gIJ , λKα ] , (B.4c)

δQ(ξ)χα
IJK = ξβLχαβ

LIJK −
3

2
ξ[Iα h

JK] − 3ξβ[I∇̂βαg
JK] + 6ξαLw

PL[IJgK]
P

+ 3iξαL[g
L[I , gJK]] , (B.4d)

where we have made use of the covariant derivative

Da = ea
mDm = ea

m

(
∂m −

1

2
ωm

bcMbc −
1

2
Vm

IJNIJ − bmD− ivm

)
(B.5)

and defined27

∇̂ag
IJ := Dag

IJ +
i

2
ψa

β
Kχβ

IJK +
1

2
ψa

β[Iλ
J ]
β , (B.6a)

∇̂aλ
I
α := Daλ

I
α −

i

2
ψaαJh

JI + iψa
β
J∇̂αβg

JI − iψa
βI F̂αβ − 2φaαJg

JI , (B.6b)

∇̂aχα
IJK := Daχα

IJK +
1

2
ψa

β
Lχβα

IJKL +
3

4
ψa

[I
αh

JK] +
3

2
ψa

β[I∇̂βαg
JK]

− 3ψaαLw
PL[IJgK]

P −
3i

2
ψαL[g

L[I , gJK]] + 3iφa
[I
α g

JK] . (B.6c)

In the above we have derived the supersymmetry transformations of the component

fields for general N . However, we are still missing the supersymmetry transformations of

χα1···αn

I1···In+2 , n > 1 . (B.7)

These fields only appear forN > 3, while forN = 4 χαβ
IJKL is composite once one imposes

the (anti-)self-dual condition (4.25), see eq. (5.17b). Keeping in mind the definition of the

component fields, eqs. (5.29) and (5.13), and the truncation procedure, we see that all the

supersymmetry transformations for N < 5 are specified.

27The component S-supersymmetry connection is defined as in [45], φa
J
β := ea

mφm
J
β .
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C Action principle in N = 3 supergravity

As demonstrated in [52], general off-shell N = 3 supergravity-matter systems are naturally

formulated in curved N = 3 projective superspace M3|6 × CP 1 in terms of covariant

projective multiplets. These multiplets were defined in [52] in SO(3) superspace. Here we

briefly extend those definitions to N = 3 conformal superspace.

Let vi ∈ C
2 \ {0} be homogeneous coordinates for CP 1. We use these variables to

define a subset of spinor covariant derivatives

∇(2)
α := vivj∇

ij
α . (C.1)

It follows from (A.22) that the operators ∇
(2)
α anticommute with each other,

{∇(2)
α ,∇

(2)
β } = 0 . (C.2)

This property allows us to define a family of constrained superfields.

By definition, a covariant projective multiplet of weight n, Q(n)(z, v), is a Lorentz-

scalar superfield on M3|6 that is holomorphic on an open domain of C2 \ {0} with respect

to vi, and is characterized by the following properties:

1. it obeys the analyticity constraint

∇(2)
α Q(n) = 0 ; (C.3)

2. it is a homogeneous function of vi of degree n,

Q(n)(c v) = cnQ(n)(v) , c ∈ C \ {0} ; (C.4)

3. its SU(2) transformation is

δΛQ
(n) =

1

2
ΛijJijQ

(n) , ΛijJijQ
(n) = −(Λ(2)∂(−2) − nΛ(0))Q(n) . (C.5)

Here we have defined

Λ(2) := Λijvivj , Λ(0) :=
viuj
(v, u)

Λij , (v, u) := viui (C.6)

and introduced the differential operator

∂(−2) :=
1

(v, u)
ui

∂

∂vi
. (C.7)

These relations involve a fixed isospinor ui which is subject to the condition (v, u) 6= 0, but

otherwise completely arbitrary. For the covariant projective multiplet, one can define the

operation of smile conjugation which takes Q(n)(v) to its smile-conjugate Q̆(n)(v), which is

also a covariant weight-n projective multiplet, see [52] for the details. Its property is

˘̆
Q(n)(v) = (−1)nQ(n)(v) . (C.8)

Therefore, if n is even, one can define real projective multiplets, Q̆(2n) = Q(2n).
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A weight-n isotwistor superfield U (n)(z, v) is defined to share with Q(n)(z, v) all its

properties except the analyticity constraint (C.3).

In this paper, all covariant projective multiplets are assumed to be primary,

Sij
αQ

(n) = 0 , KaQ
(n) = 0 , (C.9)

and hence {Sij
α ,∇(2)}Q(n) = 0. Then it follows from (A.23) that the dimension of Q(n) is

equal to n/2,

DQ(n) =
n

2
Q(n) . (C.10)

An important example of covariant projective multiplets is a real O(2n) multiplet, with

n = 1, 2, . . . It is described by a real weight-2n projective superfield H(2n)(v) of the form:

H(2n)(v) = H i1...i2nvi1 . . . vi2n = H̆(2n)(v) . (C.11)

The analyticity constraint (C.3) is equivalent to

∇(ij
α Hk1...k2n) = 0 , (C.12)

while the reality condition H̆(2n) = H(2n) is equivalent to

H i1...i2n = Hi1...i2n = εi1j1 · · · εi2nj2nH
j1...j2n . (C.13)

The field strength of an Abelian vector multiplet, G(2), is a real O(2) multiplet.

To describe the dynamics of a supergravity-matter system, one has to specify a La-

grangian, L(2)(v), which is postulated to be a real weight-two projective multiplet. Asso-

ciated with L(2) is the supersymmetric action [52]

S =
1

2πi

∮

γ

(v, dv)

∫
d3x d6θ E C(−4)L(2) , E−1 = Ber(EA

M ) . (C.14)

Here the model-independent isotwistor superfield C(−4)(v) of weight −4 is required to be

conformally primary and of dimension −1,

Sij
α C

(−4) = 0 , KaC
(−4) = 0 , DC(−4) = −C(−4) , (C.15)

and obey the condition

∆(4)C(−4) = 1 , (C.16)

where

∆(4) :=
i

4
∇(2)α∇(2)

α . (C.17)

As shown in [52], the action (C.14) does not change under an arbitrary infinitesimal vari-

ation of C(−4), and thus (C.14) is actually independent of C(−4).
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The second-order operator (C.17) allows us to engineer covariant projective multiplets.

The point is that the superfield ∆(4)U (n−4)(v) is a covariant weight-n projective multiplet,

for any primary isotwistor superfield U (n−4) of dimension n/2− 1.

We now derive a new representation for the action (C.14) that is valid under the

assumption that there is an Abelian vector multiplet such that its gauge invariant field

strengthGij is nowhere vanishing, G :=
√
GijGij 6= 0. Let V(v) be the tropical prepotential

for this multiplet. By definition, V(v) is a real weight-zero projective multiplet. The

superfield Gij is a real O(2) multiplet which is related to V(v) as follows:

G(2)(v) := Gijv
ivj = ∆(4)

∮

γ̂

(v̂, dv̂)

2π(v, v̂)2
V(v̂) . (C.18)

The right-hand side on (C.18) is invariant under the gauge transformations (7.2).

In the action (C.14), we first replace L(2) → G(2)[L(2)/G(2)] and make use of the

representation (C.18) for the first multiplier. As a next step, we can integrate by parts in

order to let ∆(4) hit C(−4) and then use (C.16). Finally, we can change the order of contour

integrations to result in

S =
1

2πi

∮

γ̂

(v̂, dv̂)

∫
d3x d6θ E V(v̂)

∮

γ

(v, dv)

2π(v, v̂)2
L(2)(v)

G(2)(v)
. (C.19)

In this functional, we first re-label v ↔ v̂, then insert the unity 1 = ∆(4)C(−4)(v) and finally

integrate ∆(4) by parts. Since V(v) obeys the constraint (C.3), the projection operator ∆(4)

commutes with V , and we end up with the representation

S =
1

2πi

∮

γ

(v, dv)

∫
d3x d6θ E C(−4)V G(2) , (C.20a)

where

G(2)(v) := Gijv
ivj = ∆(4)

∮

γ̂

(v̂, dv̂)

2π(v, v̂)2
L(2)(v̂)

G(2)(v̂)
, ∇(2)

α G(2) = 0 (C.20b)

is a composite real O(2) multiplet. Eq. (C.20) is our new representation for the ac-

tion (C.14). It is the main result of this section.

We conclude with an example that provides evidence of the universality of the projec-

tive superspace action (C.14). Let us consider the conventional N = 3 locally supersym-

metric action

S = i

∫
d3x d6θ E L , DL = 0 , (C.21)

where the Lagrangian L is a dimensionless primary scalar superfield. It turns out that this

action can be recast in the form (C.14) if we define

L(2) = 2∆(4) GL

G(2)
. (C.22)

This may be proved using the the contour integration techniques of [85].
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D Action principle in N = 4 supergravity

Within the approach [52], off-shell N = 4 supergravity-matter systems are formulated in

curved N = 4 projective superspace M3|8 × CP 1
L × CP 1

R in terms of covariant projective

multiplets. These multiplets were defined in [52] in SO(4) superspace. Here we briefly

extend those definitions to N = 4 conformal superspace. Our presentation is similar to the

N = 3 story of the previous section.

Let vL := vi ∈ C
2 \ {0} and vR := vī ∈ C

2 \ {0} be homogeneous coordinates for CP 1
L

and CP 1
R respectively. We use these variables to define two different subsets, ∇

(1)̄i
α and

∇
(1̄)i
α , in the set of spinor covariant derivatives ∇īi

α,

∇(1)̄i
α := vi∇

īi
α , ∇(1̄)i

α := vī∇
īi
α . (D.1)

It follows from (A.33) that the operators ∇
(1)̄i
α obey the anti-commutation relations:

{
∇(1)̄i

α ,∇
(1)j̄
β

}
= 2iεαβε

īj̄WL(2) + iεαβε
īj̄∇γ(1)

k̄WS(1)k̄
γ

−
1

4
εαβε

īj̄∇γ
(1)

k̄∇
(1)k̄
δ WKγδ . (D.2)

There are two types of covariant projective multiplets, the left and right ones. A left

projective multiplet of weight n, Q
(n)
L (vL), is defined to obey the constraint

∇(1)̄i
α Q

(n)
L = 0 (D.3)

and is required to be a holomorphic and homogeneous function of vL of degree n,

Q
(n)
L (c vL) = cnQ

(n)
L (vL) , c ∈ C \ {0} , (D.4)

on some open domain of C2 \ {0}. The left projective multiplet is inert with respect to

SU(2)R and transforms under SU(2)L as

δΛQ
(n)
L = ΛijLijQ

(n)
L , (D.5a)

LijQ
(n)
L = −(Λ

(2)
L ∂

(−2)
L − nΛ

(0)
L )Q

(n)
L , (D.5b)

where we have defined

Λ
(2)
L := Λijvivj , Λ

(0)
L =

viuj
(vL, uL)

Λij (D.6)

and introduced the differential operator

∂
(−2)
L =

1

(vL, uL)
ui

∂

∂vi
, (vL, uL) = viui . (D.7)

The right projective multiplets are defined similarly.

In N = 4 conformal superspace, we can also introduce hybrid projective multiplets and

isotwistor projective multiplets. The corresponding definitions are completely analogous to

those given in [52].
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All left and right projective multiplets are assumed to be primary, in particular

S īi
αQ

(n)
L = 0 , KaQ

(n)
L = 0 . (D.8)

Hence we have the condition

{S īi
α ,∇

(1)j̄
β }Q

(n)
L = 0 , (D.9)

which fixes the dimension of Q
(n)
L

DQ
(n)
L =

n

2
Q

(n)
L . (D.10)

In general, the N = 4 supersymmetric action may be represented as a sum of two

terms, the left SL and right SR ones,28

S = SL + SR . (D.11)

The left action has the form

SL =
1

2π

∮

γL

(vL, dvL)

∫
d3x d8θ E C

(−4)
L L

(2)
L , E−1 = Ber(EA

M ) , (D.12)

where the Lagrangian L
(2)
L (vL) is a real left projective multiplet of weight 2. The action

involves a model-independent primary isotwistor superfield C
(−4)
L (vL) of dimension −2,

DC
(−4)
L = −2C

(−4)
L . It is defined to be real with respect to the smile-conjugation and obey

the differential equation

∆
(4)
L C

(−4)
L = 1 . (D.13)

Here ∆
(4)
L denotes the following fourth-order operator29

∆
(4)
L =

1

96

(
∇(2)̄ij̄∇

(2)

īj̄
−∇(2)αβ∇

(2)
αβ

)
=

1

48
∇(2)̄ij̄∇

(2)

īj̄
, (D.14)

with

∇
(2)

īj̄
:= ∇

(1)γ

(̄i
∇

(1)

γj̄)
, ∇

(2)
αβ := ∇

(1)k̄
(α ∇

(1)

β)k̄
. (D.15)

The action (D.12) is independent of C
(−4)
L in the sense that it does not change under an

arbitrary infinitesimal variation of C
(−4)
L .

An Abelian vector multiplet with self-dual field strength GIJ
+ can be described by a

left tropical prepotential VL(vL) defined modulo gauge transformations

δVL = λL + λ̆L , (D.16)

28There exist different action principles, in particular the one with a hybrid Lagrangian [52]. However,

they may be always reduced to the form (D.11).
29The operator ∆

(4)
L is a covariant projection operator. Given a covariant left projective multipletQ

(n)
L (vL)

of weight n, it may be represented in the form Q
(n)
L = ∆

(4)
L T

(n−4)
L , for some left isotwistor superfield

T
(n−4)
L (vL), see [52] for the details.
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where the gauge parameter λL is an arbitrary left arctic multiplet of weight zero. The

corresponding gauge invariant field strength, Gīj̄ , is a right O(2) multiplet related to VL

as follows:

G
(2)
R (vR) = vīvj̄G

ī j̄ =
i

4
vīvj̄

∮
(vL, dvL)

2π

uiuj
(vL, uL)2

∇αīi∇α
jj̄VL(vL) . (D.17)

Here uL = ui is a constant isospinor such that (vL, uL) 6= 0 along the closed integration

contour. One may show that the right-hand side of (D.17) is independent of uL.

The left O(2) multiplet Gij is associated with a right tropical prepotential VR(vR)

according to the rule:

G
(2)
L (vL) = vivjG

ij =
i

4
vivj

∮
(vR, dvR)

2π

uīuj̄
(vR, uR)2

∇αīi∇α
jj̄VR(vR) . (D.18)

The prepotential VR can always be represented as

VR(vR) = ∆
(4)
R T

(−4)
R (vR) , (D.19)

for some isotwistor superfield T
(−4)
R (vR).

30 Here ∆
(4)
R is defined similar to ∆

(4)
L ,

∆
(4)
R =

1

48
∇(2)ij∇

(2)
ij , ∇

(2)
ij := ∇

γ(1̄)
(i ∇

(1̄)
γj) . (D.20)

There exists an isotwistor superfield T (−2,−4)(v̂L, vR) such that31

T
(−4)
R (vR) =

∮

γ̂L

(v̂L, dv̂L)

2π
T (−2,−4)(v̂L, vR) . (D.21)

Then, the field strength (D.18) can be rewritten in the form [52]

G
(2)
L (vL) = ∆

(4)
L

∮

γR

(vR, dvR)

2π

∮

γ̂L

(v̂L, dv̂L)

2π(vL, v̂L)2
∆(2̂,2)T (−2,−4)(v̂L, vR) , (D.22)

where we have defined

∆(2̂,2) =
i

4
v̂iv̂jvīvj̄∇

αīi∇jj̄
α . (D.23)

We now obtain an alternative representation for the left action (D.12). The idea

is to insert the unity 1 = G
(2)
L (vL)/G

(2)
L (vL) into the integrand (D.12), make use of the

expression (D.22) for the field strength in the numerator and then integrate by parts in

order to let ∆
(4)
L hit C

(−4)
L . This gives

SL =

∮

γR

(vR, dvR)

2π

∫
d3x d8θ E

∮

γL

(vL, dvL)

2π

L
(2)
L (vL)

G
(2)
L (vL)

×

∮

γ̂L

(v̂L, dv̂L)

2π(vL, v̂L)2
∆(2̂,2)T (−2,−4)(v̂L, vR) , (D.24)

30See [52] for the definition of N = 4 isotwistor superfields.
31For instance, we can choose T (−2,−4)(v̂L, vR) = −2T

(−4)
R (vR)

GL

G
(2)
L (v̂L)

.
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where we have changed the order of contour integrals. The next step is to insert the unity

∆
(4)
R C

(−4)
R = 1 into the integrand and then integrate by parts. This gives

SL =

∮

γR

(vR, dvR)

2π

∫
d3x d8θ E C

(−4)
R

×∆
(4)
R

∮

γL

(vL, dvL)

2π

L
(2)
L (vL)

G
(2)
L (vL)

∮

γ̂L

(v̂L, dv̂L)

2π(vL, v̂L)2
∆(2̂,2)T (−2,−4)(v̂L, vR) . (D.25)

Taking the explicit form of ∆
(4)
R into account, this expression can be replaced with the

following:

SL = −

∮

γR

(vR, dvR)

2π

∫
d3x d8θ E C

(−4)
R

∮

γL

(vL, dvL)

2π

×∆(−2,2)

{
L
(2)
L (vL)

G
(2)
L (vL)

∮

γ̂L

(v̂L, dv̂L)

2π(vL, v̂L)2
∆(2,2)∆(2̂,2)T (−2,−4)(v̂L, vR)

}
. (D.26)

Here the operator ∆(−2,2) is defined by

∆(−2,2) :=
uiuj

(vL, uL)2
vīvj̄∇

αīi∇α
jj̄ , (D.27)

for an isospinor ui such that (vL, uL) 6= 0. The operator ∆(2,2) in (D.26) is obtained from

∆(2̂,2), eq. (D.23), by replacing v̂i → vi. Now, one may notice that ∆(2,2)∆(2̂,2) in (D.26) is

equivalent to (vL, v̂L)
2∆

(4)
R , and therefore the action turns into

SL =

∮

γR

(vR, dvR)

2π

∫
d3xd8θ E C

(−4)
R

∮

γL

(vL, dvL)

2π
∆(−2,2)

{
L
(2)
L (vL)

G
(2)
L (vL)

VR(vR)

}
. (D.28)

Since VR is a right projective multiplet, it commutes with the operator ∆(−2,2), and we end

up with the following representation for SL:

SL =

∮

γR

(vR, dvR)

2π

∫
d3xd8θ E C

(−4)
R VRG

(2)
R , (D.29)

where

G
(2)
R (vR) = vīvj̄G

ī j̄ =
i

4
vīvj̄

∮
(vL, dvL)

2π

uiuj
(vL, uL)2

∇αīi∇α
jj̄

{
L
(2)
L (vL)

G
(2)
L (vL)

}
(D.30)

is a composite right O(2) multiplet.

Eq. (D.29) is our new representation for the left action (D.11). The important point

is that the integration in (D.11) and (D.29) is carried out over different subspaces of the

curved projective superspace. The original left action (D.11) is given as an integral over

M3|8 × CP 1
L . In the final action (D.29), the integration is carried out over M3|8 × CP 1

R.

Since (D.29) involves the composite right O(2) multiplet G
(2)
R , it will be referred to as

the right linear multiplet action.
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